CALDERON-ZYGMUND KERNELS AND RECTIFIABILITY IN
THE PLANE

V. CHOUSIONIS, J. MATEU, L. PRAT, AND X. TOLSA

ABSTRACT. Let E C C be a Borel set with finite length, that is, 0 < H!(E) < co.
By a theorem of David and Léger, the L?(H!|E)-boundedness of the singular
integral associated to the Cauchy kernel (or even to one of its coordinate parts
x/|21%,y/|2|?, 2 = (z,y) € C) implies that E is rectifiable. We extend this result
to any kernel of the form 2?"~1/|2|?", 2 = (x,y) € C,n € N. We thus provide
the first non-trivial examples of operators not directly related with the Cauchy
transform whose L2-boundedness implies rectifiability.

1. INTRODUCTION

Let p be a positive, continuous, that is without atoms, Radon measure on the
complex plane. The Cauchy transform with respect to p of a function f € L}, (1)
is formally defined by

_ [ fw)

) = [

This integral does not usually exist for z in the support of y and to overcome this
obstacle the truncated Cauchy integrals
e = [ ), zeceso

lz—w|>e # — W

du(w).

are considered for functions with compact support in any LP(u), 1 < p < oo.
The Cauchy transform is said to be bounded in L?(p) if there exists some absolute
constant C' such that

/ Cpe(F) P < © / Py

for all f € L?(u) and ¢ > 0.
We recall that a set in R™ is called d-rectifiable if it is contained, up to an #H
negligible set, in a countable union of d-dimensional Lipschitz graphs; and a Radon
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measure p is d-rectifiable if 4 < H? and it is concentrated on a d-rectifiable set,
that is, it vanishes out of a d-rectifiable set.

The problem of relating the geometric structure of p with the L?(u)-boundedness
of the Cauchy transform has a long history and it is deeply related to rectifiability
and analytic capacity. It was initiated by Calderén in 1977 with his celebrated paper
[Ca], where he proved that the Cauchy transform is bounded on Lipschitz graphs
with small constant. In [CMM], Coifman, McIntosh and Meyer removed the small
Lipschitz cosntant assumption. Later on David, in [D1], proved that the rectifiable
curves I for which the Cauchy transform is bounded in L*(H!|T"), are exactly those
which satisfy the linear growth condition, i.e.

HY (T NB(z,7) <Cr, z€l,r>0,

where H!'|T" denotes the restriction of the 1-dimensional Hausdorff measure #' on
I' and B(z,r) is the closed ball centered at z with radius r.

In the subsequent years there was intense research activity in the topic and new
tools and machinery were introduced and studied extensively. From the results
of Calderén, David, and others, soon it became clear that rectifiability plays an
important role in the understanding of the aforementioned problem. In [J2] Jones
gave an intriguing characterization of rectifiability using the so-called S-numbers,
which turned out to be very useful in connection with the Cauchy transform, see e.g.
[J1]. In a series of innovative works, see e.g. [DS1] and [DS2], David and Semmes
developed the theory of uniform rectifiability for the geometric study of singular
integrals in R™ on Ahlfors-David regular (AD-regular, for short) measures, that is,
measures p satisfying

rd

vel < w(B(z,7r)) < Crfor z € sptp and 0 < r < diam(spt(y)),

for some fixed constant C'. Roughly speaking, David and Semmes intended to find
geometric conditions to characterize the AD-regular measures p for which some nice
singular integrals are bounded in L?(x). To this end they introduced the novel
concept of uniform rectifiability, which can be understood as a quantitative version
of rectifiability. In the 1-dimensional case, a measure u is called uniformly rectifiable
if it is AD-regular (with d = 1) and its support is contained in an AD-regular curve.
The definition in the case d > 1 is more technical and we omit it.

The singular integrals that David and Semmes considered in their works are de-
fined by odd kernels K(z), smooth on R™ \ {0} and satisfying the usual condi-
tions |V; K (x)] < C|z|=4+9) j = 0,1,.... The most notable examples of such ker-
nels are the Cauchy kernel and its higher dimensional analogues, the Riesz kernels
ma ¢ €RT \ {0}. David showed in [D1] and [D2] that all such singular integrals

are bounded in L?(u) when p is d-uniformly rectifiable. In the other direction David
and Semmes proved that the L?(u1)-boundedness of all singular integrals in the class
described above forces the measure p to be d-uniformly rectifiable. The fundamental
question they posed reads as follows:
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Does the L*(p)-boundedness of the d-dimensional Riesz transforms Ry imply d-
uniform rectifiability for p?
Given three distinct points z1, 2o, 23 € C their Menger curvature is
1

c(z1,20,23) = ——,
( b 3> R(Zl,ZQ,Z3)

where R(z1, 29, 23) is the radius of the circle passing through z,y and z. By an
elementary calculation, found by Melnikov [M] while studying analytic capacity, the

Menger curvature is related to the Cauchy kernel by the formula

1
6(217 22, 23)2 = Z

—
SES; (282 - 281)(’283 - 251)

where S5 is the group of permutations of three elements. It follows immediately that
the permutations of the Cauchy kernel are always positive. This unexpected discov-
ery of Melnikov turned out to be very influential in the study of analytic capacity
and the Cauchy transform. In particular it was a crucial tool in the resolution of
Vitushkin’s conjecture by David, in [D3], and in the proof of the semiadditivity of
analytic capacity in [T].

Furthermore, in [M], the notion of curvature of a Borel measure p was introduced:

) = [[[ Gz maute)dutzdnta).

Given € > 0, ¢?(u) is the truncated version of ¢?(p), i.e. the above triple integral
over the set

{(21,22,23) €C® : |25 — 2] > efor1 <, j <3, i#j}.

If 1 is finite a Borel measure with linear growth (that is, u(B(z,r)) < Cr for
all z € sptu, r > 0) the relation between the curvature and the L?(u)-norm of
the Cauchy transform is evident by the following identity proved by Melnikov and
Verdera [MV]:

(1) ICe (g = G¢2(0) + OK(T)),

with |O(u(C))| < Cu(C).

In [MMV], Mattila, Melnikov and Verdera settled the David and Semmes question
in the case of the Cauchy transform, relying deeply on the use of curvature. They
proved that if £ is a 1-AD regular set in the complex plane, the Cauchy singular
integral is bounded in L*(H'|F) if and only if E is contained in an AD-regular
curve, which in the language of David and Semmes translates as E being 1-uniform
rectifiable.

Later on this result was pushed even further due to the following deep contribution
of David and Léger.

Theorem 1.1 ([L¢]). Let E be a Borel set such that 0 < H'(E) < oo,
(i) if *(H'|F) < oo, then E is rectifiable;
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(ii) if the Cauchy transform is bounded in L*(H'|E), then E is rectifiable.

Notice that (ii) is an immediate consequence of (i) and (1.1).

Until now, as it is also evident by the (still open) David-Semmes question, very few
things were known beyond the Cauchy kernel. In this paper we want to contribute
in this direction by extending Theorem 1.1 to a natural class of Calderén-Zygmund
kernels in the plane. Our starting point was the fact that, somewhat suprisingly,
Theorem 1.1 and the main result in [MMV] remain valid if the Cauchy kernel is
replaced by one of its coordinate parts x/|z|* or y/|z|* for z = (z,y) € C\ {0}. The
kernels we are going to work with consist of a very natural generalisation of these
coordinate kernels.

For n € N, we denote by T, the singular integral operator associated with the
kernel

an—l

W7 z = (v,y) € C\ {0},
Furthermore, for any three distinct zq, 29, 23 € C, let
P21, 22, 23) = Ky (21—22) Kn(21—23)+Kn(22—21) Kn(22—23)+ K (23—21) K (23—22).

Analogously to the definition of the curvature of measures, for any Borel measure u
let

(1.2) K, (z) =

puli) = [ [ [ paers a0t

Our main result reads as follows.

Theorem 1.2. Let E be a Borel set such that 0 < H'(E) < oo,

(i) if po(H'|E) < 0o, then the set E is rectifiable;
(ii) if Ty, is bounded in L*(H'|E), then the set E is rectifiable.

The natural question of fully characterizing the homogeneous Calderén-Zygmund
operators whose boundedness in L?(H'| E) forces F to be rectifiable, becomes more
sensible in the light of our result. We think that such a characterization consists of
a deep problem in the area as even the candidate class of “good” kernels is far from
clear. This is illustrated by a result of Huovinen in [H2], where he showed that there

. 2 L
exist homogeneous kernels, such as =4;, z = (z,y) € C, whose corresponding singular
) |Z| ) ) )

integrals are L?-bounded on purely unrectifiable sets. We should also remark that
in [H1], Huovinen proved that the a.e. existence of principal values of operators
associated to a class of homogeneous vectorial kernels implies rectifiability. This is

2n—1 . .
the case of the complex kernels Z‘Zlﬁ, for n > 1, for instance. However, Huovinen’s

methods do not work for the kernels we are considering in (1.2).
Another result in our paper extends the theorem in [MMV] cited above. It reads
as follows.

Theorem 1.3. Let p be a 1-dimensional AD-reqular measure on C and, for any
n > 1, consider the operator T,, defined above. Then, the measure p is uniformly
rectifiable if and only if Ty, is bounded in L*(u).



CALDERON-ZYGMUND KERNELS AND RECTIFIABILITY IN THE PLANE 5

The fact that uniform rectifiability implies the L?(u)-boundedness of T, is a direct
consequence of David’s results in [D1]. The converse implication can be understood
as a quantitative version of the assertion (ii) in Theorem 1.2. We will prove this by
using a corona type decomposition. This is a technique that goes back to the work
of Carleson in the corona theorem, and which has been adapted to the geometric
setting of uniform rectifiability by David and Semmes [DS1].

The paper is organised as follows. In Section 2 we prove that the permutations
pn are positive and behave similarily to curvature on triangles with comparable side
lengths and one side of them far from the vertical. Sections 3-7 are devoted to the
proof of Theorem 1.2. In Section 3 we reduce it to Proposition 3.1, which asserts
that when g is a measure with linear growth supported on the unit ball with mass
bigger than 1 and appropriately small curvature, then there exists a Lipschitz graph
which supports a fixed percentage of u. In Section 4 we give some preliminaries for
the proof of Proposition 3.1. In Section 5 we follow David and Léger in defining
suitable stopping time regions and an initial Lipschitz graph. In Section 6 we prove
Proposition 3.1 in the case where the first good approximating line for u is far from
the vertical axis. The strategy of the proof stems from [Lé] although in many and
crucial points (whenever curvature is involved) we need to deviate and provide new
arguments. In Section 7 we settle the case where the first approximating line is close
to the vertical axis. In this case the scheme of Léger does not work. A fine tuning
of the stopping time parameters and a suitable covering argument allows us to use
the result from the previous section in order to find countable many appropriate
Lipschitz graphs that can be joined.

The proof of Theorem 1.3 is outlined in Section 8. As remarked above, a main
tool for the proof is the so called corona type decomposition. We will not give all
the details because many of the arguments are similar to the ones for Theorem 1.2,
adapted to the (simpler) AD regular case. Finally, in Section 9 we will show that
our methods do not work in higher dimensions because the permutations p,, change
sign.

Throughout the paper the letter C' stands for some constant which may change
its value at different occurrences. The notation A < B means that there is some
fixed constant C such that A < C'B, with C' as above. Also, A &~ B is equivalent to
A< B<A

2. PERMUTATIONS OF THE KERNELS K,: POSITIVITY AND COMPARABILITY
WITH CURVATURE

For the rest of the paper we fix some n € N and we denote K := K,,, T := 1T,
and p ;= p,.

Proposition 2.1. For any three distinct points z1, z9, 23 € C,

(i) p(21, 22, 23) > 0,
(ii) p(z1, 29, 23) vanishes if and only if z1, 22, z3 are collinear.
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Proof. Since p(z1, 22, z3) is invariant by translations, it is enough to estimate the
permutations p(0, z,w) for any two distinct points z = (z,y),w = (a,b) € C\ {0}.
Then,

p(0,z,w) = K(2)K(w) + K(2)K(z — w) + K(w)K(w — z)

x2n—1a2n—1 xZn—l(

T — CL)2n—1 a2n—1(l. _ a)Zn—l

Pl T = el TPl = wp
x?n—1a2n—1|z _ w’2n + (EQn_l((E _ a)2n—1‘w‘2n _ a2n—1 (.fL' _ a)2n—1’Z‘2n

|z‘2n|w|2n|z _ w|2n

We denote,

A(z,w) = 2?1z — w)? + 2 Nz — o) HwP — @z — a)? 2P,
so that
Az, w)

Z‘2n|w|2n|z _ ,w|2n’

(2.1) p(0, z,w) = |

and it suffices to prove that A(z,w) > 0 for all distinct points z,w € C\ {0} and
A(z,w) = 0 if and only if 0, z and w are collinear. Furthermore,
A(Z,'U}) — x2n71a2n71(($ _ a)2 4 <y _ b)?)n 4 xanl(x _ a)anl(GQ 4 b2)n
. a2n—1(x - G)Qn_l(Z'Z +y2)n

= (Z (Z) (z = a)" My - b)?k)

k=0

4 a2z — )2l <Z <Z> a2(nk)b2k>

k=0

— @Yz — )2 (Z <Z> $2(n—k)y2k) '
k=0

After regrouping the terms of the last sum we obtain,

Az, w) = Z <n> (@212 (1 — 0) 2P (y — B)2E 220 (g — )2 2R 2k

2n—1< 2n—1x2(n—k)y2k)

r—a)

— x2n71a2n71(x _ a)Zn 4 l‘2n71(1‘ _ a)2n71a2n _ a2n71(x _ a)2n71x2n
N Z <n> <x2n—1a2n—1($ — @20 R) (y — )2k 4 g2 (g — )P g2

— Nz — a)2n71x2(n7k)y2k>.
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Since
212 (g g) 4 gl (g  q)2nlgn _ g2nl(y  g)2n-lgn
=2 Nz —a)™ Nz —a+a—2)=0,
we get,

A(z,w) = <Z> 22(n=Fk) ;2(n—k) (z — a)Q(n—k)
k=1

% (ka—IGQk—l(y () Lot L ey P a)Qk—lka).
For k € Nand z # w € C\ {0}, 2 = (z,y),w = (a,b), let

(2-2) Fk(z,w) — x2k—1a2k—1(y _ b)?k + x2k—1(x o a)2k—1b2k o a2k—1(1, o a)2k—1y2k

then

n

(2.3) Az, w) = <k’> 22 g20=k) (0 — )2 R B (2, w).
k=1

Thus it suffices to prove that for all k£ € N,
Fi.(z,w) > 0 whenever z # w € C\ {0}

and

A(z,w) = 0 if and only if the points 0, z and w are collinear.

To this end we consider three cases.
Case 1, a = 0.
In this case,

A(z,w) = Fy(z,w) = 22 Dp™ > 0
and since b # 0,
A(z,w) =0 if and only if z = 0.

That is in this case A(z,w) vanishes only when z and w lie on the imaginary axis.
Case 2, b= 0.
In this case,

Fk(z,w) _ x2k—1a2k—1y2k o a%_ly%(:p - a)2k—1

_ a2k71y2k(x2k71 o (l’ o a)2k71).

k 2k—1

Since a # 0 and the function 227! is increasing, %71 > (z —a)*~! whenever a > 0,
and 22*~! < (x — a)**~! whenever a < 0. Therefore Fy(z,w) > 0 and Fj(z,w) = 0
if and only if y = 0, that is whenever z and w lie in the real axis.
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Case 3, a # 0 and b # 0.
In this case by (2.2), after factoring,

by e (T () (7 ()

We will make use of the following elementary lemma.
Lemma 2.2. Consider the family of polynomials for k € N,
FE(s) = 267 1(s — 1) 4 (£ — 1)Z1g2h1 (¢ 1)1k
where t € R is a parameter. Then,
fE(s) >0, foralls € R andt € R
and
fF(s) = 0 if and only if t = s.
Proof. Since fF is an even degree polynomial with respect to s,

lim fi(s) = Tm (P57 — (1 = 1)%71) 5% = foc

s—too s—+oo

because s%* is the highest degree monomial of fF and the function t?*~! is increasing.
Furthermore

(ftk)/(s) — 2kt2k—1(8 o 1)2k—1 _ Qk(t _ 1)2k—182k—1
and
(ff)(s) =0
is satisfied if and only if
t2k71(5 . 1)21%1 =(t— 1)21471521%1
that is if and only if s = ¢. erefore s) > t) for all s € R an
h f and only if Theref ft’“( ) ftk( ) for all R and
ftk(t) — t2k—1(t o 1)2k + tQk—l(t _ 1)2k—1 _ (t o 1)2k—1t2k —0.

Hence,
f¥(s)>0forallt,s € R

and
fF(s) = 0 if and only if ¢ = s.

Hence after applying Lemma 2.2 for t = 2, s = ¥ to (2.4), Lemma 2.1 follows.
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Given two distinct points z, w € C, we will denote by L, ,, the line passing through
z,w. Given three pairwise different points z1, 29, 23, we denote by £(z1, 29, 23) the
smallest angle formed by the lines L,, ., and L., ,,. If L, L’ are lines, then £(L, L) is
the smallest angle between L and L'. Also, 0y (L) := £(L, V') where V is a vertical
line. Furthermore for a fixed constant 7 > 1, set

(25) Op ={(21,22,23) € C*: |2 — 25| < 7]z — 2] for distinct 1 < 4,5,k < 3},

so that all triangles whose vertices form a triple in O, have comparable sides. Finally
we should also remark that its not hard to see that for three pairwise different points
215 22, 235

4 area(T5, 4, 2,)

el 22, 25) = |21 — 22]|21 — 23|22 — 23]

where T, ., ., denotes the triangle determined by 21, 29, 23.

Lemma 2.3. For (2’1, 29, 253) €O, Zf GV(Lzl,zg) + QV(L21,Z3) -+ 9\/<L22yz3) > agp > 0,
then

p(z1, 22, 23) = (o, ) c(21, 22, 23)°.

Proof. 1t suffices to prove the lemma for (0, z,w) € O, for z = (z,y),w = (a,b), z #
w € C\ {0}. From the lemma’s assumption we infer that at least one of the angles
Oy (L.w),0v(L.o),0v(Lyo) is greater or equal than og/3. Therefore without loss of
generality we can assume that there exists a constant ¢; (o) such that |z| < ¢1(ap)|z|.
Furthermore let M := M («ag,7) > 10 be some large positive number that will be
determined later. We distinguish three cases.
Case 1: M~ Yz| < |z —a|] < M|z| and M~ a| < |z| < Mal.

By (2.1), (2.3) and the fact that the functions F}, as in the proof of Lemma 2.1, are
non-negative we deduce,

2n—2 ,,2n—2

2202 (g — )2

p(O,Z,U)) >n \zP”\w\zﬂz — U}|2n Fl(sz)
x2n—2a2n—2(x _ a)?n—2
= b— 2
"R e )
2n—2 ,2n—2 _ 2n—2
—pl 2 (z —a) |2 w|? sin?(z, w)

ER

o\ (a7 (o = al\" sint 0
=N —_— —_— _
2] |w] |z —wl |z —w]?
Notice that in this case,

lal = M~ x| = M~ ei(a0) 2] = (Mei(ao)7) ™ |l

and in the same manner

|v —al > (Mcl(ao)7)71|z —w).
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2sin £(z,0,w)

Recalling that ¢(0, z,w) = —w]

we obtain that,

p(0, z,w) > can, 7)c*(0, 2, w).
Case 2: |x —a| < M~!|z|. In this case,
|z —a| < M~ ')z — w|

2]

lal > 5 = (2e1(ao)7) el

and

By the definition of p(0, z, w),

2n—1_,2n—1 2n—1 _ 2n—1 2n—1 _ 2n—1
(26)  pOzw) =0 et woat gt @-a)t

T e P T PR

Notice that,
‘1"2"71’:17 _ a|2n71 _ 1 ’:12 _ a| 2n—1
2]z — w7 2[z —w]| \ |z — w]
T |z — d ot 2n 3 r—(2n—1)| |—2
< W m <7"M 2|75,

and in the same way,

>z — a*! < 72 EnD) 5|2

0l = wp”

On the other hand,

e Halrt N e\ L0
22w\ 2] |wl 2] |w]
Z (01(060)_27'_12_1)2”_17'_1|Z’_2

Therefore for M large enough and depending only on «g and T,
p(0, z, w) > ((cl(ao)_27_12_1)2n_17_1 — 27’2"]\4_(2"_1))|z|_2

> c(ag, 7)E(0, 2, w).

Case 3: |x —a| > M|x|.
In this case
lz| < M~ Yo —al < M'7|2|,

and since M > c¢;(ag) + 7 we obtain that |z| < ¢;(ag)~!|z] which contradicts the
initial assumption, so this case is impossible.

Case 4: || < M~Y|al.

As with case 3, this case is impossible because it contradicts the initial assumption
as

lz| < M7z
Case 5: |z| > M]al.
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In this case we have,
la| < 7M™z
and
|z — a| > (2¢1(ag)T) 7z — w.
Therefore we can argue as in case 2, recalling (2.6) and noticing that now the
dominating term is the second one. As in case 2 we deduce that,

p(o, z, ’LU) > ((Cl (a0>72771271)2n717_71 - 27_2an(an1)) ‘2’72
> (g, 7)2(0, 2, w).

For a positive measure p (without atoms, say), denote

/// p(21, 2, 23) dp(21) dpp(22) dpa(z3)
N ///Tp(zl’zz’zi‘)d“(zl)dﬂ(@)du(z;;).

We will also use the following notation. Given z; € C, we set

pul) = plet, 1] = / / P, 22, ) da(z2) da(z3),

and for v another positive measure,

p o) = [ [[ o1z, 20) o) dute) dit)

and, recalling (2.5),

For 2,2z, € C,

pu(zlaz2) :P[thmﬂ] = /p<zl7227Z3) d,u(Zg)

We define p,,(z1) and p; (21, 22) analogously.

3. REDUCTIONS

Our purpose in this section is to reduce the proof of Theorem 1.2 to the proof of
the following proposition which will occupy the biggest part of the paper.

Proposition 3.1. For any constant Cy > 10, there exists a number n > 0 such that
if pois any positive Radon measure on C satisfying
p(B(0,1)) = 1, u(C\ B(0,2)) =0,
e for any ball B, pu(B) < Cydiam(B),
e p(p) <1
then there exists a Lipschitz graph T such that u(T') > 1075 (C).
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Remark 3.2. The previous proposition is equivalent to the following stronger state-
ment.
For any constant Cy > 10, there exists a number n > 0 such that if p is any
positive Radon measure on C such that for some Borel F' C C,
e u(F) > diam(F),
e for any ball B, u(Bn F) < Cydiam(B)
o p(uF) < n diam(F)
then there exists a Lipschitz graph T' such that u(I'NF) > 1075u(F).
Indeed, suppose that Proposition 3.1 holds. Let xg € F' and define the renormal-
ized measure

1
- _Ty(ulF
diam(F') HulF).
where T'(x) = Gam(ry and as usual Ty(p| F) is the image measure of p|F' under

T, defined by Ty (p| F)(X) = u|F(T7*(X)),X € C. Then v(B(0,1)) > 1, v(C\
B(0,2)) = 0 and for any ball B, v(B) < Codiam(B). It also follows easily that for
all distinct x,y,2 € C, p(T(z),T(y), T(z)) = diam(F)?*p(z, y, z), therefore

) = (L) <1

Hence we can apply Proposition 3.1 for the measure v and obtain a Lipschitz graph
' such that v(T') > 107°v(C), which is equivalent to u(T~(T) N F) > 107°u(F)
and T1(T') is the desired Lipschitz graph.

We continue with the following lemma which relates L2-boundedness and permu-
tations.

Lemma 3.3. Let p be a continuous positive Radon measure in C with linear growth.
If the operator T is bounded in L?(u) then there exists a constant C' such that for
any ball B,

/// p(a,y, z)dp(x)du(y)dp(z) < Cdiam(B).

For the proof see [MMV, Lemma 2.1], where it is stated and proved for the
Cauchy transform. The proof goes unchanged if 1/z is replaced by any real an-
tisymmetric kernel k with positive permutations satisfying the growth condition
k(z) < Clz|™, z € C\ {0}.

For the proof of (i) of Theorem 1.2 we will need one more lemma.

Lemma 3.4. Let E C C be a Borel set with 0 < H*(E) < co. Then for all n > 0
there exists an F' C E such that,

(i) Fis compact
(i) p(H'|F) < ndiamF,
(111; ( ) diamE

40
(iv) for allxz € C, t > 0, H'(F N B(x,t)) < 3t.
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The (fairly easy) proof makes use of standard uniformization arguments and can
be found in [Lé, Proposition 1.1]. Assuming Proposition 3.1 we can now prove the
generalised version of David-Leger Theorem.

Proof of Theorem 1.2. First of all notice that (i) with Lemma 3.3 implies (ii). For
the proof of (i) recall that since H!(FE) < oo, E has a decomposition into a rectifiable
and purely unrectifiable part, £ = F et U Eynrect- By way of contradiction assume
that H'(Eunrect) > 0. Now, by Lemma 3.4, for all > 0, there exists a compact set
F C Eypreet satisfying

o p(H!|F) < ndiamF,

° 7‘[1(F) > diaurnf(l],,”ed7

o forallz € C, t >0, H'(F N B(z,t)) < 3t.
Therefore by Remark 3.2, applied to F and p = 40H'| F, there exists a Lipschitz
graph T such that HY(T'N F) > 1075H(F), which is impossible because F is purely
unrectifiable. 0

4. PRELIMINARIES FOR THE PROOF OF PROPOSITION 3.1
Let p be a positive Radon measure in C.

Definition 4.1. For a ball B = B(x,t) we set
p(B(x, 1))
0u(B) = du(z,t) = 5

Definition 4.2. Given some fixed constant k& > 1, for any ball B = B(z,t) C C
and D a line in C, we set

1 dist(y, D
s =1 [ Dy,
U JB(akt) t
1/2

@Mmz(iéW@Cm?Dviww>,

Bru(B) = inf 5, (B),
Ba,(B) = inf B7,(B)

We will also introduce a density threshold § > 0 and examine what happens in
balls such that 6,(B) > ¢. The following lemma will be used several times.

Lemma 4.3 ([Lé], Lemma 2.3.). There exist constants Cy > 1,C] > 1 depending
only on Cy and ¢ such that for any ball B with 0,(B) > 0, there exist three balls
By, By and Bs of radius %?) such that

(i) their centers are at least 1227(13) apart,

(i) and p(B;) > T(C—Bi) fori=1,23.
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The following lemma should be considered as qualitative version of [Lé, Lemma
2.5].

Lemma 4.4. Let p be a measure with Cy-linear growth, and B C C a ball with

0,(B) > 6. Suppose that T is big enough. Then, for any ¢ > 0, there exists some
01 = 01(0,¢) > 0 such that if

(| kB

P-(1lkB) _ s

u(B)

then (y(B) < e.

Proof. By Lemma 4.3 we can find three balls By, By, B3 C 2B with equal radii
Cr'r(B) such that u(B; N B) > 22 for i = 1,2,3 and 5B, N5B; = @ if i # j.

By Chebyshev, there are sets Z; 'c B; with u(Z;) =~ u(B;) ~ u(B) such that for
r:=r(B) and z € Z,

(u| kB
pT,/I/UﬂB(Z) S Op(lurHv

where here, as well as in the rest of the proof of the lemma, C' denotes a constant
which depends on C,CY, 7, k, 0. Given z; € Z;, we choose 2y € Zs such that

SO/
If we kB\ (2B U2Bs), then (21, 20, w) € O, for 7 > Cy 4 2k, and so either
HV(LZ1,Z2) + QV(LZLU)) + QV(LZQ,U)) S CYO,
and so dist(w, L, »,) < C agr, or otherwise, by Lemma 2.3,
dist(w, L, »,)*
|w — 21‘2 ]w — ZQ|2

pT,uLkB(Zla ZZ)

p(21, 22, w) > c(ag, T) c(21, 22, w)* = c(ap, T)

dist(w, LZLZQ)2
4 b

> C(a) "

with the constants C'(«g) depending on C1,C], 7, k, ¢ besides ap. Thus in any case
we get

/ dist(w, L., .,)* du(w)
wEkB\(QBl U2BQ)

<

/ [Cagr® + Clag)r p(z1, 22, )] dp(w)
wEkB\(2B1u2B2)

< Cagr® + Cla) r4p77uLkB(Zly 2) < Cair® + Clag) r pr (| kB).

Now it remains to see what happens in 2B; U 2B,. By Chebyshev, there exists
z3 € Z3 such that

) < ¢ 2e(lkB)

PrulkB (215 23) + Drpu k(22,23 2
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and
(| kB
(4.1) P21, 22, 23) < C'p('lig).

As above, we deduce that

(4.2) dist(w, L., .,)* du(w) < Cagr® + C(ag) 7 p, (| kB),

/’l;)EkB\(ZBl UQB3)

and also

/ dist(w, L., .,)* du(w) < Cagr® + C(ap) 7 p, (1| kB).
wekB\ (2B2U2B3)

Now we wish to estimate the angle £(L., .,, L., »,). Recall that

2 Sin K(L217227 Lzl7z3)
|29 — 23]

)

c(z1, 2, 23) =

and so sin? A(Lyy 2yy Ly 2y) < Cc(21, 29, 23)? 72, Then we deduce that
sin® £ (L., 2y, Ly ) < Cag + Clag) p(21, 29, 23) 72
Notice that, for any w € kB, by elementary geometry we have
dist(w, L,, ,,) < dist(w, L, .,) + Crsin £(L., zp, L., 24 )-
Therefore,
dist(w, L, »,)? < 2dist(w, L, -,)* + Cag 7> + Clap) p(z1, 22, 23) 1.
Then, from (4.2) and (4.1) we obtain

/ dist(w, L., .,)* du(w)
wekB\(2B1U2B3)

<

/ [2dist(w, L., »,)* + Cagr® + Cao) p(21, 22, 23) '] dpa(w)
’LUEkB\(QBlLJQB:;)

< Cagr® + C(ap) p-(u|kB) r* + C(ag) p(z1, 20, 23) 7°
< Cagr® + C(ap) pr(u|kB) 7.

An analogous argument yields a similar estimate for

/ dist(w, L, .,)* du(w).
UJE]CB\(QBQ U2B3)

So we get,
/ dist(w, L., .,)* du(w) < C agr® + C(ap) p- (| kB) 7%,
wekB

and thus the lemma follows by taking o and p,(u|kB)/r both small enough. [
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5. CONSTRUCTION OF A FIRST LIPSCHITZ GRAPH

As stated above, to construct the Lipschitz graph, we follow quite closely the
arguments from [Lé]. First we need to define a family of stopping time regions,
which are the same as the ones defined in [Lé, Subsection 3.1]. Let , ¢, « be positive
constants to be fixed below and choose a point zg € F. Then by Lemma 4.4 there

exists a line Dy such that 37°(z,1) < . We set
i) O(z,t)>36
11) 61(@‘, t) < 2¢
Bt (z,t) < 2¢, and
ili) IL,, s.t. { L(Lus. Do) < 0

In the definition above to simplify notation we have denoted é(x,r) = 4, . B(z,7)
and By(z,1) = B, (B(x,7)). Also L, stands for some line depending on z and ¢.

For x € F we set
(5.1)

h(z) = sup {t> 0: Jdy e F,3r,

(
St = 4 (2.1) € F x (0,5),
(

t
> > Z’x c B(y7 %) and (y,7) & Stotal}v

W =+

and
S ={(x,t) € Spotar : t > h(z)}.
Notice that if (z,t) € S, then (z,t') € S for ¢’ such that ¢t <’ < 5.
Now we consider the following partition of F' which depends on the parameters
), e,

Z={reF: hzx)=0}

Flz{xeF\Z: Jye F,dr e [@,@],xéB(y,%%5(y,7’)§5},

FQ:{xEF\(ZUFl):

Jy € F,3r e[M2 M9 2 € By, %), Buly,7) > 6} :

Fg,:{xeF\(ZUFluFQ):

dJye F,dr e [h(z) M]J’ € B(y, 3), £(Lys; Do) > %O‘}'

5 7 2

At this point we introduce some thresholds:

e 6=10"19/N
L] 60 :71'/106,
e T = 10401,

with C] appearing first in Lemma 4.3 and N is the overlap constant appearing in the
Besicovitch covering theorem. Notice that 7 depends on §, which was fixed earlier,
and serves as threshold for the comparability of the triples in O,. On the other hand
6y will be a threshold for the angle 0y (D). Concerning the parameters € and « we
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s

. 1
will always tune €50 < o < {f7.

of a will be needed.

In the rest of the section we are going to lay down the necessary background that
will lead us to the definition of the Lipschitz graph. We will denote by 7 and 7+
the orthogonal projections on Dy and Dy respectively.

However depending on 6y (Dy) some extra tuning

Definition 5.1. For all z € C let

d(z) = ()ggfes(d(x,X) + 1)
and for p € Dy, let

D(p)= inf d(z)= inf (d(w(X),p)+1).

zem—1(p) (X,t)es

The following Lemma, whose proof can be found in [Lé], will be used several
times. We state it for the reader’s convenience.

Lemma 5.2 ([Lé], Lemma 3.9). There ezists a constant Cy such that whenever
x,y € F and t > 0 are such that d(w(x),n(y)) < t, d(zx) < t, d(y) < t then
d(z,y) < Cyt.

We can now define a function A on 7(Z) by
A(r(z)) = mH(z) for x € Z,

which is possible because for example by Lemma 5.2 7 : Z — Dy is injective. Fur-
thermore it is not difficult to see that the function A : 7(Z) — Dj is 2a-Lipschitz.
In order to extend the function A on the whole line Dy a variant of Whitney’s ex-
tension theorem is used in [Lé]. Namely after a family of dyadic intervals on D
is chosen, for any p € Dy not on the boundaries of the dyadic intervals such that
D(p) > 0 we call R, the largest dyadic interval containing p such that
1
diam(R,) < 20 uienlgp D(u).

We relabel the collection of intervals R, as {R; : i € I}. The R;’s have disjoint
interiors and the family {2R;};c; is a covering of Dy \ 7(Z). In the following propo-
sition we gather all their necessary properties for our purposes. For the proof see
[Lé, Lemma 3.11] and the discussion before and afterwards.

Proposition 5.3. Let Uy = Dy N B(0,10) and Iy = {i € I : R;NUy # 0}. There
exists a constant Cs such that

(i) Whenever 10R; N 10R; # () then
Cy'diam(R;) < diam(R;) < Cadiam(R;).
(ii) For each i € Iy there exists a ball B; € S such that
diam(R;) < diam(B;) < Csdiam(R;) and d(n(B;), R;) < Csdiam(R;).
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Finally let A; : Dy — Dy be the affine functions with graphs Dp,. By the
definition of S;y the A;’s are 2a-Lipschitz. Using an appropriate partition of unity
it is not hard to extend A on Uy \ m(Z) such that it is Cpa-Lipschitz on Uy, see [Lé,
p.848-850].

6. THE MAIN STEP

For the rest of the section the stopping time regions Z, F, Fy, F3, their defining
paramaters 0,¢,« and the Lipschitz function A will be as in the previous section.
The main step for the proof of Proposition 3.1 consists in proving the following
lemma.

Lemma 6.1. Under the assumptions of Proposition 3.1, if furthermore 0y (Dy) > 6
there exists a Lipschitz graph T' such that p(T') > 35 u(C).

We claim that T' = {(z, A(x)) : € Up}. To this end it is enough to show that

p(Fr) + p(F2) + p(Fs) <

because Z C {(x, A(x)) : x € Up}.
We start by estimating the measure of F5. Notice that for this lemma we do not
need to assume that 6y (Dg) > 6.

mN(F)

Proposition 6.2. Under the assumptions of Proposition 3.1 we have
pw(Fy) <107°.

Proof. Recalling the definitions of the sets F} and F, we deduce that for every x € Fy

there exist y, € F and 7, € [@, @] such that z € B(ys, 72), 51(Yz, ) > € and

0(Yz, 7) > 0. Therefore since k > 1,
Fy C Uper, B(Ya, kT2).

By the 5r-covering Theorem there exists an at most countable set I such that,

(i) Fy C UierB(yi, 5kT;),y; € F,

(ii) the balls B(y;, k7;) are pairwise disjoint,

(111) 61(?/%71') 2 &,

(iv) o(y;, 1) > 9.
Notice also that since p has linear growth,

w(B(y;, 5kt;)) < Cobkt;, for all i € I,

and by (iv), u(B(y;,7:)) > d7; hence,

p(B(y;, 5k7;)) < w(B(yi, 7:)),1 € 1.
Furthermore, by Lemma 4.4, since 51(y;, ;) > ¢ there exists some d; = ;(6,¢,7)

such that
W(Blyim)) < pr(pBlyi, ki)

5kCy
0

o1
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Therefore,
5k:C’0
u(Fy) < Z,u (yi, bkT;)) < 5 ZM(B(yi,Ti))
el el
5kCO 5]{700 077 6
(1 B(ys, kTi)) < H(p) < — <107
Zp (L Bly: kmi)) < =55=pe(0) < 55

as n will be chosen last and hence much smaller that €,d and 6;. O

We know shift our attention to the set Fj.
Proposition 6.3. Under the assumptions of Proposition 3.1 we have
w(Fy) <1078,

Proof. The main point in the proof of this estimate in [Lé] is to show that most of
I lies near the graph of A. This amounts to showing that

(6.1) W(F\ F) < Ceb
as in [Lé, Proposition 3.18]. The set
(6.2) F:={z e F\G:dz (z)+ Alr(z))) < e2d(z)}.

can be thought as a good part of F' while the definition of G is given in Lemma 6.4.
Once this is established the desired estimate for F} is essentialy achieved because as
an application of the Besicovich covering theorem it is relatively standard to show
that pu(Fy N F) <1077, see [Lé, Proposition 3.19].

The most crucial step for the proof of (6.1) in [Lé, Proposition 3.18] is [Lé, Lemma
3.14]. Nevertheless this is the only part in the proof where the curvature is involved,
therefore we provide a modified argument in the following lemma. All the other
parts in the proof of [Lé, Proposition 3.18] can be applied to our setting without
changes.

Lemma 6.4. For K > 1, set
G={xeF\Z:Vim(x) €3R; and x ¢ KB;}U{x € F\ Z:7(x) e n(2)}.
If K is big enough,
p(G) < C,
where C' = C(9, ).
Proof. First suppose that * € G \ 7 !(7(Z)). Then there exist some i such that
m(xz) € 3R; and © ¢ KB;. By Proposition 5.3 there exists some absolute constant
C3 > 1 such that if X; is the center of the ball B; we have,
d(m(z),7(X;)) < Csdiam(B;) and d(X;) < Csdiam(B;).

Let K > 100C5C5 and t = max(d(x), ;g diam(B;)). Then

£diam(Bi).

(6.3) d(m(z), 7(X;)) < £dlam( B;) and d(X;) < 30,

3Cy
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Then by Lemma 5.2 applied to z, X; and t we deduce that d(z, X;) < Cyt. Now

suppose that d(z) < %diam(Bi). In this case Lemma 5.2 would imply that

d(z, X;) < %diam(Bi) which is impossible since x ¢ K B;. Therefore
K
(6.4) d(z) > fdiam(Bi) and d(z, X;) < Cad(x).
2
Furthermore by the definition of the function d it follows that, d(X;, ) +diam(B;) >
d(z) and since diam(B;) < 15d(z) we obtain that
9
d(X;,x) > TOd(x)
Let /B\l be a ball centered at X; such that,
d _ -
B(X; ig)) C B; and z € 10B; \ 9B;.

Notice that E € S since it is concentric with B; and larger. Therefore there exists
some line L; such that

(6.5) 51LZ(E> < 2¢ and L(L;, Dy) < a
By Lemma 4.3 there exist two balls By, By C 2@- such that,
(i) r(Br) = r(By) = 562,
(ii) d(B, By) > 7,
(iii) p(B1), (Bz) = T(TBf)~
Furthermore let for j =1, 2,
S;={y € B;N B; : d(y, L;) < 10C1er(B,)}.
By Chebyshev’s inequality and (6.5) it follows that for j = 1,2,

o~

(6.6) u(s;) > ;g)

Now let y € Sy and z € Sy. If {o} = L, N L, , then without loss of generality we
can assume that d(o,y) > d(y, z)/2. Therefore,

d(y, L;) _ 10C;er(B;
sin&(Ly ., L;) = (y, L) < ler(/\) <20, (e,
d(07 y) 50;1T(BZ)
which combined with (6.5), recalling the fact that e < «, implies that
(6.7) L(L, .., Dy) < 2a.

By our choice of o we deduce that £(L, ., Dy) < 175-
Let z* be the orthogonal projection of z on L, . and consider the following three
angles

01 = 4L(y,x,m(x)), 0Oy =4L(z" x,w(x)) and 6= L(y,x,x").



CALDERON-ZYGMUND KERNELS AND RECTIFIABILITY IN THE PLANE 21

Then by elementary geometry we see that 6, = £(L, ., Dy). Furthermore,
d(n(y), 7(z)) _ d(n(y), 7(Xi)) + d(7(Xi), 7(x))

sin (91 =

dlz,y) d(Xi, x) — d(X;,y)
< T(Bi)/j- Cdla/HiBi < 27’(%) < ij

97"(31) — T(Bz) o 87’(31)

because diamB; < diamE. Notice that 6 equals either 6, + 05,60, — 05 or 09 — 04,
and hence
cos 8 > cos 0, cos By — sin 0 sin O > ;
So we conclude that for y € S; and z € S5,
d(X;, ) — d(X;, y) 2y
8

(6.8) dist(z, L,,) = d(x,y) cos 6 >

Notice that for y € 1/9\1, z € B\g,

and thus (z,y,z) € O, for 7 > 11 4 C.
At this point we consider two cases.
Case 1: ev<D0) > 90.
In this case we need to tune o < 0y (Dy)/10. Hence we conclude that,
460y (Dy)

QV(LW) > GV(DO) — K(L%Z, Do) > 5 .

Therefore by Lemma 2.3, taking oy = 6/10
p(xayvz) Z C(@O,T)CQ(I',Q,Z) for Yy e S1,Z € SZ

and

//{(y,z):(w,y,z)ea}p(x’y’z)dﬂ(y)du('z) 2 /51 /g2p($,y,z)dﬂ(y)du(z)
Z/ C(6,00)c(x,y, 2)du(y)du(2).
S1 /8,

Moreover for y € Sy, z € Sy, by (6.8),

2dist(x, Ly ) ) ? C

dz,y)d(y.z)) = (B2

P,y 2) = (



22 V. CHOUSIONIS, J. MATEU, L. PRAT, AND X. TOLSA

and thus by (6.6),

5 9
/ / oy, 2)du(y)du(z) > 00 / / 2) > C(6,0).
{(y,2):(z,y,2)€O0- } Sy J S

Recaping, we have shown that for all x € G \ 77 1(Z) there exists some constant
C(6,6p) such that,

(6.9) //{( o P ) 2 O ).

If z € GN7~(Z) we can get the same inequality by repeating the same arguments
with the point X = 7n(z) + A(n(z)) € Z.
Finally by integrating (6.9) over all points z € G deduce that,

G) < C(6.00) /// Pz, 9, 2)dpu(2)dpy)da(2)

< C(5,0) / / / Py, 2)dp(x)dp(y)dp(z) < C(6,60)1.

Case 2: ev<D0) < 90.
Recalling (6.3) and (6.4) we get that d(m(z),7(X;)) < {5r(B;). Hence if 2’ is the

projection of x on the line y + Dy, where y € S1, we get that 2’ € 223:» and
d(z,y + Do) > dist(z, 2B;) > 7r(B)).

Therefore

(B _ 7

> PER

11r(B;) — 11

using that d(z,y) < 11r(E). Therefore since 0y (Dy) < 0y = 155 we deduce that
&£(Lyy, Do) > %. Hence we can apply Lemma 2.3 with oy = 1/10 and 7 as before
to obtain,

sin A(Lz,ya Do)

p(x,y,2) > C(1)c*(x,y, 2) for y € 51,2 € 5.
All the other steps of the proof are identical with the previous case.

O

We will now consider the set Fj.

Proposition 6.5. Under the assumptions of Lemma 6.1 we have
w(F) <107°.

Proof. To estimate the measure of the set F3 we need to take o < 65/10. Recall also
that by our assumptions 0y (Do) > 6y. We start by proving two auxilliary lemmas,
the first of them is a substitute of [Lé, Lemma 2.5]. To simplify notation we let

p)\(l', t) = p)\(LLLB(.T, t))
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Lemma 6.6. For all kg > 1,k > 2 there exists ki = ki(ko,0) > 1 and C =
C(6,00, ko) > 1 such that if B(x,t) € S, then for all y € B(x, kot),

Proof. Since B(z,t) € S we have that 0(B(z,t)) > . Hence we can apply Lemma
4.3 to find three balls By, By, Bs C B(x,2t) with equal radii C;*t, u(B; N B) > %?)

for i = 1,2, 3, such that d(B;, Bj) > g—tl if i # j. Recall that C} and C depend only
on 0. For each ball B;,7 =1,2,3, set

Zi:{uEFﬂBiﬂB(x,t):

(2, t
I/ p(u, v, w)du(v)dp(w) < 0,20
{(v,w):(u,v,w) €O, (x,t)}

where (' is a constant depending on ¢ such that by Chebyshev’s inequality,

t
Z) > ——
u( )_201

and k; will be chosen later. Recall that for L := L,;, 8F(z,t) < 2¢ and set for
i=1,23,

where as before C5 is a constant depending on § chosen big enough so that by
Chebyshev’s inequality,

N> L
wZ;) > i

For z; € Z] applying Chebyshev’s inequality once more we can choose zo € Z) such
that

Pk, (l‘,t)
2

(6.12) p(z1, 22, w)dp(w) < Cq

/{w:(21 ,22,w) €O, (z,t)}

where Cg depends on §.
From the definition of Z/ in (6.11), it follows that

L(L., o L) < C(6)e.

Recall also that since B(x,t) € S, £(L,Dy) < «. Then, from the assumptions
Oy (Do) > 0y and a < 6,/10, since € is chosen much smaller than «, we deduce
that 0y (L., .,) > 6p/5. Therefore by Lemma 2.3 and «y = 6,/10 we obtain for all

w # 21, Za,

dist(w, L, »,) ?
i)

. > 2 >
(6 13) p(21;227w) = O(Hkal)C (Zl)ZZaw) = C(eovkl) (d(w,zl)d(w,ZQ
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Furthermore for w € F'N B(x, (k+ ko)t) \ (2B; U2Bs) and i = 1,2,

4 t
— < — <d(z,w) <2(k + ko)t < kqt,
ky — Cy
if £y > max{2(k + ko), C1}, hence for such w, (z1, 22, w) € O, (x,t). Therefore, by

(6.12) and (6.13),
(dist(w, L. .,) > 2 J
—— ) dp(w)

/B(z,(k+ko)t)\(231u232) t

S 0(67 907 kO)tQ / p(zla 22, w)d:u(w)

{w:(21,22,w) €O, (z,t)}

< C((S, ‘907 kO)pkl (fL‘, t)'

Exactly as before, after applying Chebyshev’s inequality three times we can find
23 € Zy such that

. Pk (IE, t)
(1) f{wi(zl,w723)€(9)g1 (zyt)}p(zla w, Zg)dﬂ(ﬂ)) S 07 12 ’
.. Pk ((L’, t)
(11) f{wi(w722723)60k1 (x7t)}p(w7 22, Z3)dlu(w) S CY7 t2 ;
and
2
(6.14) <d(z37L21722)> < C7pk1 (l‘,t))
t t
where C'; depends on . Notice that for w € 2B,, and i = 1, 3,
t < ! < d(w, z) < kit
— < — W, %
ky = Cp = !
and d(z1, 23) > k% as well, therefore
(6.15) 2By CHw : (z1,w, 2z3) € O, (2,1)}.

Furthermore as before by the definition of the sets Z!
L(L;, 2, L) < C(0)e.

Combined with the assumptions £(L, Dy) < a, 6y (Do) > 6y and a < 65/10 we
obtain that for e small enough 0y (L., .,) > 6y/5.
Hence by Lemma 2.3, for (z1,w, z3) € Oy, (x,t) and o = 6,/10,

p(z1,w, 2z3) > C (0o, k1) (21, w, 23),

and then, for w € Bs,

2d18t(’w Lz P ) 2 d(w Lz z )
2 _ 1 Lz > NW, Lz z5)
oy, 7) (d(w,znd(w,@)) =005
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[

< 0(57 907k0) / t2p(217wvz3)d:u’(w)

{w:(21,w,23) €O, (z,t) }

S C((Sa 907 kO)pkl ($7 t)

Therefore,

(6.16)

Let w' be the projection of w on L, ,, and w” the projection of w’ on L, ,,. Then

d(w, LZ1,ZQ)2 < d(w, w/)Z < Q(d(w, LZ1,Z3)2 + d(wla LZ1,ZQ)2)'

By Thales Theorem it follows that 210 — '\ Ley ) Hence, since d(z,w’) <

d(zl723) d(Z37Lzl,22)
4(k + ko)t and d(z1, 23) > C%? by (6.14),
d(w’7L21722) 2 - d(z3’L21,zQ) 2 d(zl,w’)Q <06 ko)pkl (x,t).
t t d(zl7 Z3>2 t

Therefore, using also (6.16),

téﬁ(d@m?ﬁgg)zmdw)gi{éb((d@mfﬂzg>2+_<auAfQJg>2>duuw

S 0(6; 907 ko)pil (.T,', t)

In the same way we obtain the above estimate for the ball 2B; and therefore,

d(w, L, .,)\
/ <w}’)>dmwsc@%¢mM@”
B(x,(k+ko)t) t

Since y € B(z, (k + ko)t) the above estimate implies that
(7t
Ba(y, 1)* < C(6, 0o, k’o)pk(t)~

And the proof of the lemma is complete after observing that for y € B(x,kot),
Okl ({E,t) C Okl-‘rko (yv t) imphes Py ({L‘,t) < Pky+ko (yvt)' O

For the second lemma we need to introduce one extra definition.
Definition 6.7. For A > 1 we define,

Sy={(y,t) € F x (0,5): B(y,t) C B(xz,, s,) where B(z,,s,) € S and s, < At}.
Lemma 6.8. For all A > 1 there exist constants ki(5) and C = C(6, 6o, \) such that

du(x)dt
/N Bi(z,t)? ,u(t) < Cpaxzy+1)2 < Cp(pe).
Sx
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Proof. As in [Lé, Proposition 2.4] for any A > 1, we obtain

// dt
_ / /0 ( / /] Xok(x’t)(u,v,w)p(u,v,w)dﬂ(u)dﬂ(v)dﬂ(w)> o
~ ] (] xoca v o) 2% vt v wdtwdutorinte)
<c [[[ st vw)pdueau)

0,52

< C(A\)paxe (2, t).

Since for every (z,t) € Sy there exists some (z,s) € S such that B(z,t) C B(z, s)
and s < At, we can apply Lemma 6.6 with ky = 1 in order to get some number
k1 = k1(d) and some constant C' = C'(9, A, §p) such that

At
Bi(z, \)? < Cp’““A(f).

Notice that for A > 1, O, 41(x,At) C Oxgy41)(,t) and hence py,41(z, At) <
Pa(r+1) (2, ). Furthermore, 51 (z,t) < C(A)Bi(z, At), therefore,

By, 1) < C(5, 69, NP0 )

/g B1($,t)2du(x)dt SC//S p)\(kl-',-l)(xvt)dlu(tg)dt

< Cpaxe(iy+1)2 < Cp(p)-

Hence,

Il
In Section 4 of [Lé] one more geometric function is introduced; for p € DyNB(0, 10)
and t > 0, set
1 A(u) —
v(p,t) = inf — [A{w) — a(w)| a(u)’du,
@ t B(p7t)ﬂD0 t

where the infimum is taken over all affine functions a : Dy — Dg. The function y
measures how well the the function A can be approximated by affine functions.

Proposition 6.9. Under the assumptions of Lemma 6.1,

/ / DI < o+ plu),

where C' does not depends on «.
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Proposition 6.9 is a substitute of [Lé, Proposition 4.1] which is one of the key
ingredients in the estimate of the measure of Fj. Its proof adapts completely to our
setting, except one estimate on [Lé, p.861] where the curvature is involved. In the
following we elaborate the argument which bypasses this obstacle

Observe that for a given (p,t) € F' x (0,5) such that ¢ > D®) there exists some

- Nol 60
(X,T) € S, where X := X(p,t) is such that,

(i) d(n(X),p) < 60t,
(ii) T < 60t.

Also if z € B(X(p, ), t), then d(n(z), p) < 61¢. Let

—// / B (a8 2dpu() 222
Uo B(X(p,t).t) t

The following arguments replace the estimate for the term a on [Lé, p. 861]. We
will show that

(6.17) a < Cp(p).

Notice that for (p,t,z) such that p € Uy, t € [Dﬁ(g),Q] and © € B(X( t),t) we
have that z € B(X(p,t),60t) € S and B(z,t) C B(X(p,t),61t). Hence recalling
Definition 6.7, (2,t) € S

Moreover, as noted earlier, for such triples we also have that d(w(x),p) < 61t.
Therefore, using Fubini and Lemma 6.8,

2 dtd
S Jort g P 0=
Uo J 2T JB(X(pit).0)
< [[ oty ( [ ) deta
Se1 pEB(r(z),61t) t

<C / e M
Se1
< Cp(u) < Cn.

This finishes the proof of Proposmon 6.9.

Proposition 6.9 is used in [Lé, Section 5] in order to show that the function
A cannot oscillate too much. This is the only instance where the curvature is
used there, even indirectly. The rest of the arguments in [Lé, Section 5] which are
mainly of Fourier analytic type apply to our setting without any changes. Therefore
Proposition 6.5 is proven. (|

Lemma 6.1 follows from Propositions 6.2, 6.3 and 6.5.

Remark 6.10. Lemma 6.1 is equivalent to the following more general statement.
For any constant Cy > 10, and any € < 1073% there exists a number 7 > 0 such
that if p is any positive Radon measure on C such that for some xy € C, R > 0,
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o BL(B(z0,R)) < e and Oy (L) > b,
i ”(B(':BO)R)) > R7
e for any ball B, u(B N B(xg, R)) < Cydiam(B)
o p(u|B(xo, R)) < 0l
then there exists a Lipschitz graph I' such that p(I'N B(zg, R)) > 107°u(B(x, R)).
The same renormalization argument used in Remark 3.2 works in this case as
well. One just needs to notice also, that if

v = Tl Blxo. B)

for T' = #=, then for the line L' = %,

Bl (B(0,1)) < e,

and since L' is parallel to L, Oy (L) > 6. Furthermore if 7 is the Lipschitz graph

such that v(y) > $%1(C) then I' = T~'(). By the remarks at the end of Section 5

7 is a graph of a Lipshitz function A : L — L+ with Lip(A4) < Cra and hence T is
the graph of a Lipschitz function A’ : L — L'+ with Lip(A4’) < Cpa.

7. PROOF OF PROPOSITION 3.1
The following lemma is the last step needed for the proof of Proposition 3.1.

Lemma 7.1. Under the assumptions of Proposition 3.1, if 6y (Dy) < 0y there exists
a Lipschitz graph T' such that
99
I > —u(F).

We start with an auxilliary lemma.

Lemma 7.2. Suppose that the measure p satisfies the assumptions of Proposition
3.1 and furthermore Oy (Do) < 6y. If we choose v = 100y and the set F3 := F3(, ¢, a)
has measure p(F3) > 15 pu(F), then there exist a countable family of balls B;, centered

at ﬁ recall (6.2), and a countable family of lines L; which satisfy

(i) u(Bi) > §r(B;)
(ii) 20B; HZOB =0 foralli +# j,

(iii 00 < Oy(L ) < 126,
(iv
() n(UiB) = o0 ()

)
)
) B ()<2€
)
(Vi) p(ulBi, i 1) < m2u(By).

Proof. For all z € Fy N F, the balls B x,h(z)) € S, by the definition of h(z),
and furthermore by [Lé, Remark 3.3], fov < £(L, p(), Do) < . Therefore since
0y (Do) < 0y and a = 106y, it follows that

(7.1) 400 < Oy (Lo piay) < 116y,
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Since p has linear growth, for every 1 < a < b and every ball B(z,h(z)) there
exists an (a,b)-doubling ball B, D B , i.e. u(aB,) < bu(B,), whose radius satis-

fies TT((B;)) < C(Cy,0). For our purposes (100,200)-doubling balls will be sufficient.

Indeed if all balls B(z, 1007h(z)) for 0 < j < m —1 are not (100, 200)-doubling then

(7.2) Col00™h(z) > pu(100™B(x, h(x))) > 200" u(B(x, h(z))) > QOOmgh(x)
which is impossible if m is taken big enough. Therefore we can take

B, := B(x,100™h(z))
where m is the smallest integer such that

1(100B(x, 100" h(z))) < 200u(B(z, 100™h(x))).

Notice that from (7.2) we infer that m < %, hence
r(By)
= 100" < C(Cy, 9).
h(.fL’) = ( 0, )

Furthermore since B, D B(z, h(x)), we have that B, € S. Therefore for the line
Ly := Ly ,(p,) it holds that BE=(B,) < 2. Observe that,

i (Bla ) = [ o Wwy)

< (T(Bx)f/w dist(y, L) 1y < 90(Co, o).

h(x) r(B)?
Now we can apply [Lé, Lemma 2.6] to the ball B(x, h(x)), the two lines Ly, Ly p()
and g9 = 2C(Cp, d)e in order to obtain that,
L(Ly, Ly p@y) < C(Cy,d)e.
This, combined with (7.1), implies that
200 < Oy (L) < 126,.

Hence we can apply the 5r-covering theorem to the family {208, } . mynp 10 order to
find a countable family of balls {B;}ier C {B:},cp,np and their corresponding lines
{L;};er such that,

o F3NF C Uie;100B;,

e 20B;N20B; = 0,i # j,

o B1(B;) < 2,

o 20y < Oy (L;) < 126,.

Furthermore

uFsNF) < ZM(lOOBi) < Z 2004(B;) = 200u(Y; B;),
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hence,

uUiBy) 2 2(1)0 (Fs N F)—ztl)o(ug)_“(FB\ﬁ))'

Recalling (6.1), namely u(F \ F) < Cez, we obtain

UB _2500 H(E).

Set,
Ig ={i€I:p(u|Bip,p) <n'uB:)}.
Then,

pUienieB) = > w(Bi) <072 Y plu| B, )

iel\Ig iel\Ig
_1
<n72p(p) < n2p(F).
By the choice of  we conclude that

(NI

1
ieioBi) 2 s——p(F).
1(Vierg Bi) 3000u( )

Thus the family {B;};cs,, satisfies conditions (i)-(vi) of the Lemma.

Proof of Lemma 7.1. By Propositions 6.3 and 6.2 we have that p(Fy)+u(Fz) <
if moreover yi(F3) < = we are done. Therefore we can assume that p(F3) > <
fix a = 6,/10.

L
10°

O

-5

)

We

In this case we can apply Lemma 7.2 to obtain a “good” family of balls B; =
B(z;,r;) with “good” approximating lines L;. Then, after choosing 7 small enough,
Remark 6.10 implies the existence of Lipschitz graphs I'; such that u(B; N T;) >

f-u(B;) and by Lemma 6.1,

9 1

wer(TiNB)) > ———u(F
wUierTin Bi)) 2 15630504

Furthermore, as noted in Remark 6.10, the Lipschitz functions fli : L; — L;* ;whose
graphs are the I';’s, are C16,/10- Lipschitz, as in this case a = 6/10. Therefore since
£(L;, D) < 10 0y the graphs I'; are at most 0y(10 + %)—Lipschitz when considered

as graphs of functions with domain D.

Notice that since « is appropriately small, the sets 2B8; NI"; are connected. There-
fore to conclude the proof it is enough to check that it is possible to join the Lipschitz

graphs I'; with line segments with uniformly bounded slope. Recalling that
F={zecF\G:dzx(z)+ Ar(z)) < 5%d(x)},

we notice that since the balls B; are centered in F , they lie very close to the graph
of the initial Lipschitz function A : Uy — Dy that was constructed in Section 5.
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Therefore, if i # j, we write z; = 7(z;) + A(7 (7)) and z; = 7(x;) + A(7(z;)) and
d(WL(x{),WL(JJ;)) < CLad(xQ,x;),

as A is Cpa-Lipschitz. Furthermore, for ¢ # j,
d(mt (i), m (x;) _ Al (zs), m () + d(m (7)o (25)) + dl (@), 7 ()
d(x;, ;) - d(z;, ;)
< e2(d(x;) + d(x)) + Crad(a], z)
- d(l’l, Ij)
1+ Craer (h(z;) + h(x;)) + Crad(z;, ;)
B d(ﬂfz‘, l‘j)
The last inequality follows because d(x;, x;) > 20(r(B;) +r(B;)) > 20(h(x;) + h(x;))
and ¢ is always taken much smaller than a. Thus, for all i # j,
(7.3) sin & (Ly, e;, Do) < Cav.
Also since 20B; N 20B; = 0, for all y; € 2B; and y; € 2B;, we have

1
tan A(in@j’ Lyi,y]‘) S Z»

< Coa.

which combined with (7.3) implies that
K(Lyzﬁy]W DO) <

P

Therefore the disjoint Lipschitz graphs 2B; N I'; can be joined with line segments
with uniformly bounded slope. This completes the proof of Lemma 7.1. (|

Therefore Proposition 3.1 follows from Lemmas 6.1 and 7.1.

8. PROOF OF THEOREM 1.3

In this section we will outline the proof of Theorem 1.3. Given a 1-dimensional
AD-regular measure p, it is already known that any singular integral with an odd
kernel smooth enough is bounded in L?(y) if p is uniformly rectifiable. Thus we just
have to show that the L?(u)-boundedness of T' implies the uniform rectifiability of
(. As mentioned in the Introduction, we will not give all the detailed arguments,
because they are quite similar to the ones for Theorem 1.2.

For the proof we need to introduce the “dyadic cubes” described in [DS1, Chapter
2]. These dyadic cubes are not true cubes, but they play this role with respect to
a given 1-dimensional AD regular Borel measure p, in a sense. To distinguish them
from the usual cubes, we will call them p-cubes.

We recall some of the basic properties of the lattice of dyadic p-cubes. Given
a 1-dimensional AD regular Borel measure ;o in R?, for each j € Z there exists a
family D; of Borel subsets of spty (the dyadic p-cubes of the j-th generation) such
that:
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(a) each D; is a partition of spty, i.e. spty = Uerj Q and QN Q" = () whenever
Q,Q € Djand Q # Q'

(b) if Q € Dj and Q' € Dy, with k < j, then either Q C Q" or QNQ' =0;

(c) for all j € Z and Q € D;, we have 277 < diam(Q) < 277 and p(Q) ~ 277;

We denote D := | J;c;, D;. For Q € D;, we define the side length of Q as (Q) =
277, Notice that £(Q) < diam(Q) < ¢(Q). Actually it may happen that a u-cube
() belongs to D; N Dy, with j # k. In this case, ¢(Q) is not well defined. However,
this problem can be solved in many ways. For example, the reader may think that
a p-cube is not only a subset of sptu, but a couple (Q,7), where @ is a subset of
sptu and j € Z is such that @ € D;.

Given a > 1 and @ € D, we set a@) := {x € sptp : dist(z, Q) < (a — 1)6(@)}
Also, analogously to the definition of the beta coefficients for balls, we define

. 1 dist(y, D)
5@ =10t 555 | T )

where the infimum is taken over all the lines D. We denote by Ly a best approxi-
mating line for £1(Q).

Following [DS1, Chapter 2], one says that p admits a corona decomposition if,
for each n > 0 and 6 > 0, one can find a triple (B, G, Tree), where B and G are two
subsets of D (the “bad p-cubes” and the “good p-cubes”) and Tree is a family of
subsets S C G, which satisfy the following conditions::

(a) D=BUG and BnNgG=0.

(b) B satisfies a Carleson packing condition, i.e.,

(8.1) Z w(@) S p(R)  forall ReD.
QEB:QCR

(¢) G = Ugemee S and the union is disjoint.

(d) Each S € Tree is coherent. This means that each S € Tree has a unique
maximal element Qg which contains all other elements of S as subsets, that
is ' € S as soon as ) € D satisfies Q C Q' C Qg for some @ € S, and that
if @ € S then either all of the children of @ lie in S or none of them do (if
Q € Dy, the children of () is defined as the collection of p-cubes Q' € D44
such that Q" C Q). We say that S is a tree.

(e) The maximal pu-cubes Qg, for S € Tree, satisfy a Carleson packing condition.
That is, Y getvee: gscr MQs) S u(R) for all R € D.

(f) For each S € Tree, there exists a (possibly rotated) Lipschitz graph I's with
constant smaller than 7 such that dist(z,I's) < § diam(Q) whenever x € 2Q)
and @ € S.

It is shown in [DS1] that if yx is uniformly rectifiable, then it admits a corona
decomposition for all parameters 1,6 > 0. Conversely, the existence of a corona
decomposition for a single set of parameters 1,0 > 0 implies that p is uniformly
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rectifiable. We will show below how one can construct a corona decomposition
assuming that 7" is bounded in L?(u).
Clearly, the L?(u)-boundedness of T implies that

p(p|R) < Cu(R) for every R € D.

Then, using Lemma 4.4, one easily deduces that, for every € > 0,

(8.2) Z w(@) < C(e) u(R) for every R € D.

Q€eD: QCR,
B1(Q)>e

In the terminology of [DS1], this means that u satisfies the weak geometric lemma.
Arguing as in [DS1, Lemma 7.1}, one gets:

Lemma 8.1. There exists a decomposition D = B UG such that (8.1) holds, and
where G can be partitioned into a family Tree of coherent regions S satisfying the
following. Setting, for each S € Tree,

a(S) = 110 6o if Ov(Loy) > 0y = 1007
and
OJ(S) = 1090 Zf ev(LQS) S 00,
we have:

(i) if Q € S, then L(Lg, Lgy) < a(S);
(ii) if Q is a minimal cube of S, then at least one of the children of Q lies in B,
or else £(Lg, Log) > a(S)/2.

The lemma is proved by stopping type arguments, using rather standard tech-
niques. As in [DS1] by construction, the set B consists of the u-cubes such that
[1(Q) > e (for some choice of £ < 6), and so it satisfies a Carleson packing con-
dition, as shown above. The main difference with respect to [DS1, Lemma 7.1] is
that in the preceding lemma we take two different values for the parameter «(S),
according to the angle 6y (Lg,).

Arguing as in [DS1, Proposition 8.2], one gets:

Proposition 8.2. For each S € Tree (from Lemma 8.1) there exists a Lipschitz
function Ag : Lo, — Lés with norm < C «(S) such that, denoting by I's the graph
Of AS;

dist(z,I's) < Ce l(Q)
for all x € 2Q), with Q) € S.

To conclude and show that the triple (B, G, Tree) is a corona decomposition for f,
it remains to prove that the maximal p-cubes Qg, for S € Tree, satisfy a Carleson
packing condition. To this end, we need to distinguish several types of trees. First,
we denote by Stop(S) the family of the minimal p-cubes of S € Tree (which may
be empty). For @ € Stop(S), we write @) € Stopg(S) if at least one of the children
of @ belongs to B. Also, we set Q € Stop,(S) if @ € Stop(S) \ Stops(S) and
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4(Lg, Lgs) > a(S5)/2. Notice that, by Lemma 8.1, Stop(S) = Stop,,(.S) UStopg(.5).
Then we set

e Sisof type I'if u (QS \ UPEStop(S) P) > 1 u(Qs).
e S is of type II if it is not of type I and p (Upesmpﬁ P) > 1 u(Qs).
e S is of type 11 if it is not of type I or 11 and pu (Upestopa ) > 1 u(Qs),

and moreover 0y (Lg,) > 6.
e S is of type IV if it is not of type I, II or II], and p (Upesmpa P) >
1 1(Qs), and moreover Oy (Lg,) < .

From the definitions above and Lemma 8.1, it follows easily that any S € Tree is of
type I, I, III, or IV.

To deal with the trees of type I, just notice that the sets Qg \ UPGStOp(S) P, for
S € Tree, are pairwise disjoint, and so

(83 > weasz ¥ u(esv U P) <2u(R).
S€eTreenl: QsCR S€eTree: Qs CR PeStop(S
If S is a tree of type II, then from the definition we infer that
QEStop(S) PeBNCh(Q)
where the notation P € Ch(Q) means that P is a child of Q). Then it follows that
(8.4) > p@s) <C D @) < Cu(R).
SeTreenII: QsCR QEB:QCR

On the other hand, if S is a tree of type I1I, by combining some of the techniques
from the proof of Theorem 1.2 and [DS1, Chapters 9-11], denoting

//ﬂew p(@,y, 2) dul(w) duly) du(z),

Q)< |z —y|<el(Q)

for some constant ¢ big enough, one can show that

(8.5) wQs) < C Y polp)
QES
So,
(8.6) > wQs) <C Y polp) < Cp(u3R) < C p(R),
SeTreenIII: QsCR QCR

A key point for the proof of (8.5) is the fact that 6y (Lgg) > 0y, and since £(Lg, Lg,) <
a(S) = 0y/10, most of the relevant triples of points which appear in the estimate of
po(p) for @ € S make triangles with at least one side far from the vertical.
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Finally, for a tree S of type IV, notice that if Q) € Stop,(S), then £(Lg, Lg,) >
a(S)/2 = 56y, and thus

Ov(Lq) = £(Lq, Lgs) — Ov(Lqs) = 40o.

As a consequence, taking into account that 51(Q) < e, assuming € > 0 small enough
one deduces that all the children P € Ch(Q) satisfy 6y (Lp) > 36p. Thus these
p-cubes P either belong to B or are the maximal p-cubes of some tree of type I, I1,
or II1. Using also that

wedsw( U Q=1 ¥ w@-1 ¥ ¥ up
)

QEStop,, (S QEStop,, (S) QEStop,, (S) PECh(Q)

summing over all the trees S € I'V such that Qg C R, one infers that

Yo w@s)<4 Y ouP)y+4 Y p(@Qs) < Cu(R),

S€eTreenIV:QsCR PeB:PCR S€TreeN(IUITUIIT):
QsCR

by (8.2), (8.3), (8.4), and (8.6).
Gathering the estimates obtained for the the different types of trees, we get

> wlQs) < Cu(R),

SeTree: QsCR

as wished. So the triple (B, G, Tree) is a corona decomposition, and Theorem 1.3 is
proved.

Remark 8.3. The following result is due to Mattila, Melnikov and Verdera and
is related to [MMV] although it is unpublished. Let K(z) = |2|7'Q(z/|z]), 2z €
C\ {0}, where Q is an odd function on the unit circle and let ¢ be an AD-regular
measure. Then if the permutations of K are positive, the L?(u)-boundedness of the
corresponding operator T, implies that . is rectifiable. Recall that v is a tangent
measure of p at z if v is a locally finite nonzero Borel measure in C and there exist
positive numbers 7; — 0 such that the measures r; 'T, . fj converge weakly to v,
where T ,. () = (x — z)/r;. The set of all tangent measures of p at z is denoted by
Tan(u, z). By Lemma 3.3 we obtain that px () < oo and this implies easily, see [Li],
that for u a.e z € C, sptv is contained in a line for all v € Tan(u, z). Furthermore
using standard arguments, as for example in [Vi], for p-a.e. z € C,

(8.7) sup

0<r<R<oo

/ K(z —y)dv(y)| < oo for all z € sptr.
B(z,R)\B(z,r)

Since every v € Tan(u, z) is AD-regular and spt v is contained in a line, (8.7) implies
that spt v is the whole line, see e.g. [DS2, Chapter II1.1], and hence p is rectifiable.
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9. PERMUTATIONS IN R™

The following proposition is the reason why our arguments cannot be applied in
higher dimensions.

Proposition 9.1. Consider the kernels K(z) = ZIZ—; forz=(z1,...,2zy,) € R™\{0}
and n € N. The permutations of K change sign.

Proof. The permutations of K are translation invariant therefore it is enough to
consider any two distinct points z,w € R™\ {0}. Then,

(0, z,w) = K(2)K(w) + K(2)K(z — w) + K(w)K(w — z)

Z%nflw%nflyz _ w‘Zn + Z%nfl(zl o w1)2n—1‘w‘2n _ w%nfl(zl . wl)Zn—1|z‘2n

|Z|2"|U}|2n|2 _ w‘Qn
Az, w)
2Pl — wP™

where,

A(Z,IU) — Z%n_lw%n_llz _ w‘2n + Z%n_l(zl _ w1)2”_1\w\2" _ w%n—l(zl _ wl)Zn—1|Z‘2n

m n m n
_ . 2n—1, 2n—1 2 2n—1 2n—1 2
= 27" s E (z; — wy) + 27" (2 — wy) g w;
Jj=1

j=1

m n
_ w%n—l(zl _ wl)Qn—l <Z 2]2)

k1t tkm=n
2n—1 2n—1 n 2k e
+ 27" (2 —wy) E i o wiy
[ S—, 1, y 'vm
2n—1 on—1 Z n 2k 2o
- wl (21 —w ) k ]{; 1 ’Zm
kidetkm=n N 1777 m
. n 2n—1, 2n 1( B ) k1 ( _ )%m
= k: k 21wy z1 — Wi Zm — W
[ —— 1 y 'vmy
2n—1 2n—1, 2k 2k 2n—1, 2n—1_2k; 2k
+ 27" (2 —wy) T w cw™ = (2 —w) T w2 ...zmm]
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Observe that we can assume that 2k; < 2n—1. Because otherwise k; = n and hence
ke =--- =k, = 0. In that case,

A(z,w) = <:) (27" i N (2 — w1)* + 22 (2 — w) P "
1
_ (21 _ wl)Qn—lw%n—lzfn]

n
= <k >zf"lwf”1(zl — wl)zn’l[zl —wy +w; — 2] =0.
1

Therefore,

A(Z7’w) = Z (kl n . )Z%klw%kl (Z1 — w1)2k1 %

O
o
ki< 2nsl
2n—k1)—1_ 2(n—k)—1 2% 2k
<zl w) (20 — wa)™™ ... (2 — W)™
2(n—k1)—1 2(n—k1)—1, 2k 2
2RI gy )2k 2he 2

2(n—k1)—1 2(n—k1)—1 2k 2
— wy (2 — wy)XnkO=12k 2k )

Choose points z,w € R™\ {0} such that we =29 =-+- =2, =1, w3 =0, z; =
1/2 and w; = 1. For such points,

I SN[ MOl

ki+-+km=n
leZWZ;I

On the other hand for points z,w € R™ \ {0} such that wy = 2z = -+ = 2z, =
1, w3 =0, z; =2 and w; = 1 we have,

(9.2) Azw)=— Y (kl, | ”km> k1 < (),

k1+-Fkm=n
k1S2n2_1
By (9.1) and (9.2) the proof is complete. O
REFERENCES
[Ca] A. C. Calderén. Cauchy integrals on Lipschitz curves and related operators. Proc. Nat.

Acad. Sci. U.S.A. 74 (1977), no. 4, 1324-1327.
[CMM] R. Coifman, A. McIntosh and Y. Meyer. L’intégrale de Cauchy définit un opérateur borné
sur L% pour les courbes lipschitziennes. Ann. of Math. (2) 116 (1982), no. 2, 361-387.

[D1] G. David. Opérateurs intégrauz singuliers sur certaines courbes du plan complexe. Ann.
Sci. Ecole Norm. Sup. 17 (1984), no. 1, 157-189.

[D2]  G. David. Opérateurs d’intégrale singuliére sur les surfaces réguliéres. Ann. Sci. Ecole
Norm. Sup. (4) 21 (1988), no. 2, 225-258.

[D3]  G. David. Unrectifiable 1-sets have vanishing analytic capacity. Rev. Mat. Iberoamericana

14 (1998), no. 2, 369-479.



38 V. CHOUSIONIS, J. MATEU, L. PRAT, AND X. TOLSA

[DS1] G. David and S. Semmes. Singular Integrals and rectifiable sets in R™: Au-deld des graphes
lipschitziens. Astérisque 193, Société Mathématique de France (1991).

[DS2] G. David and S. Semmes. Analysis of and on uniformly rectifiable sets. Mathematical
Surveys and Monographs, 38. American Mathematical Society, Providence, RI, (1993).

[H1]  P. Huovinen. Singular integrals and rectifiability of measures in the plane. Ann. Acad. Sci.
Fenn. Math. Diss. 109 (1997).

[H2]  P. Huovinen. A nicely behaved singular integral on a purely unrectifiable set. Proc. Amer.
Math. Soc. 129 (2001), no. 11, 3345-3351.

[J1] P. W. Jones. Square functions, Cauchy integrals, analytic capacity, and harmonic measure.

Harmonic analysis and partial differential equations. (El Escorial, 1987), 24—68, Lecture
Notes in Math., 1384, Springer, Berlin, 1989.
[J2] P. W. Jones. Rectifiable sets and the traveling salesman problem. Invent. Math. 102 (1990),

no. 1, 1-15.
[Lé] J. C. Léger. Menger curvature and rectifiability. Ann. of Math. 149 (1999), 831-869.
[Li] Y. Lin Menger curvature, singular integrals and analytic capacity. Ann. Acad. Sci. Fenn.

Math. Diss. 111 (1997).

[MMV] P. Mattila, M. Melnikov and J. Verdera. The Cauchy integral, analytic capacity, and uni-
form rectifiability. Ann. of Math. (2) 144 (1996), no. 1, 127-136.

M] M. Melnikov. Analytic capacity: a discrete approach and the curvature of measure. (Rus-
sian) Mat. Sb. 186 (1995), no. 6, 57-76; translation in Sh. Math. 186 (1995), no. 6, 827-846.

[MV] M. Melnikov and J. Verdera. A geometric proof of the L? boundedness of the Cauchy integral
on Lipschitz graphs. Internat. Math. Res. Notices 1995 (7) 325-331.

[T] X. Tolsa. Painlevé’s problem and the semiadditivity of analytic capacity. Acta Math. 190:1
(2003), 105-149.

[Vi] M. Vihtila. The boundedness of Riesz s-transforms of measures in R™. Proc. Amer. Math.
Soc. 124 (1996), no. 12, 3797-380

VasiLis CHOUSIONIS. DEPARTAMENT DE MATEMATIQUES, UNIVERSITAT AUTONOMA DE
BARCELONA, CATALONIA
E-mail address: vasileios.chousionis@helsinki.fi

JOAN MATEU. DEPARTAMENT DE MATEMATIQUES, UNIVERSITAT AUTONOMA DE BARCELO-
NA, CATALONIA
FE-mail address: mateu@mat.uab.cat

LAURA PRAT. DEPARTAMENT DE MATEMATIQUES, UNIVERSITAT AUTONOMA DE BARCELO-
NA, CATALONIA
E-mail address: laurapb@mat.uab.cat

XAVIER ToOLSA. INSTITUCIO CATALANA DE RECERCA I ESTUDIS AVANGATS (ICREA) AND
DEPARTAMENT DE MATEMATIQUES, UNIVERSITAT AUTONOMA DE BARCELONA. 08193 BARCELONA,
CATALONIA

FE-mail address: xtolsa@mat.uab.cat



