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Abstract

Let I be a group whose abelianization is Z*, k > 2. An element of F is visible if its
image in the abelianization is visible, that is, the greatest common divisor of its coordinates
is 1.

We compute densities of visible elements in some strongly Markov groups, which include
free and surface groups. We use this result to show that the probability of a homogeneous
equation in a surface group to have solutions is neither 0 nor 1, as the length of the right-
and left-hand side of the equation go to infinity.
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1 Introduction

Let F be a group whose abelianization is Z*, with k > 2. An element of F' is called visible if its
image in the abelianization is visible, that is, the greatest common divisor of its coordinates is
1. Let ¥ be a compact connected orientable surface of genus r, r > 2. If 3 has no boundary,
then a presentation for the fundamental group of 3, which we call the surface group of genus
r,is {(a1,b1,...,ap, by | [@1,b1] - [ar, by]) . If ¥ has boundary, then the fundamental group of
3. is simply the free group of finite rank.

In this paper we compute the density of visible elements in a large class of groups containing
the surface groups of compact connected orientable surfaces, with or without boundary. We
thus extend the results of [5], where the density of visible elements in the free group of rank
two was computed. Since the limits we obtain are different from 0 and from 1, this shows that
visible elements form a set of intermediate density in a large class of groups. Intermediate
density of sets in groups has been displayed for the first time in [5], and this tends to be
a relatively rare behaviour for many combinatorial and algebraic properties encountered in
group theory. Most of the properties studied in the literature ([6]) turned out to be negligible
or generic, that is, with density equal to 0 or 1, respectively.

A consequence of our results is the fact that the solvability of homogeneous equations in
the class of groups that we study is also a non-negligible and non-generic property. Let G be
a finitely generated group, A a fixed generating set, and X = {X3,..., X}, n > 1, a set of



variables. An equation in variables Xy, ..., X, with coefficients g1,...,gms1 in G is a formal
expression given by
ngislngXf; .. .Xfr;ngm+1 =1,

where m > 1,¢; € {1,—1} forall 1 <j <m, and i; € {1,...,n}. An equation is homogeneous
if the variables are on the left-hand side of the equation and the constants are on the right-hand
side of the equation:

XX X = w, (1.1)

where w € G. We say that the equation (1.1) is a homogeneous equation of type (m,|w|4) or
an (m, |w|a)-homogeneous equation.

We will be interested in the asymptotic behavior of (m, |w|4)-homogeneous equations when
G is a surface or a free group, and m and |w|4 go to infinity. Our study of the asymptotics
of homogeneous equations was motivated by two related questions: firstly, how often does a
homogeneous equation in a free or surface group have solutions, and secondly, how likely is
it, for two random words v and v in the group to have that v is an endomorphic image of u?
The second question was partly inspired by the work of Kapovich, Schupp and Shpilrain ([6]).
They show that the probability of two elements v and v in Fj, to be in the same automorphic
orbit is 0 as the lengths of u and v go to infinity. The following paragraph clarifies the relation
between the two questions.

Suppose that z(X7,...,X,) is the word in Xj,..., X, representing the left-hand side of
(1.1), ie. 2(X1,..., Xp) = X' X2 ... X;m. Let Fy, be the free group of rank n on generators

Z1,...,Tn. Notice that the equation (1.1) has solutions if and only if there exists an homo-
morphism ¢: F,, — G such that ¢(z(x1,...,2,)) = w, where z is written in the generators
Z1,...,Zn. The following ratios quantify the pairs of elements of the form (z,w).

Definitions 1.1. Let F, G be groups finitely generated by finite sets A and B, respectively.

1. The (s,t)-mapping ratio e,(F, G, s,t) is the ratio of the pairs of elements (f,g) € F x G
such that |f|4 < s, |g|p < ¢ and with the property that ¢ is the homomorphic image of
f, among all pairs (f,g) € F x G with |f|a < s, |g|p < t, that is,

H(J.9) € F X G |f1a < 5, lgls < 5,0(f) = g for some ¢ € Hom(F,G)}

ey(F,G,s,t) =

LB G5 H(7.0) € Fx G |74 <. lgln < 5)

2. The spherical (s,t)-mapping ratio e, (F, G, s,t) is the ratio of the pairs of elements (f, g) €
F x G such that |f|a = s, |g|p = t and with the property that g is the homomorphic
image of f among all pairs (f,g) € F' x G with |f|a = s, |g|s = ¢, that is,

#H{(f,9) e FxG:|fla=s,l9lB=s¢(f) =g for somed)EHom(F,G)}'

ey(F,G,s,t) = H(f,9) e FxG:|fla=s,lgl=s}

In Section 3 we will study the asymptotic behavior of the (s,t)-mapping ratio e,(F, G, s,t)
for F' and G free-abelian groups. For some homogeneous equations in groups with (finite rank)



free-abelian abelianization, one can decide whether they have solutions or not by looking at
the equations in the abelianization. The computation of the asymptotic behavior of this ratio
is based on the densities of visible elements in a free-abelian group.

In Section 4 we study the densities of visible elements in free and surface groups (Corollary
4.10). We obtain one of our main results which relates the densities of visible points in surface
and free groups with the densities in the abelianization. In fact, our results hold for a wider
class of strongly Markov groups, as discussed in Appendix A.

In Section 5 we study the asymptotic behavior of the spherical (s, t)-mapping ratio
ey(F,G,s,t) when F, G are free or surface groups. As a corollary, we obtain that the probability
of an (s,t)-homogeneous equation in a surface group to be solvable is neither 0 nor 1, as s,
go to infinity.

We were informed that the asymptotic behavior of homogeneous equations is also being
studied in a work in progress by B. Gilman, A. Miasnikov and V. Romankov.

2 Notation

We will use the following notation for sequences: a sequence is a mapping v: I — X from an
interval I of Z to a set X. We will write vy for the sequence v: I — X and for i € I, v; :== v(i).

Let i, j € Z. We write [i1j] ={k€Z:k>iand k < j}, |—oolj] ={k €Z:k <j}, and
[iToo[ =={k €Z:k >i} to denote intervals in Z indexing a sequence.

Definitions 2.1. Let F' be a finitely generable group, and let A be a finite generating set of
F. If w € F, then |w|4 denotes the length of the shortest word in A*! representing w.

1. Let S ¢ FF and n > 0. Then

p(n,S)=8{z e S:|zrja <n},

and

v(n,S) =z €S :[z[a=n}
denote the cardinality of the ball and sphere of radius n in F, respectively.

2. Let S C F. The asymptotic density of S in F is

_ . p(n, S)
S) = limsu .
pa(s) msup

If the limit exists, then we denote it by p4(S) and we call it the strict asymptotic density.

3. Let S C F. The spherical density of S'in F is

_ : v(n, S)
S) = limsu .
74(S) TLHOOp ~y(n, F)

If the limit exists, then we denote it by v4(S) and we call it the strict spherical density.



4. Let S C F. The annular density of S in F is

H{reS:|zja=n—1} ﬁ{xES:x|A:n}>
HereF:|lzxja=n—-1} f{zeF:|zja=n}

1
d4(S) = limsup - <

n—oo 2
If the limit exists, then we denote it by o4(S) and we call it the strict annular density.

Let r > 1 be an integer. A length function [,: Z" — R will denote the restriction to Z" of
the ||.||,-norm from R" for some 1 < p < oo.

We can define the asymptotic and annular densities in a similar way in Z" by changing
|z| 4 with [,(x) and denoting the limits by p,(S) and 7,(S).

Definitions 2.2. For a nonzero element z € Z" we denote by ged(z) the greatest common
divisor of its coordinates. If z = (0,...,0) € Z" we set gcd(z) = co. Note that ged is invariant
under the action of Aut(Z") = SL(r,Z). Hence, for all z € Z", gcd(z) does not depend on the
basis of Z".

An element of z € Z" is called wvisible if ged(z) = 1. If ged(z) = ¢, then we call the element
t-visible.

We denote by Fyp, the abelianization of the group F, that is, Fu, = F/[F, F]. Suppose that
F,y, is a free-abelian group of finite rank and let ab: F' — F,}, be the abelianization map. We
say that an element f € F is visible (resp. t-visible) if ab(f) is visible (resp. t-visible) in Fyy,.

3 Densities of visible elements in Z"

Let r > 2 be an integer and let U; denote the set of all t-visible elements in Z". For a complex
number k, recall that the Riemann zeta function is given by

(=3~ Relh) > 1.
n=1

n

A classical result in number theory provides the value for the strict asymptotic density of
t-visible elements in Z".

Proposition 3.1. For any integer t > 1 we have

1
tr¢(r)’

POO(Ut) =

O

The following lemma shows that homomorphisms between groups with free-abelian abelian-
ization (of finite rank) send t-visible elements to tm-visible elements, where t,m are positive
integers. The second part of the lemma shows that a visible element in a group can be mapped
to any element in the image via a homomorphism.

Lemma 3.2. Let F, G be groups whose abelianization is free-abelian of finite rank. Let f € F.



(i). Let ¢ : F — G be a group homomorphism. Then ged(ab(é(f))) is a multiple of
ged(ab(f)). In particular, if ged(ab(f)) = oo, then ged(ab(o(f))) = oo.

(ii). If, moreover ged(ab(f)) = 1, then for any element g in G there exists an homomorphism
¢: F — G such that ¢(f) = g.

Proof. Let n be the rank of Fyp, and let {eq,...,e,} be a basis of Fyy,. For f € F,p, we denote
by (f); the ith coordinate of f with respect the basis. That is, f = (f)1e1 + -+ (f)nen-

(i). Let g = ¢(f). Then (ab(g)); = >i_; (ab(f))i(d(ei));-
Thus each (ab(g)); is a multiple of ged(ab(f)), since each (ab(f)); is a multiple of
ged(ab(/f)).

(ii). Since ged(ab(f)) = 1, then ged((ab(f))1,...,(ab(f))n) = 1 and therefore there ex-
ist integers pi,...,p, such that > " (ab(f));p; = 1. Consider the homomorphism
P1: Fap — (x| ) which sends e; to 2P for all 1 < i < n. It follows that i (ab(f)) = x.
Let ¢2: (x| ) — G be any homomorphism sending x to g. This shows that the com-
position of ab, ¥ and 19 produces a homomorphism ¢: F — G such that ¢(f) = g.

O

Corollary 3.3. Let Z" and ZF be the free abelian groups of ranks n and k, respectively. Then
the following inequalities hold:

1
) < Sggégfoo e (2", 25, s, 1), (3.1)
limsup e,(Z",ZF,s,t) <1— L <1 - 1> . (3.2)
5§—00,t—00 C(k) C(TL)

Proof. Let eqp(s,t) = e,(Z", Z%, s,1).
By Lemma 3.2(ii)
{(u,0) € Z" x ZF : |u| < s, |v| < t,ged(u) =1}  {u € Z": |u] < s,ged(u) = 1}
p(s, Z")p(t, Z%) p(s, Zm)

Taking limits, we obtain (3.1) by Proposition 3.1.
By Lemma 3.2(i)

eab(37 t) Z

{(u,v) € Z" x ZF : Ju| < s, |v| < t,ged(u) # 1, ged(v) = 1}
p(s,Z")p(t, ZF)

o (y {ueEZ:|u[ <s,ged(u) =1} {v E ZF ;v < t,ged(v) = 1}

-1-( (5,27) ) o, 75) |

Taking limits, we obtain (3.2) by Proposition 3.1. O]

eap(s,t) <1—




One of the key ingredients needed to extend the previous result to surface groups as the
ones mentioned in the Introduction is determining the asymptotic density of elements of even
length in Z*. This was done in [5, Proposition 3.6 | for k¥ = 2, and we now compute the value
for a general k.

Proposition 3.4. Let k > 2, and let Uf¥ denote the visible elements of even length in ZF.
Then
2k —1 2k —1

el = @~ 1))

Proof. Let n be a positive integer. For X1,..., X € {4, O,&} we denote by X1 X5 ... Xy(n)
the number of all z = (z1,...,2;) € Uy such that 0 < z; < n and the parity of z; is X;. Here
A stands for “any”, £ stands for “even” and O stands for “odd”.

We will use the convention X ... X = X*, for any X € {A,O0,£} and k > 1.

k times

Note that X1 Xs... Xg(n) = Xy1)Xg2) - - Xy)(n), for any permutation s of {1,...,k},
and that £¥(n) = 0 for any k,n > 1.
The total number of elements in U; of length < n is

poo(UT") =

k
AF(n) = ; (’:) O (n). (3.3)
Let Uf¥(n) be the set of elements of Uf" of length at most n. Then
8
vl =3 (3¢ ot (3.4
We claim that:
10N (n) = OF(n) 4+ o(n*) for all 1 < i < k. (3.5)

Assume first that (3.5) holds. From (3.4) and (3.5) we get

and since ZE]I (%) = 2k=1 — 1, we get that
U (n)] = (2571 = 1)O%(n) + o(n®).
From (3.3) and (3.5) we get
OF(n) (2" — 1) = A*(n) + o(n"),

and hence



Since poo(U1) = ﬁ, we get that

. U (n)
poo(UF") = lim sup ol (;n()k |

2L AR (n) + o(n)

= lim 21
n—00 (2n)k
zk—l 1 2k—1 -1

w1 =)= G ey
This completes the proof of the proposition. We now show (3.5). Notice first that
Oih=i=1 A(n) = OIEFi(n) + OFFLgR=i=1(y),
Hence it is enough to show
ORI A(n) = 20°6* i (n) 4 o(nF) for all 1 <i < k. (3.6)

Let p denote the Mobius function and recall that >, u(d) is equal to 1, if n = 1 and 0
otherwise. Hence

O AMm) = Y DD D S ()

IjSTL,QJ[CE]‘ :cjgn,Z\z]- Tp<n d\gcd(ml,..‘,xk)
G210 i L k1

and

Oigk—i(n) = Z Z Z w(d).

zj§n72)(zj zj§n72\xj d\gcd(wl,...,mk)
=1, =itk

Now we switch the order in the summation. We rearrange the terms depending on d |
ged(x1, ..., xk), writing x; = y;d. Since there is an odd coordinate, 2 1 d. We obtain that

O AM) =) pud) > oY 1

2{d yj<n/d,2ty; y;<n/d,2ly; yp<n/d
G=l,eni j=i+1,.. k=1

OE )= "ud) > oL

2td yj<n/d,2ty; y;<n/d,2ly;
j=1,...& gJ=i+l,.. .k

and

Hence O'EF=1=1 A(n) — 207~ (n) is equal to

Yo 3 3 ([

2td yj<n/d,2ty; y;<n/d,2|y;
G=1si . jmit L, k1

~9 [%D . (3.7)



The term in parenthesis is either 0 or 1, and it is always 0 for d > n. Thus the asymptotic
behavior of (3.7) is of type

n

o> Y 1ncod (m/ath

d<n yj<n/d d=1

G=1,..,k—1
1 |
(k=1 B
=O(n <k —2 7 k- 2)nk2>)

=0(n*1) C o(n¥)

4 Densities of visible elements in surface groups

The main result of this section allows us to compute densities of visible elements in some
strongly Markov groups and in particular in free and surface groups. This result is based on
Theorem A.7 of Sharp. To avoid additional definitions, we will use the following technical
hypothesis:

Hypothesis 4.1. Let F be a group generated by a finite set A such that F,;, = Z". We denote
by ab : F' — Z" the abelianization map. Suppose that there exists a symmetric positive definite
real matrix D such that

lim
n—oo

b~ (@)  ~ya(n+1,ab 1 (a)) 2 Dt

det D 1/2, r/2 IVA(n7a ) B (,D71a)/2n| _ 0

ety (el METLD ) - |
(4.1)

uniformly in o € Z".

Appendix A contains a description of those groups which satisfy the above hypothesis.
In order to compute the densities of visible elements in free and surface groups, we need
to fix some notation.

Notation 4.2. For k£ > 2, we denote by Fj, either the free group of rank k or the surface group
of genus k.
If F}, is a free group, then it has a presentation of the form

(a1, ...,ak | )

and we let A = {a1,...,ap}*".
If F}, is a surface group, then it has presentation of the form

<a17b17 o 7ak7bk | [afl)bl] e [akabk]> )

and we let A = {ay,by,...,ag, by}t
Let r denote the rank of the abelianization of Fj, that is r = k if F}, is a free group, and

r = 2k if F}, is a surface group.



Remark 4.3. Let F, A and r as in Notation 4.2. Then by [13, Theorem 1, Theorem 4], F' and
A satisfy Hypothesis 4.1.

Definition 4.4. Let G, be the set of all M € SL(r,Z) such that M = I, in SL(r,Z/27Z).
Then G, is a finite-index subgroup of SL(r,Z/27Z).

Proposition 4.5. [5, Proposition 8.3.] Let S C Z" be a Gy-invariant subset such that § =
Poo(S) exists. Let Q CR” be a nice bounded open set and let

SNt
pit,s(€2) = h(tir)
Then we have
Jim 1 5(9) = 6A(), (4.2)
—00

where X is the Lebesgue measure.

Although [5] indicates that the proof is similar to that of [5, Proposition 2.3], we include
here a proof for Proposition 4.5 for the sake of completeness.

Proof. Each p; g can be regarded as a measure on R". We prove the result by showing that
te s weakly converge to o\ as t — oo.

By Helly’s theorem there exists a sequence t[11o[ With lim; .« t; = oo such that the sequence
1.8, Mo,y - 1S weakly convergent to some limiting measure. We now identify this measure
by showing that for every convergent subsequence of ji;, g the limiting measure is equal to JA.

Indeed, we assume that 7 = £[11o[ IS a sequence with lim; .o t; = 0o such that the sequence
;.5 converges to the limiting measure p, = lim; oo ptt;,5. Every py, g is invariant with respect
to the G, -action on R". Therefore, the limiting measure p,, is also G,-invariant. Moreover,
the measures ;g are dominated by the measures \; defined as A\;(£2) = w.

It is well known that if Q C R" is a nice bounded open set, then the measures A\; converge
to the Lebesgue measure \. It follows that s, is absolutely continuous with respect to A. It
is also known that the natural action of G, on R" is ergodic with respect to A (see [14] for
the proof of ergodicity). Therefore u, is a constant multiple cA of A\. The constant ¢ can be
computed for a set such as the open unit ball B in the || - ||oo norm on R" defining the length
function [ on Z". By assumption we know that

H{zeZ :ze SNtB}

A ez aeBy
We also have #H{z€Z :z€tB}
A & —AB)
and hence
i HEEZ 2 €SOUBY gy )

t—oo tr

Therefore ¢ = § and y,, = dA. The above argument shows in fact that every convergent
subsequence of y; g converges to dA and limy_,o fty,5 = 0. ]



Definition 4.6. Let F' be a group generated by the finite set A and such that Fy, = Z".
For an integer n > 1 and a point « € R", let p,, be given by

_ 1 /ya(n—1,{g € F:ab(g) =ayn}) ~a(n,{g € F':ab(g) = zyn})
mir) = 5 (T ) )

2
This is a distribution supported on finitely many points of ﬁ VAR

We need the following results from [9, 12] about the sequence of distributions py,.
In our context, the statement of the local limit theorem obtained by Rivin in [9] and, via
different methods, by Sharp [12] is the following:

Proposition 4.7. ([9, 12, 5]) Let F, A,r as in Hypothesis 4.1 with r > 2. Then:

(a) The sequence of distributions p, converges weakly to a normal distribution N with density
n.

(b) We have
sup |0 ?p,(z) — n(z)| — 0, as n — . (4.4)
€L /\/n

(c) Forc>0, let Q. :={x €Z"/\/n:|z|| > c}. Then

Jlim " pa(z) =0. (4.5)

z€Qe

Proof. By using the Continuity Theorem (see Theorem 2, p. 508 in [4]) and [9, Theorem 5.1],
we have that the sequence of distributions p,, converges weakly to the density of the centered
normal distribution with covariance matrix D. This proves (a).

By (4.1) and some easy computations, we have that when n — oo and a = z/n the
following hold.

1 1
r/2 _ —(z,D71z)/2
W)~ G D)
—— = _|(detD 1/2 r/2
2(detD)1/2‘(e )
-1 -1 e —la
(RN, FEMUE RN B RS2
va(n —1,F) va(n, F) (2m)r
1

_ 1/2, r/2
_ 72(detD)l/2‘(det D)2/

<7A(n —Lab '(a))  a(n, abl(a))> 2 “’n,D;,—IL“>/2‘
ya(n —1,F) ya(n, F) (2m)"

det D)Y/2p"/?

B

_ 1 ‘<
~ 2(det D)1/2

<7A(n Lab~!(a)) L 4, ab_l(Oé))) __ 2 aD la)y2n
’YA(n - 17F) ﬂYA(n’F) (ZW)T

_)07

10



We have thus obtained (b).

We now prove (c).

For ¢ > 0, denote Q. = {x € Z"/\/n, ||z|| < ¢}, the complement of Q.. Then, by Proposition
4.5 and (b), we have that

Jim, 3 pola) =1 lim, 3 pn(o)

.TEQiC €N,
=1 —/ n(z)dA(z) = 0.
€N

OJ

Theorem 4.8. Let 2 C R" be a nice bounded open set. Let S C Z" be a G.-invariant subset
such that 6 = peo(S) exists. Then

3" pale/vin) = Q).

n—oo
z€SNY/nQ
Proof. Note that the proof is the same as that of Theorem 3.4 in [5]. The only difference lies

in the use of Proposition 4.5.
We have

Z pn(x/\/ﬁ) = Z pn(y)

TEZ N/ Y€ 7= 5NQ

=03 ()

1
yEWSﬂQ

w02y (0 Ppa(y) — n(y)).

yEﬁSﬂQ

The local limit theorem of Proposition 4.7(b) tells us that, as n — oo, each summand
n~"?p, (y)—n(y) of the sum in the last line of the equation above converges to zero and hence so
does their Cesaro mean. Proposition 4.5 implies that, as n — oo, the sum n~"/2 ZyeﬁSmQ n(y)

converges to
s / nd\ = 6M(Q).
Q
O

We obtain the main result of this section by basically following [5, Theorem A]. Our
theorem provides the formula for the spherical density of visible elements in groups that satisfy
Hypothesis 4.1, which include free groups of all finite ranks and surface groups.

Theorem 4.9. Let F, A,r be as in Hypothesis A.5, or more generally, as in Hypothesis 4.1.
Let S C 7" be a G,-invariant subset and S = ab™1(S).

11



(i). The strict annular density o4 (S) exists and, moreover, a4(S) = poo(S).
(ii). Let Uy denote the set of visible elements in Z" and Vi = ab™'(U;) denote the wvisi-
ble elements in F. Let Uy" denote the set of visible elements of Z" of even length. If

ab™ (UY) = {v € V} : |v|a is even} then

2m, V 2k — 2
ety S B ey )
7A(2m - 1a Vvl) o ev _ 2
limy,— o0 A2m—1,F) = poo(U1) = poc(UT") = (28 —1)C(k)’

Proof. For ¢ > 0 denote €. == {x € R" : ||z|| < ¢} and let Q. be the complement of .. Then
lim M(Q) = 1 (4.6)

C— 00
Let € > 0 be arbitrary. By (4.6) and Proposition 4.7(c) we can choose ¢ > 0 such that
M) — 1] <€/3
and such that
Jim. an(m) < ¢/6.
zQe
Let S be a G,-invariant subset of Z". By Theorem 4.8, and the above formula there is some

ng > 1 such that for all n > ng we have

> pal@/Vn) = poo(S)N(Q)| < €/3,

€SN/nQe
and
Z pn(z) < €/3.
zeQi
Let . .
Qn) = va(n —1,ab™"(S)) = ya(n,ab™"(95))
2v4(n— 1, F) 2v4(n, F)
For n > ng we let
Q(n) =
#{g € F:ab(g) € S,|gla=n—1and |abg| < c\/n}
2v4(n — 1, F)
L Hg € F:ab(g) €S lgla=mnand Jabygl| < cv/n}
2y4(n—1,F)
#{g € F:ab(g) € S,|gla=n—1and |abg| > c\/n}
_|_
2v4(n— 1, F)
L Ho e Frablg) € S|gla=nand |Jabgl| > cv/n}
27a(n— 1, F)
= Z Pn(I/\/ﬁ) + Z pn(x/\/ﬁ)
z€SNVNQe z€SN(R"—y/nfe)

12



In the last line of the above equation, the first sum differs from poo(S5)9(€2.) by at most €/3
since n > ng, and the second sum is < €/3 by the choice of ¢ and ny.

Therefore, again by the choice of ¢, we have |Q(n) — poo(S)| < €. Since € is arbitrary, this
proves (i).

We now prove (ii). First notice that since Uy is SL(r, Z)-invariant, it is also G,-invariant.
We check that Uf" is G,-invariant as well. Let w € Z. Then u € Uy if and only if Y, ., ,.(u);
mod 2 = 0 and ged(u) = 1. Let M € G,. As M € SL(r,Z), ged(Mu) = ged(u) = 1. Also, as
M = I, in SL(r,Z/2Z),

Z (Mu); mod 2= Z (u); mod 2=0.

1<i<r 1<i<r

Hence, Uy? is G,-invariant.
We now take S = U7, for n > 2 even. Then

ya(n —1,ab” (UF"))  ya(n,ab” ' (UF"))

Q(TL) = 2'7A(n — 1,F) 2'7A(n7F)

_ aln b~ (Uf)
2714(”7 F)
The latter equality follows from the fact that ab™'(Uf") = {v € V; : |v|a is even}.
By (1),

. _ . '7A(2m) ‘/1) _ ev
2 lim Q(2m) =2 lim A ) 2pe (UT").
2m — 1, V;
Thus lim,,— o M = pPoo(U1) — 2pso (Uf"). By Proposition 3.1 and Proposition 3.4,
vy4(2m — 1, F)
we obtain the desired results. O]

We now focus on surface and free groups.

Corollary 4.10. Let k > 2 and let Fy, be a free group of rank k or a surface group of genus
k. Let A and r as in Notation 4.2. Then
’)/A(zm, ‘/1) 2N =2

(i). limp,— oo =

vam, F) (2" = 1)¢(r)’
va(2m —1,V4) 2"

() i oe - om =1, 7) ~ @ = D¢0)’

Proof. By Remark 4.3, Fj, A and r satisfy the Hypothesis of Theorem 4.9. It only remains
to show that ab 1 (Uf¥) = {v € V; : |v|a is even}. Let f be an element of Fj, such that
ab(f) =0 € Z". Then any word representing w has the same number of @ and ¢! and thus it
has even length.

Since ab maps elements of A to unit vectors, for u € Uf¥ there exists v € ab™'(U{?) of
even length. If ab(v) = ab(v’), then ab(v/v™1) = 0. Hence v'v~! has even length, and so does
v'. Thus Theorem 4.9(ii) applies. O
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5 Asymptotic behavior of homogeneous equations in surface
groups

We now study the asymptotic behavior of e, (F),, Fj,s,t) when F,, and Fj, are surface or free
groups.

Theorem 5.1. Let Fy and F, be free or surface groups and let A, B be their respective
generating sets, as in Notation 4.2. Let r(k) and r(n) denote the ranks of the abelianization
of Fy, and F,, respectively. Let ¢,6 € {0,1}. Then the following inequalities hold:

2r(m) — 9(1 —
(27 — 1>(<<r<2)>> < Jiminf ey (Fn, Fii, 25 +€,2t +0),

limsup ey (Fy, Fj,2s +¢,2t +6) <1 —

500,00 (2% = 1)¢(r(k)) (20 = 1)¢(r(n))

Proof. Let V; and W, denote the sets of t-visible elements in F;, and F}, respectively. Let

9r(k) — (1 — §) (1_ QT(”)—2(1—5)>

E(s,t) ={(u,v) € F, X Fy, : [u| = s, [v| = t, ¢(u) = v for some ¢ € Hom(F,, Fy)}.

- |E(st)]
Then ey (Fr, Fi, 5,t) = ’YB(San)S’YA(taFk): . .
By Lemma 3.2 we have the following inequalities:

73(57 Wl)fYA(t’ Fk) < |E(37 t)' < 73(57 Fn)PyA(ta Fk) - Z 73(57 WT)’YA(t’ Vl)
r#l
The left inequality holds because every element v in F} is the homomorphic image of a
visible element in F,. The right inequality holds because no visible element in Fj is the
homomorphic image of an r-visible element in F,,, if r # 1.
By dividing both sides by v5(s, Fy,)va(t, Fx), we get

W; r s, Wir)val(t, Vi
W) oy sty < 1 - 22 BTG Ay
V8(s, Fn) VB(s, Fn)va(t, Fi)
where LV . -
f(S,t) -1 IVA( 5 1) ’YB(Sa n)—’YB(Sa 1).
Ya(t, F) vB(s, Fn)
Let us use 3, to denote the limits, which depend on the parity of m and the rank of the

abelianization of F, and Fj, found in Corollary 4.10. That is, By, =
or(k)

2r—1)¢(r(k))
the fact that 3, ; depends on the parity of m and for the next paragraph ignore the parities

of s and ¢.
Then

or(k) _9 . .
@ Dcrmy oIS

even, and B, = if m is odd. In order to simplify the exposition we will abuse

lim  f(s,t) =1— B x(1— Bsn),

5§—00,t—00
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and we get the following inequalities

Bsn < Sliminf ey (Fn, Fy, s,t) < limsup ey (Fy, Fi,s,t) <1 — B (1 — Bon)- (5.1)

—00,t—00 $—00,t—00

Now taking into account the parities of s and ¢ we get the inequalities in the statement of
the theorem. OJ

Thus the probability of an (s, t)-homogeneous equation to be solvable is neither 0 nor 1 as
s,t go to infinity.

Corollary 5.2. Let G be a surface group of genus g > 2 or a free group of rank > 2.
Let

t{solvable (s,t)-homogeneous equations on G in n variables}

A(s, t) =

#{(s,t)-homogeneous equations on G in n variables}

Then
0 < liminf A(s,f) < limsup A(s,t) < 1.
5—00,t—00 §—00,t—00
Similarly, for a fixed orientable surface X, the probability of a closed curve in ¥ to be the
image of another closed curve in ¥ by a continuous map is neither 0 nor 1, as the curves get
more and more “complicated.”

Corollary 5.3. Let X be an orientable closed surface of genus k > 2. We fix a presentation
for m (%), {(a1,b1,...,ak, bk | [a1,b1] - - - [ak, b]) . For a closed curve v in ¥ we denote by [7y] the
image of v in w1 (S) and by |[y]| the length of [y] with respect to {a1,b1,...,ax,bg}.
We say that 2 is the image of v1, if it is the image of y1 under a continuous map S — S.
Let

B(s,t) = (], [v2)) € m(S)?, (Il [v2]l) = (s,t) with o the image of 1}
’ (], [a2]) € m(9)2, (Il [e2ll) = (s, 1)}

Then
0 < liminf B(s,t) < limsup B(s,t) < 1.

§—00,t—00 §—00,t—00

A Appendix: The hypothesis of Theorem 4.9

We will show in this Appendix that Theorem 4.9 holds not only for free and surface groups,
but also for a number of strongly Markov groups.

Definition A.1. We say that a finitely generated group G is strongly Markov if for every finite
symmetric generating set S we can find:

(i). a finite oriented graph T' = (T, V| E, ¢, 7) consisting of vertices V and edges E, where one
can write the edges as elements of V x V| and if e = (u, v), the incidence functions are
given by te = u and Te = v;

15



(ii). a distinguished vertex x € V| with no edges terminating at x;
(iii). a labeling map p: E — S;
such that

(a). there is a bijection between finite paths in the graph I' starting at * and passing through
the consecutive edges eq,...,e,, and elements g € G given by the correspondence g =
pler) - -+ p(en) (where the empty path corresponds to the identity element);

(b). the word length |g| is equal to the path length n.

In particular, this condition is satisfied by all (Gromov) hyperbolic groups (see, for instance,
[2] and [3]).

Example A.2. As free groups are hyperbolic groups, they are strongly Markov, and one can
easily describe the graph in Definition A.1. Let F' be the free group of rank two freely generated
by {a,b}. Then a symmetric generating set of F is given by S = {a,a',b,b~'}. It is clear that
the labeled graph in Figure 1 satisfies the desired conditions.

b

Figure 1: The graph of F'.

16



By the following proposition the fundamental groups of surfaces are also always strongly
Markov.

Proposition A.3. (see [2]) The fundamental group of a compact manifold admitting a hyper-
bolic structure is strongly Markov.

This result was originally proved in 1984 by Cannon [2] and a particular nice account can
be found in [3].

A.1 The shift space
Let M be an I x | matrix with entries in {0,1} and define the associated shift space X by

Xn = {Z[o100] sSequence in {0,1,...,0 =1} : M(2p, 2p41) =1, Vn € [0 T oof}.

The subshift of finite type o: Xy — Xy is defined by o(Z[0100) = Z[1700[-

The matrix M can be viewed as the incidence matrix of an oriented graph I" with [ vertices,
and an edge from vertex i to vertex j if M(4,75) = 1. From this point of view, X can be
thought of as the set of infinite paths in I' that always follow the orientation of the edges.

The matrix M is aperiodic if there exists n > 0 such that M"™ has all its entries > 0. This
is equivalent to the map o being topologically mixing. From now on, we assume the matrix
M is aperiodic. Then, by the Perron-Frobenius Theorem, an aperiodic matrix M will have a
simple positive eigenvalue A > 1 which is strictly maximal in modulus.

Let M be the set of o-invariant probability measures on X;.

Set

Fix,, = {x[moo[ e Xy Jnaj[moo[ e x[OToo[}'

It is well-known that f Fix,, = trace M"™ ~ A", as n — oco. We want to study the asymptotics
of certain subsets of Fix,,.

Fix a function f: X3y — Z" such that f (I[OTOO[) depends on only finitely many coordinates
of . Without loss of generality, we may suppose that f (x[OTOO[) depends only on the first two
coordinates, that is, f(2[gjec[) = f(w0,71). Write

Fn)(@p100) = F(To100]) + f(OT[0100]) + - + f(Un_lx[moo[)-
For a € Z", consider the following subset of Fix,,:
{z0100[ € Fixn : f[n](2[o100) = a}-

We now study the asymptotics of the cardinality of this set as n and a vary.
Following the work of Sharp (see [12]), we will assume that f satisfies the following two
natural conditions:

(H1) The set U2 {f[n](Tjojo0]) € Z" : T[pjoo| € Fixn} generates Z", and

(H2) [ fdu =0, where p is the measure of maximal entropy.

17



We define the subgroup of Z"

Ay = <U (@ p100) = FIR(Ylotec)) € Z" & Tot00] Yj0100] € Fixn}> <Z.

Choose T[gjoo[ € Fixp and yppjoe[ € Fixpy1 (for some fixed n) and set ¢y = f[n + 1](z(o100]) —
f[n](Yp1eo)- Then Ay +cy is well-defined and Z" /Ay is the cyclic group generated by Ay +cy
(see[8]). Furthermore, conditions (H1) and (H2) ensure that Z" /Ay is finite and we can write
d = |2 /2] (see [7).

In the paper of Sharp (see [12]) there are some local limit theorems for the function f with
respect to the periodic points of o: X3y — Xy More precisely, we have the following result:

Theorem A.4. (Corollary 2.1, [12]) Let M be an aperiodic square matriz. Suppose that
f: Xy — Z7 is a function that depends on finitely many coordinates and satisfies the con-
ditions (A1) and (A2). Let d = |Z"/A¢|. Then there exists a positive definite real matriz D
such that

lim
n—oo

(det D)'/2n1/2 : : d_ _(a,D'a)/2n
‘Z ¢ Fixns {x[OToo[ € Fixpqj : f[n+3]($[moo[) =a}— (%)T/Q@ fe )| = 0,

(A.1)
uniformly in o € 7.

We now prove that Hypothesis A.5 implies Hypothesis 4.1, as shown below by Theorem
AT

Hypothesis A.5. Let F be a strongly Markov group with abelianization F/[F, F] isomorphic
to Z", A be a finite symmetric generating set of F', and ab: F' — Z" be the abelianization map.

Let I" and p be a graph and a labeling associated to the group F' with respect the generating
set A as in Definition A.1. Let M be the incidence matrix of I', and assume that M’, the matrix
obtained from M by suppressing the row and column associated to *, is aperiodic. Suppose
that f: Xjs — Z7 satisfies the following two conditions

Ly = (U2 {f[n)(Z0100]) * o100 € Fixn}) is equal to Z" (A.2)
and d = |Z"/Af| = 2.
Example A.6. Let F; be the free group of rank 2, as in Example A.2, with the graph I" and
labeling p described therein. Let M’ be the adjacency matrix of the graph I' with the row
and column containing * suppressed. It is not hard to check that f : X3; — Z2, defined by

f(0100[) = ab(p((w0,71))), satisties Hypothesis A.5. Here p((zo,71)) is the label of the edge
that goes from the vertex xg to .

Similarly to Theorem A.4, Sharp obtains the following local limit theorem for F' in [12].

Theorem A.7. (Theorem 3, [12]) Let F,A,r as in Hypothesis A.5. Then there exists a
symmetric positive definite real matrix D such that

b~1(a))  ya(n+1,ab7 (a)) 2 Dt
i det D)Y/2p7/2 ya(n, a ) . (@D ta)/2n| _
1m ‘( et D)/ *n ya(n, F) + A+ L, F) (277)7“/26 )

n—0oo

(A.3)

uniformly in o € 7.
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Sketch of the proof. We consider the matrix M and the function f of Hypothesis A.5.

Since the matrix M’ is aperiodic, the function f induces a function fy;: Xy — Z". By
(A.2), it can be shown that fy; satisfies (H1). By arguments of symmetry one can also show
that fy satisfies (H2).

Hence we can apply Theorem A.4 with d = 2.

The arguments in Section 4 and Section 5 of [12] show that we can replace

H{z0100[ € Fixntj : fn+ jl(Z0100)) }
§ Fixp

ya(n,ab” (o))
by '7A(na F)

Remark A.8. It can be also shown that surface groups with the Notation 4.2, F,, A*! and
r satisfy Hypothesis A.5.

O
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