NON-EXISTENCE OF REFLECTIONLESS MEASURES FOR THE
s-RIESZ TRANSFORM WHEN 0<s<1

LAURA PRAT AND XAVIER TOLSA

ABSTRACT. A measure p on R? is called reflectionless for the s-Riesz transform if the
singular integral R°u(z) = [ % du(y) is constant on the support of 1 in some weak

sense and, moreover, the operator defined by R, (f) = R*(f p) is bounded in L*(y). In
this paper we show that the only reflectionless measure for the s-Riesz transform is the
zero measure when 0 < s < 1.

1. INTRODUCTION AND BACKGROUND

Fix d € N and for 0 < s < d, consider the signed vector valued Riesz kernels

x
Ks(:L“):W, fL‘GRd, x;ﬁ()

The s-Riesz transform of a real Radon measure p is

Re () = / K*(y — 2)du(y),

whenever the integral makes sense. To avoid technical problems with the absolute conver-
gence of the integral, one considers the truncated s—Riesz transform of u, which is defined
as

Reuo) = | K= aduty), e <0
Yy—x|>€

Given a positive Radon measure and a function f € L'(u), we consider the operators
S — Ps s — Ps s 3 3 2 :

R (f) == R*(fdu) and R}, .(f) := RI(fdu). We say that R}, is bounded in L*(y) if the

truncated Riesz transforms Ry, . are bounded in L?(p) uniformly in €, and we set

HRZHL2(M)—>L2(M) = Sl>118 |’RZ,5HL2(/L)—>L2(M)-
€

We are interested in the following conjecture: for non-integer 0 < s < d, the s-Riesz
transform never defines a bounded operator on a set of positive and finite s-Hausdorff
measure. For 0 < s < 1, this conjecture was solved in the affirmative by Prat [Pr] (see
also [MPV]), and for d — 1 < s < d by Eiderman, Nazarov and Volberg [ENV] (relying
on a previous result by Vihtild [Vi]). In the case 0 < s < 1, this can be proved by the
symmetrization method, which was originally used by Melnikov [Me] in connection with
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the Cauchy kernel. For 0 < s < 1 and three different points x1, z2, 3 € R%, consider the
quantity
(1.1) ps(1, 22, 3) = Z Iz

Lo(2) = Lo(1) ) Lo(3) — Lo(1)
0@ ~ T |To@) — Lo

where the sum is taken over the six permutations of the set {1,2,3} and “” denotes the
scalar product. In [Pr, Lemma 4.2] it was proved that
1

Ps\T1,T2,T3) = )
s(1, 2, 3) max{ |z — x|, |r1 — 23|, |[r2 — 3]}

As shown in [Pr, Theorem 4.4], it turns out that if x4 is a finite positive Borel measure
such that

5 (o o s ABET)
CENCNDE = lim sup 2

///ps x1,x2,x3) = +00

If, moreover, u(B(z,r)) < cr® for all z € R? and all » > 0 (which is a necessary condition
for the L*(11) boundedness of RS if 1 has no point masses), then we have

[ireu@Pae) -5 [[[ el e dpan)duas) + Ol

|x1—x3|>e
|xo—x3|>e

>0 for p-a.e. x € R?,

then

See [Pr, Section 4.4] for more details. As a consequence, for 0 < s < 1, we deduce that
(1.2)
if 0 < ©%*(z, ) < 00 p-a.e. and Ry, is bounded in L*(u), then p is the zero measure.

In particular, the are no sets E C R? with 0 < H*(E) < oo such that for u = |z the

Riesz transform R, is bounded in L?(p).

In the case d — 1 < s < d, (1.2) also holds, as well as the analogous consequence for
= Mg, because of the aforementioned works of Eiderman, Nazarov and Volberg [ENV]
and Vihtila [Vi].

On the other hand, (1.2) remains open for non-integer values s € (1,d — 1). In [JN]
Jaye and Nazarov reduce this open problem to the problem of describing the reflectionless
measures associated with Rj. One says that p is reflectionless for the s-Riesz transform
if 1 has no point masses, R;, is bounded in L?(p), and

<R8:u’7 ¢>M

for all Lipschitz continuous compactly supported functions ¢ such that [dp = 0, where
R?p1 is defined modulo constants as a weak limit of the functions RZ; when € — 0. Recall
that a function 1 is called Lipschitz continuous if
P(z) —P(y
Il = sup L@ =YWL
z,y€ERL x4y ‘y - IE‘
In particular, it is shown in [JN] that if, for a given s € (0,d), the only reflectionless
measure for R}, is the zero measure, then (1.2) holds. Further, in the same work the
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authors prove that in the case s € (d — 1,d) there do not exist non-zero reflectionless
measures for the s-Riesz transform, which yields a new proof of (1.2) for this range of s.
The main result of this paper is the following:

Theorem 1.1. There are no non-trivial reflectionless measures for the s-dimensional
Riesz transform if 0 < s < 1.

Our arguments to prove this result combine the symmetrization method described above
with some variational techniques which have already appeared in other previous works,
such as [ENV] and [NToV].

2. PRELIMINARY RESULTS

In what follows, we assume that 0 < s < 1. Given a ball B C R? of radius r(B), we
denote by ¢,(B) the average s-dimensional density of ;1 on B, that is

u(B)
r(B)s

0,(B) =
Also we consider the Poisson type density
P(B) =Y 65(2°B)27*.
k>0

Given two sets E, F C R, we write

Pul(, B, F) = / / Pa(, 1, 2)dps(y)dp(2).
ExF

We say that p has s-growth if there exists some constant ¢ such that
(2.1) w(B(z,r)) <ecr® for all z € R% and r > 0.

It is well known that if x4 has no point masses and R}, is bounded in L?(u), then p has
s-growth (see [Da, Proposition 1.4, p.56]). Further, as explained in the previous section,
by [Pr] p satisfies

(2.2) O°**(z,u) =0  for p-a.e. x € R4
As shown in [MaV] (see also [To, Chapter 8]), then one deduces that for all f € L?(u),
(2.3) hH(l) R, f(z) exists for p-a.e. ¥ € RY,

E—r

and it coincides p-a.e. with R, f(x), where R, f is the weak limit of R, .f as ¢ — 0. In
particular, this fact, as well as (2.1), (2.2) and (2.3), hold if u is reflectionless for the
s-Riesz transform.

We need now to recall the definition of balls with thin boundaries. Given ¢ > 0, a ball
B(z,r) is said to have t-thin boundary (or just thin boundary) if

n({y € B(z,2r) : dist(y, 0B(z,7)) < Ar}) <t Apu(B(z,2r))

for all A > 0. The following result is well known. For the proof (with cubes instead of
balls) see Lemma 9.43 of [To], for example.
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Lemma 2.1. Let u be a Radon measure on R%. Let t be some constant big enough
(depending only on d). Let B(z,7) C R? be any fized ball. Then there ewists r' € [r,2r]
such that the ball B(x,r") has t-thin boundary.

The next lemma will be also used later on.

Lemma 2.2. Let i be a Radon measure on R%. Let B be a ball with thin-boundary and
lal|co < 00. Then

(1) ]RZ(aXB)(x)] < C\|a||OOOZ(2B) Vz € 2B\ B.
(2) [R3(axamp)(@)| < Cllalobi(2B) Vo € B.

Proof. We will only show (2), since the proof of (1) follows the same reasoning. Let r
denote the radius of our ball B. For z € B we have

dp(y)
R(a z)| <|a oo/
| u( XZB\B)( )‘ H H 9B\B |y_$|s

xT 7’67’
e

k>1

—k(1—s) M(2B s
< Jalle Y2509 CE) < oy g 2),
E>1

since p (B(:I;, 27%ry N 2B\ B) < 27%u(2B) because of the fact that

B(x,27*r)N2B C 2B N Uy-1+1(0B)
and the thin-boundary property of B. Here Us(A) stands for the §-neighborhood of A. O

B(z,r))
MBED)

Lemma 2.3. Let i be a Radon measure on R? with s-growth such that lim,_q s =

for p-a.e. x € R, Then, for all bounded sets E,F C R% and p-a.e. x € RY,
(24) Rxe(z)- Rxr(x)+ R, (Ryxr)xe) (x) + R, (R xe)xr) (x) = pu(z, E, F).
In particular,
Ry xm(x)]” + 2R, (Rixp)xe) () = pu(z, B, E).
Proof. Fix € > 0 and = € R?. Consider the sets
Se={(y,z) e EXF:ly—z|>¢, |z—z|>¢, |z—y|>c},
T!={(y,2) eExF:ly—a|>e, [z—y|>e, [z —a| <e}

and

T2={(y,2) EEXF:ly—xz|>¢, |z—z|>¢, [z—y|<e).
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Then, using (1.1) (arguing as in [MeV, Section 2]), one can write
R, (xp)(@) - Ry, .(xp)(z) + R (R, (xr)xE) () + Ry (RS (xe)xr) ()

//psxy, Japu(y)dp(z +2/ K(z—y) - K( — y)du(y)du(z)

/ / K(y - ) - K( - 2)du(y)dp(2)

= pu7g(a:, E,F)+ A.(x) + B:(z),

the last equality being a definition for p, ., A. and B:.
Notice that as £ goes to zero, by (2.2) and (2.3), the first term in (2.5) verifies

(2.6) lim R (xg)(z) R, (xr)(z) =R, (x£)(z) R, (xr)(z) for p-a.e. v € R%
e—0 ’ ’
On the other hand, it is also clear that

(2.7) lin(l)pmg(x, E,F)=pu(z,E,F) for all z € R4
E—
Concerning A.(x) since |z —y| &~ |z —y| in the domain of integration, using the s-growth
of u, we get
/ / _duy)du(z) / n(B(z,¢€))dp(y)
‘x - y’ ’Z - y|8 ~ ly—z|>e ’x - y|28

i

(2.8) onse

S 0,(B(r,e)) >0 ase— 0, for pae x € R

Let us turn our attention to B(x). Using that |z — y| &~ |z — z| in the domain of

integration, we derive
#(B(y,¢))
Bl < [ B2 4y,
: yeEE:|ly—x|>e ‘y - $’25

Integrating with respect to = in R?, applying Fubini, and using the s-growth of p, we get

/|B I dp(x //yeEly z|>e |y—(ﬂ3|22) #ly) duiz)

1
B /yeE #Blye)) /yx|>E Ty o @) duly)

B
5/ Mdu(y)%o as e — 0,
yeE €

by the dominated convergence theorem. Hence we infer that there exists a sequence e, — 0
such that

(2.9) klim B (z)=0 for p-a.e. v € R
—00

Finally we deal with the second and third terms on the left hand side of (2.5). We write
fey) = Ry, c(xr)W)xe(y) + By (xe) (y)xr(y),
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so that R, f-(z) equals the sum of the last two terms on the left hand side of (2.5). Also,
we set

f() = R, (xr)(y)xe(y) + B, (xe)(y)xr(y).

We claim that for p-a.e. x € R? there exists a subsequence ek; — 0 (depending on x) such
that

(2.10) lim RS fek (z) = R} f(=).

oo MEk;

To prove this, notice that R}, ., f(r) — R}, f(z) as k — oo for p-a.e. x € RY and thus for
such = we have

= hmlnf‘RM o (fer = D(@)]-

Thus, for any A > 0, by Chebyshev’s inequality, Fatou’s lemma, and the L?(u) bounded-
ness of R},

p({z € RY: likfginf’Rs* fer () — Rs*f(x)‘ >A})

Kok

=p({z e R?: hmmf‘Rusk fer— @) > A})

1 2
< )\2 hmlnf‘Ruak fak —f)(.’l?)‘ d:u(x)

< — hmlnf/‘Rugk fenr —f)($)}2dﬂ($)

< v hmlanfgk fHLQ(/.L)

Since the last limit vanishes, our claim (2.10) follows.
From the identity (2.5), for u-a.e. x € R?, taking a suitable sequence ex; — 0, by (2.6),
(2.7), (2.8), (2.9), and (2.10), we infer that the identity (2.4) holds. O

3. THE MAIN LEMMA

Main Lemma 3.1. Let p be a reflectionless measure for the s-Riesz transform. Let B be
a ball with thin boundary. Then, for u-a.e. x € B,

pulz, B, B) S P(B)?,
with the implicit constant depending only on s and d.

Proof. Let v be a measure supported on B of type v = gy p and set
0 = [ 1o + Fixs = mi R .

where m f = m /B fdv. In what follows we write mp for m/;.

Notice that by antisymmetry and the reflectionless property of p,

F(uxs) = / |R° 1 — mpR; X pe|*dp = / |R*iu — mpR*pu|*du = 0.
B
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For a small £ € R and a ball A, centered at x € B, consider the measure

vi = pxB(1 +txa) = pxs + thxans
and set g(t) = F(v¢). Then g(t) > 0 and ¢'(0) = 0.

Write f, = R} xpe — mp R} xpe and f,, = fi, so that
t) :/ \ft-i-Rf/tXB\det:/ \R,‘ithIde/t—i—Q/ fo- R, XB th+/ | fi|2dvy.
B B B B

Observe now that

1 t
fe = RyxBe —

R xpe dp— / R} xpe dp.
w(B) + tu(AN B) /B : w(B) + tu(ANB) Jans
Notice that 0 ft|t:0 is constant. Indeed, we have

AﬁB
8f — /RXBC / RSXBcd .
L0 = g W(B) Jang PPN

Hence, by using antisymmetry and the fact that 0, [ft|i=o is constant,

O—g'(0>—/ RS xs) du+2/ Rixs - Rixoradn+2 [ fo- Rixds
BNA BN

+2/ fo- R XAﬂBdﬂ+/A |f0’2du+2/ Jo - O fejp=odpt
B

:/ | R, xB] d#+2/ R} (RZXB)XB]CZM+2/ fo- R} xpdp
BNA BNA

+ 2/ Ry (foxs)dp + / | fol*dp + 2/ fo - Ocfeji—odp,
ANB ANB B
where R;™ is the adjoint of j,. Then, assuming that x is a Lebesgue point for the functions

|RZXB\2, R [(R;xB)xB], fo- RxB, R, (foxs) and |fol?, and that = € B, we deduce

_ : g’(O) _ S 2 S * S
3.1) 0= T(g{}om = [R;xB(2)]" + 2R, ((R)xB)xB)(®)
+2fo(z) - Rixs(z) + 2R, (foxs) (@) + h(x),
where
2
) = o) + 5 [ Rixoedn- [ fodn=2Bioete) 5 [ o
Write

fo= (Rxe2p\B — mBRX2m\B) + (R X(2B)c — mBR;X(2B)c) = h1 + ha,

the last identity being a definition for i1 and ho. Note that, for w € B, by Lemma 2.2,
|h1(w)| < 60;,(2B). Moreover by standard estimates (which can be obtained by splitting
the domain of integration into annuli), we get

1

)| < s [ G ) — K= 2)dn(o)dn(z) £ P8
Therefore, for all w € B,
(32) |fo(w)| < 0(2B) + P(B) < P(B).
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Hence,
(3-3) h(zx) = |fo(x)* + 2mp fo - mp(Rix B — R xpe(x)) S P(B)*.
Set
Ay = |RexB(2)] + 2R (RS xB)xB) (z)
and

Ay =2fo(z) - Rjxp(z) + 2R, (foxs) ().
In view of (3.1), (3.2), and (3.3),
(3.4) |A1 + Ao S P(B).

Since 6,,(w) = 0 p—almost everywhere (see [Pr, Theorem 4.4]), by Lemma 2.3, A; equals
pu(x, B, B) p-a.e. on B. We deal now with Ay. Write

2
(3.5) Ay =23 (hj(z) - Rixp(@) + Ry (hixs) (@) -
j=1

Notice that for any vectorial constant k, one has kR xp(z) + R;,*(kxp)(z) = 0. Therefore

for k = mqR;x2p\p and j =1 in (3.5), for p-a.e. x € B we obtain
hi(z) - RZXB(fU) + RZ*(h1XB)($) = RZX2B\B(33) ) RZXB(QC) + RZ* ((RZXQB\B)XB) (z)
- pu("lf, B7 2B \ B) - be* ((RZXB)XQB\B) (ﬂ?),

the last step due to (2.4).
We deal now with j = 2 in (3.5). Notice that for y € B,

S S |1’ - y’ |£L‘ - y|
|ha(z) — ha(y)| = [Rx2B)-(2) — Rix2B)- (V)] S /(23)6 Wdﬂ(z) S WP(B)7

hence

ha(z) - Rixp(z) + R, (haxp)(z) =

| tte@nt) - [ b))

‘x_y‘s—f—l

B
o)~ o)l P(B) [ Jr—y]
<, ) S S
P(B)
< PO ) < Py

So we have shown that

[As — 2w, B,2B\ B)| < 2[Ry ((Rixs)xamp) (@)] + cP(B).
Therefore, from (3.4), taking into account that A; = p,(x, B, B) p-a.e. on B, we deduce
pu(@, B, B) + 2pu(x, B,2B\ B) < P(B)? + R ((R;xB)xap\B) (x)| for p-ae. z € B.

By using Lemma 2.2 with a = R},(xB)X2\p, We have |la|« < 0;,(2B), and hence we
get that

R (Rixs)xem\s) (2)| S 6.(2B),
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and then immediatly we obtain
pu(z, B, B) +2p,(z, B,2B\ B) S P(B)* for p-a.e. z € B,

which proves our lemma. U

4. PROOF OF THE THEOREM

Lemma 4.1. Let0 < s < 1 and let i be a reflectionless measure for the s-Riesz transform.
There exists some constant § > 0 small enough (depending only on s and d) such that if
By € RY is a ball with
0% (B(x,r
0:(B0) > sup 2 BET))
2
2€R r>0

then every ball B C R? such that By C §B satisfies 0,,(B) ~ 0;,(Bo), with the implicit
constant depending only on s and d.

Notice that in this lemma the ball B can be arbitrarily big. We do not ask r(B) ~ r(By).

Proof. We assume first that By C %B. Let B’ be a ball with thin boundary such that
%B C B’ C B. Then, by [Pr] and Lemma 3.1, for uy-a.e. x € B,

du(y)dp(z) )
HSB 25// ,Sp x,B',B' SPB/ )
M( 0) B'x B’ max{‘x—y[j‘x_zyjyy_z’}% :“( ) ( )

Therefore
0;.(Bo) S P(B') < P(B).

We claim that this implies the existence of a ball B> B, concentric with B, with compa-

rable radius, that is 7(B) ~ r(B), and such that
0,(B) > 0;,(B).
To see this, notice that
s _ s ok —k s j s —k
05(Bo) < P(B) = Zk:eu(z B)27F < max 05(2B) + 2};“9“(30)2
>j

< max 65(2B) 4+ 2771605 (By),

S
T i<k K

which implies

s < s (o]
0,(Bo) < oax 0,(2'B)

for j big enough and hence the claim. Thus, for every ball B with By C dB (for a
sufficiently small 6), 6;,(B) 2 0;,(Bo).

The converse inequality ¢,(B) < 60;,(Bo) holds by the choice of By. So the lemma is
proved. U

We now prove the main result of this paper:

Theorem. If 0 < s < 1 there are no non-trivial reflectionless measures for the s-
dimensional Riesz transform.
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Proof. Let pu be a non-trivial reflectionless measure for the s-dimensional Riesz transform.
Let By be a ball such that
0:(B(x,r
o> @)
2
2ER r>0

Consider the sequence of balls By, = 2¥Bj. By Lemma 4.1, there exists kg such that for
k > ko, 0,,(Bx) ~ 0;,(Bo). Since for m > 0,

t(Brym) = 7(Brym)® 05, (Brym) = 271 (By)*0;,(By) = 2™ u(By,),
p(Bx)
2

there exists m >0 such that p(Bgim,) > . Consider the balls By, Biy+m, - » Bko+Nm;

and write Ej = Bjy4jm for 0 < j < N. We can assume that EN has thin boundary due
to Lemma 2.1. Then Lemma 3.1 implies that for all N,

(4.1) pu(z, By, By) < P(By) ~ 05(Bo).

But notice that
nio BB = | du(y)du(2)

_ max{[z —yl, |z — 2], [y — 2|}
BNXBN

//B\B é>“

which contradicts (4.1). O
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