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Abstract

We consider a map F' of class C" with a fixed point of parabolic type whose differ-
ential is not diagonalizable and we study the existence and regularity of the invariant
manifolds associated with the fixed point using the parameterization method. Con-
cretely, we show that under suitable conditions on the coefficients of F', there exist
invariant curves of class C" away from the fixed point, and that they are analytic when
F' is analytic. The differentiability result is obtained as an application of the fiber
contraction theorem. We also provide an algorithm to compute an approximation of a
parameterization of the invariant curves and a normal form of the restricted dynamics
of F' on them.
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1 Introduction

Invariant manifolds play a central role in the study of dynamical systems. There is a huge
amount of literature devoted to study them in many different settings. In this paper we deal
with the invariant manifolds of a type of parabolic fixed points in dimension two.

Parabolic points appear generically in two-parameter families of planar maps or in one-
parameter ones in the case of area preserving maps. In particular they appear when a family
of maps undergoes a Bogdanov-Takens bifurcation [6, 27].



In some problems in Celestial Mechanics it is useful to consider parabolic points or parabolic
orbits at infinity in order to use their invariant manifolds (provided they exist) to study
features of the dynamics in the finite phase space. The local study in a neighborhood of
such points is done by means of a change of variables which sends the infinity to a finite part
of the space [22]. Also, the periodic orbits become fixed points of appropriate (families of)
Poincaré maps. In such cases the fixed points are parabolic for all values of the parameters
of the family and may have invariant manifolds. These manifolds have been used to prove
the existence of oscillatory motions in the Sitnikov problem [25, 23] and the restricted planar
three body problem [21, 16, 17] using the transversal intersection of invariant manifolds of
parabolic points and symbolic dynamics. Parabolic manifolds also appear in the Manev
problem [11].

Parabolic periodic orbits at infinity have been found in Hamiltonian systems related to the
study of the scattering of He atoms off Cu surfaces with some corrugation [15]. These
manifolds also play a significant role in the sudy of certain systems [20, 14].

In this paper we consider two-dimensional maps having a parabolic fixed point whose linear-
ization does not diagonalize, concretly we assume it has a double eigenvalue equal to 1. By
simple changes such maps can be brought to the form

F(z,y) = <x+cy+f1<x’y)), (1.1)

Y+ fQ(xvy)

with ¢ > 0, f1(0,0) = f5(0,0) = 0 and D f1(0,0) = Df5(0,0) = 0. The origin has a center
manifold of dimension two, however, inside this manifold there may exist curves that behave
topologically as stable or unstable curves.

This class of maps was considered in [12] and the existence of analytic curves was proved.
Concretely the (local) sets considered there and the ones we deal with are

Wt = {(@,9) | F'(a,9) € (0,1) % (=r,r), ¥n > 0, lim F"(z,y) = 0}

and
Wyt = {(a.y) | F"(x,y) € (0.7) x (=r,7), ¥n 2 0, lim F"(z,y) = 0}.

The main result of [12] concerns analytic stable invariant curves in the domain {(z,y) €
R? | z > 0, y < 0} under some appropriate conditions on the higher order terms. Then, the
existence of both stable and unstable curves in neighborhoods of the origin are deduced from
the main result by using the symmetries (z,y) — (—z,y), (z,y) — (z,—y) and (z,y) —
(—z, —y) and the inverse map F~!. Moreover, a detailed study of the local dynamics provide
the uniqueness of such curves in the category of C*¥ maps where k is the minimum regularity
for having a Taylor expansion providing the relevant nonlinear terms [12].

In this paper we study the existence and regularity of stable curves in same the domain
{(z,y) € R* | x > 0, y < 0} using the parameterization method. In the analytic case we
recover the existence results of [12] but we also provide approximations of the curves up to an
arbitrary high order. We consider three cases of maps of the form (1.1), already introduced
in [12], which depend in some sense on the dominant part of the nonlinear terms. The study
depends on each case. Moreover, we consider the differentiable case with the same method



and we obtain that the invariant manifolds of F' are of the same regularity as F' provided
some minimum regularity holds. Contrary to other works we do not use the Poincaré normal
form for the map, but a simple and easy-to-compute reduced form.

This class of maps, assuming the fixed point is not isolated, was studied in [10] motivated by
the study of collisions in two-body problems with central force potential satisfying certain
asympotic properties at the origin. A especial case of this family not previously covered is
studied in [19]. These papers use an adapted form of the method of McGehee for parabolic
points without nilpotent part [22]. Again for maps of the form (1.1), using different tools,
some regularity results are obtained in [29].

One-dimensional manifolds of fixed points with linear part equal to the identity are studied in
2] using the parameterization method. Higher dimensional manifolds in the same setting are
considered in [1] using a generalized version of the method of McGehee, and in [4, 5] using the
parameterization method, where applications to Celestial Mechanics are given. The Gevrey
character of one dimensional manifolds is studied in [3].

The main results of this paper are Theorems 2.1 and 2.2, concerning the existence of analytic
invariant curves of a map F' of the form (1.1), and Theorems 2.6 and 2.9, concerning the
existence of differentiable invariant curves. In Section 2 we present the parameterization
method and the main results of the paper. In Section 3 we provide an algorithm to obtain
parameterizations of approximations of the invariant curves of F'; and we provide the existence
of such curves in Sections 4, for the analytic case, and 5, for the differentiable case. The
proofs of the technical results used along the paper are deferred to Section 6.

2 Statement of the main results

2.1 Reduction of the maps to a simple form

In this paper we consider C”, r > 3, or analytic maps F' : U C R? — R?, where U is a
neighborhood of (0,0), of the form

[ty + filz,y)
F(x’w_( y+ falz,y) ) 21)

with ¢ > 0 and with fi(x,y), f2(z,y) = O(]|(z,y)||*). Via the C" change of variables given
by & =z, =y + % fi(z,y), F can be written in the form

[ Tty
Floy) = (y + f(flr,y)) ’

with f(x,y) = O(]|(z,y)||?) having the same regularity as F. In the C" case we denote by
P(z,y) the Taylor polynomial of degree r of f(x,y). Then P(x,y) is given by

P(x,y) = p(x) + yq(z) + u(z,y),



where p(z) = 2¥(a + -+ + a,2"7%) and q(z) = 271 (b + -+ + b2, 2 < k1 < 7, and
u(x,y) is a polynomial of degre r with the factor y?. Therefore f(z,y) = P(z,y) + g(x,y)
with g(z,y) = o([|(z, y)[)".

Also, note that one can always assume that ¢ > 0. If this is not the case, then it can be
attained via the linear transformation given by L(z,y) = (z, —y), taking the conjugate map
F = LYo FolL. Notice however that L sends the lower semiplane to the upper one. Hence,
any map F' of the form (2.1) can be written in the form

F(z,y) = ( vhey ) : (2.2)

y+p(z) +yq(z) + u(x,y) + g(z,y)

with ¢ > 0. In the analytic case we have the same form with v(z,y) = u(z,y) + g(z,y), and
g(z,y) analytic. In general we will not write the dependence of p, ¢, uw and g on r. Along the
paper we will refer to (2.2) as the reduced form of F' and we will use the same notation F'.

We will deal with maps of the form (2.2). We remark that in contrast with other references
[12, 29] in which they work with normal forms of F' d la Poincaré, we work with the reduced
form obtained with a simple change of variables. This is an important advantage when one
has to perform effective computations.

Following [12], we shall consider three cases depending on the indices k and I

e Case 1: k<2l —1and a; # 0,
e Case 2: k=2l —1 and ayg, b # 0,
e Case 3: k> 2l —1and b #0.

In order to deal, whenever possible, with several cases at the same time we associate to F’
the integers N and s: N =k in case 1 and N = [ in cases 2 and 3; s = 2r in case 1 and s =r
in cases 2, 3. Notice that the generic case is case 1 with k = 2.

Next we make a comment concerning notation. The superindices x and y on the symbol of a
function or an operator that takes values in R? will denote the first and second components of
its image, respectively. In R? and C? we will use the norm given by ||(x,y)|| = max {|z|, |y|}.
Along the paper, M and po will denote positive constants, and they do not take necessarily
the same value at different places.

2.2 The parameterization method

To study the stable curves of F' we will use the parameterization method (see [7], [8], [9],
[18]). It consists in looking for the curves as images of parameterizations, K, together with
a representation of the dynamics of the map restricted to them, R, satisfying the invariance
equation,

FoK=KoR. (2.3)

This is a functional equation which has to be adapted to the setting of the problem at
hand. It follows immediately from (2.3) that the range of K is invariant. Essentially, K is
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a (semi)conjugation of the map restricted to the range of K to R. Equation (2.3) has to be
solved in a suitable space of functions. Usually it is convenient to have good approximations
of K and R and look for a (small) correction of K, in some sense, while maintaining R fixed.
Assuming differentiability and taking derivatives in (2.3) we get DFF o KDK = DK o RDR
which says that the range of DK has to be invariant by DF'.

In our setting we look for K = (K*, K¥) : [0, p) — R? such that K(0) = 0 and DK (t) satisfies
DKY(t)/DK*(t) — 0 as t — 0. We already know that in the parabolic case, in general, there
is a loss of regularity of the invariant curves at the origin with respect to the regularity of the
map [12], [4], [5]. Then we can not assume a priori a Taylor expansion of high degree of the
curve at t = 0. However, we can obtain formal polynomial approximations, K,, and R,,, of K
and R, satisfying (2.3) up to a certain order that depends on the degree of differentiability
of F. Our results will then provide that these expressions are indeed approximations of true
invariant curves, whose existence is rigorously established.

On the other hand we can suppose that we have approximations, obtained in some way, that
satisfy some conditions and obtain that there are true invariant curves closeby.

2.3 Main results

First we state the main results concerning the existence of analytic stable invariant manifolds
of analytic maps of the form (2.2). Since an analytic map of the form (2.1) is analitycally
conjugated to a map of the form (2.2), the results of the next theorems provide invariant
manifolds for (2.1).

Theorem 2.1. Let F': U C R? — R? be an analytic map in a neighborhood U of (0,0) of
the form (2.2). Assume the following hypotheses according to the different cases:

(case 1) ap > 0, (case 2) ap >0, b #0, (case 8) b < 0.

Then, there exists a C* map K : [0, p) — R?, analytic in (0, p), such that

K(t) = { (8, KL tt) + (O(), 0(#4+2), - case 1, 2.4

(t, K/t + (O(t?), O(t+1)), cases 2,3,

2
; y 2a y _ bi—y/bj+dcayl vy b
with K, = V D Jor case 1, K{ = ————— for case 2 and K} = 7, for case 3, and

a polynomial R of the form R(t) =t + Rnt™ 4+ Ry _1t* ', with Ry, = $K}, for case 1 and
R, = cK] for cases 2, 3, such that

F(K(t) = K(R(@),  te]0,p).

Next theorem is an a posteriori version of Theorem 2.1 which, given an analytic approxima-
tion, in a certain sense, of the solutions K and R of the conjugation equation FFo K = Ko R,
provides exact solutions of the equation, close to the approximations.



Theorem 2.2. Let F : U C R* — R? be as in Theorem 2.1 and let K : (=p,p) = R? and
R(t) = (—p, p) — R be analytic maps satisfying

fioy = | (B R+ 009).0052) e 1
(t, K¥t") + (O(2), O(t'+1)) cases 2,3,
and R(t) =t + RytN + O(tN*Y), Ry < 0, such that
FoK(t)— Ko R(t) = (O(™), O(t"+2N=1Y), (2.5)

for some n > 2 in case 1 orn > 1 in cases 2, 3.

Then, there exists a C' map K : [0,p) — R?, analytic in (0,p), and an analytic map
R : (—p,p) = R such that

FoK(t)=KoR(), telo,p)

and

K(t) - K(t) = (O("),0("™)).

. RN if n<k
R(t) — R(t) = o ) ins case 1,
0 if n>k
. oY if n<i-1
R(t) — R(t) = () @< cases 2, 3.
0 ifn>1—1

Remark 2.3. In case 1, condition (2.5) with n = 2 implies the following relations

2 ~
Qg Rk:E

KY ==+
ke c(k+1) 2

In cases 2 and 3 the condition (2.5) with n = 1 implies

ay + blf(ly = lf%lf(ly case 2,

f%l = Cf( J s ~
b { by =R, case 3.

Remark 2.4. Theorem 2.2 provides the existence of a stable manifold assuming it has been

previously approximated but the theorem is independent of the way such an approximation

has been obtained. Propositions 3.1, 3.3 and 3.4 (in Section 3) provide an algorithm to obtain

polynomial maps /C,, and R,, that satisfy condition (2.5) of Theorem 2.2 for any n.

Remark 2.5. The form of the map R given in the statement of Theorem 2.1 is the normal
form of the dynamics of a one-dimensional system in a neighborhood of a parabolic point
(see [26, 28]).

The following are the main results concerning the existence and regularity of stable invariant
manifolds of C" maps of the form (2.2). As in the analytic case, the results provide also the

existence of invariant manifolds for maps of the form (2.1).
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Theorem 2.6. Let F: U C R? — R? be a C™ map in a neighborhood U of (0,0) of the form
(2.2) with r > 3.

Assume the following hypotheses according to the different cases:
e (case 1) ap >0 andr > %k‘,
o (case2) ap>0,b,#0,r >k and

ckay
b7

max{( b )(zz(z 14

2 3
r—204+2)(r—1+1 B)’ }<17

r—I1+1

2 |by|

where = .
/6 |bkf\/bl2+4cakl\

o (case3) by <0, r>20—1 and%<l.

Then, there exists a C* map H : [0, p) — R?, H € C"(0,p), of the form (2.4), with H} |, =
—\/b?+4ca
—\/C(i“Tl) for case 1, H/ = hoy/bitacarl for case 2 and H{ = % for case 3, and a polynomial

2cl
R of the form R(t) =t + Ryt + Ron_1t*N~', with Ry = $HY,, for case 1 and Ry = cHY
for cases 2, 3, such that
F(H(t)) = H(R({)), te€]0,p)

If the map F is C* then the parameterization H is C* in (0, p).

Remark 2.7. The assumptions a; > 0 and k£ < r for cases 1 and 2 and b; < 0 and [ < r for
case 3 are necessary conditions for the existence of a formal, locally unique stable invariant
curve of I’ asymptotic to (0,0). The other hypotheses of the theorem are nondegeneracy
conditions on the reduced form of F, sufficient to ensure the existence of a stable invariant
curve of class C" asymptotic to (0,0).

Remark 2.8. For case 2, the condition on the coefficients of F' is always satisfied provided
that r is sufficiently larger than [. Another sufficient condition for it to be satisfied is that
is small enough. The smallness of the coefficient g is a measure of how fast the dynamics on
the associated invariant manifold is. For case 3, a sufficient nondegeneracy condition for the
stable manifold to exist is given by r > 3(2/ — 1). Notice that the assumption r > 21 — 1 is
necessary for the constructions we will do.

We provide also an a posteriori version of Theorem 2.6.
Theorem 2.9. Let F: U C R? — R? be a map satisfying the hypotheses of Theorem 2.6 and
let K : (—p,p) — R? and R(t) = (—p, p) = R be analytic maps satisfying

f((t) _ (t27 [A(—g+1tk+1) + (O(t3>7 O(tk+2)) case 1,
(t, K{'t) + (O(t?), O(t"+1)) cases 2,3,

and R(t) =t + RytN + O(tN+Y), Ry < 0, such that

FoK(t) = Ko R(t) = (O(t™), O(t™H¥1)),
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for somen > 2 in case 1 orn > 1 in cases 2, 3.

Then, there exists a C* map H : [0,p) — R%, H € C7(0,p), and an analytic map R :
(—p,p) — R such that
FoH(t)= HoR(t), te[,p)

and
H(t) = K(t) = (O(@™), 0™ ),

where m = min{n + 1, 2r — 2k + 2} (case 1) and m = min{n + 1, r — 2 + 2} (cases 2,3),
and

R O t2k71 ; <k
R(t) — R(t) = { ( ) ins case 1,

0 if n>k
. oY) ifn<i-1

R(t) — R(t) = () @< cases 2, 3.
0 if n>10—1

The structure of the proof is analogous to the one of Theorem 2.2 and uses the constructions
of the approximations in the proofs of Theorems 2.1 and 2.6. It will be omitted.

As mentioned, using the conjugations (z,y) — (+z,+y) and F~! we can obtain the local
phase portraits and the location of the local invariant manifolds of F' depending on the cases
studied (see [12]).

3 Formal polynomial approximation of the parameter-
izations of the curves

In this section we consider C" maps F' of the form (2.2) and we provide algorithms, depending
on the case, to obtain two polynomial maps, K,, and R,,, that are approximations of solutions
K and R of the invariance equation

FoK =KoR. (3.1)

Because of the nature of the problem, the two components of K, will have different order
and different degree. The index n has to be seen as an induction index. Higher values of n
means better approximation.

The obtained approximations correspond to formal invariant curves. They correspond to
stable curves when the coefficient R (case 1) or R; (cases 2, 3) of R, are negative (see
below). When those coefficients are positive they would correspond to unstable curves.

Proposition 3.1 (Case 1). Let F be a C" map of the form (2.2) with 2 < k < r. Assume
that k < 2l — 1 and a, > 0. Then, for all 2 < n < 2(r — k + 1), there exist two pairs of
polynomial maps, IC,, and R,,, of the form

24 ... 4 KT
icn(ﬂ:( T A )

Kifﬂtkﬂ +ooet Kg+k—1tn+k71
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and

Ra(t) = _ )
t + Ryth + Ryp_ %K1 if n>k+1,
such that
Gn(t) == F(Ku(t)) — Kn(Ra(t)) = (O(t™), O™ 1)), (3.2)

For the first pair we have

/ 2ak [ Cag
Klg+1 k+ k+ K]ngl?

and for the second one

2ay Cag
K = e (k+1) \/ 2(k+1)

If F' is C* or analytic, one can compute the polynomial approximation IC,, up to any order.

Remark 3.2. The algorithm descrived in the proof of this (and the next) propositions can
be implemented in a computer program to calculate R and the expansion of ,,.

Notation. Along the proof, given a C” one-variable map f, we will denote [f],, 0 <n <7,
the coefficient of the term of order n of the jet of f at 0.

Proof. We will see that we can determine K,, and R,, iteratively.

For n = 2, we claim that there exist polynomial maps Ky(t) = (¢, K}, t*™) and Ry (t) =
t + Rp t*, such that Go(t) = F(Ka(t)) — Ko(Ra(t)) = (O(tF2), O(2++1)).

Indeed, from the expansion of G we have

t2 + CKg+1tk+l - t2 o 2Rktk+l + O(tZk)
Ga(t) =

K]Zé+1tk+l + akt2k o Kg+1tk+1 _ (k‘ + 1)Kg+1Rkt2k + O(t2k+1)
so, if the conditions
CK,?_H - 2Rk = 0, ar — (k’ + 1)Kg+1Rk = 0,

are satisfied, then we clearly have Gy(t) = (O(t*™), O(t***1)), and we obtain the values of
K}, and Ry given in the statement.

Now we assume that we have already obtained maps I, and R,,, 2 <n < 2(r — k + 1) such
that (3.2) holds true, and we look for

K:E 1 tn+1

K?J . tn-i—k
+

Knii(t) = Ku(t) + ( ) , Ros1(t) = Ro(t) + Rosrs k-1

such that G, 1(t) = (O™ O +2F)).



Using Taylor’s theorem, we write

Go1(t) = F(Kn(t) + (K "7 KL t7F5))
— (Ka(t) + (K "7 K ") 0 (Ru(t) + Rigeea 7471
= Gn(t) + DF (K (1)) - (K 0", K ") — (K 17, K ") 0 (R (1))

1
b [ ODPFUC0) 8K 1741, Ky 758)) ds (G 175, KL )2
— DK, (R () Rp—a £
—/ (1 — $)D*K(Ru(t) + 5 Rsios 751 ds (Rupypy #7712,

Performing the computations in the previous expression we have

Gnta1(t) =G (t)—|—( [e Ky — (n+ 1)Rk K=, =2 Ry 778 4 O(tn 54 )
' ' [k ay,

Ky — (0 k) R K2y — (k4 1KY Ry #7721 4 O(10425)

(3.3)
Since, by the induction hypothesis, G,,(t) = (O(t"**), O(t"*2k~1)), to complete the induction
step we need to make [GZ, ],4x and (G, ]n4ok—1 vanish.

From (3.3) we have

[ z—i-l]n—i-k = [gﬁ]n—kk + CKZ_HQ - (n + 1)Rk K:i_H 2 Rn+k—17
G alnson—1 = [Ghlnvor—1 +har Koy — (n+ k) By Ky — (B + 1)K Rogrr

Thus, the conditions [G 1 ]ntk = [G)41]n+2k—1 = 0 are equivalent to

—(n+1)Ry ¢ Kin) _ —[Glnik +2 Ruyka (3.4)
k ax —(n+k)Ri) \Kn —[Ghlnvon-1 + (b +1) KLy Ry

If n # k the matrix in the left hand side of (3.4) is invertible, so we can take R,.;_1 = 0 and
then obtain K?,, and K}, in a unique way. When n = k, the determinant of the matrix is

zero. Then, choosing
2k Ry, (G ok + ¢[GY]3k—2

R2k71 =

2(3k + 1) Ry, ’
system (3.4) has solutions. In this case, however, K}, ; and K3, are not uniquely determined.
O
Proposition 3.3 (Case 2). Let F' be a C" map of the form (2.2), with r > k > 2. We
assume k =2l — 1, a, # 0, by # 0 and a; > —@ If ap < 0 we assume also a; # gﬁﬂ b

Then, for all1 <n <r —2l4+2=1r —k+ 1, there exists two pairs of polynomial functions
K, and R, of the form

(5 — t oo+ K57
n(t) o Klytl 4+t Ky+l 1tn+lfl
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and

t tt fl<n<l-—1
Rn(t):{—i-Rl if 1<n< ,

t + Rit' + Ry 1t* if n>1
such that
Gu(t) := F(Kn(t) — Kn(Ryu(t)) = (O™, O(t™71)).

For the first pair we have

Ky bl—\/bl?—l—élcakl R bl—\/bl?—l—élcakl Ky
1 = = = C 1
2l

2¢l ’ !

and for the second one

2
K- b+ /by +4cail

2¢cl ’

l

by + /b +4cayl
R = l2l i =cK}.

If a) = —gj%} b? and by < 0 we can compute the first pair up to n = 1 — 1 and the second
pair for anyn <r —20+ 2. If a, = —% b? and by > 0 we can compute the first pair up to

n <r—2l+2 and the second pair up ton =1— 1.

If F is C*° or analytic, one can compute the polynomial approximations IC,, up to any order,
except when aj, = —géf} b

Proposition 3.4 (Case 3). Let F' be a C™ map of the form (2.2), with r > 1 > 2. Assume
k>2l—1,b #0 Then, for all1 < n <r—2l+2, there exist a pair of polynomial functions
IC,, and R, of the form (3.3) and (3.3) respectively, such that
Gu(t) = F(KCa(t)) — Ka(Ra(t)) = (O("™*), O"71)).

We have

K} = b R, = b = cK}

l cl’ l I l-

If we further assume that k < r and ay # 0, then for 1 <n <r—(k—1)l—2l+1 there exists
another pair IC,, and R, with

td o+ KTgn
’Cn(t) = ( y k;—l-‘rT " . y n+k—l>
and
t 4+ Ry th i1 if 2<n<k-—I,
Rn<t) - k—I4+1 2(k—-1)+1 ; _
t+ R4t + Rogr—y11t if n>k—1+1,
such that
Gu(t) 1= F(Ka(t)) = Kn(Ra(t)) = (O™ 1), O@™HH)).
We have a
k
Ky 1 = Ty Ry—i41 = cKj_ 141

If F' is C* or analytic, one can compute the polynomial approrimations KC,, up to any order.

The proofs are analogous to the one of Proposition 3.1.
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4 The analytic case

This section is devoted to prove Theorems 2.1 and 2.2. Following the parameterization
method, given a map F' of the form (2.2), first we consider polynomial approximations
K,: R — R? and R, : R — R of solutions of equation (3.1) obtained in Section 3 up
to a high enough order, to be determined in the proof. Then, keeping R = R,, fixed, we look
for a correction A : [0, p) — R?, for some p > 0, of K, analytic on (0, p), such that the pair
K=K, + A, R="TR, satisfies the invariance condition

Fo(K,+A)—(K,+A)oR=0. (4.1)

The proof of Theorem 2.1 is organized as follows. First, taking into account the structure
of F' we rewrite equation (4.1) to separate the main linear part with respect to A and the
remaining terms. This motivates the introduction of two families of operators, S, r and
N, r, and the spaces where these operators will act on. We provide the properties of the
operators in Lemmas 4.6 and 4.7.

Finally we rewrite the equation for A as the fixed point equation

A =T, r(A), where To.F :S_lRo n, Py

n,

and we apply the Banach fixed point theorem to get the solution. The properties of the
operators 7, p are deduced in Lemma 4.10. At the end of the section we prove Theorem 2.2.

4.1 The functional equation

Let F: U C R* — R? be an analytic map in a neighborhood U of (0,0) satisfying the
hypotheses of Theorem 2.1,

F(:v,y):(x+cy>+< 0 >’
y p(x) +yq(z) +ulz, y) + g(,y)

where ¢ > 0, p, ¢ and u are the polynomials introduced in Section 2.1 and g(x,y) is an
analytic function. We take p, ¢ and u of degree at least k in case 1 and degree at least 21 — 1
in cases 2 and 3. Then we have g(z, y) = O(|(z,y) ) for case 1 and g(z, y) = O(||(z,y)|*)
for cases 2 and 3. We denote v(z,y) = u(z,y) + g(x,y).

From Propositions 3.1, 3.3 and 3.4 we take n, with n > k£ + 1 in case 1 and n > [ is cases 2
and 3, and we have that there exist polynomials IC,, and R = R,, such that

Ent) = (O(t™), O™, (4.2)

where &, = F o K,, — K, o R. Since we are looking for the stable manifold we will take the
approximations corresponding to R = R,, with the coefficient Ry < 0.

Hence, we look for p > 0 and a map K = K, + A : [0, p) — R?, analytic on (0, p) satisfying
(4.1), where K, and R are the mentioned maps that satisfy (4.2). Moreover, we will ask A
to satisfy A = (O(t"), O(t"*N-1)).

12



Using (4.2) we can rewrite (4.1) as
Ao R—A"=cAY+ &,

AVoR— AV =po(Ki+A") —pok? + K- (qo (KX + A%) —qok?)  (4.3)
+ AV qo (Ki + A") +vo (K, +A)—vo K, + &Y.

4.2 Function spaces, the operators S, y and N, y and their prop-
erties

Next we introduce notation, suitable function spaces and some operators.

Definition 4.1. Given 3,p > 0 such that p <1 and B < 7, let S be the sector
_ _ g
§=5(8.p)={z€C|larg(x)| < 5,0 <2 <p}.

Given a sector S = S(f3, p), let {X,}n be the family of Banach spaces of holomorphic func-
tions where

X, ={f:SU{0} - C| f € Hol(S), f(0)=0, f[0, p) CR, ||flln:= sug“li”<oo}, n e N.

zE |’

Note that X, 11 C A, for all n € N, and that if f € X,,;1, then ||f||, < || f]lns+1. Moreover if
f€Xn, g€ X, then fg € Xpn and [|fgllmen < [[fllm lI9]ln-

Given n, m € N we denote &, ,, := &, x &,, the product spaces, endowed with the product
norm

|l = max {[| £l [1/Y]In} f=U"1) € Xnn

Given n > 1, N > 2, we define the space
Zn,N = Xn,n—i—N—ly

endowed with the product norm. Also, given o > 0, we define the closed ball

Yoon = €Zan [Iflls, v <a}

For the sake of simplicity, we will omit the parameters p and J in the notation of the spaces
Yo, v and the balls 30 .

Now let F' be as in Theorem 2.1, and IC,, and R = R,, be the polynomials provided in Section
3 satisfying (4.2) with n > k£ + 1 in case 1 and n > [ in cases 2, 3.

Since F' is analytic in U, it has a holomorphic extension to some neighborhood W of (0, 0) in
C2. Let d > 0 be the radius of a ball in C? contained in the domain where F' is holomorphic.
Also, K, and R are defined on any complex sector S(3, p). Then it is possible to set equation
(4.3) in a space of holomorphic functions defined in a sector S(5, p), and look for A being
an analytic function of a complex variable that takes real values when restricted to the real
line.

13



To solve equation (4.3), we will consider n big enough and we will look for a solution, A, in

a closed ball of the space ¥, n. In order for the compositions in (4.3) to make sense we need

to ensure the range of IC,, + A to be contained in the domain where F' is analytic. We take
o = min {%, g}

In this way, since K,(0) = (0,0), taking px € (0, 1) such that sup,cgs ) 1Kn(2)[| < d/2

and p < pg, if A: S(8, p) = C? belongs to the ball of radius a of X, ,,, with n, m > 0, we

have

X 7 m d
sup [|[A(2)]| = sup max{|AT(z)|,|AY(z)|} < max{gp", §p"} < 5
2€5(8, p) 2€8(8, p)

Therefore, under the previous conditions, if p < px and A € X5 then [|IC,(2) + A(z2)]| < d
and the composition F o (KC,, + A) is well defined.

Next we introduce two families of operators that will be used to deal with (4.3). The definition
of such operators is motivated by the equation itself.

First, we state the following auxiliary result (see [3]),
Lemma 4.2. Let R : S(8,p) — C be a holomorphic function of the form R(z) = z +

RyzN + O(|2|N*1), with Ry < 0. Assume that 0 < § < %. Then, for any v € (0, (N —
1)|Ry|cos\), with A = B2=2 there exists p > 0 small enough such that

4
T+

[/ (2)] < VieN, VzeS(5, p)

In addition, R maps S(53, p) into itself.

Then, if f is defined in S(f, p), with suitable values of the parameters /3, p, and R satisfies
the conditions of the lemma, the composition f o R is well defined.

Definition 4.3. Given n > 1, N > 2 and a polynomial R(z) = z + Ryz" + O(|z|N*1)
satisfying the hypotheses of Lemma 4.2, let S, g @ Xp n — Xp n be the linear operator
defined component-wise as Sp g = (Si r, S} r), with

Sﬁ,Rf:Sg,Rf:foR_f'

Remark 4.4. Notice that although both components of S, r are formally identical they act
on spaces of holomorphic functions of different orders.

Definition 4.5. Let F' be the holomorphic extension of an analytic map of the form (2.2)
satisfying the hypotheses of Theorem 2.1. For n € N, we introduce Ny p = (N 5, N 1) -
Yo N = XnyN_1nyan—2, bY

Ny p(f) =cf'+ &,
NYp(f) =po (KL + f%) —po K+ K% - (go (K, + f7) —qoKy,)
+ fYqo (K + ) +vo(Kn+ f) —vo K, + &L

14



By the properties of R and the choice of «, the operators S,, g and NV, r are well defined and
Sp, R is linear and bounded.

Using these operators, equations (4.3) can be written as

Sn.rA =N, p(A).

The following lemma states that the operators S,, r have a bounded right inverse and provide
a bound for the norm [|S; %||.

Lemma 4.6. Given N > 2 and n > 1, the operator S, r : X, Ny — X, ~N, has a bounded
right inverse

S Xt N-1,nt2N—2 = 2n, N = Xp ntN-1,
given by

n Rn = Z noe R, N € Xyt N-1,ntaN—2- (4.4)

Moreover, for any fized v € (0, ( — 1)|Rn]|), there exists p > 0 small enough such that,
taking S(B, p) with B < as the domain of the functions of X, n_1 n+on—2, we have the
operator norm bounds

ISe T <"+ 5 IS R I <"+ 0 AR

Nl’

The operators N, r are Lipschitz and we provide bounds for their Lipschitz constants.

Lemma 4.7. For each n > 3, there exists a constant, M,, > 0, for which the operator N, r
satisfies
Lip N;,F
and
Lip NV} p < klag| + Myp, (case 1),
Lip VY p < max{((I — 1) | K} by| + k|ax|) + Myp, |bi| + Myp},  (case 2),
Lip NV, p < max{(l — 1) |K{ b)| + Myp, |bi| + My,p}, (case 3),

where p is the radius of the sector S(B, p) where the functions of X5,  are defined.

Now, we define the third family of operators, 7, .

Definition 4.8. Let F' be the holomorphic extension of an analytic map of the form (2.2)

satisfying the hypotheses of Theorem 2.1. Given n > 3 we define Ty r : X5 y — Yn v by
Tor = 3;13 oNn, F-

Remark 4.9. Note that given a map F', to define the previous operators we always take
together the associated triple (F, K,,, R) satisfying F'o/C, — K, 0 R = &,. Then, the operators
Sn v, No, r and T, p are associated not only with the map F itself but to the approximation
of a particular invariant manifold of F'.

Lemma 4.10. Given an analytic map F' satisfying the hypotheses of Theorem 2.1, there exist
ng > 0 and py > 0 such that if p < po, then, for every n > ngy, we have E,F(E%N) C ¥ N
and T, F is a contraction operator in that ball.

The proofs of the previous three lemmas are deferred to Section 6.
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4.3 Proofs of Theorems 2.1 and 2.2
Now we are ready to give the proofs of Theorems 2.1 and 2.2.

Proof of Theorem 2.1. First we consider the holomorphic extension of I’ to a neighborhood
of the origin which contains a ball of radius d > 0 in C? and let & = min {1/2,d/2}. Let K,
and R(t) = R,(t) =t + Byt + Ron_1t*¥! be the polynomials given by Propositions 3.1,
3.3 or 3.4, with n > k + 1 or n > [ respectively, satisfying

En(t) = FoKu(t) — KnoRy(t) = (O™), O™ 2N 1),
We also assume that n > ng, where ng is the integer provided by Lemma 4.10. We rewrite
Fo(K,+A)—(K,+A)oR=0
in the form (4.3), or using the previously defined operators,
Sn.rA =N, r(A).
By Lemma 4.6, if p is small, S,, g has a right inverse and we can rewrite the equation as

A =T, r(A).

By Lemma 4.10 we have that 7, r maps ¥ y into itself and is a contraction. Then it has a
unique fixed point, A* € X7 . Note that this solution is unique once I, is fixed. Finally
K = K, + A™ satisfies the conditions in the statement.

The C* character of K at the origin follows from the order condition of K at 0. O]

Proof of Theorem 2.2. We write the proof for case 1, the other cases being almost identical
except for some adjustments in the indices of the coefficients of R,,. Let ny be the integer
provided by Lemma 4.10. If the value of n given in the statement is such that n < ng,
first we look for a better approximation K, of the form K, (t) = K (t) + 352,11 K (t) with

Ki(t) = (K3, KY,, _,t/**~1) and

Ro(l) = R(t) if n>k+1,
" B R(t) + ng_ltm{il if n<k.

The coefficients K K k-1 and ng 1 are obtained imposing the condition

F 0 Ky (1) = Kng 0 Ro (t) = (O™ ), Ot +#71).

Proceedlng as in Proposition 3.1, we obtain K7 iteratively. We denote K; i(t) = K () +
S el K™(t) and R;(t) = R(t) + R;(t), where R;(t) = 8,41 Ror_ 12", In the iterative

step we have

F o Ky(t) = K; o Ry(t) = (O(55), 08+,
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Then,

F(I (1) + K77 ()~ (1K + K7 o (R(1) + Ry (1))
=F(K;(t)) — K;(R(1))
+ DF (K (1) K7 () — K7 (R(t) + Ry(1))

f
[0 D2EGC 1)+ R (0) (K7 (1) ds
— DI (R(1) Ry (1)
— [0 DR + 5By (1) Ry 1) ds.

The condition | |
Folj(t) —Kjz1oRjpa(t) = (O(tj-f—k-‘rl)’ O(t]+2k))

leads to the same equation (3.4) as in Proposition 3.1 which we solve in the same way. From
this point we can proceed as in the proof of Theorem 2.1 and look for A € X, n+x—1 such
that the pair K = K,,, + A, R =R,,, satisfies F'o K = K o R. We have that

K(t) — K(t) = Ko (t) = K(t) + A(t) = (O™, O(t"F)) 4 (O(t™), O +1Y),

with n < nyg.

If n > ng we look for K*(t) = K'(t) + K™ (t) with K™1(t) = (K%, t", f(th"*k) and

R(t if n>k+1
i) = 50 L ekl
R(t) + Rzk_ltz -1 if n<k.
We determine K7, KY,, so that F o K*(t) — K* o R*(t) = (O(t"*+1), O(t"+?%)) as in the
previous case and we look for A € &, 4 ;4 such that the pair K = K*+ A, R = R* satisfies

FoK = KoR. As before we obtain K(t) — K(t) = (O(t"t'),0(t"*)). Again, the C"
character of K at 0 follows form the order condition of K. O

5 The differentiable case

This section is devoted to prove Theorem 2.6 for

F(x,y)z(x+cy)+< 0 )
y p(x) +yq(x) +u(r,y) + g(z,y)

As in Section 4 we use the parameterization method. To get the initial approximation we
first consider the Taylor polynomial of F or degree r which we denote by F< and reads

< r+cy 0
F=(z,y) = .
0] ( Y ) i (p(x) +yq(z) +U(:B,y)>
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Since F'= is analytic, Theorem 2.1 provides a C! map K : [0, p) — R, analytic on (0, p) and
a polynomial, R, such that

FSoK—-KoR=0 on [0,p).
Then, we look for p > 0 and a C" function, H = K + A : (0, p) — R?, such that
Fo(K+A)—(K+A)oR=0, (5.1)

In Section 5.1, we establish a functional equation for A obtained from (5.1) which will be the
object of our study. In Section 5.2 we describe the function spaces where we will set such an
equation and the operators Sy p and N, p together with their properties (Lemmas 5.6 and
5.7). Notice that although the notation of the operators is similar to the one of the operators
in Section 4, both pair of families of operators are different.

In Section 5.3 we recall the fiber contraction theorem and we also introduce the family of
operators 7, g given by T, p = SL”lRo./\f 1, » and we describe its properties in Lemmas 5.9 and
5.10. Finally, in Section 5.4 we prove the existence of a solution of the functional equation
and we conclude the proof of Theorem 2.6.

5.1 The functional equation

Let I : U C R? — R? be a C" map of the form (2.2) satisfying the hypotheses of Theorem
2.6. Along the section, once having taken a C" map F' of the form (2.2), the maps K and
R will always refer to the analytic solutions of F'< o K — K o R = (, on some interval [0, p)
given by Theorem 2.1.

Using (5) and the previous notation, condition (5.1) can be rewritten as

Ao R— A" =cAY,
AYoR—AY =po(K*+A") —po K*+ KV (qo (K" + A") —qo K¥) (5.2)
+ AV qo (K" 4+ A")+uo(K+A)—uoK+go(K+A).

Clearly, a continuous function A satisfies (5.1) if and only if it satisfies (5.2). Since we want
to prove differentiablity of A, next we derive r equations for the derivatives of A by formally
differentiating equation (5.2). In our approach we will look for continuous solutions of these
equations.

After having differentiated (5.2) L times, 1 < L < r, we obtain

D"A* o R(DR)" — D*A" = ¢ D"AY + J} (A, ..., D*'A),
DYAVo R(DR)* — DYAY = p/ o (K* + A") D*A™ 4 (KY + AY) ¢ o (K* + A®) D*A”
+qo (K + A%) D*AY + (Du + Dg) o (K + A) - DFA
+ I N(A, ..., DFIA),
(5.3)
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where J}* . and J} j are given by

jﬁF(fO, .- 'fL*1> = A%,R(f(g)ﬁv "'f]gffl)v

(5.4)
Il p(fos - fr-1) = AL g(f5s - fi1) + Q. r(fo, -y L),
and AiL’R, 1=,y by
AzLR(fé) = 07
Ay p(fo, fI) = —fio RDR, (55)
AZL,R(féa SR fi—l) = D[AZ—I,R(JC& SRR f},—2)]
—(L—-1)fi_ ,oR(DR)*?D?R, Le{3, ....r}

where in the expansion of the derivative D[A}_; z(f§, ..., fi_,)] we substitute Df; by fiy1.

Note that A’}J’ r does not depend on fy. Moreover, (), r is given by

Q1 r(fo) = DK* (p' o (K* + f5) —p' o K¥) + DK - (qo (K" + f§) — g0 K¥)
+ KY-DK* (¢ o (K" + f5) —q' o K*) + fi - DK*" ¢’ o (K" + f7)
+ (Duo (K + fo) — Duo K)DK + Dgo (K + fo)DK,
Qrr(fo, -y fr-1) = D[Q-1, #(fo, -, fr2)| + D' o (K + f)lfi-
+ D[(KY + fi)d o (K" + f)Iff + Dlgo (K" + f3)]f1-1
+ D[(Du+ Dg) o (K + fo)] - fr—1, Le{2,...,r}
(5.6)

Note that Az r(fo, ..., fo—1) comes from the differentiation on the left hand side of (5.2)
and Qp, p(fo, ..., fr—1) comes from the differentiation on the right hand side of the second
equation of (5.2). Expanding the derivatives in (5.5) and (5.6) and changing D f; by fii1
we obtain expressions that have to be understood as operators acting on (fo, ..., fr_1),
considering the f;’s as independent variables.

It is important to note that AZ,':’R and Q}':’F, i = x,y, depend in a polynomial way on f; for
7 > 1, but not on fy.

5.2 Function spaces, the operators S; p and N r and their prop-
erties

We introduce next the notation and the function spaces that we will use to study the func-
tional equations (5.2) and (5.3).

Definition 5.1. Given 0 < p < 1, let {V,}, be the family of Banach spaces of continuous
functions where

17l

Yui=A{f:(0,p) > R| f€C0, p), || f]ln := sup

< oo}, n € 7.
0.0 1"
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Note that V11 C Yy, for allm € Z. If f € Yy, g € Y, then fg € Virw and |[fglmin <
Il £l [|g]ln- For n < 0 the functions contained in ), may be unbounded in a neighborhood

of 0. If f € Yy, then [[flln < [[f[lnsr-

Given n, m € Z we denote YV, ,, := Vm X Y, the product space, endowed with the product
norm

[fllm,n = max {[[f*)m, 1]}, = (1Y) € Y X V.

Given s, r, N positive integer numbers and L € {0, ..., r}, we define the spaces
L
YN = H (Vs—aNt2—j, s—N+1-5); 0<L<r
5=0
and
DY 1 v = Vs—oNt2-Ls—N+1-L, 1<L<r

both endowed with the product norm. Clearly, we have ¥ vy = Y71 v X D¥X;_; n, and
Yponv=Yon X[, DYy, for 1 < L <.

For notational convenience we also write DX _; xy = Yo n.

Also, let a; > 0, 1 < i <r. Given L we write @ = («ap, ..., o). We define the closed balls

Eg,ON = {f S EO,N | HfHEO,N < aO}v
DZ?—il,N = {f € Dzi—l,N | ||f||DZi—1,N < &i}7 S {17 "'7T}7

and the products of balls

L
o . ag o
L,N_ZO,NXHDEiil,N7 LE{17"'7T}7
i=1
For notational convenience we will write 3§ = X¢%-.

An element of ¥ x will be denoted by (fo, ..., fr), with fo = (f§, f§) € Zo.n, and f; =
(fF, f)e DYy N, fori=1,..., L.

For the sake of simplicity we do not write the dependence with respect to r, s and p in the
notation of the previous objects.

To solve the functional equation (5.1), we look for a solution, fy, of (5.2) contained in a

closed ball ¥§°y, and for a solution, (fi, ..., fr), of (5.3) in a product X¢ y, for each L €
{1, ..., r}. In order for the compositions in (5.3) to be meaningful we have to deal with fy in
a ball of sufficiently small radius. Arguing as in the analytic case we take ap = min {%, g ,

where d is the radius of a ball contained in the domain where F' is C". The values of the
radii a;, 1 <1 <r, will be determined later (see proof of Lemma 5.10).

In the differentiable case we consider analogous operators as in the analytical case but now
we need a family of them, depending on L, to deal with the equations (5.3) for the derivatives
of A. Their definitions are determined by the structure of such equations.

First, we state two auxiliary results about the iterates of R and their derivatives.
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Lemma 5.2. Let R : [0, p) — R be a differentiable map of the form R(t) = t + Ryt +
O(Jt|N*1), with Ry < 0. Then, for any v, such that 0 < v < (N — 1)|Ry| < u, there exists
p > 0 such that
t , t
< R(t) <
(1 _|_jlutN—1)1/N—1 ( ) (1 +thN—1)1/N—1’

As a consequence, R maps (0, p) into itself.

Vi>1, Vte(0,p). (5.7)

If R were a polynomial the upper bound in Lemma 5.2 would be an immediate corollary of
Lemma 4.2.

Proof. Let A > 0 and p,(t) = W for t > 0. A computation shows that £, (t) =
W > 0 and hence ¢, is increasing. We prove (5.7) by induction. When j = 1, it
is easy to see that there exists p > 0 such that

t t
Soﬂ(t) = (1 +MtN_1)1/N_1 < R(t> < (1 + VtN_1>1/N_1 = (pu<t),

vVt e (0, p).
Assuming (5.7) for j > 1,
, . . t t
RIT(t) = R(R(1)) < o, (R(t ( ):
( ) ( ( )) ¥ ( ( )) <@ (1 +thN—1)1/N—1 (1 + (,] + 1)VtN_1)1/N_1
in the same interval (0, p). The lower bound is obtained in a completely analogous way using
Pu- O
Lemma 5.3. Let R : [0, p) — R be a differentiable map of the form R(t) = t + Ryt +
O(Jt|N*1), with Ry < 0, such that DR(t) = 1+ NRxtY =1 + O(|t|™). For any v, such that
0<v<(N—-1)|Ry|<u,let i =v/u. Then, there exists p > 0 such that
1
(1 + j ptN-1)sN/N-1’

DRI(t) < VieN, Yte (0, p). (5.8)

Proof. Since N|Ry| > v<~=, by the form of the derivative DR, there exists p > 0 such that

Nl’

N
0<DR(t)<1- %W—l, Vt e (0,p).

Using the chain rule DRI (t) = IT/, 2 ) DR(R™(t)) and the lower bound in (5.7) we can write

DRI(t) = exp jj_j log DR(R™ (1)) < exp ]Z tog (1 - 7 (R ()"

—yN i1 1/N -t tN-1
< m N-—1 <
—vN tN—1 —vN gt
< 0 1+s,utN—1) ds) - o (M(N— 1)/0 1+§d§>

/@N 1
log(1 + jputV ! ) = :
N _1 Og +.]:u ) (1 +thN,1)KN/N,1

I/\

exp
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From now on we assume R is as in the previous lemmas and p satisfies the conclusions of
them, in particular, R(0, p) C (0, p).

Definition 5.4. Given L € {0, ..., r}, let S g : DXy n = DXp_1 n be the linear operator
defined component-wise as Sp.gr = (St g, SI r), with

Sf,Rf:Sng:foR(DR)L—f.

Notice that although both components are formally identical, they act on different domains.

Definition 5.5. Given a map F of class C" satisfying the hypotheses of Theorem 2.6, let
No.r: EaN — Vs—N+1,s be the operator given by

(iF(fO):Cfg’
Ve(fo)=po (K" + f§) —po K"+ K -[go (K" + f§) — qo K]
+ [0 -qo (K™ + fg) +uo (K + fo) —uo K +go (K + fy),

and let N7, p : E%,N — Vs-nt1-L.s—1, L € {1, ..., r}, be the operator given by

Lr(fos oo fu)=cfl+Tin(fos s fr),
NLp(for ooy fu) =p o (K" + f5) - fL + (KY + f§) - q' o (K" + f5) f1
+qo (K" + f3) - fi + (Du+ Dg)o (K + fo) - f1
+ JE n(fo, -y fro1),

where Jp, N are already introduced in (5.4), (5.5) and (5.6).

From the definition of the operators Sy g and N7 g, the recursive expressions of Ay r and
1, r obtained in (5.5) and (5.6) and the choice of ayg it is clear that the operators Sy r and
N are well defined and that Sy g is linear and bounded.

Note that with the operators introduced above, equations (5.2) and (5.3) can be written now
as

Sp.rD*A =Ny p(A, ..., DFA), (A, ..., D"A) e X%y,
for each L € {0, ..., r} and «ag as fixed previously and some «; > 0,1 <i < L.

In the following lemmas we prove that each of the operators S;, g has a bounded right inverse
and we provide a bound for the norm [|S; 'z||. We also show that each of the operators N7, p
is Lipschitz with respect to the last variable and we provide a uniform bound for the Lipschitz
constant for the family N7 p, L € {0, ..., r}. For the proofs of Lemmas 5.6 and 5.7, see
Section 6.

Lemma 5.6. Let 0 < L <r. Assumer >k in case 1 and r > 2l —1 in cases 2 and 3. Then,
given 0 < v < (N —1)|Ry| < p such that k = v/u satisfies k > 1/N, there exists p > 0 small
enough such that, taking (0, p) as the domain of the functions of Ys_n+1-1 s—1, the operator
St.r: DY, v = DXr_1 N has a bounded right inverse,

-1 . _
SL,R tVsoN+1-L,s—L — DXp_1 N = Vs—aN+2-L, s—=N+1—L>
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given by
SL_,}W =->_ no R’ (DR7)Y, N € Vs—N+1-L,s—L; (5.9)

J=0

and we have the operator norm bound

||(Sf,R>_1H < PN—I + % 872N+]2V+7Ll(li]\771)7

N-1

ISE =) < 2™+ vy

Lemma 5.7. Let 0 < L < r. Assume r > k in case 1 and r > 2l — 1 in cases 2 and 3.
There exists a constant, M > 0, for which the family of operators Ny, g satisfy, for each

Le{0,...,r},
Llp Ng,F(f(b "'7fL717 ) =G

and

Lip N7 ¢ (fo, - fo—1, ) < klax| + Mp,  (case 1),
Lip N7 ¢ (fo, -, fr—1, ) Smax{(({ — 1) | K} bi| + kax|) + Mp, |bi| + Mp}, (case 2),
Lip NY g (fo, -, fo—1, -) S max{(l — 1) | K/ b| + Mp, |bi| + Mp}, (case 3),

where (0, p) is the domain of the functions of ¥ .

Note that the bound we have found for Lip Nz r(fo, ..., fr—1, -) does not depend on L, and
the obtained bounds for ||(S§ z) ']l and [|(S§ z)~'|| do not depend on k.

5.3 Main lemmas and the fiber contraction theorem

From S g and Ny r introduced in Section 5.2, we can define the operators 7z, r and ’TLX Iy

Definition 5.8. Given a map F of class C" satisfying the hypotheses of Theorem 2.6, let
To,r: X7y — DYy N be the operator given by

E,F:SL_VIRONL,Fa LG{O,...,T},
and let Ty : X¢ y — X, n be the operator given by

T r=Tor, - T F), Led{l,...,r}

In the following results we show that, under appropriate conditions, the operators 7y, r have
some properties strongly related to the hypotheses of the fiber contraction theorem.

Lemma 5.9. Let F' be a C" map satisfying the hypotheses of Theorem 2.6, a; > 0,1 < i <r,
and o = (ag,...,ar), 0 < L < r. Then, for every L € {0, ..., r — 1}, the operator
To,r 3¢y — DYy N is Lipschitz on X¢ y with respect to (fo, ..., fr—1), with Lipschitz
constant independent of fr.
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Moreover, the operator T, g : ¥ y — DY,y y can be decomposed as 7;(1} + 7:,(?, where 7;(})
is Lipschitz on X5 v with respect to (fo, ..., fr1), with Lipschitz constant independent of f,
and

7% = (0. (84 o (g o (K + ) (DK + £i))),

which is continuous with respect to (fo, f1).

Next we introduce a convenient rescaling. Given v > 0, let

T(z,y) = (z,7y). (5.10)

We define F' = Tv_l oFoT, If K and R are analytic maps associated to [, then the
corresponding analytic maps associated to F will be given by K = 1 'o K and R = R.
Concretely, the parameterizations of F' and K with respect to the coefficients of F' and K

will be given by
. T+ yey 0
F(r,y) = 1 . :
Y Y ragt F byt A+

- 24
K(t) = ( Ly ke ) : for case 1,
YK T A

and

. A
K(t) = : for cases 2 and 3.
’Y_lKlytl—i“"

Lemma 5.10. Given a C" map F satisfying the hypotheses of Theorem 2.6, there exist
po > 0 and a linear transformation T, as in (5.10) such that if p < po, then the operator
T 7 X n — DX 1, N associated to F= T 'oFoT,, for L € {0, ..., 1}, is contractive with
respect to the variable f;, € DX§ | . Moreover, for a proper choice of a = (v, ..., ar),
Ty, p maps X¢ y into DXT", v, for each L € {0, ... r}.

For the proof of Lemmas 5.9 and 5.10, see Section 6.

Remark 5.11. The value ag denoting the radius of the ball X%, obtained previously, is
forced by the definition of Ny r (and thus, of Ty, x). Indeed, since we will look for the invariant
curves of I as parameterizations of 3, their image must be contained in the domain where
Fis C'". This is not the case for the derivatives of the invariant curves, for which we do not
need to put a bound on them to have the operators well defined. Also, the definition of 77, r,
for L € {1, ..., r} does not force any restriction to the size of the arguments fi, ..., fr
since the dependence with respect to these variables is polynomial. The values aq, ..., a,
obtained in Lemma 5.10 provide then upper bounds for the norms of the derivatives of the
invariant curves of F'.

Finally, for the convenience of the reader, we recall the fiber contraction theorem [24] which
will be used in the proof of Theorem 2.6. We use a version of it stated in [13].
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Theorem 5.12 (Fiber contraction theorem). Let ¥ and DY be metric spaces, DY complete,
and ' : ¥ x DY — ¥ x DY a map of the form IT'(v,¢) = (G(v), H(7,¢)). Assume that

(a) G has an attracting fized point, v € 3,

(b) H is contractive with respect to the second variable, ie, for all v € ¥, Lip H(v,-) < 1.

Let poo € DX be the fized point of H(Voo, ).

(c) H is continuous with respect to v at (Yoo, Poo)-

Then, (Yoo, Poo) @S an attracting fixed point of T.

5.4 Proof of Theorem 2.6.

We give next the proof of Theorem 2.6, where we use the setting and the results obtained
along the previous sections.

Proof of Theorem 2.6. Let F' be as in the statement and 7%, v > 0, be defined by (5.10). It
is clear that given maps H and R, the triple (F, H, R) satisfies F'o H = H o R if and only

if (F, H, R) satisfies 'o H = H o R, where ' =T ' o FoT,, ﬁ:T;loHand R =R.
Clearly F and F belong to the same case 1, 2 or 3 of the reduced form (2.2).

To prove the theorem, we shall look for p > 0 and a function H : (0, p) — R?, with H(0) = 0
and H € C"(0, p), and a map of the form R(t) =t + Ryt" + Roy 1121, with Ry < 0, such
that

FoH=HoR, (5.11)

with V = k for case 1 of (2.2) and N = [ for cases 2 and 3.

We take the value v > 0 associated with F' provided in Lemma 5.10, and we set F =
T Yo FoT,. Let F= be the Taylor polynomial of F' of degree r at the origin. Then it is a
polynomial of the form

< _[rt+cy 0
F—($,y)— + -1 kg -1 L ’
Y Y rapx® + o yxT + h.o.t.

Since we assumed aj > 0 for cases 1 and 2 and b, < 0 for case 3, then by Theorem 2.1,
there exists, for each case, an analytic map K and a polynomial R of the form R(t) =
t+ Ryt + Roy_1 t*N 71, with Ry < 0, satisfying F<o K — K o R = 0.

Given such maps K and R, we look for p > 0 and a function A : (0, p) — R2, A € C"(0, p),
such that . ) .
Fo(K+A)—(K+A)oR=0. (5.12)

To do so, we consider the set of r equations described in (5.2) and (5.3). We take a@ =
(v, ..., @) with oy = min {%, %}, where d is the radius of a centered ball in R? contained
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in the domain where F is of class C", and oy, ..., a; given in Lemma 5.10. We also take the
value p > 0 associated to F' provided in Lemma 5.10.

Given such values of p and «, we take the function spaces %¢ v, for L € {0, ..., r}, with
domain (0, p) C R.

With the operators introduced in Definition 5.8, equation (5.2) can be written as

fo=To,5(fo),  fo€XG N, (5.13)

and each of the equations (5.3) can be written as

fL:’]-L,F‘(an"'afL)a (fU?"'afL)engu

for L € {1, ..., L}, or equivalently, all of them together as a unique equation,
(f077f7“):7;7><ﬁ'(f077f7')7 (an?fT)eE?iN (514)

By Lemma 5.10 and the Banach fixed point theorem, 7;  has an unique attracting fixed
point, f§° € 3§ v, which is a solution of equation (5.13) and which ensures that there exists
a continuous solution, A*, of (5.12). We will see next that in fact the solution f§° of (5.13)
is a function of class C".

We will proceed by induction. First we prove that f$° is C.

Let us pick a C' function f§ € X§° such that f? := D f§ belongs to DXG"y. For simplicity
we take fJ = 0. Then we take the sequence (f], f{) = (7,"z)7(f3, f?). From the definition
of the operator 7 r, we have ’

D(To,#(f0)) = T1, 6 (f5, f1)- (5.15)

)

Applying (5.15) inductively we have that fl = Df3, for all j. Also, since f is C' and
fl = Dfg, all the iterates f§ = (T, z)’(fg) are C', and as we have said the sequence
converges in 3g% to f§°.

Again, by Lemma 5.10, the operator 7,  : 3§y X DXgly — DX{'y is contractive with
respect to the variable fi € DX§ . Thus, 7; #(f5°, ) has a unique attracting fixed point,
JT° € DXg y.

Moreover, by Lemma 5.9, T,  is continuous with respect to fo at any point (fo, f1) € X¢ y.
Hence, by the fiber contraction theorem, (f5°, fi°) € Xf y is an attracting fixed point of
’TLXF, which means that the sequence fj = DfJ converges in DY y. That is, f{ converges
uniformly in C°(0, p) and therefore we have f* = Df§° and thus, f§° € C'(0, p).

Now, for every L € {2, ..., r}, we assume that there exists a unique attracting fixed point
of T, g given by (f§°, ..., fi%,) € X§_, . such that fg° € C*71(0, p) and

f=Df5, ., fi2a =DM
We will see next that in fact f§° is of class CT.
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Let us pick again the function f§ =0 € C*(0, p), and let us take also f):= DfY, ..., f2:=
DFf§. Then we have (fg, ... fi_;) € X¢_, y and [} € DX7", y.

From the definition of the operator T, r, we have
D(Ty o 5 (£5, - fia)) = Tp p(fos - f1). (5.16)

Then let (fi, ..., fl) = (T (fg, -, fL). Applying (5.16) inductively we have fl =
ng, ..., fi = D*f] forall j, and then the iterates (fJ, ..., fi_l) = (TLX_LN)J'(fg, N
are such that fi € Ct=™ form € {0, ..., L—1}. By the induction hypothesis, the sequence
(f], ..., fl_)) converges in X;_; y to the solution (f$°, ..., f2°,) and

f=Df5, .., [2 =DM,

Also, applying Lemmas 5.9 and 5.10 and the fiber contraction theorem, the sequence f]{ =
DL f3 converges in DX y. That is, f{ converges uniformly in C°(0, p) and therefore we
have f7° = D f5° and thus, f§° € C*(0, p). In conclusion f§° € C7(0, p).

Finally, the C" map H = K + A with A = f5° parameterizes the stable manifold of F and
therefore it is C".

When F'is C™, to see that the stable manifold is C*° we take r; satisfying the hypotheses
of the theorem and 79 > r;. The previous proof provides H; = K, + Ay and Hy = K, + A,
defined in (0, p;) and (0, p2) and of class C™ and C™ respectively that parameterize stable
manifolds W3 and W,. Theorem 4.1 of [12], which is proved by geometric methods, provides
the uniqueness of the stable manifold in this setting. If p, < p1, since we deal with stable
manifolds we can extend W, iterating by F~! to recover W;. Then W, is C™ for all ry >
1. ]

6 Proofs of the technical results

We will give detailed proofs for Lemmas 5.6, 5.7, 5.9 and 5.10, which correspond to the
differentiable case. Lemmas 4.6, 4.7 and 4.10 are simplified complex versions of Lemmas 5.6,
5.7 and 5.10 respectively.

6.1 Properties of the operators Sy r and NL,F

Proof of Lemma 5.6. A simple computation shows that the expression (5.9) of Sy g formally
satisfies S; ro (Sp.r) " 'n=mn,forn € Vs Ny1-L.s L

We give the details of the proof for the second component S%, rtVseNt1-L — Vs—Ny1-1 of
the operator Sy, g, the details for Sf’R : Vs—on+2-1 —> Ys—an+o—1 being completely analog-
ous. The results for Sy, r follow immediately because the components of the operator are
uncoupled.

We take k > 1/N and p,v such that 0 < v < (N — 1)|Ry| < p and v/p = k. By Lemmas
5.2 and 5.3 there exists p > 0 such that R maps the interval (0, p) into itself and the bounds
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(5.7) and (5.8) hold. Then, given n € YV, |
[(no RI(DR))(#)| < |nlls—r [R ()" | DR (1)[*

ts_L 1
S Han—L s_L =NL
(14 jutN-1)N-1 (14 jutN-1)N-1
1
< M|nlls-¢ TS LRN-T) vVt e (0, p),
j N-

hence, since s > r > N > N — 1, (5.9) converges uniformly on (0, p) by the Weierstrass
M-test. Thus, (87 z)~'n=—X32yno R/ (DR)" is continuous on (0, p).

Now, we prove that (SgR)_l is a bounded operator from ), ; to Vs_ny1-1 and we obtain

a bound for its norm. Again, having chosen x = v/u, from Lemmas 5.2 and 5.3 one has,

1 .
(S, )" 0lls—n41—r < S}IP) NI L Z|77 (R (t)) (DR’ (1))"|

ts—L 1
< lInlls-z sup Fs—N+1-L Z =L KNL
o) 3D (L4 AN NT (1 jutN-1) N1

and, bounding the sum by an appropriate integral, we obtain the bound
5k 1

fs—N+1-L Z s—L “NL
7=0 (1 + jutN=1)N-1 (1 + jutN-1)N-1

1
<tV 1 / d
( i (14 zptN-1)"x S x)

1 N -1

e
vs—N+1+L(kN—-1)
Therefore, we get
1 N -1
Sy -1 s < s— su tNil + — 3 S Xs— )
ISt llvsios < oo sop (7040 HEl ) e

which shows that (S} z)™" : Ys—r = YVs—n41-1 is bounded and

N -1
— N+1+L(kN —1)

1
ISER) I <P+

In the same way, (SfﬁR)*l : Vs Ni1-L — Vs anio_r is bounded and

1 N -1

USRI Y “ON+2+L(kN —1)

[]

Proof of Lemma 4.6. The operators S; ; do not contain the term (DR)* so that the proof
is similar to the one of Lemma 5.6 with L = 0. However, the domain of the functions in the
spaces X, is the complex sector S(/3, p), and therefore in this case we have to apply Lemma
4.2. Notice that in this case we do not need lower bounds for R’(z). ]
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Proof of Lemma 5.7. To distinguish the roles of the variables (fy, ..., fr—1) and fr we will
denote the latter by h;. The statement concerning the component N L is clear by the
definition of N, LF-

For N} y we first deal with the case L = 0.
Since g(z,y) = o(||(z,y)]|") and g € C" we have D;g(z,y) = o(||(x,y)||"™"), i =1, 2.

For every hg, hy € Y6 x> from the definition of the operator ./\/03’1 F, ONe can write
NG p(ho) = NG p(ho)
= (/Olp’o(vaLﬁngs(hg—fzg))ds—k(Ky—irh%)/olq’o(KIJrﬁﬁJrs(hf)”—ﬁf)”))ds
+ /Ol(Dlu + D1g) o (K + ho + s(ho — h)) ds) (hg — he)
- (q o (K® + h%) + /Ol(Dgu + Dag) o (K + ho + s(hg — ho)) ds) (hY — RhY).
Let us denote, for s € [0, 1]
& = &(ho, ho) = K + ho + s(hg — ho),
o= plho) = [ Wogds+ (k1) [[qogids+ [ (Dt Dig)otds
0= (o ho) = g0 (K7 + 1) + [ (Dyu+ Dag) o€, ds,
so that we have

NG (ho) = NG e (ho) s < Nl (ho, ho) (hs — i)lls + [l (ho, ho) (R — B)[ls. (6.1)

For case 1 we have K € ) ;41 and, since s = 2r and r > k, then for every hy, ho € 20 we
have (ho, ho) € V4 k+2. Thus we can bound the norm

1 ~ -
€5l = sup 5 [K7(0) + R(0) + s(hi(t) = B3(0)] < 1+ Mo,
S P

for all s € [0,1].

Moreover, checking the orders of ¢ and ¢, taking into account the properties of p, ¢, v and
g, we have

© € Vor—2, V€ Ve C Vi1, Y ho, ho € %5 k-

More precisely, we can bound

lollox—2 < sup ([lp" 0 & llar—2 + [[(KY + hg) ¢' 0 € + Dig o & + Dy o &|ar—2)

s€[0,1]
< sup sup i (ka1 + M ) (6:2)
s€[0,1] t€(0,p) t
< klag| + Mp,
[9][e—1 < Mp, (6.3)
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for all ho, ho € 535,
Then, from (6.1) we have

NG r (o) = N (ho)lls <llla—z 18§ — A lls—ansz + 119 -1 178 — AElls—ps1
<(klax| + Mp)lhg — hglls—2r+2 + p M [|hg = hglls—r+1,

which proves that Lip Ny, < klax| + Mp, for case 1.

For cases 2 and 3 the bounds for Lip /\féf p are obtained in an analogous way. In these cases
we have K € ), ; and we obtain & € Vs 41. Take hy, ﬁg € X§,. Since r > 2] — 1,

© € Var—a, (CESIN/ I

with the following bounds for their norms,

[elloi—2 < Kfax| + (1= DIEK bl + Mp, — [[lli-r < |bu] + Mp, (6.4)
in case 2 and
[llai—2 < (I = 1)| K} b + Mp, [lli—1 < |bu] + Mp, (6.5)
in case 3.
The proof for L > 1 is similar. Given fo, ..., fr_1 and hy, hy € DY, y,from the definition

of N7 n, we have

N g (fos -y frr, o) = N g (fo, - fr—1, hi)
= (p' o (K" + f5) + (KY + ) ¢ o (K" + f§) + (Dyu+ Dig) o (K + fo) ) (hf — )
+ (g0 (K™ + f3) + (Dyu+ Dag) o (K + fo)) (b — k).
Given fy € 2§ y, we denote
p=o(fo) =p' o (K" + f5) + (K + f§) ¢ o (K" + f§) + (Dru+ Dig) o (K + fo),
¥ =10(fo) = g0 (K" + J§) + (Dyu + Dag) o (K + fo),
so that we can write

INE p (for s frmas br) = N g (fos - froas Bo)lls < 1@(fo) (R — B)ls + [9(fo) (b, — R

The orders of ¢ and 1 are the same as the ones of the corresponding ¢ and ¥ when L = 0,
respectively, for each of the cases 1, 2 and 3. That is,

P € Vap—2, V€V C Vi1,
for case 1 and
© € Va2, eV,
for cases 2 and 3. As in the case L = 0, for each fy € g%, the order of K + fy is the same

as the one of K. Therefore we get the same bounds for the norms of ¢ and ¢, namely those
obtained in (6.2) - (6.5), and finally the bounds in the statement. O

Proof of Lemma 4.7. The proof is completely analogous to the proof of Lemma 5.7 in the
case L = 0, the only difference being that here the functions in the spaces X, are defined in

sectors S(f, p) instead of the interval (0, p). O
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6.2 Proofs of Lemmas 5.9 and 5.10

Proof of Lemma 5.9. As before, to distinguish the roles of the variables (fo, ..., fr—1) and
fr we will denote the latter by hy. Since Ty, p = SL_}R o N r and Sﬁ% is linear and bounded,
along the proof we will deal only with Ny, .

Given a function hy, € DX7*", 5 we decompose

Nore(fo, -y foo1.hr) = An, 7 (fo) + T r(fo, -y fr-1),

— (Ax y .y : on
where Ay, r = (A}, p, Al F) 268 = Vs-N11-Ls—1 is the auxiliary operator

izzL,F(fO) :Ch?in
he,p(fo) =D o (K" + f5) - h + (KY + f§) - ¢ o (K" + f5) hf,
+qo (K*+ f5)-hi + (Du+ Dg)o (K + fo) - hy,

and we will work on A;, r and Jp r separately.

Clearly Aj . is uniformly Lipschitz on 3§ y. To deal with A} p, let fq, fo € 36 n- Then

AL p(fo) = AL w(fo) = en, (fo. o) (5 — F3) + ¥n (fo, fo)(FY = F&) + 0(fo, fo)(fo— fo) - hr,
with
~ 1 - ~ 1 - ~
Pns = ns (for Jo) = || 00 (K" 4+ s(f5 = Fi)) ds+ by, [ a0 (B 4 i + s(f5 = J§) ds
PR+ 1Y) [0 (K Ji o+ (5 — i) ds
Uny = U (fo, fo) = Wi ' o (K* + f5),
~ 1 ~ ~
0 = 0(fo, fo) = /O (D*u+ D%g) o (K + fo+ s(fo — fo)) ds

First we deal with case 1. By similar arguments as in Lemma 5.7 we have ©n; (fo, fo)

Vor—o—1, € Vog—o—1, ¥n, (fo, fo) € Vro1-1 € Yi_1_r. All the entries of the matrix 0( fo, fo)
belong to V. Also, it is clear that the quantities ||¢p, (fo, fO)HQk,g,L, | (fo, fO)kalfL and
the || - [|;,-norm of the entries of 6 (fy, fo) are uniformly bounded for fy, fo € Y8 v, the norm
depending on «q in the form p™aq for some m > 0 and depending linearly on a;.

Then, since hy, is fixed, we get

1A%, e(fo) = AL p(fo)llzr—z < lon, (for fo)llan—a—r 15 — J5 22k
+ 19n,, (for fo)llkmi—r 1§ = fllor—rsa
+ M|[hllps, ., 1 fo = follsos
< Moagl| fo— fo”zo,k-

Similarly we also obtain [|A} x(fo) — %L,F(fo)H?T—L < Mayg|fo— f()”zo’k for cases 2 and
3, where in these cases we have ¢, € V,_r_1, ¥, € Vr—i—1 and the entries of 6 belong to
Yo. This proves that Ay, r is uniformly Lipschitz on 3§ .
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Next we deal with J;, p. Recall that we have, for every L € {1, ...,r},

jl?,F(f(b T fL—l) = A%,R(f0x7 T fzfl)v
Tip(fo, - foo1) = AL p(fS, - 1) + Qo r(fo, -, 1),

where A} p and Aj p are given recursively in (5.5) and €, is given recursively in (5.6).

From (5.5), A{ = 0 and, for L > 2, one can check by induction that

L1
Ay r(f1s s f1) = Z PrjfjoR, i=x,, (6.6)
Jj=1

where each function Py, ; is a polynomial on the variable ¢.

Indeed, Py 1(t) = —D?*R(t) € Vy_o. Assuming (6.6) and applying the recurrence (5.5) we
have

L-1 L-1
Npn=D_ PiLjfioR+> PrjfiioRDR—Lfj 0 R(DR)"'D*R
J=1 j=1
‘ L—1 ' |
=P fio R+ 3 (PLj+ PriDR)fjo R+ (Pri DR = LIDR)!'T'D*R)f o R.
j=2

We also have the recurrences

Pri1a(t) = Pp (1),
Ppi1,5(t) = P ;+ P ;1DR, 2<j<L—1,
P, (t) = PLp1DR — L(DR)*'D*R,

and then we also deduce by induction that P ; = Vnyj—1-1.

From this, it is clear that Apr = (A} g, AL g) + B¢ 1 n — Ve-nNt1-Ls—z is linear and
bounded, so it is uniformly Lipschitz in %7, y.

Also, from (5.6), one can see that 2 r is a polynomial operator on the variables fi, ..., fr1
having coefficients depending on f;.

When L =1,

Q. r(fo) =, r(fo)
DR [0 (K J5 + s — J3)) ds (5 — o)
+DEY [N o (7 4+ i+ (5 = o)) ds (5 = o)
FEO DI [ o (4 J o+ (5~ T ds (5 — 7)
(- R DR o (K7 + f7)

1

+DK‘T/O(D2u+D2g)O(K+fo+5(fo—fo))d5(fo—fo)
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and hence there exists M > 0 depending on F' and g such that

1901, 7 (fo) = 1, #(fo)lls—1 < M| fo = follso.x-

For L > 1, we decompose 0, = Q(le)F + Q(L%)F’ where
Q(LQ,)F = Q(li)F(fm fi) = DLg o(K + fo)(DK + fl)L,

and Q(Ll7)F =QnF— Qg)F. The difference Q(Ll,)p(fo, ooy foo1) — Q%)F(fo, e fL,l) is a sum of

terms of the form ¢ (fy, fo)II, where II is a product of factors among i, ff’y and [ — Y

and such that ¢z (fo, fo)lI € Vs_1. We estimate QS)F(fO, e fL,l)—Qg)F(fo, ..., fu_1) iterat-
ively from (5.6), where a part of it comes from D[Q(LlZl,F(fO, . ,fL,g)—Q(LlZLF(fO, o 2]
When one differenciates formally the terms cr1(fo)II, the new terms cr_1(fo, fo)'II and
cr-1(fo, fo)II" appear.

The factors of each function cz(fy, fo) are derivatives of K*, 1, N}, T QU (K + fi+ s(fi —

fé)) ds (f§ — fg) and (Q2(K® + fi), where @1, Q2 are polynomials (derivatives of p, ¢ or u),
and the derivative of

/Ol(Dmgo (K + fots(fo— o)) ds (fo— f),  m<L—1. (6.7)

When taking a derivative, each term generates several terms, each one having bigger order,
the same order or the same order minus one unit. The term Qg)F is Lipschitz when L < r.
When L = r, it is continuous (in the given topology) since D"g isuniformly continuous in
closed balls.

On the other hand, when taking a derivative to Il we obtain terms which have the same
factors except one which is transformed to its derivative, that is, f;* is transformed to f;"

or fi*¥ — f¥ is transformed to f;} — f{1. In any case the order decreases by one unit so

we have that their || - ||s_z-norm is bounded by M ||(fo, .- ., fr—1) — (fo, .. fL,l)HgL’N, where
the constant M} depends on ay, ..., ar and F but not on the (fj’)’s ]

Proof of Lemma 5.10. By its definition, the operator 77, r satisfies

Lip 7,7 (fo, -- - fi-1,")

< max{||(Sf g) I Lip NE #(fo, s fro1,), I(SER) T N Lip NE e (fo, -+, fro1,-)}-
(6.8)

From the estimates obtained in Lemmas 5.6 and 5.7 we have that the bounds of Lip N, g
(fo, --+, fo—1,+) do not depend on L, and taking x < 1 close to 1 the obtained bounds for
|S7 'z || decrease as L increases, so that it holds

Lip 71, r(fo, - -+, fro—1,-) < Lip To.r(fo, - fr-1,"), VLeA{0,...,r}.

Actually, this inequality is for the obtained bounds for the Lipschitz constants of the family
{7 r}r. Note also that Lip To r(fo, .., fr—1,) does not depend on .
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To prove the first part of the lemma we will find an appropriate map 7', given in (5.10) (that
is, an appropriate value for «) such that if the coefficients of F satisfy the hypotheses of
Theorem 2.6, then the corresponding operator 7, 7 associated to F' =T Lo F o T, satisfies

Llp 7—L,F(f07 Tt fL—la') < 1.

We start by considering case 1. From (6.8) and the estimates obtained in Lemmas 5.6 and
5.7, given v € (0, (k — 1)|Rg|) there is po such that for p < py we have the bound

Lip Ty, #(fos -5 fr—1,°)

1 k-1 1 k-1
< k—1 - v k—1 - v - _1k’ M )
< max {(p +y2r—2k+2>7lc" (e erzr—/lcﬂ)(7 a+Mp)}
Clearly, the condition
|c| 1 4 kag 1

max {7 } <1, (6.9)

Rl 2r —2k+2 " Ry 2r —k+1

is sufficient to ensure that there exists pg > 0, py < fpo, such that Lip T, #(fo, ..., fi-1,7) <1
for p < po, since keeping k fixed one can choose a value for v close enough to (k — 1)|Rg|.

Then, taking v = ,/k%%, condition (6.9) is given by

2k(k+1)
(2r —2k+2)(2r—k+1)

<1,

which holds for any £ > 2 and r > %k Hence, if r > %k, the operator 7, r associated to
F= T,Y_1 o F'o T, for the chosen value of v satisfies Lip T}, #(fo, ..., fr-1,-) <1, for every
L €{0, ..., r}, provided that p < po.

For cases 2 and 3 of the reduced form of F' the result follows in a similar way choosing an
appropriate value for the parameter ~.

For case 2 we have, from (6.8) and the estimates obtained in Lemmas 5.6 and 5.7, that the
condition

N (e L T U

<1 6.10
“‘6‘}‘{7|Rl|r—2z+2’7 I r—l+1’|Rl|r—l+1} o (610)
is sufficient to ensure that there exists py > 0 such that Lip T, r(fo, ..., fi—1,) < 1 for
P < pPo-
Then, taking v = \/(l_l) IKliblHkak Tr’jl:f, condition (6.10) is given by
s ckay p
-1 <1
maX{(r—2l+2)(7’—l+1)(( )+ b? 6)’7’—l+1} ’

_ 2o ol "
where = /ool which is the condition for F' assumed for case 2.
For case 3 we have, again from (6.8) and the estimates obtained in Lemmas 5.6 and 5.7, that
the condition
el 1 G U=DIK b 1 oo 1

_— <1 6.11
maX{7|Rl|r—2l+2’7 R r—l—|—1’|Rl|r—l+1} ’ (6.11)
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is sufficient to ensure that there exists py > 0 such that Lip 7, r(fo, ..., fi—1,) < 1 for
P < po-

Taking v = %,/W#, condition (6.11) is given by
(-1 l
; <1,
maX{(r—2l+2)(7’—l—i—1) r—l+1}

that is,
I(l-1)

(r—=20+2)(r—1+1)

which is the condition for F assumed for case 3.

<1,

Finally we prove that given a map F satisfying the hypotheses of Theorem 2.6 such that the
associated operators Ty, g satisfy Lip Tr, p(fo, - .., fr-1,-) < 1for p < py, one can find a new
po, maybe smaller than the previous one, and a choice for the values oy, ..., a, such that, if
p < po, then Tz p maps X¢ y into DX7", y, for every L € {0, ..., r}.

For later use, we estimate |7z, r(0, ..., 0)||ps,_, y- From Definition 5.5 of N p and the
definition of J;,  in (5.4) we have
NL,F(O, ey 0) = jL,F(O, ceey 0) = (0, DL<gOK>)
Moreover DL (g o K)(t) = o(|t|*"*). Therefore, for every € > 0, there is py > 0 such that if
p < po, then
172,70, -, Ollpg, 1w < IS R)THHINVE £0, -y O)lls-ns1-r,5-1

Dt (g 0 K)(t)]
ts—L

(6.12)

< (82, R) "N sup

<|I(SE.r) e
t€(0, p)

Next we proceed by induction. For L = 0, we have, for all f; € ¥(%,

170, 7 (fo)llzo, v < 70, £(fo) = To.r(0)|lzo, y + |70, 7(0)[I54, »
< ap Lip To, 7 + || 70, #(0)||x, -

We need to see then that there exists py > 0 such that ||7o #(fo)||z, v < o provided that
p < po. Clearly this holds from the estimate obtained in (6.12) since we have Lip 7y p < 1,
and then one can take py such that ag Lip 7o, + || 70,7(0)||x, v < ao for p < p. Hence we

have To, r(35%) € X6 -
Now, we take p; < pg and we denote by ¢ the quantity
er = [T, r(0, ..., 0)|lp=;_, »» Led{l,....r}
taking as the domain of the functions of 37 y the interval (0, p1).
Continuing with the induction procedure, for each L € {1, ..., r}, we decompose
I, 7 (fos -5 f)llos, v < N7, #(fo, -5 fL) = To,r(fo, -5 fr—1, 0)llps, 1 &

+ 1Tz, (fo, -, fr-1,0) =T, r(0, ..., 0)|lpg,_, v (6.13)
+ H,TL7F<07 SR O)HDEL—l,N'

35



Also, from the definitions of 7, r and Ny r we have
To.r(fo, -y fr-1,0) = SL_}R oNL#(fos -y fr1,0) = SL_,IR o Jr.r(fo, -, fr-1).

Now we have to consider separately the cases L < r and L = r. For L < r we have, from
Lemma 5.9, that 7., #(fo, ..., fr) is uniformly Lipschitz with respect to (fo, ..., fr—1) in
Y7 n» and in particular,

Lip 7,p(+,0) = Lip (Sp ko T, r).
Therefore, from (6.13) we have

||71,F(f0a S fL)HDELfl,N < Lip ’TL,F(va s fL—la ) ||fL||D2L71,N
+ Lip (SE,IR © jL7F> ”(fO? R fL—1>||ZL—1,N + ||7}/,F(07 R O)HDZL—LN
S aj, Llp 7’L,F(f07 ceey fL—17 ) + max {Oéo, ey O[L_l}Lip (SL_,lR o ijp) —|—€L.

(6.14)
Then we can choose a value for the radius oy, of DX7", y to ensure that 7p, r maps X7 y
into DX7", . Since we have Lip T #(fo, ..., fr—1, -) <1, then taking
o = 5L + Lip (SL_}R oJrr) max{ag, ..., ap_1}
;=

1_L1p72/,F(f07 "'7fL717') ’
we have, applying (6.14),

||7iL,F(f0a R fL)HDELfl,N S L,
for each (fo, ..., fo) € X7 y, as we wanted to see.
For L = r we proceed in an analogous way, except for the fact that we use the decomposition
7;(? + 7;(2} given in Lemma 5.9. Since 7;(1} is Lipschitz with respect to (fo, ..., f.), its
contribution is as in the cases L < r. As we also have T, g(fo, ..., fr—1,0) = S;}{ o
Jrr(fo, -, fro1) and S} 'R is linear, we can denote

ﬁf?‘(foa SR f?"—lv O) = S;}%otyr(f}(fm ceey fr—1>7 1=1,2,

with *Zﬂ(,QIz'(fba ) frfl) = (OaDTgO (K+ fO)(DK_'_ fl)r)'

We proceed as in (6.13), but now for the second term of the sum we have, applying Lemma
5.9,

T 7 (fo, -y fre1,0) =T p(0, ..., O)|lpz,
< Lip (850 Ti) [(for s frn)llse s + ISLR) T NID g © (K + fo) (DK + fi) [
To bound the quantity ||[D"g o (K + fo)(DK + f1)"||s—r, note that we have D"g(x, y) =

o(l[(z, »)II°).

For case 1 of the reduced form of F' we have (DK + f1)" € X, and thus, for every € > 0 there
is po such that if p < pg, then

[1D"g o (K + fo) (DK + f1)"[l» = t:}ép)*!l?rgo (K + fo) 0)(DK + f1)" ()] <e.
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Similarly, for cases 2 and 3 we have (DK + f;)" € & and

[1D"g o (K + fo)(DK + f1)"[lo = sup [D"go (K + fo)(t)(DK + f1)"(t)] <e.

te(0,p)

Then, for the chosen radius p; we denote € = ||D"g o (K + fo)(DK + f1)"||s—» and similarly
as in (6.14) we have

|77 7(fo -y fo)llps, 1 n
< a, Lip T, r(fo, .-, fr—1,-) + max{ao, ..., a,_1} Lip ( TRoj )—|—5r+é,

and therefore the statement of the lemma follows choosing

£+, +Lip (S ko r(})) max {ag, ..., Qp_1}

Qp =
1- Llp (f(]? EIR) fT*l? )

]

Proof of Lemma 4.10. The proof is a simplified version of the one of Lemma 5.10, here the
functions in the spaces X,, being defined in sectors S(f, p) instead of the interval (0, p). To
prove that 7, n is contractive for n > ny we proceed as in Lemma 5.10 for L = 0, but here
the index n appears in the denominator of the bound obtained for Lip 7,, y, proving that the
operator is contractive for n large enough. The second part of the lemma if proved also as in
Lemma 5.10 for L = 0. In this case we have T, n(0) = S, 'y &, and thus | T, 5 (0)]s, v <€

for p sufficiently small. O
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