GAUSS-BONNET THEOREM AND CROFTON TYPE
FORMULAS IN COMPLEX SPACE FORMS
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ABSTRACT. We give an expression, in terms of the so-called Her-
mitian intrinsic volumes, for the measure of the set of complex
r-planes intersecting a regular domain in any complex space form.
Moreover, we obtain two different expressions for the Gauss-Bonnet-
Chern formula in complex space forms. One of them expresses the
Gauss curvature integral in terms of the Euler characteristic and
some Hermitian intrinsic volumes. The other one, which is shorter,
involves the measure of complex hyperplanes meeting the domain.
As a tool, we obtain new variation formulas in integral geometry
of complex space forms. Finally, we express the average over the
complex r-planes of the total Gauss curvature of the intersection
domain.

1. INTRODUCTION

In the space of constant sectional curvature k, M (k), Santalé [San04]
gave the expression of the measure of the set of r-planes meeting a reg-
ular domain in terms of the mean curvature integrals. Suppose that L,
denotes the space of r-dimensional planes in M (k) and dL, a density
of £, invariant under the isometry group of M"(k). If Q@ € M"(k) is a
regular domain and r = 2[, then

l
(1) / V(20 L)Ly = cvol () + 3 ek My 1(992),
Lo i=1

where ¢; are known and depend only on n, r and ¢, while M;(0Q)
denotes the mean curvature integral defined by

(2) M, (09) = (”‘. 1>1 /a e
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where (1) is the j-th symmetric elementary function of the eigenval-
ues of the second fundamental form. An analogous formula holds in
the case of odd-dimensional planes.

In the proof of formula (1), Santalé used the Gauss-Bonnet-Chern
theorem in M"(k), that for n even states

(3)
Mn_l(GQ):02"X(Q)—kcn_gMn_g(ﬁQ)—...—knzzclMl(ﬁQ)—kgvol(Q),

and the reproductive property of the mean curvature integrals in M"(k),

(4) MO0 N L)L, = eM;(09),
Ly

where Mi(T) (092N L,) denotes the i-th mean curvature integral of 9QN L,
as a hypersurface in L, and ¢ is known and depends only on n, r and
i

In this paper we generalize formula (1) and (3) to the space of con-
stant holomorphic curvature 4e, CK"(€). The role of £, in (1) will be
played by £E, the space of complex r-planes (totally geodesic complex
submanifolds). For simplicity, we shall restrict to compact domains
2 € CK"(e) with smooth boundary, and call them regular domains.

The method used by Santalé cannot be applied in this situation.
Mean curvature integrals are defined in a complex space form as in (2),
but in the standard Hermitian space C™, it was not certain whether the
reproductive property remains true for the mean curvature integrals
when we integrate it over L£E. Moreover, in the complex projective
space and in the complex hyperbolic space, an explicit Gauss-Bonnet
formula is not known. Instead, we use variational arguments, as well
as some facts about the theory of valuations, which we briefly describe
next.

Definition 1.1. Let (V') denote the family of non-empty compact
convex subsets of a finite dimensional real vector space V' of dimension
n. A scalar valued functional ¢ : K(V') — C is called a valuation if

$(AU B) = ¢(A) + ¢(B) — ¢(AN B)
whenever A, B, AU B € (V).

The space of invariant valuations under the full group of isometries of
R™ was studied by Hadwiger [Had57], who proved that the dimension
of this space is n + 1. Mean curvature integrals, volume and Euler
characteristic form a basis of this space.

On the standard Hermitian space C™ with its isometry group U (n) =
C" x U(n), Alesker [Ale03] proved that there are more linearly inde-
pendent valuations than on R”, the dimension of this space is (";2)
Both the Euler characteristic, and the measure of complex planes in-
tersecting the domain belong to this space.
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Bernig and Fu [BF08], consider several valuation bases on C". Here
we will use the basis whose elements {1 q}rq} are called Hermitian
intrinsic volumes. These valuations where first introduced by Park
in complex space forms (cf. [Par02]). In section 2 we recall their
definition.

The main results of this paper can be stated as follows.

Theorem 1.2. Let Q be a reqular domain in CK"(e). Then, for r =
1,...,n—1

/LC X(QN L)dL, = vol(G5_, ) <” - 1) *I(ET(T T Dvol(Q)+

5) N Z () 2k<:>1.((/@+r—n+1)u%,k+

k=n—r

k—1
1 (2k—2g
D D=1 G )

g=max{0,2k—n}

where dL, denotes an invariant measure in the space of complex r-
planes LS. Moreover,

O2n—1x(R2) = 2n(n + 1)€e"vol(Q) +

Jo N i 1 /2—2
+Z€ : 2) 1 Z 4cq(z_ q)ﬂ2cq+(c+1)/~‘266

c g=max{0,2c—n}

where w; denotes the volume of the euclidean unit ball and O; the volume
of the euclidean unit sphere.

Formula (5) is a generalization of (1) in the sense that the measure
of the complex r-planes meeting a regular domain is expressed as a
linear combination of the volume and some other valuations related to
mean curvature integrals. This answers a question posed by Naveira
in [Nav05]. In case r = 1, formula (5) was already proved by different
methods in [Aba09]. For 2r > n, and € = 0, formula (5) was proved in
[BFOS].

Formula (6) generalizes to complex space forms the Gauss-Bonnet
theorem (3). In complex dimensions n = 2,3, formula (6) was obtained
in [Par02].

Combining expressions (5) and (6) we obtain

Mo,—1(0Q) = Og,—1x(2) — 2ne/ XN Ly_1)dLy,—q—

Ly
n—1 n—1 -1
- Z EkOQn—2k—1< 2 > ok e — 2ne"vol().
k=1

This expression is similar to the following one for real space forms.
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Theorem ([Sol06]). Let S be a hypersurface bounding a compact do-
main Q) in a real space form with sectional curvature k and dimension

n. Then
Mn—l(s) == On—lX(Q) - kM

L,_2)dL, _s.
0., /ﬁn2 X(@N 2) 2

The main idea for the proof of Theorem 1.2 is to take variation along
a vector field in CK"(¢), in both sides of equalities (5) and (6), and to
compare them.

In order to obtain a first expression of the variation of || s X (092 N

L,)dL, along a vector field in CK"(e), we proceed as in [Sol06] (see
Section 3.1). In C", the variation of the Hermitian intrinsic volumes
was obtained by Bernig and Fu [BF08]. Here we use the same method
to find the generalization for € # 0 (see Section 3.2).

Using formula (5), we prove in Section 6 that the total Gauss curva-
ture does not satisfy the reproductive property and we get in C” the
following expression:

My, (0Q N L,)dL, = 2rw3 vol(GE

2 0)

n—r

1 2n —2r — 2q
(7) . Z An—r—q ( n—r—gq )MZn—Qr,q

g=max{0,n—2r}

In [Aba09], it is proved that the reproductive property (4) is not
satisfied by the mean curvature integral either.
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2. HERMITIAN INTRINSIC VOLUMES ON CK"(¢)

Let CK"(€) be a (simply connected) complex space form with con-
stant holomorphic curvature 4e. We denote by T7"CK"(¢) the unit tan-
gent bundle of CK"(¢).

Definition 2.1. Let 2 be a regular domain in CK"(¢). The unit (inner)
normal bundle of 92 is defined as

N(Q) ={(p,v) € T'CK"(¢) : p € 99, v inner normal to T,00}.

Given a 4n — 1 form w in T'CK"(¢) we may consider, for every
regular domain 2 the integral over N(£2) of the form w. The resulting
functional is called a smooth valuation.

Let z € CK"(¢), e; € T'CK"(¢) and let {z;eq,...,e,} be a mov-
ing frame defined on an open subset U C T'CK"(¢). We denote by
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{w1,ws, ...;wy, } the 1-forms on 7"CK"(e) defined as the dual basis of
{e1,...,en}, and by {w;;} the connection forms of CK"(¢). That is, if
(,) denotes the Hermitian product on CK"(e) and V the Levi-Civita
connection, then

w; = (dz,e;) and wjy = (Ve;,e,) where j ke {l, .., n}.
Thus, these forms are C-valued. We denote
(8) wj = o + 1,
Wik = g + 185k
Remark 2.2. Forms ay, ; and (1 are global forms in 7'CK"(¢). We

denote by «, 3, v the forms oy, (1, B11, respectively. Note that «a
coincides with the contact form of the unit tangent bundle.

Lemma 2.3. Let Q C CK"(¢) be a regular domain. Forms a and do
vanish at N(2) C T'CK"(¢).

Proof. Let V' € T,,,)N(€2). Then, a(V)p. = (dr(V),v) = 0 where
7 : T'CK"(e) — CK"(e) is the canonical projection.

To prove that da vanishes at the unit normal bundle, we consider
the inclusion of the unit normal bundle to the unit tangent bundle
i: N(Q) — T'(Q2) and we use that exterior differential commutes with
the inclusion map to obtain

do|n@) = (i od)(a) = (doi*)(a) = d(i"a) = d(0) = 0.

Consider the following 2-forms in 7"CK" (e)
90 = —Im((Vel, Vel)) = —Im(z W14 &® wu)
i=1

(9) ¢, = —Im((dz,Vey) — (Veq,dz))
= —Im(z Wi Q@ Wy — Zwu ® w;)
i=1 i=1

0, = —Im((dz,dz)) = —Im(z w; @ W;)

0s = Re((dz,Vey) — (Vey, d;))

= Re(z w; @ wy; — Zwu ® W;)-
i=1 i=1

This forms coincide with the invariant 2-forms, 6y, 61, 65 and 6,
defined in 7'C" by Bernig and Fu [BF08, p.14]. Note that, 6 is the
symplectic form of TCK" (e).

Remark 2.4. Park [Par02] defined invariant 2-forms in 7"CK" (¢) similar
to the ones in (9).
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The forms (;, and v, defined in 7'C" in [BFO08], can be extended
to T"CK"(¢) from (9).

Definition 2.5. For positive integers k,q € N with max{0,k —n} <
g < & < n, it is defined in Q**~1(T'CK"(e))

Brg = CrkaBNOTTTINOTPTINGL Kk # 2

Cn hta— _
Veg = ’Q’C’qwe(; ML AP 2I0 QS n#k—gq

where
1

gl(n—Fk+ ¢k —2q)wan_s

and wy,_ denotes the volume of the (2n — k)-dimensional euclidean
ball.

Cnk,q -=

Given a regular domain 2 C CK"(e), we define (for max{0,k—n} <
qg< %t <n)

Bﬁq(ﬂ) = Brq (k#2q), Fﬁq(Q) = /N(Q) Yog (0 #k—q).

N(Q)

In C", it is satisfied B, () = I'Y,(Q) since dfyq = dyp,q. Next we
recall the exterior derivative of 6y, 6, and 65, which can be found in
[BFO8] when € = 0, or in [Par02] for general .

Lemma 2.6 ([Par02]). In T'CK"(e) it is satisfied

doa = —0,, dfy = —e(a N Oy + BN by),
dg = 0y, df; =0,
dy = 20y — 2€09 — 2ea A 3, dfy = 0.

Next, we give the relation among { B’ ()} and {I'} ()} in CK"(e)
which generalizes the relation in C".

Proposition 2.7. In CK"(¢), for any positive integers k,q such that
max{0,k —n} < q < k/2 <n it is satisfied

Cn,k,
rgq(Q) = B,Qq(Q) —e—i— - ”HB,&Q’(ZH(Q).
n, ,q

Proof. We denote by I the ideal generated by «, da and the exact forms
in N(Q). If A, p are (2n — 1)-forms in N(§2) equal modulo I, then by

Lemma 2.3
[t
N(Q) N(Q)

Thus, it is enough to prove
C 7k?
(10) Ve = Brg — 6#@%2,%1 mod 1.
Cn,k+2,q+1
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Consider the form 1 = (6, — B A7) A G0 "9 207192 - Ag dp is
exact, we have dn = 0 mod I. On the other hand, by Lemma 2.6 it
follows that modulo

dn = —0y o109+ 2800 0T 09 —2ep0p oy ot
Using the definition of 7y, and i, we obtain the relation in (10). O

Remark 2.8. In complex dimensions n = 2,3, the previous relations
were found in [Par02].

In view of the previous equalities, we define (for max{0,k — n} <
g<t<n)

B (Q) ifk#2q
11 Q) = Ja .
(11) Mk,q( ) { Fgl%q(Q) if k=2q.

Remark 2.9. In [BF08], it is proved that valuations {4, vol} where
k €{0,...,n—1} and ¢ € {max{0,k — n},...,|k/2|} form a basis of
invariant continuous valuations on C".

3. VARIATION FORMULAS

3.1. Variation of Hermitian intrinsic volumes. In order to study
the variation on CK"(e) of the Hermitian intrinsic volumes, we follow
the method used by Bernig and Fu [BF08] in Corollary 2.6. First, we
recall the definition of the Rumin operator, introduced in [Rum94|, and
the definition of the Reeb vector field in a contact manifold.

Definition 3.1. Given p € Q*1(T"CK"(¢)), let a be the contact form
of T"CK"(€), and let a A€ € Q*1(T'CK"(¢)) be the unique form such
that d(pu 4+ a A §) is multiple of « (cf. [Rum94]). Then the Rumin
operator D is defined as

Dp:=d(p+anf).

Definition 3.2. Let M be a contact manifold and let o be the contact
form. The Reeb vector field T' is the unique vector field over M such
that

iT()é = 1,
If the contact manifold is the unit tangent bundle of a Riemannian

manifold, then the Reeb vector field is the geodesic flow (cf. [Bla76, p.
17)).

Lemma 3.3. In T'CK"(¢), it is satisfied

z'Ta = 1, iTHI =7,
irhy =3,  irB =iry =irth = 0.
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Proof. The first equality comes directly from the definition (cf. (12)).
As T is the geodesic flow, we have a;(T) = 5;(T) = 0 and ay; = 51; = 0,
i €{2,...,n}. By Definition in (9), we obtain the result. O

Given a smooth valuation p, and a vector field X with flow ¢;, we
are interested in computing

d

1(p:(2)).

t=0

This can be done by means of the following result stated in [BF08].

Lemma 3.4 (Lemma 2.5 [BF08]). Suppose Q@ C R™ is a regular do-
main, N is the inner normal field to 02, X is a smooth vector field on
C™ and p is a smooth valuation given by a (2n — 1)-form p. Then

Sxul®) = [ (X.N)ir(Dp
N(Q)
where T is the Reeb vector field on T'R™ and Dp is the Rumin operator

of p.

Although this result is stated and proved in C", the given proof is
also valid in an arbitrary Riemannian manifold.

From Lemma 2.6, we obtain the exterior differential of the forms 3 ,
and Vi,q-

Lemma 3.5. In CK"(¢)
o n—k+q k—2q q n—k+q—1 k—2q q
and
Vg =Crg (00 F TN G20 A 0L — e F 71 A 929 A 99!

—ea ANB NG A QE2 A 02

—k -1

_E(n —21‘(1 )a/\,y/\egkarqu/\ellcquJrl A0
—k -1 g _

_ ;rq )ﬁAw\es/\eg FHam2 A 9F 24 A g8).

Notation 3.6. Let §2 be a regular domain in CK"(¢) and let N be a
normal field to 9€2. Let X be a smooth vector field on CK"(¢). We
denote

Bk,q = Bk,q(Q) = /

<X, N>ﬁk,q7 fk,q = fk7q(Q) = / <)(7 N>’Yk,q~
o0

o0

The variation of the valuations { .} on C" is given in [BF08, Propo-
sition 4.6]. The next proposition gives this variation in the previous
notation.
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Proposition 3.7 (Proposition 4.6 [BF08]).
OX Hkg = QCn,k,q(C;}c—l,q(k - 2q)2fk71,q - C;}cfl,qfl(n +4q— k)qfkfl,qfl
g (Nt q—k+ %)q‘ék—lyq—l_c;,}c—l,q(k —2q)(k — 2q — 1)Bi_1,).
We extend this result to CK"(€) as follows.

Proposition 3.8. Let X € X(CK"(¢)) and let @ C CK"(¢) be a regular
domain. Then

Ox Bty () = 2cn kq(c 31 (k= 20)°Tho1g—C iy g1 (R a = k)glho141

_ 1. - _ ~
+ Cn,}c—l,q—l(n +q—Fk+ i)qufl,qfl - anc_l,q(k —2q)(k—2¢ —1)By_1,4

(0 it qr1 (B —29)(k = 2¢ = 1) Bryigri—c, g (0 —k+q)(g + %)Bk—i—l,q))
and
6XF¥q,q(Q) :2cny2q,q( - C;,lzq—l,qq(” - Q)qf‘2q—17q—1
+ C;,12q—1,q—1(n —q+ %)QBQq—l,q—l
+ 6(_677,12q+1,q((n —q)(2q + ;) - %(q +1))Bagi14
+ 0;12q+1,q(” —q—1)(qg+ 1)f2q+1,q
— eCpgraqn(n—a—1(g+ ;)32q+3,q+1)>-

Proof. The proof is based on that of Proposition 4.6 in [BF08].

Consider first § XBﬁq(Q). Lemma 3.4 provides an expression for the
variation of a valuation given by a smooth form. By this lemma and
Lemma 2.3, it is enough to find the Rumin operator of the form S,
modulo «, da since both forms vanish over the unit normal fiber bundle.
In the case € = 0 (cf. Proposition 4.6 in [BF08]) the Rumin differential
of B4 is given by D, = d(Orq + @ A §) where € is an invariant form
fulfilling

(13)
f = Cn,k,qﬁfy
A ((n+q—k)gb; — (k —2q)(k — 2q — 1)6p6,) mod («, dev).
For general € we take a form &€ such that f(epyv) = (p,»/) When we identify
Tp0)T'CK"(€) and T(,y ,yT'C", for every (p,v) € T'CK"(¢), (p/,0") €
T'C™. Then, it is clear from Lemma 3.5 that d(5y,,+aA{°) = 0 modulo
a, since the term multiple of € in the expression of df; 4 is also multiple

of a.
By Lemma 2.6, the exterior differential ¢ for any e is

dE = Cop gt TTFTIONTI200 (0 — K+ ) g7 — (k — 2q)(k — 2q — 1)0005)
A (701 — 2600 + 2¢(305) mod «

n+q—k—1pk—29—2 ng—1
fo oy 7 0,
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and the contraction of df; , with respect to the field 7', by Lemma 3.3,
is

. _ n+q—k—1pnk—29—1png—1
irdBrg = Cnkqb 0, 05

A ((k —2q)v0002 + qB0061 — €(n — k + q)36102) mod «.

By substituting the last expressions in ip DSy, = irdf,, — d€ (mod
a, da), we get the result.

To compute dxI'y, 4, note that dvys, , has 3 terms which are not mul-
tiple of « (cf. Lemma 3.5). Then the Rumin differential is given by
Dzqq = d(V2q,4 + a A (£ + & + &3)) where ¢ corresponds, as above, to
the form in (13),

£ = Cnpgrzgri(n—q—1)(q+ )60, "%03 mod («, da)

and

n—q—1 e
&= cn72q7q+ﬁ780 4 293 mod (a, da).

Indeed, as in Proposition 4.6 in [BF08], £ cancels the first term of dvs, ,
modulo a and &, the second one. The third term is canceled by &3 since
it is the same multiple of doa = —0;. O

3.2. Variation of the measure of complex r-planes intersecting
a regular domain. We denote by L&, r € {1,....,n — 1} the space
of complex r-planes in CK"(¢). Complex r-planes are totally geodesic
submanifolds of complex dimension r isometric to CK"(¢) (cf. [Gol99,
Lemma 2.2.4]). Moreover, Santalé [San52] proved the following prop-
erties of this space (as usual, J denotes the complex structure).

Lemma 3.9 ([San52]). £E

ro’

LE=2U.(n)/U(r) x U(n —r)

18 a homogeneous space and

where
C"x U(n), ife=0,
U =< U(l+n), if € >0,
U(l,n), if e <O.
Let {g; g1, J g1, vy Gns Jgn} e a local orthonormal frame such that

{1, 91, -, 9, Jgr} generate the tangent space of a complex r-plane at
g. The density of LS is given by

n
i=r+1 i=1,...,r
Jj=r+1l,...,n

where {w;,wi;}; are defined as in (8).
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On 09 there is a canonical vector field given by JN, and a distri-
bution D = (N, JN)L. At every point z € 99, D, is the maximal
complex linear subspace of T, CK(¢) contained in T,09. We shall con-
sider the bundle Gf . (T99) whose fiber at every point x € 99 is the
Grassmanian GST(TZOQ) of r-dimensional complex subspaces of D,;
Le., G5 (TOQ) = {(x,1)|x € 99,1 is a J-invariant r-dimensional linear
subspace of T,00Q}.

Proposition 3.10. Suppose Q@ C CK"(¢) is a regular domain, X is
a smooth vector field on CK"(¢), ¢, is the flow associated to X and
Q= ¢t(Q)7 then

/ V(L)AL = / (060t N ( / UQT(H|V)dV> dz
t=0J LT oQ G (T209)

where N is the inner normal field and o9.(11|y) denotes the 2r-th sym-
metric elementary function of 11 restricted to V € Gf, .(T,09).

a
dt

Proof. This proof is based on the one in [Sol06, Theorem 4]. For every
l e GS)T(TxﬁQ), we make the parallel translation [, of [ along ¢;(x).
Recall that parallel translation preserves the complex structure (cf.
[O’N83, p. 326]). Then we project l; onto Dy, (y), obtaining a complex
r-plane [; (at least for small values of t). We define

Vi GE(TO) x (—e,6) — LE

((:L’, l)v t) = equSt(z) lé
As

Y (dL,) = o (Y (dLy))dt = v (tarord Ly )dt
where v, = 7(-,t), in the same way as in [Sol06], using the co-area
formula and taking derivatives with respect to t, we get

d . . .
— / x(Q:NL.)dL, = / signe sign K (L, )vg (tagordLy).
dt|y_g Jes GS (199

Suppose that {g; g1, Jg1, ..., gn, Jgn} is a local orthonormal frame
defined on G (T0) x (—€,€) such that g((z,1),t) = @(z,t), v =
(9,91, J915 -y Gry Jgr) NCK"(€) and Jg,,((z,1),t) = N; (IV; denotes the
normal vector to 0€2; at ¢;(z)). Consider the curve L,(t) given by the
parallel translation of L, along the geodesic given by IV, the inner nor-
mal vector to 0€. If P denotes the tangent vector to L, (t), then for
t=0

d
wi(P) = (dg(P), 9:) = <%9

wn(P) = (dg(P).N) =1,
d

wii (P) = (dgr(P), g5) = <£gk(Lr(t)>,gj> =0

(Lr(t))v gz> =0,
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where i € {r+1,r +1,..,n—1,n—1},j € {r+1,7+1,...,n,7}, and
ke {1,1,...r7}. By (14) and last equations we get
dL, = |wg|tpdL,
since tpdL, = |ww(P)] - | Ap_yi1 wn A@r \ wij|. Thus,
tayord L, = |wr(dvyOt)|epdL, + |wr|tayort pd L,

and

nl 1) = {dg(ardt), N = (2.,

(@) (0) = (dg(dro(0)). N) =0 Vo € Ty G, (TO).
So,

. 9¢
’Yo(bdwatdLr) = ’(aa

Finally, using that 5 (cpdL,) = |K(I) ]dL;C[I] dx, we get the result. [J

Ny (ipdLy),

Remark 3.11. In real space forms it is known
/ o-(I1)y)dV = vol(G(n — 1,7))o,(1I),
anl,r

but in complex space forms we do not know how to evaluate directly
the analogous integral over the complex Grassmanian.

If  =n — 1, then this integral can be easily evaluated in CK"(e).

Corollary 3.12. Let Q C CK"(¢) be a regular domain, let X be a
smooth vector field on CK"(¢), let ¢, be the flow associated to X and
let Q = ¢4(Q). Then

d .
It / X8 N Ly—1)dLy—1 = won_1B1,0().
t t=0 ﬁC

n—1

Proof. Since there is only one complex hyperplane contained in the
tangent space of a hypersurface, using the following relations, we obtain
the result directly from Proposition 3.10 .

d / (O Ly )dL ;= / (06/0t, N) /G ool )iV

dt t=0 5271 8Q0 n—1,n—1

_ / (06/0t, N) 00— (11|p) dz
Qo

B BAGE?
= /8Q0(8¢/8t,]\7)(n Y

-1
Cn,1,0

- (n—1)!

BLO = w2nlel,0-
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4. CROFTON TYPE FORMULAS

4.1. In the standard Hermitian space.

Theorem 4.1. Let Q C C", let X be a smooth vector field over C™,
let ¢y be the flow associated to X and let Q; = ¢(2). Then

dt t=0 r r

n—r—1 2(] 1 1 -
(15) ’ Z < ) FBanQTfl,nfrfq(Q)

g=max{0,n—2r} q

and

/L(Tc X(QN L.)dL, = vol(G5_, , Jwar <n ; 1) -1 (Z) g

~— 1 [2n—2r—2q
(16) X s ( )um,«,qm)

n—r-—gq
g=max{0,n—2r}

Proof. In order to simplify the following computations, we consider

(17) Bit(Q) = ¢h  BE,(Q), Ti(Q) = 2¢,5 Ti,(Q)
and
(18) Bllcq nqukQ’ fk —2C;}€qu7q.

The expression [, x o X (L, N Q)dL, is a valuation on C" with degree
of homogeneity 2n — 27“ Thus, it can be expressed as a linear combi-
nation of the elements of a basis of valuations with the same degree of
homogeneity. Then, by Remark 2.9 and (11), we have

n—r—1

(19) /LC X(QmLT)dLT = Z C, B;n 2rq+DF2n 2r,n—r

g=max{0,n—2r}

for certain constants C,, D which we wish to determine. This will be
done by comparing the variation of both sides of this equality. From
here on we assume 2r < n. The case 2r > n can be treated in the same
way (cf. Remark 4.2).

By Proposition 3.8, the variation of the right hand side of (19) is a
linear combination of the following type

n—r—1 n—r—1

(20) Z Cl]Bén 2r— 1q+ Z dr?n 2r—1,q

q=n—2r—1 q=n—2r
where the coefficients ¢, and d, can be expressed in terms of a linear

combination with known coefficients of the variables C;, and D, that
still remain unknown.
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The variation of the left hand side of (19), by Proposition 3.10 is

() 4 / (@ A L)L — / (9601, ) / oo (1] )V d.
dt|,_o J e o9 Gc

n—1,r
After fixing a frame, the integral [,  o2.(Ily)dV is a polynomial
n—1,r

of the second fundamental form II restricted to the distribution D =
(N, JN)t. When pulling-back the form vz, from N(Q) to 9, one
gets a polynomial expression Py, of degree k in the coefficients of II.
Each of the monomials of P, is a minor k£ x k of II containing the
entry II(JN, JN). For ¢ # ¢, all the monomials of P, are different
from those of Py,. Therefore, every linear combination of {Py,},
must contain the variable II(JN, JN). Since JN ¢ D, comparing
the expressions of (20) and (21), it follows that d, = 0 for all ¢ €
{n—2r,....,n—r—1}

As ¢, and dy depend on € and D, we will obtain the value of ¢,
once we know the value of C;; and D. We will get their value from the
equalities {d, = 0}. Note that this gives r equations, since ¢ runs from
n—2rton—r—11in (20). As for the unknowns, we need to find r
constants C; plus the constant D in (19).

We will get an extra equation by taking II|p = Id and equating (21)
to (20). Then, for any pair (n,r) we have a compatible linear system
since constants in (19) exist. Next we find the solution, which turns
out to be unique.

Let us relate explicitly the coefficients {c,} and {d,} in (20) with
C, and D in (19). To simplify the range of the subscripts, we denote
dpr_gwitha=1,...,7rand ¢,_,_q witha=1,...,r+ 1.

Coefficient d,,_,_,.From the variation of By, in C" (Proposition 3.7),

!

the coefficient of I}, ., ,,_,._, comes from the variation of B, ., .,

and Iy, 5., .. Then,
dpv1==2r(n—7)D+ (2n —2r —2(n —7r —1))*Cp_r_1
(22) =4C,_r—1 —2r(n —1)D.

Coefficient d,_r_o, a = 2,....,7. The coefficient of fv2n—2r—1,n—r—a
comes from the variation of By, ., ., and By, 5., . ... Then,
23) dpra=02n—2r —2(n—7—0))*Cp_r_a

—2r+n—r—a+l—n)n—r—a+1)Ch_r_a11
=4a*Cp_pg—(r—a+1D(n—7r—a+1)Crr_qs1.

Coefficient c,,—,—1. The coefficient of Bén72rfl,nfr71 comes from the
variation of Bgnﬂmﬂfl and I‘/ZWQT’WT. Then,

Chr1=4(r+1/2)(n—7r)D —4C,_,_4
(24) =22r+1)(n—r)D —4C,_,_1.
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Coefficient ¢p—r—q, a = 2, ...,7 — 2. The coefficient of B

2n—2r—1n—r—a
: 3 / /
comes from the variation of By, 5., , , and By, 5., . ... Then,

Cnr—a=—22a)2a—1)C_p_g+2(r—a+3/2)(n—17—a+1)Ch_y_as1

(25)
=—4a(2a —1)Chpu+ 2r—2a+3)(n—1r—a+1)Ch_p_q41.

. . ~/
Coefficient ¢, —o,—1. The coefficient of By, 5. 1, o, ; comes from
the variation of B} Then,

2n—2r,n—2r"
Chor1=02r=20r+1)+3)(n—r—(r+1)+1)C,_a,
(26) = (n—2r)C,_o.
Now, we solve the linear system given by {d,_,_, = 0} where a €

{1,...,7}. From equations (22) and (23) we have that the system is
given by:

rin—r)D = 2C,_,_
40’Cp py = (n—r—a+1)(r—a+1)Chy_ar1.

Thus,

n—r—a+1)-..-(n—r)(r—a+1).-r
2-41q%(a — 1)%- ... - 12

B (n—r)lr!

© 220-1(n — 7 — a)!(r — a)lalal

om0

To obtain the value of D, we calculate |, O (p)dV and B3, 5. 1, v a
with II|p(p) = Id. On the one hand, we have

D

On—r—a = (

/ o2 (p)(Id]y)dV = vol(Gy_y ).
GC

n—1,r
On the other hand, if II|p = Id, then the connection forms satisfy
a1; = w; and By; = w;. Thus, 6; = 260, and 0y = 0, and we obtain
ﬁéanTfl,nfrfa(p) = (5 A 067a+1 A H%G*Q A 972177”7@)(1»
= (BN ) (p) =2"2(n —1)\.

So, the equation

r+1

vol(G 1,) = Cnepea2 (0 = 1)!

a=1

must be satisfied.
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Equations in (24), (25) and (26) give us the relation among ¢,,—,_q,
D and C,,_,_,. Using these relations we have

vol(GS_, )

n—1,r

W = (2(27‘ + 1)(” - T)D - 4Cn7r71)

+Y 227((2r —2a+3)(n—7r+a+ 1)Cpr_at1 — 4a(2a — 1)Cr_r_a)
a=2

+ 2% (n — 2r)Cp_a,
=22r+1)(n—7r)D+4C,_r_1(2r—1)(n—7r—1)—1)
r—1
+ Z(—22a724a(2a —1)4+2%2r—2a+1)(n—7—a))Cp_r_aq

a=2

+ Cp_or (2% (0 — 2r) — 277242 (2r — 1))

=22r+1)(n—r)D+ i 220C, __a((2r —2a+ 1)(n — 7 —a) — a(2a — 1))

e (2(% FHERS P 2“(4;1_)(?__;)@“2 ;)?(2“ )] a!a!)
=D <2(27’ +1)(n—7)+2(n— r)'r'g;i:_(i)_'(gl_&:jll))')
2n!
C ==
Thus,

vol(Gy_y,) (n - 1) -

2n! T

o _ vol(GS_y,) fn—1\ " (n—r\(r
e 4an) r a a

and, for 2r < n, we have

r
/[:C X(Q N LT)dLT = Z Cn*T*aBéanT,nfrfa + DFIanQT,nfT
r a=1

vol(Gry_y,) (n—1\ "= (n—r\/r),_
-t () B O Pt P
and

d

dt

[ @ L)AL, = @2+ 1)(n = 1)D = 4G 1) By a1
t=0J L5

,
+Z((2T —2a+3)(n—r+a+1)Cpyqr1—4a(2a - 1)Cn—T—G)Bén—2r—1,n—r—a
a=2

+(n - QT)CH*ZTBéanTfl,anTfl

_vol(GS_LT) n—1\""! Ti:l n—r\[(r+1\ a B
- n! r a a fa—1 2n—2r—1n—r—a | *

a=1
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Finally, we use the relation in (17) and (11) to obtain the result. [

Remark 4.2. If 2r > n, then formula (15) follows directly from the
relations among the different bases of valuations on C" given in [BF08|
and the following relation in [Ale03]

1
/ QA L)L, —
£< 2r—1 J ¢
for a certain constant ¢ coming from the different normalizations in
dL,.
4.2. In CK"(e).

Corollary 4.3. Let Q C CK"(e€), let X be a smooth vector field over
CK"(e), let ¢y be the flow associated to X and let Qy = ¢(2). Then

d IR
/L CX(Qer)dLT = vol(GS_, Jwars1(r + 1) (n ) <n> '
t e

dt |~ T r

n—r—1 2(] 1 1 -
(28) : Z ( q ) 4a-1 B2n—2r—1,n—r—q(Q)

g=max{0,n—2r—1}

Mor—3(02 N Ly )dL, = cUsn—p)n—r

Proof. Comparing equation (15) and Proposition 3.10 in case € = 0

shows that
[
a0 GS

equals the right hand side of equation above. By taking a field X that
vanishes outside an arbitrarily small neigborhood of any x € 0§, we
deduce the following equality between forms

( / UQT(IIW)dV) dy = 22+
GC

SIe)

n—r—1
2q -1 Cn,2n—2r—1,n—r— r— — n—r—
2 ( q ) BN AT AT

ot (II|V)dV) dx

g=max{0,n—2r—1}

This equation extends obviously to CK"(e) without change. Then,
using Proposition 3.10 gives the result. O

Theorem 4.4. Let Q be a regular domain in CK"(¢). Then

/Eg X(QN L,)dL, = vol(G5_,,) (n ; 1) _l(ew + 1)vol(Q)+

n—1 —1
n
+ Z =) g o (lc) ((k+r—n+1)pop i+

k=n—r

k—1
1 (2% —2g
=+ Z 4]67(] < k —q >/~L2k7Q))'

q=max{0,2k—n}
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Proof. First, we write the formula to be proved in terms of { B}  } and
{4} defined in (17):

VOI(Gn 1 r)

n!

<” . 1) 71(6T(7" + 1)nlvol(Q)+

r

/ x(QN L)L, =
LS
(29)

n—1 k—1
i 1 n—=k\ [k k+r—nm+1
k—(n—r

o B e [T

k=n—r g=max{0,2k—n} 4

We calculate the variation of both sides of the equation (29) to prove
that they coincide. The variation of the left hand side is given in
Corollary 4.3. To calculate the variation of the right hand side we use
Proposition 3.8 which we recall in the following table. We denote by
(6x By 4 BLS) the coefficient of B, in the expression of ox By,

2qn+q—k+1/2), ifr=k—-1,s=q—1
—2(k—2q)(k—2¢—1), ifr=k—1,s=¢q
(5Xqu,B;7s): 2¢(k—2q)(k—2¢q—1), ifr=k+1,s=q+1
—2€(n—k+q)(q+1/2), ifr=k+1,s=gq
otherwise.

(k—2¢)? ifr=k—-1,s=gq
(5X‘qu? 7"9) *(nWLQ*k')(L ifr=k—1,s=¢q—1
0, otherwise.

dgin—q+1/2), ifr=2¢g—1,s=q—1
46((q+1)/2— (n—q)(2¢+3/2)), ifr=29+1,s=¢q
4€? (n—q—l)((I+3/2), ifr=2¢+3,s=q+1
0, otherwise.

(5XF2q qQ’ Bvl“,s) =

q, ifr=2¢q—1,s=q—1
), ifr=2¢+1,s=¢q
0, otherwise.

—2(n —q)
(5XF2qq7F;"s) 2(n_q_1)q+]—

With these expressions, one can check that the variation of the right
hand side of (29) coincides with the right hand side of (28).

Finally, we take a deformation €2; of ) such that €; converges to a
point. Since both sides of (29) vanish in the limit, the result follows. O

5. (GAUSS-BONNET THEOREM

Theorem 5.1. Let Q be a regular domain in CK"(e). Then
O2n—1x(R2) = 2n(n + 1)e"vol(Q) +

OQn 2c-1€° — 1 [(2c—2q
30 +Z ) Z 4C—q c—q MQC,q+(C + 1)/,1/2070 .

c g=max{0,2c—n}
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Proof. We proceed analogously to the proof of Theorem 4.4. In fact,
the same computations of the previous proof show (in case r = n) that
the right hand side of (30) has null variation.

If e = 0, then we get the known Gauss-Bonnet formula in C". Taking
some smooth deformation of 2 to get a domain contained in a ball
of arbitrarily small radius, we have that the equality is true for all
ee R [

Theorem 5.2. Let Q be a regular domain in CK"(e). Then

Ma1(09) =Oa () — 2ne [ x(000 Loi)dL 1
E(C

n—1

n—1 —1
n—1
— E 61@02"%1( /{Z > /Lgk’k — 2n€nVOI(Q).
k=1

Proof. First, we use the following relation between Ms, 1(0Q2) and
110,0(£2)

'7/\98’1
Mn— Q - n— IIx d = _—
@)= [ onae= [ TE0
20_%)0 Cn,0,0 1 20_%)0
— TL7 B n, B n— — TL, 5 Q
(n—1! 2 /aﬂw‘% (n—1)!’“‘°’°( )
(31) = 2nwant10,0(2) = Oan—110,0(£2).

Now, from Theorems 4.4 and 5.1, it follows that

n—1

n—1
e c! 1 [2c—2q
=3 ( > )<>)

c—
c¢=0 g=max{0,2c—n} q

" 1)!
+ WVOI(Q)

e ! 1 [2c—2¢q
= Hoo + ; s Z 4c—q ( c—q )NQCJ] + (c+ 1)N2C,c

g=max{0,2c—n}

n |
n L:D-mm)

-1 n—1
en! o= e Lelgn—e 1 (2c—2q
= o0 + n E ol ( § Ac—q < c—gq H2c,q + cpiac,c

c=1 g=max{0,2c—n}

~1

en! e e lelnn e €"(n+1)!

to 2 Mt —
c=1 )

vol(Q)

n—1 . '
€EN: € C!
c=1

»Cnfl
<c”(n+ ! €' nln
+ —

n 7

) vol(€Q).
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(]

Remark 5.3. For n = 2 and n = 3, the Gauss-Bonnet-Chern formula
in CK"(¢) given in Theorem 5.1 was already stated in [Par02].

6. TOTAL GAUSS CURVATURE INTEGRAL

Theorem 6.1. Let Q) be a reqular domain in C*. Then

N\ ! -1
Ma,_1(89NL,)dL, :2rw§rvol(GS_1,q~)<nr ) <n> '

r

~— 1 2n — 2r — 2q
Z 4n—r—q n—r— ,U2n72r,q

g=max{0,n—2r} q

Ly

Proof. On the one hand, by Gauss-Bonnet formula in C”, we have

/ X(QN L,)dL, = / 10,0(Q2N L,)dL,.
s s

On the other hand, by Theorem 4.4 in C", we have

-1 -1
/ x(0QN L,)dL, = VOI(GS—M) (n B 1) w2T< " )
e r n—r

”Z‘f 1 [2n—2r—2q
An—r—q n—r—gq Hon—2r.q

g=max{0,n—2r}

If we equate both expressions and we use the relation (31) between
the total Gauss curvature and the valuation 4, we obtain the result.
O

Remark 6.2. The previous Theorem is not necessarily true in CK"(¢)
for € # 0. Indeed, Howard’s transfer principle can not be used here since
Theorem 6.1 is not local: it does not apply to general hypersurfaces,
but only to the closed embedded ones.
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