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Abstract

We investigate the long time behavior of the critical mass Patlak-Keller-Segel equation. This equation has a
one parameter family of steady-state solutions gx, A > 0, with thick tails whose second moment is not bounded.
We show that these steady state solutions are stable, and find basins of attraction for them using an entropy
functional H, coming from the critical fast diffusion equation in R?%. We construct solutions of Patlak-Keller-
Segel equation satisfying an entropy-entropy dissipation inequality for H. While the entropy dissipation for
‘H is strictly positive, it turns out to be a difference of two terms, neither of which need to be small when the
dissipation is small. We introduce a strategy of controlled concentration to deal with this issue, and then use the
regularity obtained from the entropy-entropy dissipation inequality to prove the existence of basins of attraction
for each stationary state composed by certain initial data converging towards gx. In the present paper, we do
not provide any estimate of the rate of convergence, but we discuss how this would result from a stability result
for a certain sharp Gagliardo-Nirenberg-Sobolev inequality.

Mathematics subject classification numbers: 15A45, 49M20

1 Introduction

1.1 The PKS system and its critical mass

The Patlak-Keller-Segel system [31, 22] is one of the simplest models of chemotazis, describing the evolution of the
population density of a cell colony which is diffusing across a two dimensional surface. In addition to the diffusion,
as the cells move across the surface, they continually emit a chemical attractant, which itself diffuses across the
surface. The cells tend to move towards higher concentrations of the attractant, and this induces a drift term
tending to concentrate the population, and countering the spreading effects of the diffusion. A model organism for
this type of behavior is the dictyostelium discoideum which segregates cyclic adenosine monophosphate, another
important example of chemotactic movement are endothelial cells who react to VEGF to form blood vessels.
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The model is mathematically interesting on account of this competition between the concentrating effects of the
drift induced by the chemical attractant and the spreading effects of the diffusion, and there is a critical value to the
total mass of the initial data, so that for masses above this value, the concentration wins, and the density collapses
in a finite time. However, for masses below this critical mass, diffusion dominates, and the colony smoothly diffuses
off to infinity. At the critical mass, there is a continuous family of stationary solutions, and this paper is concerned
with determining their stability properties, and since they all turn out to be stable, basins of attraction for each of
them. We begin by introducing the model and the critical mass associated with it. We refer to [19, 32] for recent
reviews on chemotaxis models.

If p denotes the population density, and ¢ the concentration of the chemical attractant, the system of equations
is

)
a—i(t,w) = div [Vp(t,z) — p(t,z)Ve(t,z)] t>0, zeR?,
1
C(t,$) :77/ 10g|$7y|p(t,y) dy7 t>07 $€R2 ) (11)
27'(' R2
p(0,2) = po(z) >0 r € R?,

with an appropriate choices of units, so that all dimensional constants are unity.

In most of this paper, we consider initial data py that belongs to L(R?,1og(e + |x|?)dz), and such that pg log po
is integrable. The relevance of these conditions shall be explained shortly, but at the very least, they insure that
¢(0,z) is well defined. It will sometimes be convenient to write the second equation in (1.1) in the compact form
c(t,x) = G p(t,r) where G(x) = —1/(27)log|z| is the Green’s function for —A in R2. That is, —Ac = p

Also throughout the paper, the term density shall always refer to a non-negative integrable function on R?, and
we shall use the term mass to refer to the total integral of a density p. Because of the divergence form structure of
the system, solutions formally satisfy the conservation of mass

/Rz p(t,z) dgc—/]Rz ool@) do i M

for all ¢t > 0; i.e., the mass M is conserved in time.
The PKS system can be rewritten advantageously as follows: Introduce the free energy functional Fpks

prs[p]Z/ p(z)log p(x daf+f// z)log |z — ylp(y) dz dy .
R2 ]R2><]R2

The first integral is well defined if plog p is integrable, and the positive part of p(z)log|z — y|p(y) is integrable
when p belongs to L'(R?, log(e + |z|?) dz), so that the second integral is at least well-defined under this condition.

Now suppose that the density p belongs to L'(R?, log(e + |z|?) dx), and moreover, plog p is integrable. Then a
simple formal calculation shows that for all u € C°(R?) with zero mean,

0F
tiny * (Frncslp-+ eul = Frwslol) = [ TS ) o) o
R2 P
where 5 Foncslp )
SlP
PRSIl 0) = log pla) + 5 [ g o~ yloly) dy = log p(x) ~ G x pla)
6p 2 R2

It is then easy to see that the evolution equation in (1.1) can be rewritten as

0 [0F; t

Lt 2) = div <p(t7x)v _F’I}S’}p(”(m)D . (1.2)
It follows that at least along well-behaved classical solutions (for which we may integrate by parts),

2

d dz . (1.3)

&}“sz[ p(t)] = —/R2 p(t, ) VMLSWM

op

In particular, along such solutions, ¢ — Fpkg[p(t)] is monotone non—increasing. The key to exploiting this mono-

()

tonicity, as discovered in [17], is the sharp logarithmic Hardy—Littlewood—Sobolev (Log HLS) inequality [2, 9]:
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1.1 LEMMA (Logarithmic Hardy-Littlewood-Sobolev inequality). Let f be a non-negative measurable function
in R? such that flog f and flog(e + |z|*) belong to L*(R?). Let M := [, f dz. Then

2
[ f@oss@az+ 5 [ fatogls i) dedy > = cOn). (1.4

with C(M) :== M (1 +logm —log(M)). There is equality if and only if f(x) = ox(x —xo) for some A > 0 and some
zo € R?, where

M A
ox(x) = ?m

Following [17], one may apply sharp log HLS inequality (1.4) to deduce that

Frxslp] = g (/R p(x) log p(x) dz + % //]R . p(x)log |z —ylp(y) dz dy)

+ (1 - 8M7r> /RZ p(x) log p(x) dz
> _8% C(M) + <1 — é‘i) /]R2 p(z) log p(z) dzx . (1.5)

7r
It follows from this and the monotonicity of Fpks[p(t)] that for solutions p of the PKS system for which M < 8,

8nF[po] — M C(M)
8r — M ’

Elp(t)] = /R ot 2) logplt, ) dar <

Therefore, for M < 8, the entropy E[p(t)] stays bounded, uniformly in time. This precludes the collapse of mass
into a point mass for such initial data. In [17, 5], this formal analysis is made rigorous, and the global existence of
solutions below the critical value 87 and a number of their properties as well are established.

Previous work in this direction, by Jager and Luckhaus [20], had shown that for initial data of sufficiently small
mass, the entropy £[p(t)] stayed bounded uniformly in ¢. Their analysis used the Gagliardo—Nirenberg-Sobolev
inequality for functions f in R? that bounds || f|4 in terms of |V f||2 and || f||2, and not the Log HLS inequality,
but their global existence result requires the mass to lie below a threshold that is strictly less than 8.

That 87 is the actual critical value at which diffusive and concentrating effects are balanced, and not only a
better lower bound, can be seen by computing moments: When the initial data has a finite second moment, and
M > 87 such collapse, or “blow-up” does indeed occur in a finite time. To see this, we first note a weak formulation
of our the PKS evolution equation that will useful to us later on. Let i) be any test function. Then

G Lot as = [ Avpino) as
a ﬁ o2 2 Pt ) o) _Zl_b(j)z) ey p(y,t) dz dy . (1.6)

In addition to the usual integration by parts, we have symmatrized the second term on the right in x and y.
d
Fixing any a € R? and taking ¢(x) = a - 2, we see from (1.6) that E/ xp(t,z) dz = 0; i.e., the center of mass
]RQ

is conserved. Due to the translational invariance, we henceforth assume zero center of mass. More interestingly,
taking ¥ (x) = |z|?, so that (Vi (z) — Vi (y)) - (z — y) = 2, we find

d , 1, M
< ¢ —4M — —M2=4M[1- =) .
dt/Rz‘x| pltz) do o ( 8>

Y3
Thus, if M > 8r, right hand side is strictly negative, and this shows that the second momentum of p(t) reaches
zero in a finite time if initially bounded, or else some sort of singularity develops that would invalidate the formal
calculation we have just made.
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Thus, the mass value M = 87 is the critical mass for the PKS system: For M < 8r, one has global solutions
for which diffusion dominates so that all of the mass tends to infinity as the time tends to infinity, see [5], while for
M > 8w, solutions develop singularities, see [20].

Our focus in this paper is on the case M = 8w. Notice that for M = 8, Fpks is exactly the functional that is
on the left hand side in (1.4). Since the densities g, are minimizers of Fpks for M = 8, it follows that

dFpks|ox]

@) =0,

and then from (1.2) that each g — and each of their translates — is a stationary solution of (1.2); i.e., of (1.1).
Of course, this can also be checked directly. Our main goal in this paper is to determine the stability of these
solutions, and to determine basins of attraction for them. In achieving this goal, we develop several novel functional
inequalities, and a strategy of concentration control that may be useful elsewhere, and may be the main contribution
of the paper.

Each of the o) has an infinite second moment, and so shall all of the functions in the basins of attraction that
we find for them. This must be the case according to previous work [4] on the case M = 87 for initial data with a
finite second moment. The paper [4] proves the global existence of weak solutions with finite second moment that
satisfy the free energy dissipation inequality

[ ot [l g

T
Frxs|p(T)] + /0 5p

: dx] dt < Fpks[p(0)] ,

which is what one would guess should hold from (1.3). Moreover, [4] proves that every such solution blows up at
infinite time. That is, the ¢t — oo limit of any such solution is a Dirac mass 8 7w at the center of mass of the initial
data. Furthermore, a point mass of mass M is a stationary measure-valued solution in the sense introduced in [18]
if and only if M > 8.

From this point of view, the solutions in the critical mass case with finite initial second moment are choosing
in their large time asymptotics the only possible stationary state with a finite second moment.

Let us finally comment that the family of stationary solutions oy play a role too in the conjectured profile of
blow-up for any point singularity of the solutions for masses M > 8. Velazquez has proved [34, 35] that the inner
part of the matched-asymptotics expansion for the blow-up profile is given by these stationary solutions for the
critical mass value.

1.2 The second Lyapunov functional

The essential tool in our construction and analysis of solutions of the critical mass PKS system is an interesting
and somewhat surprising interplay between the PKS system and another evolution equation which also has the g
as stationary solutions — the Fokker-Planck version of the fast diffusion equation in R? with exponent 1/2:

gt = Ay/u(t,x) +21/ dlv(xu(t x)) t>0, zeR?,

u(0,2) = up(z) >0 r € R?,

(1.7)

0
corresponding to the fast diffusion equation —;L = Ay/u by a self-similar change of variable, see [33]. In the interest

of brevity we refer to (1.7) as the fast—diffusion equation.
This equation can also be written in a form analogous to (1.2): for A > 0, define the functional Hy on the
non-negative functions in L'(R?) by

ol = [ (Vi) - V@) o ) do
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This functional is the relative entropy of the fast diffusion equation with respect to the stationary solution gy. The
unique minimizer of Hy is g, and a simple formal computation yields

5HA[U] o L . L
TRy (1.8)

from which one sees that (1.7) can be rewritten as

%(t,x) = div <u(t,x)V(m’\5[Z(m(x)) ) (1.9)

It follows that for classical solutions u of (1.7) for which one can integrate by parts,

2
1
dz:f/ ~Vlogu(t,z) + 2 Lm\/u(t,x)
e |2 VA

As one sees from (1.8) and (1.9), the densities gy are stationary solutions of the fast diffusion equation (1.7), as

SHA[u(?)]

2
5 dx .

%H,\[u(t)] _ /R u(t, z) ‘v

well as the PKS system (1.1). This is much more than a coincidence, and there are very close connections between
the two evolution equations.
Unlike the functional Fpkg, the functional H ) is convex. Making simple computations, one finds that

Halu] == VT M + /]R2 [\/MT>\|ZL'|21L(.I') —2y/u(x) + \/QTZE)} dx . (1.10)

Let us define the functionals
Gilu] == / |z|%u(z) dz and Galu] :=— Vu(x)de.
R2 R2

Since Gi[u] is affine on its domain of definition, and since Gy[u| is convex on its domain of definition, one might
formally conclude the convexity of H on its domain of definition. In fact, there is a second notion of convexity,
namely displacement convezity, that will play a basic role in our analysis. We shall explain the relevant aspects
of displacement convexity in Section 3 of this paper, but for now we note that the functional Gj[u] is strictly
displacement convex on its domain of definition, and the functional Gs[u] is displacement convex on its domain
of definition, and hence one might formally conclude the strict displacement convexity of H, on its domain of
definition.

Unfortunately, these arguments are only formal: Note that /ex(z) is not integrable, and thus if H,[u] is to
be well defined, \/u(x) cannot be integrable either. Furthermore, since |x|?0y(x) is not integrable, it is clear that
|z|?u(z) also will not be integrable on the whole domain of definition of H. Thus, cancelations are crucial to the
definition of Hy, and the integral in (1.10) cannot be split into a sum of three integrals to be analyzed separately.

As far as the convexity (in the usual sense) of H, is concerned, it is easy to give a rigorous proof: Indeed, H [u]
can be written as

Halul := /Rz [@(u(x)) — ®(er(z)) — @' (oa)(u(z) — ox(x))] dz (1.11)

with ®(s) = —24/s, which is a convex function. However, displacement convexity is essential to our strategy, and
even after we have properly introduced the notion of displacement convexity, we shall have to work much harder
to prove that H, is in fact strictly displacement convex on its domain of definition.

The convexity properties of H ) are relevant to the analysis of the PKS system due to the perhaps surprising
fact that H, is monotone decreasing also along solutions of the critical mass PKS system (1.1), and not only along
solutions of the fast diffusion equation (1.7). This gives us a second Lyapunov function for the critical mass PKS
system.
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To see why this should be so, we make a formal calculation that we shall revisit in full rigor later on: Let p be
a sufficiently nice solution of the PKS system. Then

Sl = [TV (9 [N gy [ e [POL] g [Tl g,
:f/ [\}\[]'V[logp(}*p}dx

_/RQ [2\/)\7Mxp+v\/f):|-V[logp—G*p] da (1.12)

Integrating by parts once more on the term involving the Green’s function,

2 2
V\fp-V[logp—G*p]dx—2/2v?5|2 / ﬁAG*p_/WWSZ /}Rzp3/2dx_

RQ
Also, [q.xp- Vlogpdz = —2M and, making the same symmetrization that led to (1.6),

1 T—y M?

z)x-VGxp(x)de = — t,x)(x—y) — p(t,y)dedy = — 1.13
| ota) pa)de == [ plto) o —9) T plt dedy = (113)

Using the last three calculations in (1.12), we find

1 [Vpl? / 3/2 Mr M
dtw()] 2/Rz et [ arr /BT (1- )

Notice that the constant term vanishes in critical mass case M = 8w. Thus, in the critical mass case, formal
calculation yields that for all T' > 0,

b+ [ [3 [ S e [ e ar] at <l (114)

In fact, the formal computation yields equality instead of merely inequality in (1.14), but it is this inequality that
is useful to us, and this is what we shall actually prove for the solutions that we construct here.

The key to exploiting (1.14) is a particular case of the Gagliardo-Nirenberg-Sobolev (GNS) inequalities for which
the sharp form was found by Del Pino and Dolbeault [16].

1.2 LEMMA (Gagliardo-Nirenberg-Sobolev inequality). For all functions f in R? with a square integrable distri-

butional gradient V f,
S ER TR Ny T
R2 R2 R2

and there is equality if and only if f is a multiple of a translate of 0x'/* for some A > 0.

To apply this, note that at least for strictly positive densities p,

Vpl|?
Lvetepar = [ ) o

Therefore, we define:

1.3 DEFINITION (Entropy dissipation functional). For any density p of total mass 87 such that p®/? is integrable,
we define the entropy dissipation functional D[p] by

D=8 [ 19 @R do— [ ) da

1/4

where Vp'/4 is the distributional gradient of p!/4, which is of course locally integrable.
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1.4 LEMMA (Dissipation of Hy). For all densities p of mass M = 8r with p3/? integrable,
Dlp] >0,

and moreover, there is equality if and only p is a translate of oy for some A > 0.

Proof: Let f = p'/* and note that Sz f4(x) dz = 87. Multiplying D[p] through by =, the claim follows directly
from Lemma 1.2. |

1.3 The main results on the PKS equation

The formal result (1.14) may now be written as

T
Hlp(T)] + /0 Dlo(t)] dt < M [pa]

Since H[p(T')] > 0, this suggests at the very least that

I 1
lim Dlp(t)] dt < Tlgn TH)‘ [po] =0,

and then Lemma 1.4 suggests that for all large ¢, p(t) must be close to g, for some p > 0. However, an easy
calculation, see Remark 3.5, using the fact that [, |z|?0x(z) dz = oo, shows that Hx(g,) = oo for p # A
Therefore, since H[p(t)] is non-increasing, one expects that 4 = A. In short, the formal calculations made so far
suggest that for solutions p of the PKS system with initial data pg satisfying Hx[po] < 0o, lim;_, o p(z,t) = ox(2).
As we shall see, this is essentially correct, though we will need to assume not only that Hjy[pg] < oo, but that
Ha[po] is not too large to ensure the entropy dissipation inequality (1.14). We now make one more definition, and
then state our main results on the PKS equation:

1.5 DEFINITION (Properly dissipative weak solutions of the PKS equation). Let Let py be any density on R?
with mass 8, such that for some A > 0, Hx[po] < co. Let p: [0,00) — L*(R?) satisfy:

(1.5.1) For each t > 0, p(t) is a continuous curve of densities of mass 87 in the sense that for each bounded and
globally Lipschitz function ¢ on RZ:

te | (@) plt,x) de
R2

is continuous with p(0) = po.

(1.5.2) For each T'> S > 0, and each smooth and compactly supported function ¢ on R2,

Y(x)p(T,x) de = P(z)p(S, x) do + / AY(z)p(t, z) do dt
R2 R2

S JR?

— 4171'/3 /]1%2 R2 p(t,l') (vw(x> — Vw(y)) : <x — y) p(t,y) da dy dt .

|z —y?

(1.5.3) For each t > 0, / p>/2(t, ) dz < 0o so that D[p(t)] is well defined.
R2

(1.5.4) For each T > 0,
Hlp(T)] + / Dlo()] dt < Halpo) , (1.15)

so that the p satisfies the entropy—entropy dissipation inequality expected of solution of the PKS equation.

Then p is a properly dissipative weak solution of the PKS equation (1.1) with initial data pg.
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1.6 THEOREM (Existence and regularity of properly dissipative weak solutions). Let py be any density on R?
with mass 8w, such that polog pg is integrable, and for some A > 0,

2
H)\[po} < m .

Then there exists a properly dissipative solution of the PKS equation (1.1) with initial data pq.

(1.16)

Moreover, the solutions we construct have additional regularity properties, including:

(1.6.1) For any S >0 and any p with 1 < p < oo, there is a constant C depending only on S, p, A and Hx[po] such
that for allt > S, ||p(t)||, < C.

(1.6.2) The distributional gradient of p'/* is square integrable over [0,00) x R?, and in fact,
/ / VM4 (t, @) |? dz dt < Ha(po) -
0o Jre

(1.6.3) Frkslp(t) is well defined for each t, and is monotone decreasing: Fpxs[p(t)] < Feks|p(s)] for all 0 < s <,

1.7 THEOREM (Basins of attraction). Let po be any density on R? with mass 87, such that for some X\ > 0,
(1.16) is satisfied. Let p be any properly dissipative weak solution of the PKS equation (1.1) with initial data po
satisfying the additional reqularity properties (1.6.1), (1.6.1) and (1.6.3) of Theorem 1.6. Then

lim Fpxs[p(t)] = Frprs[ea] — and lim ||p(t) — oxlli =0 .
t—oo t—oo

Let B, denote the set of densities py of mass 87 for which pg log pg is integrable and (1.16) is satisfied. According
to Theorem 1.7, B), is a basin of attraction for gy under the PKS evolution in the sense that any properly dissipative
weak solution with initial data in By, and the regularity produced here, converges strongly to oy in L!(R?).

1.4 Controlled concentration inequalities

The proof of the additional regularity in Theorem 1.6, and then Theorem 1.7, might at first appear to be possible
by a standard application of entropy-entropy dissipation methods, given the entropy-entropy dissipation inequality
(1.15). However, this is not the case. The essential point is that D[p] is not a convex function of p, and even worse,
it is a difference of two functionals of p that can each be arbitrarily large even when D[p] is very close to zero.
Indeed, for M = 87 and each A > 0, D[p,] = 0 while

;l_ﬁno HQ/\H3/2 =00, ;lgb \|VQ/\1/4

la =00, and lim gy =8ndy.
A—0
the point mass of 8 at 0. It follows that the level sets of D cannot be weakly compact in L!(R?).

Note that in this example of non-compactness, we have a family of functions in which there are members that
concentrate at least half of their total mass on arbitrarily small sets. We shall show here that this is essentially
the only way compactness can fail for a family of densities of mass 8w on which D is uniformly bounded. Let us
emphasize the role of the uniform bound on D in this: A set of densities of fixed mass M will fail to be weakly
compact in L' if it contains members that concentrate even a very small amount of mass on an arbitrarily small
set. When we have a uniform bound on D, we need only be concerned with a much worse behavior: functions that
concentrate half (or any other substantial fraction) of their total mass on an small set — in fact, not even arbitrarily
small.

It is at this point that we begin to make actual use of the second Lyapunov functional Hy: If H is uniformly
bounded on a family of densities of mass 87, then no member of this family may concentrate too much of its mass
on a too small set:
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1.8 LEMMA (Concentration control by Hy). For any density p with mass M and any 6 > 0. Define Ag = {z :

p(x) > B}. Then
/ p dz < %+C’2 Halp)
Ap

with C1 == M?/(A7) and Cy := 2M3/*(\rr)~ /4,

As a consequence, for any measurable set E C R?,

/Ep de < BIE| + % + Con/HAT,

and choosing 8 =1/ \/@ , we obtain an upper bound on the mass of p at F in terms of |E| and Hx[p]. We stress
that this lemma does not provide any uniform integrability; one can still concentrate a small amount of mass on a
very, very small set.

We shall prove this lemma in Section 2. There we also prove that since H, controls concentration, a uniform
bound on both H, and D does indeed provide compactness, justifying our claim about the only way compactness
can fail when D is uniformly bounded. We shall prove:

1.9 THEOREM (Concentration control for D). Let p be a any density in L3/?(R?) with mass 8w. For any

Y1 € (07471'), Zf
Halp] < Co = (%) 2, (1.17)

then there exist a finite positive constant Ccop, depending only on A and v1
[ 1V6H o < 7D+ Coon
RQ

The constant Coep is given in (2.13). Theorem 1.9 gives us the “vertical control” needed for a compactness
result. The horizontal control is proved directly by H, The following lemma is also proved in Section 2:

1.10 LEMMA (Localization). For all densities p with mass M and all A > 0,
/ A+ |22 p(x) dz < 2VA M + 2M3/* (A /7)Y \/Hap] -
R2

Lemma 1.10 shows in particular that when Hx[p] < oo, then plog(e + |z|*) € L' (R?), so that the Newtonian
potential of p is well defined. (A somewhat stronger localization result is proved in Section 3.)

The “compactness via controlled concentration” provided by H, and its dissipation D through Theorem 1.9
and Lemmas 1.8 and 1.10 is the core of our proof of Theorem 1.7. However this is not the only use we shall make
of compactness via controlled concentration: It is absolutely essential to our construction of properly dissipative
weak solutions.

Indeed, in many problems in which one seeks to prove an entropy-entropy-dissipation inequality such as (1.15),
both the entropy functional H and its dissipation D would be weakly lower semicontinuous, often due to some
convexity property. Then, if {p,}, is a sequence of nice or approximate solutions of the evolution equation
converging weakly to a weak solution p, one would have

T T
HIp(T)] < lim Hpn(T)]  and / Dlp(t)] dt < Tim | Dlpn(t)] dt ,
n—oo 0 n—oo Jo
which is very helpful if one is trying to prove something like (1.15).
While in our case H) is convex and lower semicontinuous, D is the difference of two non-comparable convex
functions and has no lower semicontinuity. Therefore, we need new tools to prove (1.15), and as we shall see, it is
once again the compactness via controlled concentration that does the trick.
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In fact, we need one more “compactness via controlled concentration” result to prove Theorem 1.6, this time
for Fpks. For a density of mass 8w, an upper bound on Fpks[p] provides no upper bound on the entropy £[p] :=
Jgz plog p(z) dz. Indeed, Fpks[p] takes its minimum value for p = gy for each A > 0, while limy_ £[gx] = oo.
However, an upper bound on both Hy [p] and Fpks[p] does provide an upper bound on &[p|. The following Theorem
is also proved in Section 2:

1.11 THEOREM (Concentration control for Fpks). Let p be any density with mass M > 8, with plogp

integrable and bounded in L*(R? log(e + |z|?) dz). Given 0 < eq < 87, there exists 0 < 5 < 1 depending only on

M and gq, such that if

(87‘(’ - 50)2
40?3

with Co given in Lemma 1.8, then there exists a finite positive constant Cccr, depending only on M, X and &g,

such that

Halp] < (1.18)

72/ plog, pdr < Fpks(p] + Cocr -
RQ

1.5 Further developments

One can build on the regularity results obtained here to prove additional regularity. Indeed, if p is one of the
solutions we have constructed here, it is easy to prove that for any a > 0, Ve(z,t) is bounded and continuous on
(a,00) x R?, only using the continuity properties on p in ¢, the uniform control on first moments, and the fact that
p(t) is uniformly bounded in both L' and L3 for all ¢t > a. Thus “freezing” b := V¢, p is seen to be a weak solution

of the linear parabolic equation

% = Ap —div(bp) ,
with b bounded and continuous. Parabolic regularity theory may now be applied. A further development that
requires new tools is to bound the rate of convergence to the equilibrium g, in our convergence theorem.

An interesting problem whose solution would lead to rate information is to characterize the stability of the
GNS inequality that we have used. That is, we know that D[p] = 0 if and only if p is a translate of gy for some
A > 0, since, as we have seen, this is simply a restatement of a sharp GNS inequality of Del Pino and Dolbeault.
A stability result for this inequality would be a result stating that, for any € > 0, if D[p] is sufficiently small, then
the distance, in some metric, from p to some translate of some gy, A > 0, is no more than e. It would also be useful
to quantify the qualitative stability result for the Log-HLS inequality that we prove and use in Section 5. Work in
this direction is underway.

1.6 Other equations with a second Lyapunov functional

The second Lyapunov functional Hj is more useful to us than the primary Lyapunov functional Fpgkg, which
actually drives the evolution, because of its convexity properties, especially its displacement convexity, as explained
in Section 3.

There is a “cannonical way” to produce gradient flow evolution equations that have a convex second Lyapunov
functional that has been investigated in [25]. Indeed, both the PKS equation and the fast diffusion equation are
gradient flow systems where the gradient is computed using the 2-Wasserstein metric, as we recall in Section 3. To
keep things simple here, let us explain the mechanism studied in [25] in the finite dimensional Euclidean case.

Let V be a smooth convex function on R™. Let W be the smooth function on R™ defined by W (x) = |[VV (x)|>.

d
Now consider the evolution equation gac(t) = —VW(z(t)). Then of course, for any solution x,

%W(m(t)) — VW (x(®)]* <0,
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and so W is monotone decreasing along the evolution. It is the primary Lyapunov function for this flow. Next,
note that since VIW = 2[HessV] VV,

d

V@) == [VV - VW] ((t)) = =2{VV - [HessV] VV} (2(1)) <0 ,
since the Hessian of V' is positive. Thus, V is a second Lyapunov function for the gradient flow driven by W.

An example in [25] concerns a porous medium equation on the line, which is gradient flow in the 2-Wasserstein
metric for a certain entropy functional. With this entropy functional playing the role of V, the gradient flow
equation for the functional corresponding to W is a certain fourth order equation of thin-film type.

The fact that the entropy for the porous medium equations is a second Lyapunov functional for this fourth
order thin film equation had been discovered earlier in [14] and exploited as the key to understanding the long
time behavior of the latter equation. Again in this case, the second Lyapunov function is strictly and uniformly
displacement convex, while the primary Lyapunov functional is not displacement convex at all.

In the case studied here, the second Lyapunov functional does not arise through the mechanism studied in [25],
or any other evident natural mechanism, and we have no “explanation” of why one should expect H) to decrease
along the PKS flow. However, as explained in [25], once one knows this, it is a consequence, formally at least, that
Frks decreases along the fast diffusion flow. This has interesting consequences that are investigated in [7].

The motivation for doing the computation to check the monotonicity is twofold: First, both evolution equations
have the same steady states, which is certainly necessary, but not at all sufficient, for the computation to work out.
Second, there are many sharp inequalities that have negative powers of 1+ |z|? as their cases of equality, so there
are tools available to try to prove the positivity of the dissipation.

1.7 A brief outline of the rest of the paper

The rest of the paper is organized as follows. In Section 2 we prove the controlled concentration results that have
been stated in the Introduction.

Section 3 begins with a brief summary of some results concerning the 2- Wasserstein metric and gradient flows
with respect to it. In particular, we recall a discrete variational scheme due to Jordan, Kinderlehrer and Otto [21]
for constructing solutions of a class of equations including both the PKS equation and the critical fast diffusion
equation. We also recall McCann’s [27] notion of displacement convezity, and explain how this should, at least
formally, lead to the entropy-entropy dissipation inequality that we seek. Making the formal calculation rigorous
will then be reduced to rigorously proving certain consequences of displacement convexity for H,, and this will be
facilitated by the “robustness” of displacement convexity.

The latter half of Section 3 is more novel. As we have noted earlier, H) is formally a sum of displacement
convex terms, however, for the densities that concern us, each of the terms is divergent. Thus, we are forced to
introduce a regularization of H,. While there are many tools available to regularize functions that are convex in
the usual sense (e.g. infimal convolution), there is no general approach to regularizing functionals while preserving,
or at least not severely damaging, their formal displacement convexity properties. The regularization developed in
the second half of Section 3 is one of the cornerstones of the paper.

In Section 4, we lay the ground work for the proof of Theorem 1.6 on the existence of properly dissipative
weak solutions. These will be constructed using a variant of the Jordan, Kinderlehrer and Otto [21] scheme,
which constructs the evolutions by solving a sequence of variational problems, as in di Giorigi’s “minimizing steps”
method.

In this method, the Euler-Lagrange equation for the variational problem solved at each step often provides
essential a-priori regularity on the minimizing density p. Once again, at this point in our problem, we encounter
difficulties due to potential cancelation of infinities. To resolve these, we are forced to regularize Fpkg. The discrete
scheme provides a very convenient framework in which to impose and control the regularization: We use a different
degree of regularization at each discrete time step. Because of the regularization, we will at least know that at each
time step, V/p is square integrable, but we shall have no useful quantitative bound on [|V/pl|2. Still, this gives us
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enough regularity to make some crucial integrations by parts, and then eventually through the use of Theorem 1.9,
we shall obtain a useful quantitative bound on ||V p/4||,.
In Section 5, we pass to the continuous time limit, and provide the proofs of Theorems 1.6 and 1.7.

2 Proof of the concentration controlled inequalities

2.1 Concentration control by H,

We know from Lemma 1.1 that if some density p with mass 87 satisfies Fpks[p] = Fpks[oa], then, up to translation,
p = o, for some p > 0. But if we merely know that Fpks[p] — Frks[oa] is small, we do not have any useful bound
telling us that p is close to g, for some p > 0.

The situation in this regard is much better concerning Hy because of its convexity, as noted in the Introduction.
The following Csiszar-Kullback-Liebler-Pinsker type inequality for H ) has already been used by Ledermann and
Markowich [23] in their work on the critical fast diffusion (1.7); see [11] for general results in this direction. However,
one can give a very simple proof that does not make any direct appeal to the convexity of Hy:

2.1 LEMMA (Csiszar-Kullback-Liebler-Pinsker type inequality for Hy). For all densities p with mass M and all
A >0,

t/ p(@) — ox(@)| VAT 2P de < Coxwr VAN
RQ
with Coxrp =2 (A\/m)"* M3/4.

Proof: By the Cauchy-Schwarz inequality

T o\VA o — oal VP — Vox|
(W) AQ|P—QA|\/A+|x|2dx:AQ N dx:/ﬂpwl\fp-ﬁ-\/gﬂ dx

< \/HA[U]\//RZ |\/,5+\/Q7>\‘2 dx < ZW\/H,\[’LL] .

|
Lemma 1.10, bounding the first moment of p in terms of H,[p], is now easily proved.
Proof of Lemma 1.10: We estimate:
[ VAFTR o) do < [ VATRF o) do+ [ VAT pla) - oa(a)]de
R2 R? R2
and the result directly follows from Lemma 2.1 and a direct computation. |

We next prove Lemma 1.8, which says that when p is a density of mass 87 and H,[p] is sufficiently small, then
p cannot have too much of its mass concentrated on too small a set.

Proof of Lemma 1.8: Recall that Ag := {z : p(xz) > }. By Chebychev’s inequality, |Ag|, the Lebesgue measure
of Ag, satisfies |Ag| < M/B3. Then, since |[ox|lcc = M/(AT),

M M M?  Cckrp

dxé/ dx+/ —ondz < ——+|p— < 4 ZCELE HATp,

[ ot [ et [l olde < TRl e < gy SR VA

where in the last inequality we have used Lemma 2.1. |
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2.2 Concentration control for Fpkg

To prepare the way for the proof of Theorem 1.11, it is useful to give an elementary demonstration of a crude form
of the log HLS inequality, without sharp constants, but which would nonetheless provide bounds on £[p] for all
M < 8.

2.2 LEMMA (Bounds on the entropy). Let f be a non-negative measurable function in R? such that flog f and
flog(e + |x|?) is bounded in L'(R?). Then, for any o < 1/(87), there exists a constant Coy > 0 only depending on
M, a and X\ such that

1 1
a/ plogp dx—i(G)+*p2—C’o—4aMlog (M/ \/)\+|x|2pdx> :
R2 R2

Proof: Recall the following Young type inequality: For all s,¢ > 0, st < slogs + e¢/~!. Then, for any a > 0, we
have st = a[s (t/a)] < aslogs + ae’/*~1. We shall apply this to

1 1 1 p(y)
(G *px=*/ log|z —y fpydyZ/ —(—loglz —y ox(y) dy ,
3@ wow) =1 [ Gogle —ub-p)dy= | (sl =y 2 Eon0)
under the integral sign with weight g, and with
p(y) 1
= and t=——Iog|lx—y| .
o) T
Since gy is bounded above by M/(A ), this yields
1 ) P M 1
to<a] (Di(L)owra(L] doa). e
2( )+ * p(z) y—sl<1 \ox o e <1 | 2|1/ (4ma) (2.1)
The second integral on the right converges as long as a > 1/8, in which case, doing the integral explicitly, we find
aM 1 M 8ma?

— _ = — for 8Tta > 1 . 2.2
Ame Jiu <1 |21/ 67 T Ne8ra—1 or ema (2:2)

To relate the first integral to £[p|, use the fact that s +— slog s is bounded below by —1/e to conclude that

M
/ (p) log <p> oxdy < / (p) log <p> oxdy + —
ly—z|<1 \ OX Ox R2 \ O\ Ox e
M
< / plogpdy—/ plog oy dy + —
R2 R2 e

By Jensen’s inequality for the concave function log in L'((p/M) dx),

AM
/ plog o) dz = M log <> - 4/ log (\/A + |:U\2) pdx
R2 s R2
AM 1
> Mlog | — | —4M log i VAt |z]2pdx ) . (2.3)
]RQ

T
Using (2.2) and (2.3) in (2.1), we obtain

M 8ma?

plogpdy + —
2

1
- < -
Q(G)+*p(aj) _a/ e 8ta — 1

R
1 M 1

-l-on{—log (A)+4log (/ \/)\+|x|2pdx)} .
e 71' M R2

The result follows with
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2.3 Remark (Non-sharp version of the log-HLS inequality). As a consequence, the previous lemma provides us
with a crude logarithmic HLS inequality, but one that would suffice for application to the sub-critical mass case.

—/ pG*pZ—/ p(G)+ *p,
R2 R2

Since obviously

we conclude

1 1
Ma/ plog p dx—i/ (G)xp>— [CO+4aMlog <M/ \/)\+|x2pdx)]
R2 R2 R2

so that )
]:sz[p]Z(l—Ma)/ plogpde —aM [Co+4onlog (M/ )\+|:Jc|2p(:r)dx)} .
R? R?

As long as M < 87, we can choose o so that both Mo < 1 and 8w > 1, in which case this elementary argument
gives us an a priori upper bound on E[p| in term of Fpks|p] and the first moment of p.

The next lemma is a quite standard control of the negative contribution of the entropy in terms of the control
at infinity of some moment of the distribution known as Carleman-type estimate.

2.4 LEMMA (Control on the negative part of the entropy). For any density p € L1 (R?), if the moment
Jgz m(|z]) p(x) dz is bounded with e~z ¢ LY(R?) and m : Rf — R non-decreasing function, then

x) lo x) dx m(|z|)p(x) dx 1 e g
/R2p()lg_p()d S/]Rz (lz)p(z) d +e/Rz dz.

Proof: Let p:= px{p<1} and M = [, p(z) dz < [g, p(x) dz = M. Then

t@mw@w@+mWDM=AﬂWM%W@MM—MmZ

where U := p/u, p(x) = e~ /7 with Z = Jre e~z dz. The Jensen inequality yields

/Rz [U(x) log U(x)|p da > (/R U(z)p dx) log </R U(z)p dw) = M log M

and
- /R2 p(z) log_ p(x) do = /R2 p(z) log p(z) de > Mlog M — M log Z — /R2 m(|z|) p(x) dz

> -2 [ n(lel) ple)
Rd

We now turn to the critical mass case, and the proof of Theorem 1.11. As already noticed in (1.5), when M < 8w
not all the entropy [ plogp is “eaten” in the free energy Fpks[p] when we use the Log HLS inequality Lemma 1.1.
Hence we obtain a control of the entropy. But in the critical case M = 8, the free energy Fpks|[p] is equal to the
functional which appears in the Log HLS inequality so that there is no remainder term to obtain compactness. In
[4, Lemma 3.1], the spreading of mass is enough to show that we can still have a remainder part of the entropy.
The idea was to cut the function p is different parts: some parts of positive mass that we have to precisely control,
and one main part of mass less than 87 where the Log HLS inequality leave a remainder term in | plogp. In the
present lemma, the spreading of mass is quantified by the functional H[p] and Lemma 1.8.

Proof of Theorem 1.11: The idea is to split the function p is two parts: Given § > 0, define pg(x) = min{p(x), 3}.
We will apply the Log HLS inequality to p — pg of mass less than 87 and control the rest by the functional H [p]
and Lemma 1.8.
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Let Mg := fRQ pg dz. We apply the above proof of Lemma 2.2 to p — pg of mass M — Mg, to obtain

[oGoar== [ p@xp@de== [ ps(@sple)dr= [ (r=05) @) # @) o

By the point-wise bound on pg, we obtain

1 1 M
3 [ o @sptedn <[] omle—ul)pt) deay = 2

By the bound on the entropy, see Lemma 2.2, we deduce that, for any « > 1/8,

1

5 (0= ) (@)1 ple) do <a(M =My [ plozpdy

1
+ (M — Mp) [C’o+4aMlog (/ A+ |z2p(x) dx)] :
M Jgo
This provides, for any « > 1/87, the lower bound
Fowslp) = (L= (M = Mya] [ plogpda - (M = M)Co
R
1
—4aM (M — Mg) log </ A+ |z2p(x) dac) :
M e
Corollary 1.10 and assumption (1.18) imply that

[ VAT p(e) do < 2VAM + Coxur/FT < VA (2M + I 50) . (2.4)
RZ

Hence, for any « > 1/8m,

Fpkslp] > [1—(M—M,@)a]/R2plogpda:—(M—Mg) [Co+4aMlog <ﬁ<2+87;M5°>>] .

To control the negative part of the entropy, we use Lemma 2.4 with m(|z|) = /A + |z|? and (2.4):

1
—1—-(M - Mg)a}/ plog_pdz > —/ plog_p > —/ m(|z|)p(z) dz — 7/ em=D g
R2 R2 R2 €

R2

- 1
> —fA<2M+8”2 50) —7/ e~ =D qg .
R2

(&

This gives the final control on the positive part of the entropy, for any o > 1/8x:

M — 1
Fouslpl 2 (L= (M = Mg)a] [ plog, pdo— 255~ VA (zM + I 50) [ et g
R2 R2

~ (M — Mj) {C’o+4aMlog (ﬁ(%sw_so))} . (2.5)

2M

By Lemma 1.8 for any given 8 > 2C7 /(8 m — €g) we can ensure
C C 8T —¢
M_Mﬂﬁﬁl+c2\/7i/\[ﬂ} Sﬁljt WQ 2
By setting (31 := 4C; /(8 m — &9), we can choose v := 1 — a(M — Mg,) > 1/4 and a = (87 — £9)~'. The desired
inequality follows immediately from (2.5) with

M3 — 1 st
Cocp =~ + VA [ 2M + 5T~ + f/ e VA 4y
2Am(8 7 — €9) 2 e Jre

1 M -
+M{ 5T 1 o (Aﬂ 44 Mlog <ﬁ(2+8ﬂ 60)) .
goNe e T " 2M

< 8m—e¢q.
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2.3 Concentration control for D

Proof of Theorem 1.9. Let f := p'/%. As in the previous proof, for 3 > 0, we split f in two parts by defining
fs = min{f, 3Y/4} and hg := f — f5. We have

ND p —é;ﬂ VJ d — T ’ d . 2.6
Deﬁnlng Aﬂ - {:L‘ . ’(l‘) > /8 / } - {x . p(l') > ﬁ}, we ha,Ve

76 dx :/ 15 d:r+/ (hs + B dz :/ 5 da — 332 Ag| +/ (hs + Y0 dz . (2.7)
R2 R2\Ag Ag R2 A

B

By the convexity of x — 2%, for any o € (0,1)

(1-a)®
By the inequality fg < V/Bf*%, and plugging (2.8) and (2.7) into (2.6), we obtain

h 1/46<ﬂ214 b nS d 2.8
(hg+B77)° < —|Ag| + g dx. (2.8)
Aﬁ « Aﬁ

7 D[p] > 8x /R IVF2 do — (1_”04)5/]R hS do —872\/B — m 3%/? (;5 - 1) |Ag] . (2.9)

Given any v > 1 to be fixed later and using the GNS inequality, see Lemma 1.2, for hg:

ﬂ'/[ G dw—/ |Vh3|2dx/ hydx > 0. (2.10)
R2 R2 R2

By definition of fg and hg, V fz = 0 in the support of hg so that

Vf]?dx = Vfs|?de + Vhg|? dz. 2.11
B8 B
R2 R2 R2

By (2.10) and (2.11) we thus have

ng/ h%dzf/ |Vfﬁ|2dx/ h‘gdx+/ |Vf\2dx/ hj dx.
R2 R2 R2 R2 R2

Infering in (2.9), for any v > 0 to be chosen later, we have

7 Dlp] > <8W—7/ﬂ%2h%dx> /11&2 IV fI? dJ:—i—’y/]R2 |Vf|2dx/R2h4ﬁdx
1 1

Let v be any real number in (1,2). We set o := 1 —~/5 € (0,1) so that the last term in (2.12) vanishes.
We will see that the result holds with the choice 7y, := 47w (2 — 7). By the concentration control in Lemma 1.8 and
Assumption (1.17), as long as 3 := 4C4 /v, we have

C
/hédx:/ (f — BYM* da < f4da:§?1+cz Halpl =m -
R? Ap As

Since 7 € (1,2) and y1 € (0,47), 87 — 7 [po b dz > 87 — 71 > 0. And the result is proved with v, := 4m(2—7) €
(0,4m) and

Cocp = 3%/? <7)5 — 1) |Ag| +872\/B  where §:= 3 64 (2.13)

(71/5 -1 TV)
|

Surprisingly, this proof can be adapted to solutions of mass strictly less than 167 but not above.
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3 Displacement convexity and the PKS system

3.1 Gradient flows in the Wasserstein metric and displacement convexity

We recall some facts concerning the 2-Wasserstein metric that will be used here. We shall be brief, aiming mainly
to establish terminology and notation. For more background, see [36] and [1].

Let P(R?) denote the set of probability measures in R?, and let Po(R?) the subset of probability measures with
finite second moments. Define the functional Wy in P(R?) x P(R?) by

W2(p,v) = inf —y|? dII
5(p,v ﬁgr/42xR2lw Y| (z,y) ,

where II runs over the set of T of all couplings of the probability measures p and v; that is, the set of joint probability
measures in R? x R? with first marginal y and second v. For absolutely continuous probability measures f dz and
g dz we will simply write Wy (f, g) in place of Wa(f dx, g dx). Clearly, Wy is finite in Py(R?) x Py (R?), though it
takes on the value +oo in certain pairs (u,v) € P(R?) x P(R?) — for example if u belongs to P2(R?), but v does
not.

It is easy to see that Wy is a metric on Py(R?); it is called the 2- Wasserstein metric, where the 2 refers to the
exponent 2 on the distance |z — y|. More generally, given any v € P(R?), Wy is a metric on the subset of P(R?)
given by {u € P(R?) : Wy(u,v) < oo }.

A result of Brenier [6] as extended by McCann [26], provides effective control over the minimization problem
defining Wy (u, ). To recall this result, let 7' be a measurable map R? — R2. We say that T transports p onto v,
if for any measurable set B C R?, v(B) = po T~1(B). In this case we say that v is the push-forward of p by T,
v = TH#u. An equivalent formulation is that v = T#pu if

» (T (x)) dpu(z) = . C(y) dv(y) V¢ e C(R?). (3.1)

By the Brenier-McCann Theorem [6, 26], for any two probability measures p and v on R? not charging Hausdorff
dimension 1 sets, there is an essentially unique convex function ¢ in R? such that p#u = v and

W2(u,v) = / o~ V()P du(a) (3.2)

The essential uniqueness is that if ¢ and @ are two such convex functions, then Vi = V@ almost everywhere with
respect to . In this paper we will be concerned with densities whose mass is not necessarily one. If p and v
are two positive measures of mass M > 0, we define Wy (i, v) in terms of the 2-Wasserstein distance between the
probability measures /M and v/M as follows:

W3 (1. v) = MW3(u/M,v/M) . (3.3)

This normalization convention has the advantage that if Vo#(u/M) = (v/M), then (3.2) is still valid for arbitrary
M. Note that if (3.1) holds for p and v, it also holds if we change p and v by multiplying them by a positive
constant, i.e., Vo#(u/M) = (v/M) if and only if Vo#u = v.

In Section 5 we shall also use the p-Wasserstein distance, 1 < p < 2, especially for p = 1, on account of a useful
description of compact sets for this metric. For two probability measures 1 and v on R?, p-Wasserstein distance
W, (1, v) is defined by

I1er

WP (p,v) = inf // |z —y|P d(x,y) , (3.4)
R2 xR2
with notations introduced above. For two positive measures of mass M, we define

W, (1) = VA Wy (/M. v /M) . (3.5)
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This normalization is chosen taking into account (3.3) to extend the standard ordering relation for the W,-metrics
on probability measures; that is, by Holder’s inequality, we have for any 1 < p < 2

Wo(p,v) < Wa(p,v) . (3.6)

A fundamental insight of Otto [28] is that the 2-Wasserstein metric is useful when considering any evolution
equation on densities p that can be written in the form

dp L 5G[p(1)]

a(t,x) = div <p(t, z)V {&)(t,x) (3.7)
for some functional G. The prime example of (3.7) considered in [21] is the Fokker-Planck equation for probability
densities 9

D
A .
T p+V-(zp),
for which )
Gl = [ ota) ogpla) da+ 5 [ aPp(o) da (38)
In [29], a more general class of evolution equations was considered, rescaled porous medium equations for which
0l =~ [ @)~ 1) det 5 [ laPota)d (39)
p—m_1R2px xQszpxa: .

for m # 1. Notice that the formal limit as m — 1 of the functional in (3.9) is the functional in (3.8).

Otto’s insight [28] is that the equation (3.7) is gradient flow for the functional G with respect to the 2- Wasserstein
metric. This is true for a large class of equations of the form (3.7), see [1, 3, 8, 10, 12, 13, 36]. The “gradient flow
in the 2-Wasserstein metric” point of view is useful to us here for two reasons:

e It provides the means for constructing well-behaved solutions of the equation in question through the solution
of a sequence of variation problems; the Jordan-Kinderlehrer-Otto (JKO) scheme.

e It provides the means for studying the rate at which solutions of (3.7) converge to minimizers of the functional
G, at least when the functional G has a certain convexity property.

The convexity property referred to in the second point is McCann’s notion of displacement convezity [27], which
turns out to be convexity in the “Riemannian metric” associated to the 2-Wasserstein metric; see [29]. If the
functional G is uniformly displacement convex, then there are automatically a family of functional inequalities that
govern the convergence of solutions of (3.7) to minimizers of G. In concrete terms, the functional G is said to be
displacement convez in case the following is true: For any two densities py and p; of the same mass M, let ¢ be
the essentially unique convex function such that Vo#po = p1. For 0 <t < 1, define

|z

pu(x) = (1- t)T +to(x) and  pp = Vudpo

The displacement interpolation between py and p; is the path of densities t — p;, 0 <t < 1.
Let v be any real number. To say that G is y-displacement convexr means that for all such densities py and p;,
andall 0 <t <1,
(1 = 1)Glpo] +tGlp1] — Glpe] = AL = )W3(po. p1) -
G is simply displacement convex is this is true for v = 0, and G is uniformly displacement convez is this is true for

some v > 0. Let us recall the characterization of displacement convexity given by McCann in [27] for functionals
of the form

Golpl = [ @(p(w)) da. (3.10)

where @ : [0,00) — [0,00) with ®(0) = 0. Then McCann’s Theorem says that if s +— s?®(s~%) is convex non-
increasing on (0, +00) then the functional Gg is displacement convex, and this condition is essentially necessary.
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A much simpler result, also from [27], is that if V is any real valued function on R? such that for all zg,z; € R?
and all 0 <t <1, (1 — )V (zo) +tV(z1) — V((1 — t)zo + to1) > Yt(1 — t)|zg — 21|?, then the functional

Vo = /R V(@) pla) da

is y-displacement convex. Using these results, one readily checks that in the case of the Fokker-Planck equation,
the functional (3.8) is indeed uniformly displacement convex. The consequent inequalities that govern the long
time behavior of solutions are Gross’s logarithmic Sobolev inequality and the Talagrand inequality for Gaussian
measures. Our analysis of long time behavior for the PKS system falls outside the scope of previous work in this
direction since the functional Fpkg is not displacement convex. The key reason that it is useful to bring the second
formal Lyapunov functional H into the analysis of the PKS system is that it is displacement convex. In the next
section we prove the displacement convexity of H ), and study its consequences.

3.2 The critical fast diffusion equation as gradient flow of a uniformly displacement
convex entropy

The equation

0

a—?(t,x) = Au™(t,z) + wdiv(z u(t, z)) , (3.11)
where k is a non-negative constant and m > 0, is called the porous medium equation with k = 0 and m > 1 while
for k = 0 and 0 < m < 1 is called the fast diffusion equation. When k > 0, there is a restoring drift. In case
m =1, (3.11) is of course the heat equation for £ = 0, and the linear Fokker-Planck equation for x > 0.

Equation (3.11) can be written in the gradient flow form

gi:(t,x) ~ div (w,wv‘éi) with  G[u] :/Rz (1um(ac)+/<;|x|2u(:r)> dz | (3.12)

m—1 2
which shows that the evolution equation (3.11) is gradient flow for G with respect to the Wasserstein metric.

The value m = 1/2 for this equation in R? is critical in the sense that the functional G in (3.12) is strictly
displacement convex for m > 1/2, but is not displacement convex for m < 1/2. There are many of other “critical”
values of m between 0 and 1/2 at which other things happen, see [15] for instance. But since displacement convexity
plays a crucial role in our work, it is natural to refer to the m = 1/2 case as critical here. Indeed, by the criteria
of McCann introduced above since G[u] = V[u] + Gy, [u] with V(2) = k|z|?/2 and ¢,,,(s) = s™/(m — 1), then V[u]
is uniformly displacement convex, and for m > 1/2, Gy, [u] is displacement convex. As might be expected, some
difficulties arise at the critical value m = 1/2.

Since (3.11) is gradient flow for G, one might hope to find stable steady states by finding the minimizers @ of G.
Computing the Euler-Lagrange equation we find m/(m — 1)a™~! + k|z|?/2 = C, where C is a Lagrange multiplier
for the constraint M := fR2 u(x) dz, which is conserved. In the case m = 1/2 and choosing

T M A
K=K =24/ — we find u(r) = ————=5 =oxr(z) .
M, (x) = — SESEEE ox(x)

One readily checks that @ = p) is a steady state solution to (3.11) with k = ks \ and so the family of stationary
solutions of the PKS system which we are investigating are also stationary solutions of the critical fast diffusion
equation for different drifts x = rps \. However, as neither \/ox(x) nor |z|?0, is integrable, these functions are not
in the domain of definition of G, and so are not minimizers of

Glu] = /R2 <—2\/@+ ﬁM7A|aj2|2u(x)> dz , (3.13)

the m = 1/2 version of (3.11) with x = ks, as above.
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The cure is a simple renormalization as introduced in [15, 23]: Consider instead the functional H[u] defined by

U -2 (\/u(x) - \/Q)\(ZL’)) dz + /<;M7>\/ il [u(z) — ox(x)] dz. (3.14)
R2 R2

2

Then, at least as long as u has the same behavior at infinity as does gy, the integrals will converge. The counter
terms that we have subtracted off from our functional do not depend on w, and hence they do not affect 6G/du.
This is the key idea used in the improvements of rates of convergence for the fast diffusion equation, see [15, 23].
Since Ky x|z|* =2/ VOx — Ak x, the functional in (3.14) can be written in the following simpler form, which we
take to be the definition of the critical fast diffusion entropy:

_ [ WVi-ve)’
Hlu] == /RZ NG dz.

It is easy to check that for m = 1/2, (3.11) can be written

0 L OH
&u(t,m) = div <u(t,x)V6u> .

As noted above the displacement convexity of Hy is formally obvious from the fact that were \/u(z), 1/ox(x)
and |z|*u(z) are integrable, H,[u] would differ from the right hand side of (3.13) by a constant. We provide a
rigorous proof in the next subsection.

3.3 Regularization of the critical fast diffusion entropy

To show that u — Hy[u] is displacement convex, and more generally, to make rigorous computations involving
critical fast diffusion entropy, Hx[u], we introduce a regularized version of the critical fast diffusion entropy:

3.1 DEFINITION (Regularized fast-diffusion relative entropy functional). For § > 0, and u a density with mass
M, define H s[u] by

[ (Varo— Ve 1d)°
Has[u] = /R? N dz

3.2 PROPOSITION (Displacement convexity of relative entropy functionals). For any density u € L (R?) of
mass M, § — Hys[u] is monotone increasing as 6 decreases to zero, and

limn H, 5[] = Hafu] (3.15)

Furthermore, let uy and uy belong to L (R?) of total mass M such that Wa(ug,u1) < oo, and let uy, 0 <t <1 be
their displacement interpolation. Then for each § > 0,

(1= #) Ha s luo] + t Haslun] — Hoslue] > (1 — #) Ks(uo, us) ,

where Ks(ug,u1) satisfies
gi_I)%Kg(U(),ul) = I{]VL)\WS(U(),ul) 5 (316)

and Ks(ug,u1) > vs W3 (ug, u1) with 5 < 0. Consequently, the maps u — Hy s[u] are vs-displacement convexr and
the map u — Hy[u] is strictly uniformly displacement convex:

(1 — t) Hafuo) + t Ha[ur] — Ha[ug] > warat (1 — 1) Wa(ug,uy) .

Proof: As § — (\/u +6— o+ 5)2 is non-increasing. Then, as § decreases,

(Va— yan)’

(\/u o vort 6)2 increases to -
Vor+9o Vox '
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By the monotone convergence theorem and (3.15), the monotonicity in ¢ follows. Next,

(\/u+5—\/9>\+5)2 B U 0
= —\/m—2<\/u+5—\/5)+\/ﬁ+ o +0—-2V5.

Where by the mean value theorem

U U U 0 ox
—— < — , Vu+6-Vi< —— and ‘Jr 9+5—2\/5‘§~
Vor+0) ~ Vo 26 Vox+3d g Vo

These three terms are integrable and

Ha,s[u] = (I) + (II) + const. (3.17)
where
1
1) := . \/ﬁudw and (II) ::2/]1%2 (\/S— \/U—l—é) dx

The criterion (3.10) are easily checked for ®(u) = v/§ — v/u + 0, and thus (II) is displacement convex.

The term (I) in (3.17) is unfortunately not displacement convex in general. In fact, we will show that is ~s-
displacement convex with a explicit computable constant. In order to check the ys-displacement convexity of the
regularized functional, notice that (gx + d)~'/2 is a function of |z|2. Thus, the functional (I) is of the general form:

R2
with Vs(x) = (ox + &)~ /2. The characterization of ys-displacement convexity [1] ensures that this is implied by
D?Vs > ~s15. Let us compute the hessian of the potential Vs(z). Define the function f5 on [0,00) by

1

fs(|z]?) = Vs(2) = ———e .
ox(z) +0
We compute
A 3AI(N+ )

B st M B S0

with A = M A/w. Therefore
D?Vs(x) = 2f5(|21*)di; + 415 (|o*) (v @ @),

and taking into account that f§'(s) <0, then
¢ D) - €8 = [2f5(1*) + 4F5 (2 )2 ] [€]* = Fs(|I*) €] (3.18)
for all ,& € R?, where the function Fj is given by

o noy 2A4% 424007 — 8ANSs — 10A6s?
Fé(s)_2f5(8)+48f5(8)_ [A+5(A+S)2}5/2

It is obvious that the function Fj5 converges point-wise to the constant kps  as 6 — 0 in [0, 00). Moreover, since for
each 6 > 0, the function Fs(s) — 0 as s — oo and it is clear that is negative for s large enough since the denominator
is positive and the numerator has a negative dominant term, then Fj attains its maximum and minimum in [0, co).
Then, we can choose its minimum value as 5 < 0 and the ys-displacement convexity is proved.

In order, to show the limiting uniform displacement convexity, we need to refine our arguments. For that, we
come back to the definition of convexity. Let ¢ be the essentially unique convex function such that Vip#ug = u;.
For 0 <t <1, define

15(t) = /Rz Vs(2) [(1 = t)uo () + tus(2) — wi(2)] da

= /RQ (1 =8) Vs(z) + 1 Vs(Vip(2)) = Vs(z + €V (2) = 2))] uo(z) dz .
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We seek a lower bound on 7 of the form ns(t) > t (1 — t) Ks(up,u1). Since ns(0) = ns(1) = 0, it suffices for this
purpose to show that 1§ (t) > 2 K;5(ug,u1) for all 0 < ¢ < 1. By denoting y := Vi(x) — z, we have

w®) = [ v DVala ) (o)
RQ
Using (3.18), we readily obtain that

w®) = [ Falla o)y uole) do > Ka(uo, )
R

with

K(ug,ur) == min / Fy(lr + gy uo(z) da

Now, let us observe that the function Fs is bounded in [0, c0) uniformly in §. For that, note that f§ is decreasing
and thus fi(s) < f4(0) < A='/2. On the other hand, by the geometric-arithmetic mean inequality, we get
s 3
< —.
A+9s2 7 2/A

sfY(s)] < 36%/2 (3.19)

As a consequence, we get
8
| Fsl| o< (0,00) < N

and thus,
2ug(z) € L'(R?)

Bl + )l wole) < <= [V()

for all 0 <t < 1. Thus, the dominated convergence theorem guarantees that

lm [ E(jz +ty*) |y [? uo(x) de = HM,,\/ ly|? uo(2) da = rar AW3(ug, ur)
—VJR2 R2

uniformly in 0 < ¢ < 1, which together with the definition of Kj(ug,u;) implies the uniform displacement convexity
of the limiting functional H [u]. |

Continuing with the notation of Proposition 3.2, define the function hs on [0, 1] by
hg(t) = ny(g[ut] — Kg(uo, ul)t2
Then by Proposition 3.2, (1 — ) hs(0) + ¢ hs(1) — hs(t) > 0, so that hs is convex. Therefore, for all ¢t € (0, 1),

hs(t) — hs(0) _

a(1) — hs(0) = "

This in turn implies that

Hos[ui] — Ha,s[uo] > limsup Hxglue] — T ouo]

+ Ks(ug,u1) .
t—0 t

To compute the limsup of the right hand side, we treat the two non-constant terms (I) and (II) in (3.17)
separately. As we have noted (II) is displacement convex, and by well known theorems on the sub-gradients of
displacement convex functions [1, Chapter 10], this part contributes

Vug(z)
/]R2 (@) + 03 (Vi(x) — x) ug(z) dr

as long as the integrand satisfies mild regularity properties; in particular whenever ug is bounded below on every
compact set by some strictly positive number, and ,/ug has a square integrable distributional gradient. We shall
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show that both of these conditions hold in our application. Given that they do, then by the Cauchy-Schwarz
inequality,

|V |VU0| /
_yror _ < _
/Rz (1 0)72 | V¥ @) —aluo < R2 (uo +0)? V(@) ~ 2l uo

1 |Vug|? / 2
7 — Wo(ug,u1) = \ﬁ |V /uo|” Wa(ug, ur) .

The contribution of (I) in (3.17) can be treated by appealing to the general results in [1] since this functional
is ys-displacement convex, in the notation of [1], and thus, this part contributes

2/R2 fi(z?) z - (V(x) — 2)ug d .

Which is finite because s — +/s f5(s) is a rational functional which tends to 0 when s goes to infinity. Thus we
have:

3.3 LEMMA (First-order characterization of displacement convexity). Let ug and uy be two densities of total
mass M such that W3(ug,u1) < oo, and such that ug is uniformly bounded below on compact subsets of R? by a
strictly positive number, and that \/ug has a square integrable distributional gradient. Let V1) be the unique gradient
of a convex function v in R? so that Vi#uy = uy. Then

2Ax n Vug
[A+S(A+[2|2)2]?  2(ug+d)?

Hos[ur] — Has(uo] 2/ (V(z) — ) up dz + Ks(uo, u) (3.20)

where Ks(ug,u1) is defined in Proposition 3.2, and the integrand in (3.20) is integrable.

One might be tempted to take the limit § — 0 at this stage and to conclude

VUO

Kma T+ 23/2] (Vp(z) — z) up doz — K W%(uo,ul) ,
Ug

H[uo] < Halui] — /R2

but without further information about Vi (x) — z, it is not possible to do this, or to justify the convergence of the
integral. In our applications, it will be simpler to use the specific information that we obtain on Vi (z) — x, then
to do some integrations by parts, and then take the limit § — 0.

Let us finally deduce as an application of the uniform displacement convexity of the functional H[u], an inter-
esting functional inequality of Talagrand type. Actually, generalized Log-Sobolev-type inequalities lead formally
to generalized Talagrand-type inequalities for this functional by repeating arguments due to Otto and Villani [30,
Theorem 1, Proposition 1] in the linear case and generalized in [12, Theorem 2.1]. Here, we are able to show it in
full rigor by the previous approximation argument.

3.4 LEMMA (Talagrand’s inequality). Whenever u € LY (R?) of mass M with Hy[u] < oo, then

2H [u]

KM\

WQ(“: Q)\) <

Proof: Using Lemma 3.3 with ug = g) and u; = u, we obtain that Hy s[u] > Ks(ox,u). for all § > 0, since

Has[oa] =0 and
2Azx Vox

+
[A+ 5\ + [2[2)2]/?  2(ox +0)%/2
Thus, passing to the limit 6 — 0 taking into account (3.16), the desired inequality is obtained. |

=0.
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3.5 Remark (Basins of attraction). The previous result gives us a localization argument for the densities compared
to Lemma 2.1. It also says in a weaker sense that the mass cannot be too spread from the stationary state oy if the
functional Hy[u] is finite. Moreover, it tells us that the Wasserstein 2-distance of our initial data to the stationary
state oy is finite provided Hylug] < oco. Actually, we can observe that each of the equilibrium solutions oy are
infinitely far apart in the Wo metric. We can easily check that with ¢(x) = \/W\x|2/2, one has Voo, = 0x.
Thus, the uniqueness part of Brenier-McCann Theorem ensures

1

A
wa@“mw—242vcx—x

since the equilibrium densities px all have infinite second moments. In particular, Hx[o,] = +o0 for p # A.

2

0u(@) do = o0

4 Analysis of the discrete time variational scheme for the critical mass
PKS system

From now on, we will assume that the mass is 8.

4.1 The Jordan-Kinderlehrer-Otto scheme for the critical mass PKS system

The Jordan-Kinderlehrer-Otto (JKO) scheme for constructing solutions to (3.7), as described in Section 3, would
be to fix a time step 7 > 0, and inductively define the sequence {p*}1en by setting po to be the initial density, and
then for k > 0,

Y
pF 1 € argmin {WZ(;T’p) + g[p}} : (4.1)

In other words, p**! is some minimizer of the functional p — W3(p, p*)/(27) + G[p]. Only existence of the
minimizer is an issue, and not uniqueness, although in many examples that have been investigated a strict convexity
argument furnishes the uniqueness. The key point is existence of a minimizer, since that provides a solution of the
Euler-Lagrange equation for the minimization problem in (4.1). Then, as shown in [21], the fact that each pF*!
satisfies this Euler-Lagrange equation means that, under certain conditions on G, if one defines p, by

pr(t,z) = p¥(x) for kr <t<(k+1)7, with p;(0,2) = po,

there is a sequence of values of 7 tending to zero along which p, tends to a solution of (3.7) in a suitable weak sense.
This scheme of constructing weak solutions of the PKS system for M < 87 was developed in [3]. However, for
M = 87 we can not proceed in a very direct manner. Our problem lies outside the scope of previous applications
of the JKO scheme, since at the critical mass M = 8x, (1.5) provides no upper bound on £[p], and hence, it is not
even clear that minimizers exist for the variational problem in (4.1) when G = Fpks and M = 8x. To circumvent
this difficulty, we introduce a regularized functional. In fact, for reasons that will become evident later on, we shall
even be forced to choose a different degree of regularization at each time step.

4.2 Regularization of Fpkg

Let v be a C™ probability density in R? which is radially symmetric, and supported in the unit disc. Then, for
all € > 0 define y.(x) = e 2y (x/¢). This is a radially symmetric, C> probability density supported in the discs of
radius e. Finally, we define the regularized Green’s function

Ge= Ye * G * Ve
where * denotes convolution, and G(x) = —1/(27) log |z|.

4.1 LEMMA (First properties of G.). Let G, be defined as above then:
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(i) For all x € R?, G.(z) < G(z). Moreover, if |z| > 2¢ then G.(z) = G(z).
(ii) There exists C > 0 such that for all x € R?, G (z) < Ce 2.
(iii) For all (z,y) € R*,
Ge(z —y) > —% [4+1og (e + |z|*) +1og (e + [y*)] -

Proof: (i) As v is radially symmetric, G is harmonic in R?\{(0,0)}, and subharmonic in R? so that, by the mean
value property the first item holds.
(ii) Since log_ |z| is locally integrable in R?, for any = € R?

1 C
G % elx) = /| Glr—)vl) dy< - [ log [ —ylve(y) dy< &
<e

since v is bounded. Thus, we get

(iii) From the elementary inequality |z — w| < |z| + |w] < 2max{|z|, |w|}, we obtain
log |z — w| < log2 + log |z| + log |w]| .

Therefore,

1
Gz —w) 2 —5-(2 + log|z| +log |w]) .

Integrating both sides against v.(z — z) 7.(y — w), and using Jensen’s inequality, we find

Gz —y) > — % {2 + log (/ |2 Ye(z — 2) dz) + log (/ |w| v (y — w) dw)]
> 5 |20 (el + [ e az) iog (1l + [ fulvutw) aw) |
> — 4i [4+1og (e + |z|*) +1og (e + [y[*)] .
at least for e small enough so that [o, [2]7(2) dz is small enough. |

One of the main uses that we will make of the regularization of the self interaction functional is that it provides a
regularized density for the chemical attractant: given a mass density p, we define the reqularized chemical attractant
density ce

ce(x) = Ge * p(x)

4.2 LEMMA (Uniform estimate regularized chemoattractant). For all € > 0 and all densities p with mass 8,
the reqularized chemical attractant density cc = G * p satisfies

4CHLS
”vceuoo >

||’Y||4/3

and

CHLS

lz[Veelloso < 8CuLs [Vllayallleivllays + 4+ <= ||7|\4/3 llpll - (4.2)

Here Chrs denotes the constant of the sharp Hardy—Littlewood—Sobolev (HLS) inequality [24] for the special
case p=q=4/3:

J[,  #@) e e dy < sl lyslallys (4.3)
R4 x R4 |z —yl
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Though the explicit value of Cyps is simple enough, see [24], our bounds and their proofs will perhaps be easier to
read if leave Cyrs unevaluated in them, as a marker of the use of the HLS inequality.

Proof: By the Young inequality, we have |Vce||oo = [|[VGe * plloo < 87T [|VGe|loo- And by the HLS inequality,

1 C’HLS Chis
VG¢|lso — v (w—y)dzdw < . .
IVGeloo 3= [ ele=2) gy el — ) dz o < S5 s = G2l

Using the triangle inequality |z| < |z — z| + |z — w| + |w — y| + |y| we have
|2[Veel < 2[(|2ye) * VG e * pl + [7e * pl + |ye VG 5 e * [ pl
Using the Young and HLS inequalities, see (4.3), we obtain

CHLS

[lz[Veell o 8CHLSH|x|’Ye||4/3H'75H4/3+4+ H'Ve||4/3 lzlelly

and the second part of the result is obtained by using [|vell,/; = g~1/2 143 |

Using the regularized Green’s function G., we introduce the regularized self-interaction functional We:

//1R2XR2 (z—y)ply)dedy .

4.3 LEMMA (Continuity of the regularized interaction energy). Let p; and ps be any two densities in R? of mass
87 bounded in L'(R? log(e + |z|?)). Then, for all 0 < e <1,

3 _
|We[p1] - We[p2]| < |:7T + 2Ce 2:| ||p1||L1(]R2,log(e+|a:|2) dz) ||Pl - p2||L1(R2,Iog(e+|z|2) dz) (44)

Moreover, let {p,}n>0 be a sequence of densities all bounded in L*(R?,log(e + |z|?)) uniformly in n. If {pn}tn>0
converges weakly in L'(R?) to p, then for each e > 0,

We(p] < liminf We[p,] .

n—oo

Proof: By definition of G:
Wilol =Walp 1) = [ VG psnef? (:)dz 2 0.
RQ
Using p := p1 — p2 we write
Wiloal = Wilpa] = Wil +2 [ p1 G o) do =2 [ [px G (45)
R R
Then combining Lemma 4.1 and (4.5), we obtain
Wilod = Wilpe) 22 [ pw)Gulo =@ dydo sz [ pw)Gulo— ) o) dydo
5>0 5<0
Z**// y) [4+1log (e + |z[*) +log (e + |y|*)] p(z) dy da
p>0
+2— // x) dy dz
<0
3
z - t25 P11l L1 (2 1og (et |2[2) dz) 121 L (B2 log (et |2[2) da) -

Now swapping the roles of p; and py, we obtain (4.4).
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By Lemma 4.1 {p, }n>0 bounded in L*(R?,log(e + |x|?) dz) uniformly in n implies that p, * G, is bounded in
L°°(R?) uniformly in n. Since {p;, }n>0 converges to p weakly in L*(R?), then p, * (xg Ge) — p* (xr Ge) point-wise
for given any cut-off function yz with support in B(0, R) and thus p * G, € L>(R?). Therefore, applying (4.5)
with p; =: p and ps := p,, we have

liminf (W, [pa] — Welp]) > lim 2 / o+ G (pn— p)dz =0,
n—oo n—oo R2
where we have used the weak convergence on the right hand side. |

We are now ready to introduce our regularized free energy functional.

4.4 DEFINITION (Regularized free energy functional). For all 0 < € < 1, define
. 1
Foxslol = [ o) ogp(e)do— 3 [ p@)Gula 1) plw) drdy.
R2 R2 X R?

on the set of densities p of mass 87 such that p € L*(R?,1log(e + |z|?) dx) and plog p is integrable.

Note that by Lemma 4.1 (ii) and (iii), p (G. * p) is integrable for p € L*(R?, log(e + |z|?) dz). Moreover, by
Lemma 4.1 (i)
Fekslol = Frrs[p] - (4.6)

In particular, by the sharp log HLS inequality, see Lemma 1.1

By Lemma 4.1 (iii), we have the upper bound independent of e:
Fpkslol < /R2 p(x)log p(x) dz + 327 + 2[|pll L1 (r2 Jog(e+[212) dz) - (4.8)

4.5 LEMMA (Error estimate for regularized free energy). For all p € LY N L3/?(R?) with mass 8, and all

e< (201,
Fixslp] — Feslp] < 4V5m|p]|3)5 | log(26)]

Proof: We use Hélder’s inequality and Young’s inequality for convolutions to get

pslol — Fexslo] < olli/s1Ge = Gz -

Hélder’s inequality gives Fpkglp] — Frrs(p) < V87 ||p||§g||G6 — G||2- By Lemma 4.1, the support of G, — G is in

B(0,2¢) and G, < G. We can thus directly compute

|G — G|z = / (Ge — G)(2)]? dz < 4/ |G(2)|* dz = 167 € (; — log 2e + (log 26)2) .
|1<2e

|z|<2e

Finally, simple computations show that when |log(2¢)| > 1/2, the term in parentheses on the right in no greater
than 5| log(2¢)|?. |

4.3 Existence and first properties of the JKO scheme minimizers

Let S denote the set of densities p of mass M such that Wa(p, 0x), £[p] and [5, |z|p(x) dz are all finite. By (4.7),
the functional

is bounded from below on §. The next lemma asserts that is has minimizers, and begins the task of their analysis.
We state this lemma for a single step since we shall be changing the value of € from step to step.
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4.6 THEOREM (Existence of minimizers). Let A >0, 0< 7 <1 and0<e<1. Forallpy €S

: W%(pa PO) €
arg iy {27 + ]:PKS[p]} (4.9)

is not empty, and each minimizer p belongs to S.

Proof: Let {p®)}ren be a minimizing sequence i.e. such that

2T

lim
k—o0

{Wi(p, Po)

€ F1) = inf
+ Fpkslp ]> n o7

pES

+ Foxslil}

By what we have noted just above, the infimum on the right hand side is finite. The following observation is the
starting point for obtaining all of the bounds we need: Considering the trial function p = pg itself, one sees that
Wwe may suppose
W% (p(k) ) pO)
2T
for all k. Consequently, for all k,

W3(po, po)

€ (R <
+ Fpkslp™] < or

+ Fpkslpol = Fokslpol

fﬁKs[P(k)] < Fpislpo] and Wg(ﬂ(k)vpo) <27 [‘7:1631{8 [po] — ffDKS[P(k)] . (4.10)

We first bound Wa(p(¥), 0\) uniformly in k. Since py € S, (4.8) ensures that Foys[po] < oo, and provides a
bound depending only on €[po], [ [#[po. Then (4.7) provides a universal lower bound on Fgyg[p*], and thus by
(4.10), there is a finite constant K; depending only on £[pg], [z |#]po such that for all k,

Fixslp®™] < K1 and W3(p*), pg) < K . (4.11)

In particular, by the triangle inequality, for all k, Wo(p™*), 05) < VK1 + Wa(po, 0x) < 0.

We next bound the first moments of p(*) uniformly in k. Let V¢ be the optimal transportation plan V#p*) =
0x as in the Brenier-McCann Theorem. Then since |z| < |z — Vi(z)| + |[Vi(z)| for all z, integrating against p(*)
and using the Cauchy-Schwarz inequality yields

/ 2] p) () d < BT Wa(p™), 03) + / 2] oa(x) dx < VBT [v/Er + Walpo, 0)] + / 2] a(z) dz
R2 R2 R2

The right hand side is finite and independent of k.
We next bound £[p¥)]. By part (ii) of Lemma 4.1, there is a constant C' such that

C (87)? C (87)2

C (87)?
5 < Fpksleol + 2 < Ki+ (&)

)
62

[ @108 % ) do < Foslp®] +
where we have used (4.11) once more. Again the right side is finite and independent of k.

The last two uniform bounds show that {p(*)};. is uniformly integrable. Hence, by the Dunford-Pettis theorem,
there exist a weakly in L! convergent sub-sequence whose limit we shall denote by p.

By a standard weak lower semicontinuity argument (see e.g. [1] for the weak lower semicontinuity of W2), p
satisfies each of the three bound that we have proved uniformly for {p(*)},, and thus p € S.

It remains to prove that the functional Ffyg is lower semi-continuous on L'(R?). For the entropy part, this is
standard. For the self interaction part, this follows from Lemma 4.3. It follows from this that the weak limit p is
a minimizer. |

4.7 PROPOSITION (Strict positivity of the minimizers). Let py satisfies the conditions of Theorem 4.6. Then
any minimizer p of (4.9) is uniformly bounded below on compact sets, i.e. for all R > 0, there exists s > 0 such
that

p(x) > s almost everywhere in Dg := {z:|z| < R}. (4.12)

Moreover, s does not depend on the chosen minimizer of Problem (4.9) in case of non-uniqueness.
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4.8 Remark (Idea of the proof). Let us try to quantify this simple statement: Entropy abhors a vacuum. The
functional derivative of E[p] is logp. On any set where p is very close to zero, log p is very negative, and we can
lower E[p] by transporting some mass from where p is relatively large to this spot where it is very small. This will
lower the entropy by a very large multiple of the transported mass. On the other hand, if we do not have to transport
the mass too far, the effects on W3(p, po) and We(p) will be relatively small.

Proof: For any s > 0, let
Agr(s):=={x € Dr:p(x) > s} and Cg:= / p(x) dz.
Ar(2/R?)

For any s > 0, let ar(s) := {z € Dr : p(x) < s}, and let |ag(s)| denote its Lebesgue measure. By Theorem 4.6,
|z|p(x) is integrable, and hence

p(x)dr = p(x) dzr — plx)dx > 87 — mp(fv) de >47,
o = o= [ I

as long as 4R > [o, |z]p(z) dz.

If |ag(s)| = 0 for some s > 0, there is nothing to prove: p is bounded below uniformly by s on Dg. Therefore,
suppose that |ag(s)| > 0 for all s > 0. Pick some small positive numbers § and s, and define a new density p by
transporting a mass § Cg |ag(s)| from Ar(2/R?) to ar(s), distributing it uniformly there, which raises the density
there by § Cg. In formulas, choose s < 2/R? to have ar(s) N Ar(2/R?) = ), and define a new density p by

(1 =dlar(s)l) p(z) =€ Ar(2/R?),
pla) =4 p(x) +0Cr z € ag(s),
(

p(x) otherwise .

In order to ensure positivity, we have to impose §|ag(s)] < 67 R? < 1/2. In this way, it is easy to check that p is
a density.
Note that ||p — p|l1 <26 |ar(s)|Cr, and since all the modifications take place on D,

15— pll L1 (82 log(e-+]o[2) do) < log(e + R?) 26 |ap(s)| Cr -

It now follows from the bounds on p derived Theorem 4.6 and from Lemma 4.3 that there is a constant K depending
only on R, €, E[po] and Hx[po] such that

Welp] < Welp] + 6 |ar(s)| K. (4.13)

Using Taylor’s expansion of x — xlog z, that log x is increasing and assuming s < § C'g, we obtain

/RQ [plogp — plog p] dx = /A o {1 = dlar(s)]) plog[(L = élar(s)]) p] — plogp} dx

+/ ()[(P+5CR)10g(,0+5CR)—plogp] dz
ar(s

< —dlagr(s)| plog[(1—9|ar(s)|) p] dz+ §|ar(s)| Crlog(26 Cg)
Ar(2/R?)
< dlar(s)|Cr |:— log (R12> + log(2d CR):| , (4.14)

where 0 |ag(s)| < 1/2 and x € Ar(2/R?) were used in the last estimate.
To estimate the difference W2(p, po) — W2(p, po), let II denote the optimal coupling of p and pg, and use it to
define a non-optimal coupling II of p and pg. To do this, let y be the measure supported on Ar(2/R?) with density
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p, and hence total mass Cg. Let v be the dz—uniform distribution on ag(s) with total mass Cg. Let Vi be the
optimal transportation plan with Vi#u = v, and define the map 7 : R? — R? by

T(a) = {vw(:c) € AR(2/R?) ,

T otherwise .

Then I, given by II = (1 — 8|ag(s) ) + 8|ag(s)|(T @ Id)#11 is a coupling of p and py, and hence

W2 (5, po) < //szuaz |z — y[? dI(z, y)
= (1= lan()) Wi(o.p0) + dlan(s)l [ 17(@) =3l dliGe.g).

Then, since |T'(z) — y|> < 2|T(z) — x|? + 2| — y|?, and |T(z) — 2| < 2R, since all of the transportation induced by
V1 takes place inside Dg, it follows that

W3(5,p0) < (1+dlar(s))) W3(p, po) + dlar(s)|(87)* 8R? .

By bounds on p derived in the proof of Theorem 4.6, there is a constant K depending only on &[po] and Ha[po]
such that W3(p, pg) < K7. Finally then, there is a constant depending only on R, 7, £[po] and H[po] such that

W2 (5. po) < W3(p, po) + dlar(s)| K - (4.15)

Combining (4.14), (4.13) and (4.15) yields

1
+d|ar(s)|Cr {log (R >+log(2dCR)+K’ ,

with a given constant K’. If |ag(s)| > 0 for all s > 0, then choosing ¢ small enough such that

1
—log <R2) +10g(26Cr) + K' <0

contradicts the optimality of p.

For instance, choosing sg = §/CRg, all the above procedure can be done. Hence for some p is bounded below
by sg on Dg. This proves (4.12). Let us point out the the only information used about p is that it is a minimizer
of the time-step variational problem (4.9). |

We now continue the analysis of the minimizers p begun in Theorem 4.6. We obtained p € S and the lower
bound (4.12) directly from the variational principle, but to proceed, we need the Euler-Lagrange equation for the
variational problem (4.9).

By the Brenier-McCann Theorem, there is a a lower semi-continuous convex function ¢ in R? such that Vo#p =
po, and Vi is uniquely determined on the support of p, which is all R? by (4.12) . The Euler-Lagrange equation
for (4.9) relates p, po and V:

4.9 LEMMA (Euler-Lagrange equation). Let pg satisfy the conditions of Theorem 4.6 and p be any minimizer
for the variational problem in (4.9), and let Vi be the unique gradient of a lower semi-continuous convex function
such that Vo#p = po. Then the distributional gradient of p satisfies
id -V
—~Vp+pVe. = Jp (4.16)

T

where c. = G *x p. In particular, since c. is differentiable everywhere, and ¢ is differentiable almost everywhere, p
1s differentiable almost everywhere.
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Proof: We proceed as in [21], and choose any smooth compactly supported vector-field £ : R? — R2. Then for any
s > 0, let Ty be the map from R? to R? defined by T, = id + s£. Since ¢ is smooth with compact support, for all
sufficiently small s, T is invertible. For all s > 0, we have

WaP0) 4 rpylp) <« WaEHE000) | it (@17
Exactly as shown in [21],
[ oottt s = [ pla)logple)do—s [ dive(o) plo) do + O(s2) (4.18)
RQ RQ RQ
and
WH(Tuttp. ) < Wp. o) +25 [ [o = Vpla)] - €(e)ole) da +O(s2) (4.19)

Next, by definition of the push-forward,

// Totto)(2) Gelz — )[Tuttpl(y) de dy = // p(2) Ge(Ts () — Tu(y)) ply) dz dy

2 xR2 2 xR2

B //sz]é(x) Ge(lz —y] + s [€(x) — ()] ply) de dy

=7 / /R wg(x) [£(z) — £(v)] - VGe(z — y) p(y) dz dy

[ o) Gl = ) pty) dody + O (4.20)
R2 xRR?
Now using (4.18), (4.20) and (4.19) in (4.17), we obtain

og—/ dive (z) dx—//w —&(y)] - VGe(a — y) ply) dy
+/RQW”.§<x>p<w>dx.

T

Arguing as in [21], since this holds for all smooth compactly supported &, it holds also for —¢, and so it holds with
equality. Therefore, for smooth and compactly supported &,

/]R2 div £(x) plz) dz + //R?xR2 —y) p(y) dy - £(z) p(z) dz = /R2 p(m)% E(z)de

This implies (4.16), and the rest is clear. |

4.10 LEMMA (Qualitative regularity estimates). Let pg satisfy the conditions of Theorem 4.6, and let p be any
minimizer for the variational problem in (4.9). Then \/p has a square integrable distributional gradient, and for
any 1 < p < oo, pf is integrable.

Proof: By the positivity of p, see Proposition 4.6, we can divide both sides of (4.16) by /p, to obtain

x—Vo

2V/p = (Vce— )ﬁ,

where Vi is such that Vo#p = pg. By the triangle inequality,

2([Vv/pl2 < (/R [Vee(2) | p(x) dx>1/2 + % (/R |z — Vo(z)[p(z) dx>1/2

< (/R [Vee(2)]? p(z) dx>1/2 + %Wz(ﬂa Po) - (4.21)
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By Lemma 4.2, | Ve ||« is uniformly bounded, and so is the first term of (4.21). This proves that /p has a square
integrable distributional gradient. The integrability of pf is then a consequence of the following classical version of
the GNS inequality valid for functions on R? with p € [2,00)

p/2—1
[v|P dz < D, {/ |Vol|? dx} / lv|? dz
R2 R2 R2

applied to v = /p. |

4.11 Remark. Although the bounds in Lemma 4.10 are not quantitative, and would certainly be € dependent if we
were to extract quantitative bounds, we shall use them only to justify certain integrations by parts, and otherwise
show that subtraction of infinities does not invalidate computations that follow. Thus, these qualitative estimates
are all we require concerning V\/p and p. However, they are absolutely crucial for their purpose, and their necessity
is the main reason we have had to introduce the reqularized Green’s function G, and along with it, the regqularized
chemical attractant. Without the reqularization, we would only know that 2V\/p — Vec/p was square integrable —
but the possible cancellation effects would not allow us to conclude that V/p was square integrable.

4.4 A discrete form of the entropy-entropy dissipation inequality

Our main goal in this subsection is to prove a discrete version of the entropy-entropy dissipation inequality (1.15).
The key idea is to use the k) displacement convexity of H, and the “above the tangent” inequality for convex
functions as follows: For given initial density pg, let p be any minimizer for the variational problem in (4.9). Let
ug, 0 <t <1 denote the displacement interpolation between p and pg starting at p and ending at pg. Then vy = p
and u; = pg. Since H) is displacement convex, the “above the tangent” inequality for convex functions says that

+ rx W3 (p, po) < Halpo) -

d
Hxlp] + FTUR (1] .

A formal computation of the second term on the left would give, for e = 0,

E'H)\[ut]

g =Dlp] .

t=0

Indeed, assuming Lemma 3.3 holds for § = € = 0 applied to ug = p and u; = pg, we get

Vp

Mol < Halool — 5 [ [ n p/} (Vola) — 2) pdz — ky Wi, p0)

R2

Using (4.16), i.e. (Vo(z) —x)p =7 (Vp — pVe) and expanding, we can rewrite this as

Ha[p] <HA| }—z / |V'0|2d:r—/ mdx—ﬁ / z-Ve dx+f{/x~v dz
APl = Ax(pPo 2 | Joe P72 N A o p A - p

— kx W3 (p, po)

=Hlpol — g [(D) + (IT) + (II1) + (IV)] = 5x W3(p, po) -

Using —Ac = p we have
(In) = —2/ Ve -Vypde = —2/ p*? dx .
R2 R2
Using the symmetrization argument we obtain
1

1) = ky— dx =16 .

(1IT) oy - pdax TR
And by integration by parts (IV) = —167k,, resulting into Hx[p] < Hx[po] — 7Dp] — kx W3(p, po).

However, to do the calculation in a rigorous manner we must take into account that ¢ > 0, and we must use the

regularized entropy functional Hy ;. Before proceding with this, we point out that no such estimate can be given
for Fpks since this functional is not displacement convex.
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4.12 LEMMA (Convexity estimates at the regularized level). Let po satisfy the conditions of Theorem 4.6, and
let p be any minimizer for the variational problem in (4.9), then

Vp|? .
Has[p] <Hxslpo] — Z/ |7,0|3/2 + 7'/ P>/ dz + 16w Vor +167V6(J, + 1+ Co)r
2 Jr2 (p+5) R2

167 J.
— 16mrAT + 2C || 12f% — kal (1 + |2 T+ ’YT—|-2T/ V- z fi(lz)?)]p(z) do
7 20| Rf; = mal (L al)pllr + = 42 [ VLo fi(laf)lo(a)
7K§<p07p)7
and
T |Vﬁ|2 3/2 A
HA,z;[p]gHA,(;[po]—f/ 73/24-7'/ P>/ dz + 16w Vo1 +167V6(J, + 1+ Co)r
2 R2 (p+5) R2

32n C
= 16mat + 2Cc || 2 = #al (L+ [apllar + =522 Velllal vlays ol

+or /R VLo P p(a) dr — Koo, p)

where Ks is defined in Proposition 3.2 and the constants J,, C’e, and C. are explicit constants.

Proof: This is an elaborate calculation in which a number of integrations by parts operations must be carefully
examined for boundary behavior. It is relegated to the Appendix. |

As a consequence of this lemma, letting § go to 0, we obtain the following result concerning the dissipation of
‘H in one discrete time step.

4.13 COROLLARY (Convexity estimates). Let py satisfy the conditions of Theorem 4.6. If p is any minimizer
for the variational problem in (4.9) then

Halp] < Halpo] = 7 Dlp] + 7 Ally|lays — raW3(p, po) (4.22)

and
Halp) < Halpol — 7 Dlp] + 7Ve Allpllass — saW3(p, po) - (4.23)

where A := 32m(20)~'/2Crrg || || Ylay3-
Proof: Let us first observe that

|Vl nitePlote) do = [ 2130 + 2 2] o) do

Let us recall from the proof of Proposition 3.2 that 2f5(s) /" kx and f§'(s) — 0 as ¢ — 0 for all s > 0. Moreover, we
have that sf§'(s) is a bounded function uniformly in ¢ from (3.19). These properties together with the dominated
convergence theorem leads easily to

1265 = mal (U fabpl 0 and [ 9o fiafl) dz — S

as 6 — 0, since (1 + |z|)p € L'(R?). By monotone convergence theorem, we obtain

S B\ 2 / Vol
60 Jgz (p +9)3/2 r2 P2

Putting together all these facts and Proposition 3.2, we can pass to the limit as § — 0 in Lemma 4.12 to get
the desired estimates (4.23) and (4.22). |
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4.5 One-step estimates

Neither of the one step dissipation estimates that we have so far, namely (4.23) and (4.22), are exactly what we
need. The problem is the term 7A[|v|[4/3 in the first of these, and the term 7A||p|[4/3 in the second of these.
These terms might be large compared to the other terms so that these estimates might even give only “negative
dissipation”.

In the first main result of this subsection, we use one and then the other of these inequalities in combination
with the controlled concentration inequality of Theorem 1.9 to produce the kind of dissipation estimate that we
really want. In the second main result, we show that LP norms of the densities are essentially propagated along
each step of the discrete variational scheme. Again, Theorem 1.9 play a crucial role in both proofs.

4.14 THEOREM (One-step theorem). Let py satisfy the conditions of Theorem 4.6, and let p be any minimizer
for the variational problem in (4.9). Moreover, let pg satisfy the bound

Halpo] < Cx (4.24)
with Cy defined Theorem 1.11 and Lemma 1.8. Define Qo > 0, 75 > 0 by

* . QO }
=\~ H and 7 :=mind —*° 1\ 4.25
Q= Cu= ] and 75 o= min{ gl 429

where A is the constant given in Corollary 4.13. Finally, given Qo and 0 < 7 < 75, and also any positive integer
L, let €p be given by

T3 feg [8 /3 A’yfz/?’ (mCx + TSCCCD)z/B} = %722_6 . (4.26)
Then for all T < 75 and all € = €;, p satisfies
Halp] < O
and Q
Halo) = Halpol < = Dlp] + 27°27 — A W3 (00, p) - (4.27)
Proof: By (4.22) our choice of 7 and of () in (4.25) imply that
Qo Qo
Halp] < Halpo] — 7Dlp] + 5 =0~ Qo- Dlp] + -5 SOi— D[p] - (4.28)

On one hand, the GNS inequality, see Lemma (1.2), implies D[p] > 0 so that (4.28) implies that p also satisfies (4.24).
On the other hand, since H,[p] cannot be negative it implies

Dl < 2 (4.29)

T

We can thus apply the concentration controlled inequality, Theorem 1.9 which implies, using (4.29)

J.

By the GNS inequality of Lemma 1.2, we have

/ p3/2dx§8/
R2 R2

Next, by Hoélder’s inequality,

2/3 )\ 2/3
/ p'/3 da :/ p3pdx < (87)Y/? (/ p*? da:) < (8m)Y/3 (3> .
R2 R2 R2 T

Now using this bound in (4.23), we obtain

2 1 11

2 138 C
Vp1/4’ dz < —— [7Cy\ + 7§ Ccep) = = (4.30)
™ T

Halp) = Halpo] < —7Dlp] +71/3V/e |A(87)*C3°] — kAW (o, p).

We thus obtain the stated result by choosing ¢ = ¢, for any positive integer £. |
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4.15 LEMMA (Propagation of the LP-norm). Let pg satisfy the conditions of Theorem 4.6 together with the
condition (4.24). Assume additionally that py € LP(R?), 2 < p < oo, and let p be any minimizer for the variational
problem in (4.9), then there exist Ko > 0 such that for all K > K

/(p—K)ide/ (po — K) de+ 1A + 7ADp] ,
R? R?

where Ay and As are universal positive constants depending on K. Moreover, Kg only depends on / pllog p| dz.
R2

Proof: The displacement convexity of the functional
pr= | (p—K)idx
RQ

with 2 < p < 00 and K > 0, is easy to check using the McCann’s criterion [27], see Section 3. The Euler-Lagrange
equation of the variational scheme (x — V) p = —7Vp+7pVe, together with the standard first-order displacement
convexity characterization [36, 1] imply

/RQ(p—K)g_dx—/ (pO—K)ﬁ_dﬂcg—p/RZV[(p—K)ﬁ__l} (Vo —z)pde

<~ =1 [ 19— K0 (o= K); s

+(p—1)T/R2V[(p— K)" ]chdx—i-pTK [(p Kb~ 1}Vc€da:
§—4(pp_1)T/RZV[(p—K)ﬁ_/2” dz + (p T/]R2 (—Ac) dx

+prK 5 (p— KN (=Ac) de = 7(I + I + I3) . (4.31)

The last two integration by parts have to be justified for any given e working as in the proof of Lemma 4.12 in the
Appendix. Integrating by parts on the ball of radius R, we obtain for any k € {p,p — 1}

/ V[(p— K)k] Ve diE:/ (p—K)’jr(—Acs)der/ (p—K):Ve, -ndo
lz|<R lz|<R

lz|=R

</ o= B Be) dr Ve [ e

|z|=R

As above, it is enough to show by dominated convergence theorem that there exists a sequence of radii {R;} en
such that the boundary terms tend to zero as j — co. Due to Lemma 4.10 with p > 2, for any given natural N > 1,
we can write that

0 N
Z / / pF do dr = / pFdr < oo, implying that hm / / pPdodr=0,
N=1YN-1J|z|=r R2 N-1J|z|=r

for k € {p,p — 1}, and the two integration by parts for any given e are justified.
We now estimate I and I3, showing in particular that they are finite. Starting with Is, using —Ac. = p. where
Pe ‘= e * P * Ve, S0 that by Hélder’s inequality and Young’s inequality for convolutions, obtain

[ o=yt de= [ (o= K)peds < 0= K0l < 10— K)lfualoln (432
Likewise for I3, we use the fact that on the support of (p — K), K < p. Therefore

K[ (0= K7 8c)do=K [ (o= K} pede < [ (o= KV pupda
R2 R2 R2
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Therefore, by Holder’s inequality and Young’s inequality for convolutions,

K . (p— K (=Ac) dz < [[(p = K) 4[5 5allol74 - (4.33)

Applying the arithmetic-geometric mean inequality to the right side of (4.32), we have that for any v > 0,

1
_ +1 !
v (p+1)/p||(p _ K)+HZ+1 + = 1Vp+1||/)||£il )

p
o= )+l ol < 25

Making a similar estimate for the right hand side of (4.33), and combining results, we have that

L+ I3 < Fiw)|(p— K)4 211 + Fa(v)|pl2E) (4.34)

where F}(v) is a positive linear combination of negative powers of v, and Fy(v) is a positive linear combination of
positive powers of v.
By Lemma 4.10, p? is integrable for any 1 < p < oo, and so the right side of (4.34) is finite. Then by (4.31),

J.

V[(p—K)ﬁ_/Q”Q dz < oo.

From here we show that

16K (2p—1)/2
+ -

2 2

/ Vpp/Q‘ dz < / \Y [(p - K)ﬂ/Q] ’ dz [7D[p] + Ccep] - (4.35)

R2 R? M
Indeed,
2 2 2
/ vpf’/?‘ dx:/ v[(p—K)?f” dx—/ ’vpf’/?‘ da
R2 R? {p<K}

and

2p—1)/2
/ ‘Vp”/zr dz < 16K(2p_1)/2/ o 16K P2
{p<K} o R2 = "

where we applied again the concentration controlled inequality, Theorem 1.9 using the hypothesis (4.24).

2
Vp1/4‘ dx

[mD[p] + Cccpl ,

Following an idea of Jager and Luckhaus [20], we use the GNS inequality

/ vt dr < D, (/ |VuP/2 )2 dx) </ de) , (4.36)
R? R? R2

which is a consequence of the Sobolev embedding inequality ||ul|z2®2) < C||Vul|L1(r2) applied to u = v®P*T1/2 and
Cauchy-Schwartz inequality since Vu = p%vl/Qva/z. Applying (4.36) to v = (p — K) 4, we get

=m0t a <o) |

R2

V[(p—K)i/2H2 dr  where M(K) :_/RQ(p—K)era:.

Then (4.34) becomes

2 2
I + I < Fy ()M (K) / v [(p - K)ﬁ”” da + Fy(v) 87r/ vpp/2‘ da.
R2 R2
We finally work with I to estimate it using (4.35) as
2 2 16K (2p—1)/2
P < / v [(o- 87 dw- / V2| de + ==——— [rDlp] + Cccn] -
2(p—1) R2 R? 7

Now choose vy > 0 small enough such that 87 Fy (1) < 2(p — 1)/p, and then Ky < oo large enough such that
M(K)Fy(v) < 2(p—1)/p. This choice of Ky only depends on vy and the bound on [5, p|log p| dz since

1 1
M(K :/ p—K dxg/ pdxgi/ plogpder < —— plog™ pdx .
) Rz( -+ p>K log K J,> log K' /g2
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We find

32K Cr=1/2(p -1
[o-wrar— [ (u-Kpar < ® =1 (i) + Cocn]
i

R2 pn
for all K > Ky. The desired result follows with
32K(2p—1)/2(p —1) 32K(2p—1)/2(p ~1)

A1 == CCCD and 92 = .
n pn

5 Proof of the main results

5.1 Approximate solutions

We now combine the single step operations described in the previous section to inductively define infinite sequences
{pkY1.en giving a discrete-time approximation to the PKS evolution. For the rest of this section, fix any A > 0, and
any density po in R? with total mass 87 such that pglog po and such that

VA
alp] < 12831 A
It then follows from Lemma 1.10 that |x|pg is integrable, and from Lemma 3.4 that Wa(pg, 0x) < oo. Thus, pg
satisfies the conditions of Theorem 4.6 on the existence of minimizers for our single step variational problem.
Then, since (5.1) is satisfied, we may choose 0 < 71 < 1 so that Hy[p] < C), the constant in the condition
for applicability of Theorem 1.9, the concentration control theorem for D[p]. Thus, pg satisfies the conditions of

(5.1)

Theorem 4.14, which provides us our single step estimates.
Fixing an arbitrarily small parameter 7 > 0, we now inductively define the sequence of densities {p*}rcn with

p% := po by solving the sequence of variational problems

k—1

[ WE(p, i) |
ot € argmin { P2LL) 4 (52)

for a sequence of regularization parameters {ex }ren to be specified now. By Thereom 4.6, the sequence {p¥} e is
well defined no matter how we choose 0 < 7 < 1 and {e }ren. However, we must make these choices carefully to
ensure

Qr :=C\ — Halp"] >0 for each k. (5.3)

5.1 LEMMA (Good step sizes). Let {p*}ren be the sequence of minimizers defined inductively using (5.2) starting
from pr = po. With Qi defined as in (5.3), let A be the constant given in Corollary 4.13, and let A be defined by

1 05).

and note that 1 > A > 0. Choose any T > 0 satisfying

. AQo }
T<min{ ————— 15 :=7", 5.4
\AT >4
and define e by
/3. fen {8 7l/3 A’yl_z/:)’ (mrCy + C’CCD)Z/S} = %7’224C . (5.5)

Then for all k, Qr > AQo > 0, and in particular, Hx[p*] < Cx. Note that for some constant Z, €}, = Z 103 4k,
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Proof: We shall show by induction that each for each positive integer j

Q; > nf_[l (1 - m) Qo (5.6)

which is somewhat more than we need since the right hand side is larger than AQy.

We now make the inductive hypothesis that for some positive integer k, (5.6) is true for all positive integers

k—1

§ < k. Since A < 1, we may apply Theorem 4.14 with p¥~! in place of pgy, and p¥ in place of p and with 7 and ¢,

specified as above. Then the conclusion (4.27) can be simplified and rewritten as

HAalpk] < HalpE ] + 72%2"“ (5.7)
Since 7 < 1, this means that
27}6
Qr > Q-1 (1 - 4> ~
By the inductive hypothesis, we obtain (5.6) for j = k. The proof that (5.6) is valid for j = 1 is a direct application
of Theorem 4.14, in the same way, since A < 1. |

5.2 The passage to continuous time

Throughout the rest of this section, we assume that 0 < 7 < 7*, where 7 is defined in (5.4), and that €}, is defined
by (5.5), and then that {p*}ren is a corresponding sequence of minimizers of (5.2).

We now interpolate between the terms of the sequence {p¥}xen to produce a function from [0, 00) to L'(R?)
that we shall show to be, for sufficiently small 7, an approximate solution of the PKS system. For technical reasons,
we shall need two distinct, but closely related, interpolations.

e The Lipschitz interpolation: For each positive integer k, let V* be the optimal transportation plan with
Vr#pk = pk=1. Then for (k — 1)7 < t < k7 we define

(k-1 _
p-(t) = <t <kT 1 + kTT tVs0k> #ok .

e The piecewise constant interpolation: For each t and each positive integer k with (k—1)7 <t < k7T we define

p~7’( ) = pﬁ ! With ﬁT(O) = po-

For displacement convex functionals of p, such as Hx[p], £[p], or the absolute first moment, any uniform bounds
on the functional along the sequence {p¥}ien extend to p(t) for all ¢, since if G is such a functional, then for
(k=17 <t<kr,

t—(k—1)7
—

kT —t

Glp- ()] < Gl + fg[p’;] :

Of course it is evident that for any sort of functional G[p], displacement convex or not, a uniform bound on G[p]
along the sequence {p¥}1cn extends to j(t) for all t. Some of the functionals with which we work, such as Dl[p],
are not displacement convex, and this is the reason we need the second interpolation.

The uniform equicontinuity properties that we prove next explain the utility of the first interpolation, and also
why we can use the two different interpolations at once. Since p is a minimizer for (5.2), using p*¥~! as trial

function yields
€ 1 €
Fricslor] + EWS([)’;’ v < Feksloi
and hence,

Wg(ﬂ’fv Pr )< 27 [fPKS[ ] Fpislp ]] . (5.8)

In standard applications of the JKO scheme, in which the functional in the variational problem does not change
from step to step, one would sum both sides in (5.8) over a range of values of k, and then the sum of the terms
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on the right would telescope. This is not so in our case. However, for small €, F5rg =~ Fpks and we recover the
telescoping sum in a useful approximate sense. The precise version of Fig ~ Fpks follows from (4.6), Lemma 4.5,
and (5.5), which says that e, = Z710/347F to get

€k

. 10
PiesloE 71 = Foks[pf 1) <16VErZ || ph |3 71247 (Ilog(2Z)|+310g(T)|+k10g4>

> —1113/2 _
<Z|pE )y e (5.9)

for 7 < 7 := min(7*, (2Z+/e) ~3/1) according to Lemma 4.5 and since 7|log 7| and k2% are bounded for 7 < 1
and k positive integer. We thus deduce

W3 (pl, pi™") <27 [Foks[pf '] — Feksof]] + 220k~ 1||§/2 ik,

Using (4.30) as in the proof of Theorem 4.14 where the concentration control inequality (1.9) is crucial, we deduce
that Hp’j_lﬂgg < C3/7 to conclude that
W3 (pk, pi ") < 27 [Foks[of '] = Feks(pf]] +22Csr27". (5.10)

We are almost in a position to obtain a crucial a-priori Holder continuity estimate, but there is still one more
consequence of our step dependent regularization to deal with: If for each £ we had been using the functional
Frks instead of the functional Fgiq, it would be immediate that k +— Fprs|p¥] would be decreasing. Since by the
Log-HLS inequality, Fpks is bounded below, this would give an immediate upper bound on the sum of the right
hand side of (5.10) over any range of k.

However, we have used our freedom to choose the sequence {€x }ren of regularization parameters to converge to
zero as rapidly as we may require, and hence easily obtain:

5.2 LEMMA (The free energy Fpks is almost decreasing along {p*}ren). There are positive constants Fo, Fi
depending only on the initial data and the reqularization mollifier vy such that for each 7 < 7* and each k € N,

fPKS(Pf—) < .7?0 + .7‘:1T2.

Proof: Directly from the variational problem (5.2) we have Fgkg[pF] < Fh[pf™1]. Then, as above from (4.6),
(5.9), and (4.30) we get
Felsloh ] < Fogs [0F 1]+ ZCsr?270 (5.11)

A telescoping sum argument yields Fks[p¥] < Fhslpo] + ZCs72, and then one more application of (4.6) gives
Frks(ph) < Fkslpol + ZCs7* < E[po] + 32 + 2| poll 11 (22 10g(e+|2[2) da) + ZC37% 1= Fo + F17°,

where (4.8) was used. |

We are now ready to prove the Holder continuity estimate.

5.3 LEMMA (Holder continuity). There is a positive constant Fo depending only on the initial data and the
reqularization mollifier v such that for each T < 7 and each k € N, such that for allt > s > 0,

Wa(p:(t), pr(5)) < Fo (t — )% .

Proof: Let j be such that (j — 1)7 < s < j7 and let ¢ be such that {7 <¢ < (¢4 1)7. By the geodesic property of
McCann’s displacement interpolation,

. jf;—fs . . t— A1
Wa(pr(s),pl) = Wa(pl ' pl)  and  Wa(p,(t), pf) = Wa(py, prt) .




BCC September 3, 2010 40

By Lemma 5.2 and the Log-HLS inequality (4.7), Fpxs[pt] — Frs[pi~t] < Fo + Fi7% — (log8 — 1), and thus, by
plugging into (5.10), we get
W3(pk, pE=1) <27 [Fo + Fir? — (log8 — 1)] +2ZCs7%27% < 7 [Qﬁo +2F; —2(log8 — 1) + 2203] = Fir (5.12)

since 7 < 1 and k € N. Therefore, we deduce

- iT— 5 = t— 01
Wa(pr(s),p) < 7 — /T and Wa(pr (1), p7) <

Fav7.
Adding these two estimates and using the concavity of square root,
Wa(pr(s), ph) + Walpr(t), o) < For/(t —5) — (£ = )T . (5.13)

Next, by the triangle inequality, the Cauchy-Schwartz inequality, and (5.10) and proceeding as in (5.12), we finally
conclude

1/2
J4 14 /

Wa(ph,pit) < ZW2(PﬁaP§_1) < (L—4)"? Z (27 [Ferslpi '] = Fexs[oh]] + 2203732_k)
k=j k=j

<[ - 712 (2 [Fowslpt™] - Foxslot]] +220372) < Fal(e - et/

Adding this to the estimate in (5.13), and using the subadditivity of the square root concludes the proof. |

5.3 Compactness

In this subsection, we will show the compactness of the sequence of interpolating curves. We cannot proceed
as usually done, for instance in [1], since we want to show that the limiting curves are not only measures but
rather densities for each time and also since our densities have infinite second moment. The next lemma shows a
compactness property of the sets {p,(t) : 0 <7 < 7*} for each fixed t.

5.4 LEMMA (Uniform integrability at fixed t). There is a finite and computable constant F3 depending only on
po and for any fired 1 < p < 2 so that for all T < T*

Elp-(t)] = / pr(t,2)1og p,(t,z) do < Fj and / |z|Ppr(t, ) dz < Fa(1+tP/?).
R2 R2

Proof: By the uniform control of Hy in (5.3), Lemma 5.2, and by the first concentration control Theorem 1.11 we
conclude that

Y2 / pﬁ IOgJr pff_ dz < ﬁo + ﬁ17’2 + Ccer (5.14)
R2

where 0 < 2 < 1, uniformly in k.
Next, using the triangle inequality for W), defined in (3.4) and (3.5), we deduce

Wl (0):00) = [ lal7pr(t.) da < 27 (Whlon.d0) + Whlp (). 02)) =2 [ IuPe(u) dy+2 W(or(0).03)

Then by (3.6), the last term on the right is bounded by WE(p.(¢), 0x). Since Wa(po, 0x) is finite, and since by the
previous lemma, Wa(p,(t), po) < Fav/t, the proof of the moment bound is completed by simple computations.
Finally, using the bound of the absolute first moment together with (5.14) and Lemma 2.4, we conclude that
E[p"] is bounded uniformly in k. Then, by the displacement convexity of £, this bound extends to p,(t) for all
t > 0, as explained at the beginning of this subsection. |

It follows immediately from (3.6) that Lemma 5.3 remains true if Wy there is replaced by any of the weaker
metrics W,, 1 < p < 2. The following characterization of the convergence in W, metrics in [36, Chapter 9]:
convergence of the absolute p-moment plus the weak-* convergence as measures of a sequence of densities {p, }nen
towards p is equivalent to W), convergence; implies the following compactness result.
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5.5 LEMMA (Compactness for the W, metric). For any M > 0, let K be a subset of the set of densities p of
mass M that is uniformly integrable, and such that {|z[Pp(x) : p € K} is also uniformly integrable. Suppose also
that K is closed in the L'-weak topology. Then K is compact in the W, metric.

Proof: Let {p, }nen be any sequence in K. Since K is uniformly integrable and weakly closed in L, the Dunford-
Pettis Theorem provides us with a p € K and a subsequence {p,, }ren such that limy_,o pn, = p weakly in Lt
and thus, weakly-* as measures. It is trivial to check that weak-L' convergence plus the uniform integrability of
{|z|Pp(z) : p € K} implies that

lim |z|Ppp, (z) dz = /

|z[Pp(x) da.
k—oo JR2 R2

The characterization of W), convergence mentioned above then implies limy_.oc Wp(pn,,p) = 0. |

5.6 THEOREM (Convergence as 7 — 0). Given T > 0 and any 1 < p < 2, define (M3, W,) to be the metric
space in which M% is the set of densities on R? satisfying E[p] < Fz and

/ 2"+ p(x) da < Fy(1 4+ TEH/2),
R2

with p < p+ 6 < 2. Then there is a function p on [0,00) with values in the set of densities of mass 8w such that
for all T > 0, the restriction of p to [0,T)] is continuous in (M$, W,), and there is a sequence {T"},en such that
for all T >0,

| W (0, p(0)| =t [ guss W, (e (01,000 =0 (5.15)

Moreover the sequence {T™},en can be chosen independently of p, i.e., such that the convergence property (5.15)
holds for all 1 < p < 2. Furthermore, as a consequence for allt > s >0 and all 1 < p < 2:

W, (p(t), p(s)) < Fo (t —5)"/* . (5.16)

Proof: For each T > 0, (./\/l‘sT,Wp) is a compact metric space as a consequence of Lemma 5.5. By Lemma 5.4,
for each t < T, and each 0 < T < 7, the restriction of p, to [0,7] takes values in (M3, W,). Next, by (3.6) and
Lemmas 5.3, the set of these functions for 0 < 7 < 7, is uniformly equicontinous into (Mi}, W,,). Thus by the the
Arzela-Ascoli Theorem, we can select a uniformly convergent sequence.

Now a simple diagonal sequence argument concludes the construction of p and proof of (5.15). Apply the above
for T' =1 to get the initial sequence. Now take T"= 2 and choose a subsequence of the first sequence, and so forth.
For the piecewise-interpolation sequence, note that Wa(p-(t), p-(t)) <C+/T by standard properties of displacement
interpolation and (5.12) in Lemma 5.3.

Another simple diagonal sequence argument shows that the sequence can be made independent of p. Take a
sequence of increasing exponents {p, }nen /" 2 and {6, bnen \, 0 with 1 < p,, < p, + 9, < 2 and apply the diagonal
sequence argument to the constructed sequences for each p,. Also, take into account that the sequence of distances
W, (prn(t), p(t)) is increasing in p.

The last part of the claim (5.16) follows directly from (5.15) and Lemma 5.3 for all 1 < p < 2. Since the
constant F» obtained in Lemma 5.3 does not depend on 1 < p < 2, then we conclude (5.16) for p = 2. |

5.4 [L? regularity
Our goal in this section is to prove:
5.7 THEOREM (LP-regularity). For each finite a > 0 and p > 1, there is a finite and computable constant C,

depending only on a, p and py such that whenever T < a,

/ PP (t,x) dz < C, forallt > a.
RQ
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Proof: From (4.27), we deduce that for each m, Hy[p™] + D[p™] < Ha[p™ '] + %2”"72, proceeding in the
same way that we did in deducing (5.7), except this time we do not discard the dissipation term. Let n > k be

positive integers. Since @, < C) for all m, summing from m = n — k to n yields

n

C
Halpl+ D D] < Halpr Tt (5.17)

m=n—k

Then since 0 < Hy[p*] < C) for all k, using 7 < 1 and dividing by k7, we may simplify this to

- e 20
> Dl< > (5.18)

el

m=n—k

We now choose k to be the greatest integer less than or equal to a/7, and of course suppose that n > k. Since
kr <a< (k+1)7,and k > 1, a/2 < k7, and then the fact that averages dominate minima yields the conclusion

that for some positive integer m with 7 < a,
< 4C)

Dlpr] < —

Then since HA[p)'] < C we have from Theorem 1.9 that

4nC C
19 e < 2 Ceco
R2 a2 M

Recall the GNS inequality
1£114 < BalIVAIS* I £

valid for locally integrable functions f on R? and q > 4. Applying this with ¢ = 4p and f = (pf‘)l/ 4. we obtain
_ 1/4
4w C)y CCCD>2(p 2
™2 < |B + sr| . 5.19
ol < | B (T2 + (5.19)

Thus we have an a-priori bound on [|pT*||} for some m with n —k < m < n. We now apply Lemma 4.15, in which
the constant A; and A, in (5.20) are defined, to conclude that

/ (P — K)E da < / (P — K)E da+ ArkT + Ay Z D[p?] . (5.20)
R2 R2 j=m

We bound the first term on the right in (5.20) using (5.19), the second using the fact that k7 < a, and the third
using (5.18). The result,

1/4
+ Aja+ 2450

AnC C 2(p—1)
o (10, e

P — K)E de <
/]Rz(p S+ aye Y

uniformly for all n such that nT > a. Note that the bound depends only on a, p. Since ||p?||, < [|(p2 — K)4l, +
K®=1/P(87)1/P we have the same type of bound on ||p?|,, uniformly for all n such that nT > a. By the
displacement convexity of
o [ (@) de
R2

for p > 1, this bound immediately extends to p,(t) for all t > a. |
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5.5 Verification that p = lim,_, p, is a solution of the PKS system

Let 7™, p;» and p be given as in Theorem 5.6. Our goal in this subsection is to prove that p is a weak solution on
the PKS system as given in item (1.5.2) of the Definition 1.5.

5.8 LEMMA (p is a weak solution of the PKS system). Let 7", p,» and p be given as in Theorem 5.6. Then for
all smooth and compactly supported test functions n and all to > t1 > 0,

Rd{(az) [p(t2,x) — p(t1,x)] do=— — //R?xR?S x) p(s,y) (= y) - (Ve(@) = Vey)) dy dz

|z —yl?

+/tl IRdAQ() p(s,z) dz ds,

In order to prove Lemma 5.8, we first prove an analog for the functions p.:

5.9 LEMMA (Approximate weak solutions of the PKS system). For 0 < 7 < 1, define e(t,7) = € fort €
((k — )1, k7], and all integers k > 1. Then for all smooth and compactly supported test functions n and all
to >t >0,

(@) lorttar) = pettralde =5 [ [ (5.2 00(5.0) V6o = 1) - (9€(a) = F10) dy e

xR?2
ta
// z) pr(s,z) dz ds + O(r1/?).

Proof: By Lemma 4.9 for any ¢ smooth and compactly supported V(, we have

[ oY v a0 (5.21)

T

— [ ac@ i@ de s [[ P ) VG - 9) - Ve dy da
R2 R2xR2

Using the Taylor’s expansion ((z) — ¢ [V (z)] = [z — Ve*(z)] - V((z) + O Um — Vapk(ac)ﬂ , we can recast 7 times
the left-hand side of the Euler-Lagrange equation (5.21) as

@) da- [ (V@] @) 40 / o = V@) 410 e
R R4
= [ @@ o= [ oo phla) do+ O[WS (ok )]
We multiply (5.26) by 7 and eventually obtain
[ €@ 57 @) = pha)] do+ 0 [W5 (5. 1)
=7 [ A(@)pfH(z) dz+ 7 // P () pE L (y) VG, (2 — y) - V¢(2) dy da . (5.22)
R2 R2 xR2

Let 0 < t; < tg be fixed times, m = [t1/7] + 1 and n = [t2/7]. By summing equation (5.22) and symmetrizing the
convolution term,

REICERrA Z // £ (2) o5 () VG, (0 — ) - (V) = V() dy

J”Z/ A¢(z) pit (@) dz + O(7) (5.23)

k=m
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Now add and subtract to conclude

pr(ta,@) = pr(tr,2) = [pr (b, ®) — p ()] + o2 (@) — P2 ()] + [0 (&) = pr (11, 2)] . (5.24)

By the Kantorovich-Rubinstein duality Theorem, for any bound Lipschiz function ¢ with ||¢||Lip, = L,

Mf@)d“‘/w“@d”

Using (5.25), we control the integrals against the third term on the right in (5.24):

< L Wy(p,v). (5.25)

/ C(@) |pI" (@) = pr(tr, 2)| da < CWa(pll', pr(tr, @) < CWalpl', p ™) < O(r/?)
Rd

and likewise with the first. In the same manner, we obtain that for all k in [m,n — 1]

k+1 B (k4+1)7 3/2
Y(x)p7" () do = - ¢($)PT(S,$) ds +O0(7%7)

Rd

where 1) denotes any Lipschitz test function. This observation applies to the first term in (5.23) with ¢(z) = A((z)
and to the second term in (5.23) in the product space R?? applied to the function ¥ (x,y) = VG, (z —y) - (V{(z) —
V{(y)) which is compactly supported and Lipschitz in each time interval (k7, (k+1)7), m < k < n—1. Finally, the
test contributions are bounded in L>((0,T') x R9) so that the bordering time integrands in (¢;, m7) and (nT,t) are
negligible of order 7. Hence we can transform the discrete in time sum (5.23) into a continuous time integration.
Collecting all the terms we conclude the proof. |

Proof of Lemma 5.8: As 7 — 0 along the sequence {7"},, lim, oo Wi[ps=(t), p(t)] = 0 uniformly on [0, 7] for
any finite 7. Hence by the Kantorovich-Rubinstein Theorem,

fim [ AC@) pre (@) de = [ AC() plt @) da,

n— o0 R2

uniformly on [0,T]. The interaction term can be rewritten as
[, [VGutim = pro®) @) 9C(@) prot) do
= / [VG *Ye(t,rn) * Prn ( ):| ( ) [,YE(t Tn) * (PT" (t) VC)] (Jf) dwx

//]R2 - ’76 * prﬂ (t f) (’Ye * pr'l)(f y) («77 — y) . (|Z<._.(zij)2_ Vg(y)) d dy

+ /]1{2 [VG * Ve(t,rm) * Prn (t)] (.73) ! [’Y&(t,‘r”) * (pr"( )VC) (’Ye (t,7m) * p'r"( ))VC] (.%') dz
=1+ L. (526)

As {prn(t)}, converges weakly in L' (R?) towards p(t) as n — 0o, so does {7e(t,rn) * prn (t) }r. We then deduce that
{(Yet,rmy * prn (t)) @ (Yet,rmy * prn (t)) }n converges weakly in L'(R? x R?) towards p(t) ® p(t) when n — oo, see (3,
Lemma 2.3]. As a consequence we can pass to the limit in the first term in the right-hand-side of (5.26) to obtain

Jim 1, = _4171'//R2><R2 ot 2) plt, ) (« —y) - (VC(2) = VCW) 4 dy

|z —yl?

We must now show that Iy disappears in the limit. We can estimate Is using
Yett,rmy * (prn (8) VO = (Ye(t,rmy * prn (1) V() < /R2 Ye(t.rm) (@ =) [VC(y) = V()] prn(t,y) dy

=G /RQ Ye(trmy (@ = y) [& =yl prn () dy = Cc ((Ve(r.rm |2]) * pro (1)) () -
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By the HLS inequality, (4.3),

CHL

[Ta| < ——=[1Ve(t,rm) * pre Ollags [Veerm) * (07 (8) VO = (veqermy * prn(8)) V]l ays-

Then by similar arguments similar to those used to prove Lemma 4.12,

12| < 4Cuis Cellprn ()]s 7] lay3 v/ €(t, 7).

In case t; > 0, estimating ||pn (t)||4/3 using Theorem 5.7, we obtain the result. If £, = 0 we can use instead (4.30)
and Holder’s inequality to obtain

e(t, ™ "
1] < 4Ciuws G (54 V2 Cs [l 272 = (7779,

where (5.5) was used. [ |

5.6 Entropy Dissipation

At this point we have shown that the limit p, = lim,,_,o p-» posesses the properties (1.5.1), (1.5.2), and (1.5.3) in
Definition 1.5 of properly dissipative weak solutions. In this subsection, we show that (1.5.4) is also satisfied. This
will complete the proof of the existence of properly dissipative solutions in Theorem 1.6. Choosing n = k in (5.17)
we obtain, for all k € N

k
C
Halok] + mZ: D[P < Halpo] + 77

Thus, using the discrete time interpolation p,, we have that for any 7' > 0 and the positive integer N such that

N7 <T < (N+1T,
NT

Halp-(T)] + A Dlp- ()] dt < Halpo] - (5.27)

We emphasize that the use of the piecewise constant interpolation is essential at this point since the functional
Dlp] is not displacement convex.

Note that the LP bounds deduced in Theorem 5.7 apply to g, as well as to p,. To make full use of these bounds,
we choose any fixed a > 0, and then for all 7 < a, we weaken the bound in (5.27) by increasing the lower limit of
integration in ¢t to a. Also writing b := N7, this yields

Ha[p+(T) +8//|Vp1/4twl2dt // 5/2(t,x) dz dt < Halpo) -

It is legitimate to express D[p,] as the difference of two integrals since Theorem 5.7 tells us the (5,)3/2

is integrable
over [a,T] x R?2. We now show that passing to a further subsequence of {7"},cn, we may arrange that for all

0 < a < b < oo, along this subsequence,

b
lim / / 57 (t,z) — p(t,2)|*? dedt =0 (5.28)
and
lim p, (¢, z) = p(t,x) (5.29)

for almost every (t,z) € [a,b] x R?. The following lemma is the key:

5.10 LEMMA (Uniform integrability for p73-/2 (z,t)). For each integer N > 1, the set of function {(pm)>%(t,z),n €
N} is uniformly integrable on [1/N, N] x R2.
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Proof: First, note that for each 7 = 7", ﬁi/ 2= [)E/ 3[)?/ 6. Therefore, by Holder’s inequality

2/3 1/3
/Ix|2/3ﬁ§/2(t,x)dx§(/ |x|ﬁT(t,x)dx) (/ ﬁi/Q(t,x)dx) .
R2 R2 R2

Recall the first moment is controlled by H, in Lemma 1.10, and that H[p-(¢)] < C\. Also, Theorem 5.7 give us
a bound on ||p-(t)||5/3 uniformly in ¢ € [1/N, N] for all sufficiently small 7. Thus, there is a constant C' depending
only on N so that for all sufficiently small 7,

N
/ 223532 (¢, ) de dt < O
1/N Jr2

Even more simply, by Theorem 5.7 we have a constant C' depending only on N so that for all sufficiently small 7,

such that N N
/ / P22t z)dedt <C  and / / P2t x)dzdt < C .
1/N JR2 1/N JR2

The uniform integrability is an immediate consequence of these estimates. |

By Lemma 5.10 and the Dunford-Pettis Theorem, we may select a subsequence along which

lim// ~3/2t:c dz dt = // P> 2(t, ) da dt
n—oo RZ R2

Since bounded sets in L3/? are weakly compact, we may select a further subsequence along which {Prn}tn is
weakly convergent in L3/ 2([a,b] x R?). By a classical lemma, a weakly convergent sequence of functions in L3/?
whose norms converge is strongly convergence. Hence for some function o € L3/2([a,b] x R?), we have that
lim, o [|prn — 0|32 = 0. We many now pass to a further subsequence along which limy, .. prn(t,2) = o(z,t)
almost everywhere.

We claim that o(z,t) = p(x,t) almost everywhere. For this purpose, let ¢ by any smooth, compactly supported
@ on [a,b] x RZ. By Fubini’s Theorem, the Dominated Convergence Theorem and by Theorem 5.6,

b b
lim / / o(t, x)prn(t,x) da dt:/ (/ lim @(t,x)pmn(t,x da:) dt = / / (t,z)p(t, z) dx dt .
= Jo JR2 a R2 M0 R2

On the other hand, by the definition of o as a weak limit of {j,n },,

b b
lim / / o(t, ) prn (t,x) dz dt = / / p(t,z)o(t,z) dx dt .
n—o0 Ja JR2 a JR?

This proves o = p, and thus, that along the sequence we have chosen, lim,, s prn(t,2) = p(z,t) almost everywhere.
Thus, we have seen how to choose a subsequence {7"},en along which (5.28) and (5.29) both hold. Of course,
the construction depends on a and b. In the next Lemma, we use a diagonal sequence argument to make one final
choice of the subsequence.

5.11 LEMMA (Further subsequence). There is a subsequence of the sequence {T"},cn, denoted with the same
index, such that along this subsequence, (5.28) is valid for each 0 < a < T < oo and

Hm prn(t,z) = p(t,x) almost everywhere on [0, 7] x R? .
Proof: For N = 2 choose, using the argument just given, a subsequence of {7" },,cn along which {pn» },en converges
to p strongly in L3/2([1/2,2] x R?) and almost surely on [1/2,2] x R%. Next, for N = 3, choose a subsequence of
{r™} of the N = 2 subsequence along which {p%Q}neN converges to p strongly in L3/%([1/3,3] x R?) and almost
surely on [1/3,3] x R2. We finish by an inductive argument. |
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5.12 THEOREM (Entropy-entropy dissipation). For each T > 0 the weak solution p of the PKS system that we
have constructed for the initial data py satisfies

T
Halp(T)] + | Dlp(t)] dt < oo (5.30)
0
Proof: By previous lemmas, it suffices to show that

Halp(T)] < liminf H[p-n (T)]

n—oo

and that for any 0 < a <b < T < 0,

b 2 b
// Vp1/4‘ dz dtghmmf//
a JR2 n—oo Jq JR2

for a suitable sequence {7}, ¢n, since the rest easily follows by a monotone convergence argument for taking a to
0 and b to T.

The first of these follows from the fact that Hy[p] is a lower semi-continuous function on L! with respect to the
Wi metric just by using the expression of Hy[p] in (1.11). To see the second, denote f, = [)%4 and f = p'/*, then
the sequence of functions {f, }neny — f in L* N L%((a,T) x R?) from Lemma 5.11. From (5.27), we have that the
sequence {V f, }nen is bounded in L?((a,T) x R?), therefore it has a weakly convergent subsequence denoted with
the same index such that {V £, }nen — o weakly in L?((a,T) x R?). Due to the strong convergence of the sequence
{futnen — fin LN L%((a, T) x R?), it is simple to identify the weak limit as 0 = V f. By standard properties of
L?-weak convergence, we deduce that

b b
// V£ dz dtgliminf// |V f|? da dt
a JR2 n—oo Jg JR2

which shows (5.31). |

2

Vit dz dt, (5.31)

Proof of Theorems 1.6: As noted above, Theorem 5.12 provides the final step in the construction of the properly
dissipative weak solutions. Theorems 5.7 and 5.12 provide the additional regularity properties (1.6.1) and (1.6.2).
It remains to prove (1.6.3), the dissipation of Fpks.

We now show that Fpxs[p(t)] < Fpkslp(s)] for all 0 < s < ¢t. Take 7 to be any element of the sequence
{7"}nen whose corresponding approximated solutions {p;» },en converges to the constructed properly dissipative
weak solution p. Let j be such that (j — 1)7 < s < j7 and let £ be such that 7 <t < (¢ + 1)7. Using (5.11) in
Lemma 5.2 and (4.6), we deduce

4
Frxs[pr(t)] < Folslor] < Foslor 11+ ZCsm?27" < Frid ol ' + 203y 27F < Fridlol ' + Z2Csr?
k=i

Using (5.9) and the Lemma 5.7, we can control the error term in the right-hand side by

Fexs[pr (1)) < Foxslpr ()] + Z||p- (s)ll3)5 72791 + ZCs7? < Foxs[pr(s)] + Z(2C5)5 + C3)r?
Finally, the a-priori bounds uniform in 7 due to Lemmas 5.6 and 5.7 together with Lemma 5.14 allow us to pass
to the limit 7 — 0 leading to our claim. |
5.7 Large-Time Asymptotics

We start by identifying the large-time asymptotics of the solutions in an time average sense.
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5.13 LEMMA (Time-averaged Strong Convergence). Let p be the properly dissipative weak solution of the PKS
system that we have constructed. Then

T+1
Th_r}r(l)Q </T /R2 |p(t, z) — oa(x)| dz dt) =0. (5.32)

Proof: This follows by a standard entropy dissipation argument. Let {¢,}nen / +00 be an increasing diverging
sequence of times and consider o, (t,x) = p(t + t,, ), for 0 < ¢ < 1. By using the entropy dissipation inequality
(5.30) which is true for all T > 0, we deduce that

1
/ Dlp(t)] dt < oo, and thus, lim Dio,(t)]dt =0. (5.33)

n—oo 0

Now, again using the uniform bounds (5.30) for the solution in time Hy [0, ()] < Ha[po] < Ci, the concentration
control inequality in Lemma 1.10 and the Gagliardo-Nirenberg-Sobolev inequality in Lemma 1.2, we deduce

1
C C
‘/ / 3/dedt</‘/ 1“ P dwdt < T Dlo,] dt + —CL < Ty 4 =D (5.34)
R2 R2 71 Jo B! Y1 2!
Moreover, due to Theorem 5.7, we deduce
sup sup / ob(t,z)de < Cp, (5.35)
neN 0<t<1.JRr2

for all 1 < p < co. Note that the sequence {o, }nen satisfies the equicontinuity property (5.16) in Theorem 5.6.

Summarizing, the sequence {o, },en has the same properties (5.34) and (5.35) as the sequence of approximate
solutions we used in previous sections to construct the solution in Theorem 1.6. Proceeding as in Subsections 5.3-
5.6, we deduce the existence of a subsequence, denoted with the same index, such that {0, }nen converges towards
Poo With the same convergence properties as in previous subsections 5.3-5.6. Here, p, is a weak solution of (1.1)
on the time interval (0,1) in the sense of (1.5.2) and satisfying (1.5.3) in Definition 1.5. In particular, {oy,}nen
converges t0 po in the metric space (M}/ 2,W1), with the notation of Theorem 5.6, giving

| W (0 (0) e (0)] =0 (530

Moreover, repeating the arguments in Theorem 5.12 and 5.11, we get

W mm>//

RZ
lim// 3/2txdxdt // 3/2txdxdt
n—oo R2 ]RZ

Furthermore, Theorem 5.11 implies the almost everywhere convergence in (0, 1) x R? of {0, }nen towards pso, that
together with (5.36) implies that

nl;rr;o (/01/Rz lon(t, ) — poo(t, x)| dz dt) =0. (5.38)

Now, let us identify the limit function p.., passing to the limit using (5.33), we obtain

/ / (shmﬂ4 )dmdt—o
RZ

which means that p.(t) is a minimizer to the Gagliardo-Nirenberg-Sobolev inequality for al ¢ € (0,1), see
Lemma 1.2, and thus that there exists A(t) such that p..(t) = oy Where gy is the family of the minimizers

sup Hai[peo(t)] < Ch an hmlnf// Vp1/4’ dz dt, (5.37)
R2

0<t<1 n— oo

and
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of the Gagliardo-Nirenberg-Sobolev inequality, see Lemma 1.2. Due to (5.37) then Hx[ox)] < oo, we conclude
that A(t) = X since H[g,] = 400 for u # A. Therefore, poo(t) = 0x that together with (5.38) implies (5.32). W

We now will take advantage of the other Lyapunov functional, we shall prove that lim; . Fprs[p(t)] =
Fpkslox]- In doing this, we shall make essential use of the monotonicity of Fpks[p(t)]. Let us introduce for
any C' > 0 and § > 0 the set

Scs = {p € LL(R?) : / p(z) dox = 8, / |z°p(x) dz < C and / Pt (x) da < C’}
R? R2 R2

5.14 LEMMA (Convergence for Fpks). Given any sequence {py, }nen in Sc s there is a p € Sc 5 and a subsequence
{pn,, Jren such that
M flop, —pli =0 and  lim Feks[on,] = Fexs(e] -

Proof: Choose any 0 < ¢’ < min(d, 1) so that 26’ /(1—6") < §. By uniform integrability arguments such as we have
made above, see Lemma 5.10, we can find a subsequence (denoted with the same index) along which {p, }nen is
weakly convergent in L'+ (R2) and along which {p9}, ey is weakly convergent in L'. It follows as in Subsection
5.6 that {p, }nen is strongly convergent in L (R?), and passing to a further subsequence, we may suppose it is
also almost everywhere convergent, and strongly convergent in L*(R?). Let p denote the limit. By Fatou’s Lemma,
p € Scs.

Since for ¢t > 1, tlogt < (t° —1)/6’, we have for p > 1, plogp < (1/8")p**" and for p < 1, plog(1/p) <
(1/6")p'~%". Since for e = 20,

/ P (14 [2?) da = / P (14 [ 221+ [?) da
R2 R2

1-¢’ &
s( / p<1+|x|2>2€/<1-5’>dx) ( / <1+r:c2>-2dx) ,
R2 R2

our choice of & gives the uniform integrability of {p1 =%}, en. Then, by what we have said above, {p, 10g pp }nen
is uniformly integrable, and hence

lim pnlog p, de = / plogpdx .
IRQ

n—00 [pa2

The convergence of the positive part of the interaction potential is straightforward, due to the uniform bound of
{|2]° pp }nen in L' (R?) and a dominated convergence argument. Concerning the negative part, it follows by Young’s
inequality for convolutions using the convergence of {p, tnen — p in L' (R2) and the fact that log_ |z| € LP(R?)
for all 1 < p < cc. |

5.15 LEMMA (Qualitative Stability got Fpks). For any € > 0 and C > 0, there exists 6(e,C) > 0 so that if
p € Scs, then

Foxslo] < (~1+1og(8m) +3(,C) = lp—oulli<c  for some >0,

and for any R > 0, there exists §(e,C, R) > 0 such that

1/2
Frkslp] < (=14 log(8m)) + (¢, C,R) = (/{ [(v/p— op) () dx) <e for some p >0 .

|| <R}
Proof: Given C, R > 0 fixed, suppose not. Then for some ¢ > 0, there is a sequence {p, nen in Sc¢ s such that
lim,, 0 Frrs[pon] = —1 + log(87) but

inf flon — oulli 2 €.
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However, by Lemma 5.14, there is a subsequence, still indexed by n, converging strongly in L'(R?) to p € Sc.s,
such that
—1+log(87) = lim Fpxs[pn] = Frxs|p] -

By the cases of equality in the Log-HLS inequality, p = p,, for some p. This is a contradiction. The second part is
proved the same way, using the uniform integrability of the \/p, p € Sc s on {|z| < R}. |

Proof of Theorems 1.7: Recall that Fpks[p(t)] < Fpks[p(s)] for all 0 < s < t. We now apply this monotonicity
to improve our large time asymptotic result.

By (5.32) in Lemma 5.13, there is a sequence of times {¢, }nen / 00 such that lim, . ||p(tn) — or][1 = 0. By
our regularity results in Lemmas 5.6 and 5.7, {p(t,) }nen C Sc,s for some 0 < C,0 < co. Then by Lemma 5.14,
there is a subsequence, still indexed by n, such that lim, . Fpks[p(tn)] = Frpks[or]- By the monotonicity of
Frks[p(t)] it follows that

Jm Fes[p(t)] = Fersloa] = —1 4 log(87) .

Then by Lemma 5.15 it follows that given R > 0 there exists g > 0 such that for all sufficiently large ¢,

1/2
lo(t) —oulli <€ and /o — Vpl2.r = </{| n (VP — Vo) (@) dw) <e

However, for any R > 0, by Minkowskii’s inequality and (5.30),

1/2 1/2
(/ lv/er — voalPox 12 dx) < (/ IVer — volPea™'? dx) + VHailpl
{lz|<R} {lz|<R}
< VBN + R?)|l\/ep — Vol

Since the left hand side diverges as R increases, uniformly on for |u — A| > 6 > 0, we readily conclude that g = A

Cy .

and lim;—, o ||p(t) — oall1 = 0. |

Appendix: proof of Lemma 4.12

By Lemma 3.3 applied to ug = p and uy = pg

sl < Hoslond = [ [20 50 + 50| (Vet) ) e~ Kio o

with f5(s) = 8\ [BA 4+ 6(A + s)?] —3/2, Using (4.16), i.e. x—V(x) =7 (Vee — Vp/p) and expanding we can rewrite
it as

Haslo] < Hoslpo] + 7 (§<I> 45 (I +2(1I) + 2 <Iv>) — Ks(p.po)

where

Vp|® / pVee - Vp
D= [ P4 .= | 2¥e YPy
) /R (o +opr 4 U= f propr &

(I11) /f(; |z|?)2 - Veepde and  (IV) /f5 |z|*)z - Vpda ,

We will keep the term (I) and we need to perform some integration-by-parts in the other terms:
Control of (II): We can rewrite this term as

126
II:2/V<p >-Vcedac.
(IT) . PER
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By integrating by parts on the ball of radius R and noticing that —Ace = ¢ * p * ., we obtain

p+25> / <p+25)
2/ V( -Veedr =2 Ye * px ) do
lel<kR \VP+0 e|<R \VP +0 ( )

p+20
+2/ Vee -ndo
wl=R VP +0

<2 \/ﬁ('yé*p*%)dm—i-él\/g Ve * px Y da
lz|<R lz|<R

p+26
2 Vel d
+ /z_R r_’_5| ce| do

<2 VP (e ¥ p o) da + 327V
[z|<R

+2/ (Vp +2V3) |Ve do (5.39)
|z|=R

where we used twice the estimate
p+26

Vp+o

Let us deal first with the second boundary term. By (4.2) in Lemma 4.2, we have

<Vp+2V5.

C’HLS
Wo | | Veddo<8nvs (SCHLS Ilassllobllags + 4+ 222 )2 4 el (5.40)

= 16mVo(J, +1+C.),

for all R > 0. To cope with the first boundary term, we observe that taking any natural N > 1, and consider

N 2
</ VP Ve do dr) <7 (N?=(N-1)? HVCSIIZO/ pdx

N-1J|z|=r N-1<|z|<N
2N—1/

e | pda

T N-1 Jyoigeien

<C? / 2| p da
N-1<[z|<N

< 7| Vel

where C, := V27 || Ve oo Since

o N B 1/2
Z/ Vp|Vee dodr < C. </ |x|pdx> ,
N—3/N—-1J|z|=r R2

it follows that N
lim / Vp|Veldodr=0,
N—-1J|z|=r

N—o0

and thus, there exists a sequence {R;} " oo such that

lim VP Ve do = 0. (5.41)

770 J|z|=R,

Plugging (5.40) and (5.41) into (5.39), we get

(II)S2/2\fp(%*p*fye)dx+327r\/g+4\/3(J7+27r).
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Finally, a simple application of Holder’s inequality gives

/RQ\/E(’YE*/)*%)dCCS|\/,7)|3||7€*p*7€||3/2§/ P2 s

R2

to conclude
(1) < 2/ P>/ da + 327 V6 4+ 4V5(J, + 27) . (5.42)
R2

Control of (IIT): Remind that f4(s) < (8\)7'/2 := k,/2 and that 2f}(s) — ky as § — 0, see Proposition 3.2. By
definition of ¢, and G, and by symmetry of ~y

(1) = /R () fi(2) 2 (VG p) () dr = / /R P (@) 29w = 2) (VG p) () d da
=/RQ(pf(§id*ve)(Z) (VG %7 % p) (2) dz .

By definition of the convolution, we have
pliid«as) = [ ple=a) fz—a) (: — 2) (o) da
=z /2 p(z =) f5(z — ) ye(@) dw — /2 plz — ) f5(z — ¥) 2 7e(x) dw
R R
=z (pfs * V) (2) — (pfs *idve)(2) -
As a consequence, we infer
(III) = /Rz [2 (pfs 7o) (2) = (pfs #idye)(2)] - (VG *7ye * p) (2) dz := (IIT); — (IIT), . (5.43)
By the symmetrization argument just as in (1.13), the first term of the right hand side of (5.43) reads
1
M), =5 [ 206215 = r2) #7)(2) - (VG574 p) (2) ds = 7k
R2
= (III);;, — 87k
We now control (III),; using the HLS and Young inequalities, see (4.3) to obtain

<5 [ s =m0 )

ChLs
<5 1121 [(p12f5 = sal % ve)llayz 1o * vellass

WK% +p)(z)] dz da

< CuLs
— Ar
< 2Cuws (ll=] pl2f5 — mallly 1vellass + 11p12f5 — mallls ] vellays) 1vellass

(Il pl2£5 = mal) * Yellaga + 1(pI2f5 = £al) = (J2l ve)llasa) o * Yellasa

from which
(ITD), < =8mrx + Cc || [2f5 — mal (1 +[z])pl|1 - (5.44)

To estimate the second term of the right hand side of (5.43), we make again use of the HLS inequality, see (4.3):

1 1
M, < e [[ 05 70 o O p)0) dy

Curs
< * (|2] Ve e ¥ .
= 1V ||P (| |, )H4/3 ||’Y PH4/3
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By the Young inequality, and a direct calculation,

o * (12l ve) lays < 87 (12| vellass = 8m Vel ylays -

and in the same way
1
17e * pllass < 8m[|vellass = 8 7 [¥ll4/3 -

The positive and negative powers of e cancel, and using (5.44), we conclude

167TCHLS
— |||X

T el a3 17 lags
8m J,

o

Let us estimate this third term in a different way that will be useful later on. Using again the Young inequality,
but this time eliminating v instead of p, i.e. ||ve * pllasz < [|plla/3, We get

(D) < —=8mrix + Ce || [2f5 — mal (1 + [z])pll +

= —8mrx + Cc || [2f5 — ral (1 + [z]plls + (5.45)

llp* (12l vellags I1ve * pllags < 64m>velllz[Vllaya lollays -
As a consequence, we get this other control on (IIT) by

167 CHLs

(1) < =87hkx + Ce [ [2f5 — ral (1 + [2z])pllx + Moy

\ﬁ|||l‘| 7||4/3 ||P||4/3 . (5.46)

Control of (IV): By integrating by parts for any R > 0, we have

/ z fl(12P?) - V() de = / o) Fi(J2f2) - n do — / V[ f(2[?)] pla) e
lz|<R |lz|=R

|z|<R

where n denotes the outward normal to the disk Dg. Taking into account that

oo N oo
1 1
z||fi(|z?)] p(x) do dr < —— / xpd;rgi/ x| pdx < co
NE_B/N_l/le_T [ f5(z)] p(x) ol N§:3 N—1§\x\gw| | ol R2| |

we have

N—o0

N
lim /N - /I_Tp(x)lfé(lmlz)llxldo dr=0.

As a consequence, there exists a sequence {R;} " oo such that

lim p(a) | f5(|*)] |z] do = 0,
720 Jz|=R;
and thus, we conclude

)= [ V-l fi(ePlola) do (5.47)

The desired estimates are obtained by putting together estimates (5.42), (5.45), (5.46) and (5.47). |
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