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Abstract

We consider a polymeric fluid model, consisting of the incompressible Navier-
Stokes equations coupled to a non-symmetric Fokker-Planck equation. First, steady
states and exponential convergence to it in relative entropy are proved for the linear
Fokker-Planck equation in the Hookean case. The FENE model is also addressed
proving the existence of stationary states and the convergence towards them in
suitable weighted norms. Then, using the “entropy method” exponential conver-
gence to the steady state is established for the coupled model in the Hookean case
under some smallness assumption. The results continue and expand the analysis
of [JLLO] in both the Hookean and the FENE models.

1 Introduction

We consider a coupled microscopic-macroscopic model for a dilute solution of polymers
in a homogeneous fluid. The incompressible Navier-Stokes equations for the macro-
scopic flow shall be coupled via the stress tensor to a microscopic model for the poly-
mer chains distributed within the fluid (cf. [BAH, BCAH, DE, OP] for the physical
background of such models). Let us briefly review the coupled model for the polymer
distribution within a macroscopic flow. After putting the system in non-dimensional
form and setting all remaining dimensionless parameters equal to one for notational
simplicity, it reads as follows

%(t, x) + (u(t,z) - Vy)ult,z) = Ayu(t,z) — Vep(t,x) +divyr(t,z), (1.1)

7t
divpu = 0, (1.2)
f(ta) = /]Rd(X®VXH(X))1/J(t,x,X)dX, (1.3)

*Institute for Analysis and Scientific Computing, TU Wien, Wiedner Hauptstr. 8, A-1040 Wien,
Austria; anton.arnold@tuwien.ac.at

fICREA (Institucié Catalana de Recerca i Estudis Avancats) and Departament de Matematiques,
Universitat Autonoma de Barcelona, E-08193 Bellaterra, Spain; carrillo@mat.uab.es

fDept. of Applied Mathematics ”G. Sansone”, University of Florence, Via S.Marta 3, 1-50139
Firenze, Italy; manzinimeister@gmail.com



where u(t,z), z € Q € R, d > 2 is the velocity field of the fluid, p(t, ) the pressure,
and 7(t,x) the stress tensor. This system is coupled through Eq. (1.3) to the follow-
ing microscopic model for the polymer evolution. Here, the polymers are modeled as
dumbbells of length and orientation given by the vector X € IR?. The Fokker-Planck—
type evolution equation for ¢ (¢, x, X), the probability density of dumbbells w.r.t. the
(microscopic) extension X at time ¢ and (macroscopic) position x reads

o

E(t,:t,X) + (u(t,z) V) Y(t,z, X)

= — divy ([Vm @u(t,z) - X — ;VXH(X)] w(t’waX)>
b AUl T X). (1.4)

Here, VxII(X) denotes the recovering force field between the two beads of the dumb-
bells modelled as a spring with potential II(X). The term V, ® u(t,z) - X comes from
the deformation of the dumbbell extensions due to the stress forces produced by the
inhomogeneous flow field u. Actually, the derivatives in the Fokker-Planck equation
involving the velocity u can be considered as the Eulerian terms coming from a mi-
croscopic Lagrangian description, see [BAH, OP, DLY, HCDL] for a full discussion of
the model. The model of Hookean dumbbells is obtained by setting the elastic spring
potential IT as TI(X) = |X|?, while the finite extensible nonlinear elasticity (FENE)
model of polymeric fluids comes from choosing

with b > 2.

Under suitable boundary conditions, the equations (1.1)-(1.4) admit special solu-
tions in the form of homogeneous flows (i.e. V, ® u = k) with a stationary distribution
of the polymer extensions. The stability of such solutions will be one topic of this
paper. But first we shall focus on the z—homogeneous equation associated to (1.4) and
the coupled system (1.1)-(1.4). Using the entropy—entropy dissipation method we shall
analyze its large-time behavior. In particular we prove its exponential convergence to
equilibrium solutions in the form of homogeneous stationary flows.

The goal of this paper is to answer several open questions posed in [JLLO], more
precisely:

A. Hookean case: existence and uniqueness of stationary states for a general de-
formation matrix x and convergence in relative entropy to them, both for the
x—homogenous case and in the coupled case under the assumption of a small
deformation matrix.

B. FENE case: existence, uniqueness, and asymptotic stability for the z—homogenous
case in weighted L?-spaces in a more general setting than in [JLLO].

But we cannot yet conclude large time convergence in relative entropy in the FENE case,
as we are still lacking certain bounds on the stationary states, see §2.4. This relative
entropy convergence result would immediately imply asymptotic stability results of
these homogeneous stationary flows for the coupled system for the FENE case by
repeating the arguments of [JLLO, Theorem 1] or [JLLO, Proposition 9].



The paper is organized as follows: In §2 we study the linear Fokker-Planck equation
(1.4) for the dumbbell distribution in a given, homogeneous flow field V, ® u = k. Sta-
tionary states ¥, and exponential convergence of (¢, X) towards them are established
for Hookean dumbbells (for all matrices x such that 2x — I is stable) and the FENE
model (under some smallness conditions on ). In §3 we analyze the coupled system in
the Hookean case with non-homogeneous Dirichlet boundary conditions on . Under a
smallness assumption on k£ and X-moments on ), we prove exponential convergence of
(u(t),¥(t)) to the homogeneous stationary flow (oo, ¥eo)-

2 Homogeneous flow with a given velocity field

In this section we consider the case that the velocity field u is given and that there
exists an arbitrary (but constant in ¢ and z) matrix x € IR%*¢ such that

u(t,x) = ke . (2.1)

Then we rewrite Eq. (1.4) for the unknown ¢ = (¢, X), which is now independent of
the space variable x:
oY

E(t,X) = Lyt,X), t>0, XeRRY (2.2)

Lo(X) = gdiv (VxTI(X) — 26X] (X)) + 5 Axw(X),
¢(03X) = wO(X)

Assuming 1y > 0 implies (¢, X) > 0 for ¢ > 0 by a parabolic maximum principle.
Moreover, the divergence form of (2.2) implies that 1) stays normalized under time
evolution: [¢(t, X)dX = [¢o(X)dX = 1.

Now we shall analyze the large-time behavior of (2.2) for three types of (given)
potentials TI(X): Hookean dumbbells, § 2.2, the finite extensible nonlinear elasticity
(FENE) model of polymeric fluids, § 2.4, and general (radially symmetric) potentials
in the special case that x is a normal matrix, §2.3. To this end we shall apply the
entropy—entropy dissipation method (cf. [AMTU, BE84, MV, ACJ], e.g.).

2.1 Entropy—entropy dissipation method

Let us briefly summarize for later reference the main definitions and the steps of the
entropy—entropy dissipation method. It aims at deriving estimates for the relative
entropy of the solution (t) w.r.t. the steady state to. For 1, ¢ two probability
densities on IR? the (logarithmic) relative entropy is defined as

e(lp) = /}Rdw(X)ln%dXzo.

Since it satisfies the Csiszar-Kullback inequality [Cs, KL]
I — ‘PHil(]Rd) < 2e(¢ly), (2.3)

it is a measure for the “distance” of ¥ to ¢.



To apply the entropy—entropy dissipation method for non-symmetric Fokker-Planck
equations (cf. §2.4 of [AMTU]) we shall proceed in three steps: Firstly, we shall prove
the existence of a unique normalized steady state of (2.2). In several cases it is possible
to derive an explicit formula for ¢, (cf. §52.2, 2.3).

In the second step we use the unique normalized steady state 1, to split the drift
vector field in (2.2) as

VII(X) — 26X = VA(X) + F(X), (2.4)

with
A(X) = — (e (X)) . (2.5)

Since 9 is a steady state of (2.2), we obtain from
divy (Vx A(X)Yeo + Vxihoo) = 0 (2.6)

that the (non-gradient) vector field F' satisfies
divy (ﬁww) ~0. (2.7)

Accordingly, finding the steady state 1o, of (2.2) is equivalent to decomposing the
given vector field (2.4) into a gradient field (VA) and a divergence-free field (F, in the
sense of (2.7)). This resembles the Helmholtz-Hodge decomposition in incompressible
fluid mechanics, and we shall illustrate this analogy in subsequent examples. Another
consequence of the above splitting of the drift field is the decomposition of the generator
L into its symmetric and anti-symmetric parts in L?(¢ldX):

L% = %diVX (VAX)Y + Vxv) = %diVX (d’oonwi) , (2.8)

[y = %divX (ﬁ(X)¢>. (2.9)

Note that L® < 0. Moreover, 1~ is not only the steady state of the non-symmetric
Fokker-Planck equation (2.2) but also of its “symmetric part” ¢, = L.

The third step consists in applying Theorem 2.19 of [AMTU]: The entropy decay
of solutions to the non-symmetric Fokker-Planck equation (2.2) is at least as fast as
the decay rate for the corresponding symmetric Fokker-Planck equation vy = L.

2.2 Hookean dumbbells

Here we assume that
mx)=-—. (2.10)

The resulting model (2.2), (2.10) was already analyzed in §2.1 of [JLLO]. There the
authors established a unique (normalized) steady state 1o and the exponential decay
of the relative entropy for the two cases: k either symmetric or antisymmetric. But
the generic case was left as an open problem. The following results close this gap in a
unified approach. The next proposition constitutes the first step of the entropy-entropy
method:



Proposition 2.1 Let the potential I be defined by (2.10) and let the eigenvalues of
the matriz  satisfy RN\j(k) < %, j =1,...,d. Then there exists a unique normalized
steady state Voo for Eq. (2.2). It has the form

1
Voo(X) = (2m) "% (det )2 exp <2XT21X> , (2.11)
with the symmetric, positive definite matrixz X given by

=2 / " =200 ~(1-267)0 g (2.12)
0

Here, kT denotes the transpose of k and I the identity matriz. Moreover, the spectral
condition that the eigenvalues of the matriz k satisfy R\;j(k) < %, J =1,...,d is
necessary for the existence of a stationary normalized solution of the form (2.11).

Remark 2.2 For k normal, (2.12) simplifies to

=12k, (2.13)
with k° := (k + K1)/2.
Proposition 2.1 makes use of the following lemma (cf. [Br, SZ], §2.2 of [HJ]):

Lemma 2.3 Consider the continuous Lyapunov equation
BY+¥BT + Q=0 (2.14)

for the d x d matriz X with a given hermitian and positive definite d X d matriz Q.
A necessary and sufficient condition for the existence of a positive definite, hermitian
solution is that the d x d matriz B is stable (i.e. ®\;(B) <0, j=1,...,d). Then, the
unique solution is given by

2:/ ePQ el dp. (2.15)
0

The solution of (2.14) can be computed by a standard numerical algorithm [BS],
which is also implemented in MATLAB, e.g.

Proof of Prop. 2.1 The stationary version of Eq. (2.2) with Hookean potential (2.10)

reads
—divx (26 — I) X9(X)) + Axp(X) = 0. (2.16)

From this it is natural to assume that 2x — I is a stable matrix for a confinement on 1
to exist. Next we Fourier transform (2.16), denoting ¥(§) := Fx_.¢(X):

7 (I = 2r) Ved(€) = —|EP9(6) - (2.17)
Using the ansatz:

36 = o (~5675¢)



with a positive definite, symmetric matrix ¥ and normalization constant Z, Eq. (2.17)
reduces to
(I -20)2—1)€E=0, VE e RY, (2.18)

which is equivalent to 0 = —2 (I — 2k) X — I)* = — (I — 2k) S =% (I — 2k)" +2I. This
is a continuous Lyapunov equation for 3. Then, Lemma 2.3 guarantees the existence
of a unique positive definite and symmetric matrix 3, since 2k — I is stable and 27
is positive definite and symmetric. Inverse Fourier transformation and normalization
yields (2.11). (2.13) is readily obtained by diagonalizing the normal matrix .
Uniqueness of the steady state in the weighted space LQ(]Rd;wgoldX ) directly fol-
lows from the convergence result of Th. 2.5. The fact that the spectral condition is
necessary is included in Lemma 2.3. [

An expression closely related to (2.12) is given in [JLLO], Remark 10 for the sta-
tionary stress tensor 7o, () in a homogeneous stationary flow.

So far we have established the existence of a unique normalized steady state of Gaus-
sian shape 9o (X) = exp (—A(X)) where A(X) is a quadratic polynomial (cf. (2.11)).
In order to prove exponential convergence of ¥ (t) to the steady state ¥, we apply the
entropy-entropy dissipation method for “non-symmetric diffusion equations” as out-
lined in §2.

First we rewrite (2.2), (2.10) in the following “split form”:

%—f(t,X) = aiv ((VxAX) + F(X)) 0(t, X)) + 3 Ax0(t,X) (2.19)
with A(X) := —In(¢eo (X)) = %XTEAX + const and
F(X)=(I-26)X —VxAX)=(I-2x-YHX. (2.20)

Corollary 2.4 Under the assumptions of Prop. 2.1, Egs. (2.2), (2.10) can be written in
the “split-form” (2.19). In addition to (2.7), the (non-gradient) vector field F' defined
by (2.20) also satisfies

—

divx(F) =0. (2.21)

As a consequence the splitting in (2.19) provides the “pointwise” Helmholtz-Hodge de-
composition of the vector field

VII — 25X = VA + F.
Proof of Cor. 2.4 Eq. 2.21 follows from
0= divy [ﬁe‘A(X)} — oA (divxﬁ CVyA ﬁ) ,
where
VxAF=X'sI-2s -2 )X = (XTI -20)2 - 1] (E7'X) =0

by (2.18).
Using (2.20), Eq. (2.21) implies Tr(I — 2k — X7!) = 0, and hence Tr¥~! € IR is always
explicitly computable:
d
TS =Tr(I - 2+°) =d — 2 R\j(k) > 0.
j=1



Compare this expression to (2.13), which holds in the special case k normal (Remark
2.2). ]

By using the third step of the entropy-entropy method in §2.1, we can prove the
following;:

Theorem 2.5 Let 1y € LY(IRY) be a probability density with e(y|hss) < co. Under
the assumptions of Prop. 2.1, it holds exponential convergence of (t) towards Vs in
relative entropy with rate Apin(371) > 0:

e(P(t) o) < e MminE e (yglipn), 20, (2.22)

Proof of Thm. 2.5 The decomposition of the generator L (cf. (2.8)) simplifies in the
Hookean case to

Lo = %div(E_IXw + V), L% = %ﬁ V.

§2.4 of [AMTU] now applies directly to the non-symmetric Fokker-Planck equation
(2.19): The entropy decay of its solution is at least as fast as that of the symmetric
counterpart ¢, = L. Using the Bakry-Emery converity condition (cf. [BE84, BES85,
AMTU])) for A(X), the decay rate is given by Apin(Hess(A4)) = Amin(E71) > 0, the
minimal eigenvalue of the matrix ¥~!. Hence we have proved the thesis. [

In the two special cases of k either symmetric or antisymmetric we recover the
results of [JLLO]: For xk symmetric, we have ¥ = (I —2x)~! and the decay rate of e(t)
1 — 2Amax(k) > 0, just as in Prop. 1(iv) of [JLLO]. For s antisymmetric, we obtain

Y =1, oo(X) = (21)~¥2e~T1X) and the decay rate is 1 (like in Prop. 1(i) of [JLLOY).

Remark 2.6 The entropy decay rate of Theorem 2.5 is actually sharp which can be
seen as follows: “Optimal functions” for the entropy decay of the symmetric Fokker-
Planck equation 1, = L% (with the quadratic potential %XTE_IX) are the shifted
Mazwellians p1(X) := poo(X — Ee1), € € R\ {0}, where €1 is an eigenvector of =1 for
Amin (271 (cf. §3.5 of [AMTU]). This means that the entropy decay for the symmetric
Fokker-Planck equation with vy = p is exactly exponential with the rate Apin(X71).
Note that p s also an “optimal function” of the corresponding Logarithmic Sobolev
inequality which makes it an equality.

Now we recall that, for a non-symmetric Fokker-Planck equation, the relative en-
tropy e(Yo|theo) and the entropy dissipation

1

2w, = [ 72| Eax

Q/Joo wo

both coincide with the terms in its symmetric counterpart — the entropy by definition
and the entropy dissipation because of

t=0

1
/(L“5¢0)ln N ax = - /%OF V—dX =3 /d v(Fwoo);/’—O dX =0
(cf. §2.4 of [AMTU]). Hence, for g = u and t = 0 the time-derivative of both sides in
(2.22) coincide. And this rules out any better decay rate in Theorem 2.5.



Remark 2.7 In [ACJ, AC] an alternative entropy method for non-symmetric diffusion
equations was developed. There, the exponential decay rate of e(t) is estimated by the

uniform convexity of
2?4 _1(oF (oF\'
0X? 2\0X 0X

In the Hookean case this lower convexity bound is A= )\min(QZfl — I 4 2k°) with
¥ = %(k) given by (2.12). As discussed in Remark 2.6 it has to satisfy A < Amin(271)
(which is easily verified numerically). Hence, this approach does not yield a “better”
decay rate for the Hookean dumbbell model having a homogeneous vector field ﬁ(X) =
(I -2k — X" YHX. This was to be expected from the examples given in [ACJ], where
improved decay rates were obtained only from highly mon-homogeneous vector fields

F(X).
2.3 General potential with a normal matrix «

Here we consider (2.2) with a radially symmetric potential II(X) = 7(|X|). While we
present here the whole space problem X € IR, the same argument applies to bounded
domain models as is §2.4. For x normal we have the following generalization of Prop. 2.1
(cf. (2.13)):

Proposition 2.8 Let k be a normal matriz, and let the potential II and k satisfy
exp[—TI(X) + XTr*X] € L' (IRY). Then,

Voo (X) = C e TEXIRX, (2:23)
with some appropriate constant C, is a normalized steady state of (2.2).

Proof.- Using the matrix decomposition x = k°* + £*°, a straightforward computation
yields for all X e IR%:

X 1
Lpoo = —div(k® X1 ) = X Tk® | 265X — m7r’(|X|) ¢m=§XT[H, K1) X 1hoo =0.
|

We remark that for the FENE model, this form of the steady state could also have
been deduced from the estimate (102) in [JLLO].

Now we proceed as in §2.2 and define
AX) = —In(Yoo(X)) =I(X) — XTk*X + const,  F(X)=—2x™X

as the coefficients of the Fokker-Planck equation in “split form” (2.19). It satisfies
divF =0, F'- VA = 0. The entropy-entropy dissipation method then yields again:

Theorem 2.9 Let 1y € L'(IRY) be a probability density with e(1g|tes) < 00 and as-
sume that A := infd [Amin (Hess(II(X)) — 2k°)] > 0. Under the assumptions of Propo-
XeR

sition 2.8, it holds exponential convergence of 1¥(t) towards 1o in relative entropy with
rate \:

e(P(t)|hoo) < e Me(Yoltbos), t>0.



We remark that an alternative decay rate can be obtained by considering A as an
L*>-perturbation of the uniformly convex potential IT and applying a Holley-Stroock
perturbation argument for logarithmic Sobolev inequalities (cf. [HS, AMTU]). Par-
ticularly for bounded domain models (like the FENE model of §2.4) this may yield a
better decay rate.

Corollary 2.10 Under the assumptions of Theorem 2.9, 1o from (2.23) is the unique
normalized steady state of (2.2).

Let us finally mention a weaker condition for uniqueness of the steady state: Let
the coefficient A(X) be such that the operator L® has a positive spectral gap when
considered on L?(¢~'dX). This would then imply exponential convergence of 1 (t)
towards s in the L2(¢~1dX)-norm (cf. [AMTU] for details).

2.4 FENE potential

Here, we will improve on the hypotheses for the existence, uniqueness, and stability
of stationary states compared to §2.1 of [JLLO]. More precisely, the results in [JLLO]
show that being x a general traceless matrix with x° ”small” (i.e. |s®| < 1/2), then
stationary states exist and asymptotic stability is obtained by a Holley-Stroock per-
turbation argument. We will show that the existence, uniqueness of stationary states
and their asymptotic stability can be established from a pure linear operator theory
point of view in weighted Sobolev spaces. This leads to the answer to these questions
under less restrictive hypotheses than in [JLLO]. However, we do not know in general
how to prove convergence in relative entropy due to the lack of pointwise control of the
behavior close to the boundary of the stationary states. Now, we consider Eq. (2.2)

0 1 1
a—qf = §diVX ([VxII(X) — 26 X] ) + §AX1/J, (2.24)
with the potential IT given by
2
In(Xx) = —g In (1 — %) , (2.25)

for some b > 2 (cf. §1.1 of [JLLO] for a discussion of this parameter bound). In this

model the polymer chains are assumed to have finite extensibility. This is reflected

by II(X) — +oco for |X|?> — b. Hence, it is natural to study the problem in the ball

of radius vb, B = B(0,+/b) with a no-flux boundary condition on dB. Then ¢ also

satisfies a homogeneous Dirichlet boundary condition (cf. §1.1 of [JLLO] for details).
Our first goal (cf. §2.1) is to prove that

Lo(X) = %divx([VXH(X)—2nX]¢(X))+%AXw(X) — 0, B, (226
Y = 0, OB

has a unique normalized solution. In contrast to §2.2, §2.3 we do not know here the
explicit form of the steady state (at least for x not normal). This prevents us from using
for (2.24), (2.25) —at least at the very beginning— the canonical decomposition (2.4),
(2.5) of its drift field. As an alternative, we shall rather use a perturbation argument
to establish the existence of a steady state. In particular we shall discuss the following
four cases:



(i) k = K%, k = K®, or the commutator [x, x| small,

(ii) » has a small distance to the set of normal matrices.

We first use an auxiliary decomposition of k as k = k1 + kg, with k1 a normal matrix to
be chosen later. Inspired by the steady state function in the case k normal (cf. (2.23))
we set )
N
p(X) = C e MHXTHX — o <1 - pi' > CeXTHX (2.27)
with &% := (k1 + x1)/2 and the normalization JsndX = 1. Clearly, u = 0 on 9B, and
for b > 2 it also takes homogeneous Neumann boundary values.
In analogy to [AU] we define the following weighted H{-space:

{ (— V¥ € I2(B: pdx), zpy%_o}
with its obvious norm
0 s
11 = H + vt -
L2(B;udX) Ml L2 (B;pdx)

The Hilbert space V (cf. [Tr], §3.2.2) is a dense subset of H := L?(B;u~1dX). We
shall denote the H—inner product by (-,-). Note that the space V is independent
of the decomposition kK = k1 + kg (with equivalent norms) which is seen as follows:
Since é < eXTRIX < «a on B for some « > 0, this independence is trivial concerning
% € L?(B; udX). For the second term in the definition of V we use

VLM_%X

? ? (2.28)

Hence, the second term in (2.28) is always in L?(B;udX), and for the first term we
conclude as before.
Following the decomposition of x, we decompose L as L = Ly + Lo:

Lyt %div ([VII =261 XTYp + Vx¢)) = %div (W%) :
LQ’I/) = —div (K)QXQ/}) .

Next we define the associated quadratic forms:

a(,9) = —(Liv,p) = /V undX (2.29)
o __[¥(g®).
wg) = (L) = /B u(vu) e

q,0) = q(,e) + (b e),

which are all bounded on V2. Note that L; (with form domain V) is symmetric in H,
but Lo is in general not anti-symmetric. From (2.29) it follows that the kernel of L; is
spanned by .

Using these quadratic forms we shall now give a weak reformulation of the steady-
state problem (2.26):

10



Proposition 2.11 The weak formulation of (2.26) reads: Find ¢ € u such that

9(b,9) = —qa(p, ), Veeut, (2-30)
with - the closed subset of V defined by

ul;:{wev]/gwdxzo}.

The weak solution of (2.26) is then ¥ := ¢+ pu € V.

Note that (¢, u) = [z¢dX = 0 characterizes the orthogonal complement of p in H.
Proof.- The problem to solve reads

Ly =0, with /QLdX:l,wEV. (2.31)
B
In order to cope with this normalization we proceed as in [AGGS] and introduce ¢ :=
Y — p € p. It satisfies
Lo=—Lp=—Lop, ¢ep-. (2.32)
Taking the H—inner product with ¢ € pt yields the weak formulation (2.30). [
Lemma 2.12
(a) L1 has a spectral gap A\ > 0.
(b) Ly gives rise to the following Poincaré inequality:
Hf v¥
1t f
Proof.- (a) Since ITis an “infinitely deep potential well” (i.e. TI(X) — oo as | X| — v/b),
L; has a positive spectral gap (for any choice of k1 !): This spectral gap A1 can be

estimated with either of the following two arguments. First one could use the Bakry-
Emery-condition [BE84, AMTU] for the potential II(X) — X7 k5 X yielding

M > ABg = g(nei%[/\min(HeSS(H(X)) — 2&?)] = )\m'm(f — 2&‘;).

2 2

<

1
— Vi ept. (2.33)
L2(BudX) AL

L2(B;pdX)

This yields a spectral gap if k] < % An alternative estimate for the log-Sobolev

constant of L; and hence for its spectral gap is obtained by considering — X7 k5 X as
an L°°(B)—perturbation of the potential II. II is uniformly convex with

min Amin (Hess II(X)] = 1.

Using
DAmin(£5) < XTRX < bAmax(]), X €B,

the Holley-Stroock perturbation argument [HS, AMTU] yields for any «§
Ap > e PPmax (5D Amin(sD)] 5
We remark that neither of these estimates is sharp for the considered II.

(b) The spectral gap of L; gives rise to the Poincaré inequality (2.33) (e.g. put g =
in §3.3 of [AMTU)).

[l

11



Proposition 2.13 Let the spectral gap of L1 and the matriz decomposition of k satisfy

Vb ||kal2 < g (2.34)

Then, the stationary Fokker-Planck equation (2.26), (2.25) admits a unique normalized
weak solution Voo =+ p € V.

Proof.- We estimate with the Poincaré inequality for ¢ € p:

(G (0 b
- -~ =\ 2|2
K P L2 (pd x) 1
2
1[5 A ,
> ==/ —llk e ,
e (2 >\1H 2||2> T a 1115,

(2.36)
|

2

lg2(1h, ¥)| < Vb [k2]l2 (2.35)

I

v¥
1

L2 (pdX) L2 (pdX)

Hence, q is coercive on pt:

1 b "
) > (5 - \g”@'@ vz

and the assertion follows from the Lax-Milgram lemma applied to (2.30).
We remark that the weak solution 1, is independent of the decomposition Kk = k1 + ka:
Otherwise this would contradict the unique solvability of the weak formulation (2.30).

We shall now illustrate condition (2.34) for several typical decompositions of the
shear matrix &:

Example 2.14 Choose k1 = K°, ko = k*, and hence p = C e~ HEO+XTRX Then,

condition (2.34) reads
VA
5

Vo ||6%)2 < (2.37)

To derive an alternative condition, g can be rewritten here as

2 2
@) = ;/BVT (ZJ) /iaqudX:;/BCﬁ) div(k* X p) dX

2 2
/ <w> XTRo ™ XpdX = —1/ <¢> X[k, kT XpdX .
B\ M 4 ) \ 1

Estimating as in (2.35) yields the following alternative condition for Prop. 2.13 to hold:

bk, &7 ]]l2 < 2)1 . (2.38)

Example 2.15 Choose k1 = k*°, kg = K%, and hence i = Ce UX) X\ > Agp = 1.
Then, condition (2.34) reads

Vo ||k < @ (2.39)

Example 2.16 With §2.3 in mind, another obvious option is to choose k1 as the closest
normal matrix to k [Ru], and ky as the non-normal remainder. We refer to [La] for
estimates between this non-normal remainder and the commutator [k, k™.

Next we turn to the large-time convergence of the Fokker-Planck solution (t)
towards the steady state ¥o:

12



Theorem 2.17 Let 1pg € H. Then, the Fokker-Planck equation (2.24), (2.25) has a
unique weak solution ¢ € L*((0,T),V) N HY((0,T),V") N C([0,T],H) for any T > 0.
Moreover, [1odX = [v(t)dX, Vt > 0. For vy normalized and under the assumptions
of Proposition 2.13 it satisfies

[ e S t
00) =l < > VR e s0,
and analogously under assumption (2.38). Moreover, 1o (X) > 0.

Proof.- Using ¢(v, p) = — (L1, p) we see that L € L(V,V'). Since ¢ satisfies on V
the following modified coercivity estimate (use (2.29), (2.35) and Young’s inequality):

w0) = (5 - 2) I3 - CEvlBe,

standard parabolic theory (cf. §11.1 of [RR], e.g.) yields the first assertion. Moreover,
this solution satisfies a.e. in (0,7):

%Hw(t)lli =2u (¥ (), ¥(t))y = —2q((t), ¥ (1))

For normalized 1y we have 1(t) —1pso € pt, a.e. in (0, 00) by using u as test function
in the weak formulation of the equation. Hence, (2.36) and the Poincaré inequality yield

d 1 b
prOhe Yoollt < —2M (5 - \//\ilHHzllz) I (t) = ¥l ace.in (0,7),

and the exponential convergence follows.

The fact that 1(t) — s € pt and ¢ € C([0,T],H) imply the conservation of mass.
To prove the non-negativity of 1, we choose an arbitrary non-negative, normalized
o € H. (t,X) > 0 then implies 1o (X) > 0. |

We remark that the existence part of the above theorem (in an equivalent norm)
was already sketched in Appendix B of [JLLO]. We only included it for the sake of
completeness.

Following the procedure of Remark 13 in [JLLO], one can deduce that the weak
solutions from Prop. 2.13 and Th. 2.17 then satisfy the no-fluz boundary condition in
the following sense:

/ <1VM — @XM> nxpdS =0 VyeH(B;pdX),
oB \2 1 7
with n being the unit outward normal vector on dB.

One strategy to extend the above large time convergence to the logarithmic relative
entropy (w.r.t. the stationary state ¥ ) would be to apply a Holley-Stroock perturba-
tion argument. To this end we would have to show that there exist constants C7,Co
such that

0<01§w00/,u§C27 (2.40)

as done in [JLLO, Proposition 10, Lemma 6] in their case. However, we do not know
how to show these bounds in the present case.

13



3 Coupled model: large time behavior

In this section, we derive exponential convergence results towards homogeneous sta-
tionary flow solutions of the coupled problem

% T (wVu = Ayu— Vep+divg / (X @ VXII(X)y dX
R
divpu = 0, (3.1)
o : 1 1

More precisely, this problem is posed in a bounded spatial domain x € € and in the
configuration space B € IR? with B = IR? in the Hookean case or B = B(0, \/5), the
Euclidean ball centered at 0 with radius v/b, in the FENE model. These equations have
to be complemented by boundary conditions in such a way that u.,, = kx, with k¥ any
traceless real matrix, and ¥, = ¥ (X) form a stationary solution. Here, 1), is given
by the stationary solution obtained in Section 2 either in the Hookean or in the FENE
case. These solutions were called homogeneous stationary flows in [JLLO, §3.3]. These
boundary conditions amount to u = 1y, on dQ and 1 = 0 on 9B(0,vd) in the FENE
case or decay at infinity of the solution v in the Hookean case. The latter condition is
usually imposed by the class of solutions we work with. We will refer to these boundary
conditions as non-homogeneous stationary Dirichlet boundary conditions as in [JLLO].

In this section we will concentrate on the Hookean case, in particular on the long
time asymptotics of smooth solutions to (3.1), where u satisfies the above boundary
conditions and v has a fast decay at infinity. Such solutions in the Hookean case are
known to exist for small initial data when £ = 0 [LLZ] with a smallness condition in
some suitably chosen high-order Sobolev space. Similar results are quite likely to hold
for the above non-homogeneous boundary conditions in a suitable neighbourhood of
the steady state (ueo,¥oo). Let us remark that in these “close to equilibrium” results,
one obtains (see [LLZ]) that the deformation matrix V, @ u® := $(V,®@u+ (V, ®@u)T)
is globally bounded, i.e., that

D:= sup [[Ve®u’(t,)| o) < o0 (3.2)
0<t<oo
We will make this bounded deformation matrix assumption in the rest of this section. In
far-from-equilibrium situations, however, the existence of such global solutions remains
an open problem.

The objective of this section is to improve over the results obtained in [JLLO] in the
coupled case. More precisely, we will show an exponential rate of convergence in the
Hookean case under some smallness assumption, a result stated as an open problem in
[JLLO, §3.3].

One of the technical ingredients is the following generalization of the Csiszar-
Kullback inequality obtained by a similar proof to the standard Csiszar-Kullback in-
equality [Cs, KL]. Tt can also be derived from the Csiszar-Kullback inequality and
standard moment interpolation.

Lemma 3.1 Let ¢, ¢ € L}F(]Rd) with unit mass such that o > 0 with bounded fourth
moments, i.e., | X[*(¢) + ¢) € LY(IRY). Then, the following inequality holds:

X0~ o) ey < 260l max ([ X' ax, [ 1xeax). 3)
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Proof.- By a Taylor expansion at order two of slog s at s = 1 and the normalization
of mass, we can write the relative entropy for ¥ and ¢ as

1 1
cwlp) = [ EmZoax =5 [ fw—o?ax (3.4)

where A := {X € R?: ¢(X) # ¢(X)} and £(X) lies between 1 (X) and ¢(X), i.e.,
0 < min(y, ) < £ < max(y,¢) in A, and thus £ > 0 in A. By Hélder’s inequality and
since A is measurable, we get

) B 1 B ) 1/2( . )1/2
[ e wIdX§</A£(¢ °) dX) [ xreax)

from which the stated inequality (3.3) is obtained. |

Now, let us show that the assumption of a bounded deformation matrix (3.2),
implies the boundedness in space and time of all moments of the distribution function v
and in particular of the stress tensor in the Hookean case, if they are initially bounded.
In order to verify this, we multiply the equation for ¢ by |X|?*", with n € IN and
integrate to obtain

8m2n(w)

+ - Vpma, () = 2n/ XT(V, @ u®)X | X2 dX

— nman (V) + n(2n — 2 4+ d)map_o(¥) ,

where

man(0)(t.0)i= [ [XP"U(taX) dX.
R
Using the assumption (3.2), we get

aan (’l/])

9 + u Vemaon () < n(2D — 1)may(¥) + n(2n — 2 + d)maoyp—2 (1))

for all n € IN. Assuming that the inhomogeneity is small enough, i.e., D < %, then we
get

%M2n(¢) < —AnMQn(”(/)) + BnMQH—Q(w) )

where Moy, (¥)(t, x) = maop (¥)(t, P¢(z)) with @4 the flow map associated to the velocity
field u, i.e.,

d2ul@) - _ it () t>0,
dt
Oo(z) == zeRe.

Now, a simple induction argument starting at n = 1 for which My(¢)) = 1, implies that

My, := max ’/ | X |2rap(t, x, X) dX < 00 (3.5)
0<t<oo R4 Loo(9)
if initially may, (100) € L*°(Q), i.e.,
H/ | X 2oz, X) dX < oo. (3.6)
R L(Q)
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Actually, the assumption D < % involving (3.2) could be slightly weakened to

sup  sup Apmax(Ve @ v’(t,x)) < 1 ,
0<t<oco € 2

which is a closely related analogue of 2k — I having to be a stable matrix (cf. the

condition in Prop. 2.1).

Now, with these estimates together with the entropy-entropy dissipation procedure
applied in [JLLO, §3.3.1], we can deduce an exponential convergence result towards
homogeneous stationary flows in the Hookean case with small enough initial data. Now
we define the total relative entropy of a solution of the coupled model (u,v) to the
homogeneous stationary flow (e, %s0) as:

/|u |2dm+// P(t) < )> dX dz,

with @ := % — us. Then one has the following formula for its evolution, see [JLLO,
Appendix AJ:

E 1 2
——I—/|Vz®a|2dx+—// ¢‘vxln(_¢)
Q 2 Jo Jre Yoo

u! ki d Vxl Yoo Tv 0)X dXd

— Qu kudxr — o S x| =y (Ve @u)X x

with ¢ := ¢ — oo, TI(X) = 3| X|*.

Theorem 3.2 Let us consider the homogeneous stationary flow (uso = KZ,Pse) with
the traceless matriz r satisfying R\j(k) < %, j=1,...,d and V¥ given by (2.11). Let
(u,) be a given, smooth, fast-decaying at infinity solution to the system (3.1) with
non-homogeneous Dirichlet boundary conditions such that the deformation matriz is
uniformly bounded (in the sense of (3.2)). Then, the solution converges exponentially
fast towards (oo, Vo), provided a “smallness” condition holds for the solution and x*
as specified in (3.8). More precisely, u converges exponentially fast to us in L*(Q) and
the total relative entropy of 1 w.r.t. 1o converges exponentially fast to 0.

dX dx = (3.7)

Proof.- We proceed as in [JLLO, Theorem 1] for the FENE case. The potential
IXTY71X = C —Inthes (cf. (2.11)) satisfies the Bakry-Emery condition with constant

A = Apin(X71). Using the resulting Logarithmic Sobolev inequality for the measure
YoodX in (3 7) we obtain

/\v ®u|2dx—|—)\// 1[)111( >dde
R4 oo
<|,<;s|/ |u|2dg;+/ V., ®u\/ ‘Vxln( S >‘X||dedx

Applying Young’s inequality with € < 1 to be chosen, using the Poincaré inequality on
), and the explicit formula of 1., we get

‘if L« /|u|2dx+>\// ¢1n< >dde§
o 112 B 2
B |a|2da¢+w | X2 ¢ dX | da.
4
Q € Q \JR?
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Now, we apply the inequality (3.3) proved in Lemma 3.1 to obtain

dE 1—c [, , "
- A <
dt+ 02 /|u| dm—l—)\// z/zln( >dXd:r_

712
W\/W\?dﬁ i T ) // wln(w)dde,
R4 oo

where My is given by (3.5) and Mg® is the fourth moment of ¢)o,. From here it is clear
that, if € can be chosen such that

21,8 ‘I - E_1|2 00
e<1—Cp|r’| and €> ) max(My, Mg°),
or equivalently if
2,8 ‘I — E71|2 00
Chlr®| + o max(My, M) < 1, (3.8
then exponential convergence holds. [

The previous result is the main new addition to the results in [JLLO] concerning
the long time asymptotics of the coupled problem. Concerning the FENE case, we
have shown in §2.4 the existence of the stationary state 1), in several new situation
not covered in [JLLO]. Those stationary states ¥, that eventually verify the bounds
(2.40), give rise to a Logarithmic Sobolev inequality via a Holley-Stroock perturbation
argument. In these cases we can derive the corresponding long time asymptotics result
of the coupled problem just by repeating the proof of [JLLO, Theorem 1] or [JLLO,
Proposition 9].
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