POISSON TYPE GENERATORS FOR L!(R)
GERARD ASCENSI AND JOAQUIM BRUNA

ABSTRACT. We characterize the discrete sets A C R such that
{p(t — X), X € A} span L'(R), ¢ being an L!(R)-function whose
Fourier transform behaves like e~ 27l¢l,

1. INTRODUCTION

The study of the generators by translations for LP(R) has been a
classical topic of study in harmonic analysis. Results in [Bru06] and
[BOUO06] characterize the discrete sets A C R for which there exists
a function ¢ € L'(R) with the property that {p(t — \),\ € A} span
L'(R) as those having infinite Beurling-Malliavin density. In [O1e97]
and [OlU04] we can find results proving that in L?(R) there are more
sets whit this property, and that a characterization in terms of densities
is not posible.

Given a function ¢, a natural problem is to characterize the discrete
sets A such that {p(t — A),\ € A} span LP(R). There are very few
complete results of this kind. In [BrM07] Bruna and Melnikov give a
complete characterization for the Poisson function:

1 1
P(t) = — .
(*) w14 t2

Theorem 1.1 (Bruna, Melnikov). The translates {P(t — \), A € A}
span LP(R), 1 < p < oo if and only if

(1) Ze‘gw = 00.

AEA

In the L?(R) case, by Fourier transform, {¢(t — A\),\ € A} span
L*(R) if and only if the set of exponentials {e*"¢ \ € A} span the
weighted space L?(R, |@]?), and hence the above characterization holds
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for any function ¢ such that |@| ~ e=2"l. The aim of this note is to

give a generalization of this type for the L'(R) case.

Theorem 1.2. Assume ¢ € L'(R) has non-vanishing Fourier trans-
form satisfying
A2kl < |5(€)| < Be ¢l

for some constants A, B. Assume also that |(P)'|(€) = O(e™2"€). Then
{o(t —\), X € A} span LY(R) if and only if condition (1) holds.

In fact the proof will show that condition (1) is necessary if Ae=27ll
|5(€)| and it is sufficient if both @(¢) and () (€) are O(e~27l).

2. PROOF OF THE THEOREM

Notice first that if certain translates of ¢ € L'(R) span L'(R), then
obviously @(§) # 0 for all . In fact, non-vanishing of ¢ characterizes
(as a consequence of Wiener’s Tauberian theorem) those ¢ such that all
its translates span L!(R). Analogously, for p = 2, a necessary condition
in order than some translates of ¢ span L?(R) is that $(£) # 0 for
almost all &, this being equivalent to the fact that all translates of ¢
span L?(R).

Lemma 1. Assume h € L*(R) and that 71(5) # 0 for all &. Then, if
f e LP(R),1<p< oo, and the convolution f * h is zero, then f = 0.

The same holds if h € L*(R) and h(£) # 0 almost everywhere.

Proof. For 1 < p < 2, the Fourier transform of f is a function in
LY, i + % = 1, and the Fourier transform of f % h is f h, so the lemma

follows. In the general case, we consider the closed subspace F of L'(R)
consisting of functions ¢ such that f % g = 0; since E is translation
invariant and contains h, Wiener’s tauberian theorem implies that E
is the whole L*(R), and this implies f = 0. When h € L*(R) we use
Beurling’s theorem describing all closed translation-invariant subspaces
of L*(R) to reach the same result. O

We note in passing that the version of Wiener or Beurling theorem
for LP(R),1 < p < 2, is still unknown.

In the following, we assume that ¢ € L'(R)NLP(R) satisfies $(£) # 0
for all € or else p € L2(R) N LP(R) with p(£) # 0 for almost all £&. By
duality, {¢(t — X), A € A} span LP(R) if and only if f € LY(R) and

ﬁ*f(A):/Rf(typ(t—)\)dt:O VA€ A
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implies f = 0. Here ¢(t) = ¢p(—t). By the lemma, f = 0 is equivalent
to ¢ * f =0, whence {¢(t — A\), A € A} span LP(R) if and only if A is
a uniqueness set for the space

B ={F=f*¢ f e LI(R)}
meaning that ' € B¢, F(A) =0, € A, implies F' = 0.

Lemma 2. Assume h € L'(R) and E({) # 0 for every & (respectively,

h € L*(R) with E(é) # 0 almost everywhere). Then if {p(t—\), A € A}
span LY(R) then {(pxh)(t—\), A € A} span L' (R) (respectively L*(R)).

Proof. For f € LY(R),

[ 10 ene=Ndt= [ G -2
R R
whence the result follows from lemma 1. O

Lemma 3. If ¢(t) = P * P(t) then {¢(t — A\), A € A} span LP(R),1 <
p < oo if and only if (1) holds

Proof. 1t is clear that this condition is sufficient, since ¢ is a convolution
of P with a function of L'(R) and we can apply lemma 2. For the
necessity we will revise the proof of theorem 1.1. By duality, we must
see that if Y, ., €72 < oo then we can find g € LI(R), # 0 such that:

/g(t)qb(t —AN)dt=0 VXeA,

where we can think that g is real. The above integral equals

~ 1 ~ 1
/Rg(t)(P x* P)(t — \)dt = - /R(g * P)(t)mdt
Now we complexify this expression:
1 f(t)

with f = g P. When f ranges in L9(R), F ranges in the space E%(B)
which in [BrMO07] is shown to be the space of holomorphic functions in
B = ¥z < 1 such that:

1Pl = sup | [RF(+ ig)ftdo = [Pl < o0
ly|<1JR
F(Z)=F(z), zé€B.
For E*(B) the first condition is replaced by RF' bounded. Hence we
have to find F' € E(B) such that F(\) = 0 for every A € A and that
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it can be written as (2) with f = g % P for some g € Li(R). We use
the Fourier transform to see that:

Fz) = /R Fle)e2meleznint g,

By analytical continuation we obtain:

Flz) = /R Fle)e2mdlezmize e,

where we want that f(£) = %ﬂ?g with g € L4(R). That is, we search

for I’ € E9(B) that can be written as:
L[ 90 g omi
I N T|E| 2mizE d
¥ = /R .
with g € LY(R). Since

F'(z) = / 7€) (2mi€ el e2mi% g,

this amounts to F” € E(B). So we have reduced the problem to find
F € E1(B) such that F(\) =0 for A € A and such that F” € E9(B).

Now, as in [BrMO7], we translate the problem to the disk. The
comformal map from B to the disk is given by

ez? —1
w = d(z) el
Let I' = ®(A) C RND, as shown in [BrM07] finiteness of Y, , e 21
is equivalent to
1
Zlog — < 00,
< hi

that is the Blaschke condition. This guarantees that the product

Bw) =] ——

T 1 —yw

is convergent (it is necessary to multiply by w if 0 € T').

We suppose that H is a holomorphic function of the disk. If F'(z) =
H(®(2)) then F € EY(B) exactly when g(s) = F(s+i) = H (%)
is in L(R), that is if

1 |dz|
3 / g(s)|tds = — H(z)*
(3) R\ ) - \z|:1| \‘1_22,

< 0Q.



POISSON TYPE GENERATORS FOR L*(R) 5
We need F” € E%(B) as well. Computing
fulge 2
me? T
e H (®(2)) - =" )
)+ )]

F"(z) = H"(CD(Z)) ((egz =

and changing variables again we need

" mi(z+ 1)(z — 1) |dz|
@ /|z:1 He (i(z+1)—|—(z—1))2 11— 22| =
()
/ H,(g)w_?i(z+1)(z—1)((2—1)—i(z+1))‘q dzl
l2=1 2 (iz+ 1)+ (z+1)° 1= 22|

Therefore we have to find a holomorphic function H in the disk with
H(y) =0for vy € I', H(Z) = H(z) and so that (3), (4) and (5) are
fulfilled. We choose H(z) = (1 — 2?)"3(z) with n big enough. We first

bound the derivatives of 3:

, 1—72 z—A
I

— )2

~yeT 1 —7z) AET, Ay
The product is bounded by 1 independently of ~ for almost all z.
Moreover, for |z| = 1 we have |1 —yz| = [z — A| > 3|1 — 2?| and

11— ~% < 2(1 —|v|). Therefore

() < gy DA S g D01 - il <
|ﬂ (Z)’ |1—Z2|272€;’ v ’ |1—22|2Z |7’ |1_22|27

vel

where we have used the Blaschke condition. For the second derivative
we have

11—~ 1-—173 z—A
1" —9 1 2
TO=2 2 Gt T

T1#72€l AEL,AFEY1,72
1 —~2 z—A
S
~er (1=12) AED Ay 1—Az
which similarly can be bound by
12K?
/!
< —
8" < [
Then, choosing H(z) = (1—2%)*3(z) all required conditions are fulfilled
and the proof is finished. O

Lemma 4. Let ¢(t) = P(t) — P"(t). Then {¢(t — X\),\ € A} span
LP(R) if and only if condition (1) holds
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Proof. Notice that ¢(€) = (14 47262)e~27¢l. The space EY, consists of
the functions

F(z) = (f(t),¥(t=2)) = /Rf(f)(1+47T2€2)6_2”'€'6_2’”§z = G(2)-G"(2)

with G € E(B), that is with f € L(R). Clearly this space contains
E1(B), and so the condition (1) is necessary, for if the series converges
we already know that there is H € F(B) vanishing on A.

For the sufficiency we find a growth condition fulfilled by the second
derivative of a function of E9(B). There is a constant ¢, such that
whenever G is holomorphic in a disk D(a, R) of center a and radius R

one has
1

G < o [ 1GEIA)

Let G € EB). For z € B we apply the above to the ball of center z
and radius I_le‘ (z =z +1iy) to get

/B (1~ [y)*|G" ()7 din(z)

! Tdm(w) dm(z
0 T oy 16101 il o)

Applying Fubini and noticing that {z Cw € B(z = ‘y|)} C B(w,1 —
|Swl) and that for z in this set (1 — |Sw|)? < ¢(1 — |y|)? we obtain

[ a=1e ) am:) < e, [ (Gl o).

This last integral is bounded since

/|G )7 dm(2) //|G:v+zy>|qudy /||G||Qdy—2||a||q

This says that G” is in a Bergman type space. Obviously G satisfies
this condition too, and so the above holds with G replaced by F' € Ezj.
We next translate this integral to the disk.

We can check that if w = ®(z2) = eg; then 1 —|y| > 1 — |w|. If
H(w) = F(® !(w)) then

N

/ [H(w)|(1 = [w)*™ dm(w) < /D<1— |w|>2q|H<w>!q|fnf(Zgl

< / (1= )| F" ()| dm().
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Therefore H is in the Bergman space in the disk with weight (1 —
lw|)?¢~1. The set of zeros contained in a diameter of a function of this
space satisfies the Blaschke condition [Kor75]. Therefore the zeros of a
function F' € Ey satisfy >, x e 2N < 0o and so (1) is sufficient. [

Now, theorem 1.2 can be deduced using the previous lemmas. As-
sume that {o(t — A\), A\ € A} span L'(R) and that Ae=?7l < |@(€)].
Writing

p=PxP=hxy
with
~ 6_271—'5'

"o = FEa T ey

By lemma 2 (in the L? case), the functions {¢(t — A)}xea span L%(R)
and therefore by lemma 3 condition (1) must hold. Assume next that
P(€) and (p)'(¢) are O(e~2"ll) and that (1) holds; we write

p=hx(P—P"

with
~ o(€)
h(§) = e,gﬂﬂ(l +47r2§2)'

The hypothesis on ¢ implies that both % and (h) are in L2(R), whence
both h(x) and zh(z) are in L*(R), so h € L'(R). Since (1) holds, by
lemma 4 the functions {¢)(t — \), A\ € A} span L'(R) for v = P — P’
and then lemma 2 implies that the functions {p(t — A), A € A} span
L'(R).

3. GENERALIZATIONS AND COMMENTS.

Using the same ideas we can also prove

Theorem 3.1. Fizn € N. Let ¢ be a function for which there exists
constants A, B > 0 such that:

6_27r‘§|

A—

(6) 1 +£2n
We also suppose that:

B(O < O+ g7 ™me).

Then the set {p(t — ), A € A} spans L*(R) if and only if condition (1)
holds.

<|PE)] < B(1+&)e 2kl



8 GERARD ASCENSI AND JOAQUIM BRUNA

Only slight modifications are needed. For instance, one must use
that the 2n-th derivative of a function of F9(B) is in a Bergman type
space (whit a different weight); the Korenblum’s result quoted before
applies to all the Bergman spaces as it is in fact true for functions in the
class A7>°. Another fact which is needed is that the 2n-th derivative
of the Blaschke product appearing above can be bounded by ﬁ

As used in the proof, for the function P the space E% is exactly
E4(B). For the functions ¢ considered here we have not exactly de-
scribed this space, yet we can describe its uniqueness sets.

In [Zal78] the Gaussian function G is considered. A complete char-
acterization is not achieved. In fact, one can show that in this case
the space Ei can be identified with the Fock space, for which the de-
scription of the uniqueness sets is an open question. It is known that
a sufficient condition in order that the translates {G(t — \), A € A}
span L*(R) is that the series ) W diverges for some ¢, while it is
necessary that it diverges for ¢ = 0.
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