VARIATION FOR SINGULAR INTEGRALS ON
LIPSCHITZ GRAPHS: [ AND ENDPOINT ESTIMATES

ALBERT MAS

ABSTRACT. Let 1 < n < d be integers and let pu denote the n-dimensional Hausdorff
measure restricted to an n-dimensional Lipschitz graph in R? with slope strictly less than
1. For p > 2, we prove that the p-variation and oscillation for Calderén-Zygmund singular
integrals with odd kernel are bounded operators in LP(u) for 1 < p < oo, from L'(y) to
LY*° (), and from L (i) to BMO(p). Concerning the first endpoint estimate, we actually
show that such operators are bounded from the space of finite complex Radon measures in
R4 to LY (p).

1. INTRODUCTION

The p-variation and oscillation for martingales and some families of operators have been
studied in many recent papers on probability, ergodic theory, and harmonic analysis (see [Lp],
[Bo], [JKRW], [CJRW1], [JSW], [LT], and [OSTTW], for example). In this paper we continue
the study developed in [MT1] and [MT2] about the p-variation and oscillation for Calderén-
Zygmund singular integral operators with odd kernel defined on measures different form the
Lebesgue measure. More precisely, we are concerned with variational LP (1 < p < o0) and
endpoint estimates for such singular integral operators defined on Lipschitz graphs and with
respect to the Hausdorff measure.

Throughout the paper 1 < n < d denote two fixed integers. By an n-dimensional Lipschitz
graph I' € R% we mean any translation and rotation of a set of the type

{zeR?: z=(y, A(y)), y € R"},

where A : R — R%" is some Lipschitz function with Lipschitz constant Lip(.A). We say
that Lip(A) is the slope of T.
Given 1 < n < d integers, € > 0, and a Radon measure p in R%, we consider

(1) Tep(z) = /|_ . K(x —y)du(y), forze R,

where the kernel K : R?\ {0} — C satisfies
C C C

forall 1 <4, <dand z = (21,...,24) € R\ {0}, C > 0 is some constant, and moreover
K(—2) = —K(x) forall z # 0 (i.e. K is odd). We set T := {T.i1}e>0, and given f € L (),
we also set T¢ f := T.(fu), TE f(z) := sup.o |T¢ f(x)|, and THf := {T¢ f}eso. The well-
known Cauchy and n-dimensional Riesz transforms are two very important examples of
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such Calderén-Zygmund singular integral operators, and they correspond to the kernels
K(x) =1/ for z € C\ {0} and K (z) = x/|z|" ! for 2 € R?\ {0} respectively (to be precise,
we should consider the scalar components z;/|z|"*1).

Definition 1.1 (p-variation and oscillation). Let F := {F¢}eso be a family of functions
defined on R%. Given p > 0, the p-variation of F at x € R? is defined by

1/p

W)@ = s (X Fao) = Fua)l?)
{em} meZ

where the pointwise supremum is taken over all decreasing sequences {€m }mez C (0,00). Fiz

a decreasing sequence {Ty, }mez C (0,00). The oscillation of F at x € R? is defined by

1/2

0@ = sw (X IR - B0
{6m}7{6m} meZ

where the pointwise supremum is taken over all sequences {€m}mez and {0m }mez such that

Tl < €m < Oy < 1oy for allm € Z.

Given a Radon measure p in R?, f € L'(p), and 2 € R?, we will deal with
(Voo Tu(x) :=V,o(Tp)(x), and  (V,0TH)f(x) :=V,(T"f)(=),
(OoT)u(z) := O(Tp)(x), and (OoTH)f(x):=O(TH[)(x).

For a Borel set E C R%, we denote by H% the n-dimensional Hausdorff measure resticted to
E. The following result is a direct consequence of [MT2, Theorem 1.3].

Theorem 1.2. Let p > 2. Let T' C R? be an n-dimensional Lipschitz graph and set p := HE.
Then, V,oTH and OoT* are bounded operators in L?(i). The norms of these operators are
bounded by some constants depending only on n, d, K, and the slope of T' (and on p in the
case of V,oT#). In particular, the norm of O oTH is bounded independently of the sequence
that defines O.

Actually, from [MT2, Theorem 1.3] one has that Theorem 1.2 holds whenever p is an
n-dimensional AD regular uniformly n-rectifiable measure in R? (see [DS, Part 1] for the
precise definitions of AD regularity and uniform rectifiability). Let us just mention that this
latter assumptions on p are some geometry-measure theoretic properties of homogeneity and
of quantitative rectifiability which are trivially satisfied by Lipschitz graphs. Furthermore,
in [MT1] it is also proved that, if u = HP for some n-dimensional Lipschitz graph I' C R,
¢ € C*(R) is some fixed function such that X[z o) < ¢ < X[1/2,00)

3) T3 f(x) == /w(lw —yl/OK(z —y)f(y)duly) for € R? and f € L'(n),

and 7' := {T5.}c>0, then the operators V, o 72 and O o T}' are bounded
(a) in LP(u) for all 1 < p < oo,
(b) from L'(p) to LY*°(p), and
(¢) from L*™(u) to BMO(u) (see Section 4 for the precise definition of BMO(pu)).

Usually, we refer to T# as the family of rough truncations of the singular integral operator
with kernel K and with respect to pi, and we refer to T2 as the family of smooth truncations
of the same operator.

The following theorem is one of the main results of this paper. Roughly speaking, under an
extra assumption on the slope of the Lipschitz graph, it improves Theorem 1.2 and extends
the estimates (a), (b), and (¢) above to rough truncations.
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Theorem 1.3. Let p > 2. LetT' C R be an n-dimensional Lipschitz graph with slope strictly
less than 1 and set p:= H{. Then, V, o TH and O o TH are bounded operators

(a) in LP(u) for all 1 < p < oo,

(b) from L'(p) to LY*°(u), and

(c) from L(i) to BMO(p),

The norms of these operators are bounded by some constants depending only onn, d, K, the
slope of T', on p in the case of V, o TH, and on p in the case of (a). In particular, the norm
of O o T is bounded independently of the sequence that defines O.

This theorem generalizes the results in [CJRW2] for the class of kernels given by (2)
and, in this sense, it is a natural continuation of the study of variational inequalities for
Calderon-Zygmund singular integral operators.

As we pointed out above, Theorem 1.3 was already known for the family 7', but the case
of rough truncations requires much more work and detail on the estimates due to the lack of
regularity on the truncations. Moreover, [MT2, Theorem 1.3] (and so Theorem 1.2) where
obtained using the so-called corona decomposition (see [DS, Chapter 3 of Part I]), which is a
useful tool to deal with L? estimates. However, it is very difficult to adapt that techniques
to deal with LP estimates for p # 2. Thus, Theorem 1.3 does not follow from the variational
L? estimates for 7', nor by a simple modification of the proof of Theorem 1.2, it requires a
more careful and deeper study.

We denote by M (Rd) the space of finite complex Radon measures on R? equipped with
the norm given by the variation of measures. The other main result of this paper is the
following theorem, which strengthens the endpoint estimate (b) of Theorem 1.3. Moreover,
in combination with the techniques used in [MT2], we think that the following theorem could
be useful to derive LP (1 < p < 0o) and endpoint estimates for V,o T# and O o T# when p is
any n-dimensional AD regular uniformly n-rectifiable measure in R? which would enhance
[MT2, Theorems 1.3 and 2.3].

Theorem 1.4. Let p > 2. LetT' C R be an n-dimensional Lipschitz graph with slope strictly
less than 1 and set p:= Hp. Then, V,oT and O oT are bounded operators from M(R?) to
LY%°(p), i.e., there exist constants Cy,Cy > 0 such that, for all A > 0 and all v € M(R?),

p{r € R (V0 Tv(z) > A} < % vl and p{x e RY: (OoT)v(z) > A} < % l|lv]].

Moreover, the constants C1 and Cy only depend on n, d, K, and the slope of T' (and on p in
the case of Cy). In particular, Co does not depend on the sequence that defines O.

Remark 1.5. We think that the assumption on the smallness of the slope of the Lipschitz
graph in Theorems 1.3 and 1.4 is just a technical obstruction due to the arguments we will
employ in their proofs. As pointed out in the paragraph above Theorem 1.4, we expect that
this assumption will be removed in the future.

The following corollary is a direct consequence of Theorem 1.4.

Corollary 1.6. Let E be an H™ measurable n-rectifiable subset of R? with H"(E) < oo, and
let K be an odd kernel satisfying (2). If v € M(R?), then the principal values limes o Tev ()
exist for H™ almost oll x € E.

Given an n-rectifiable set £ C RY with H"(F) < oo, as far as the author knows, the
existence Hl-a.e. of lime o Tov(x) for v € M(R?) was already known for odd kernels K €
C>®(R?\ {0}) satisfying

(4) VK ()] < Cjla|
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for allj =0,1,2,3,..., or maybe assuming (4) only for a finite but big number of j’s (see [Ma,
Theorems 20.15 and 20.27, Remarks 20.16 and 20.19] and the references therein). However,
the result is new if one only asks (4) for j = 0, 1,2, and so Corollary 1.6 improves on previous
results.

The plan of the paper is the following: In Section 2 we state some preliminary results
concerning a Calderén-Zygmund decomposition of general measures and about the Hausdorff
measure of a Lipschitz graph on annuli. The proof of Theorem 1.4 is given in Section 3, and
in Section 4 we prove Theorem 1.3(¢). Finally, in Section 5 we complete the proof of Theorem
1.3 and we also prove Corollary 1.6.

Remark 1.7. We will only give the proof of Theorems 1.3 and 1.4 for V,, because the case
of O follows by very similar arguments and computations. The details are left for the reader.

As usual, in the paper the letter ‘C’ stands for some constant which may change its value
at different occurrences, and which quite often only depends on n and d. The notation
A < B (A 2 B) means that there is some constant C such that A < CB (A > CB), with C
as above. Also, A ~ B is equivalent to A < B < A.

2. PRELIMINARIES

2.1. Calderén-Zygmund decomposition for general measures. Given a cube @Q in R?,
we denote by £(Q) the side length of Q). In this paper, the cubes are assumed to be closed
and to have sides parallel to the coordinate axes. Given v € M(RY), a > 1 and b > a™, we
say that a cube @ is (a, b)-|v|-doubling if |v|(aQ) < b|v|(Q), where aQ is the cube concentric
with @ with side length af(Q). For definiteness, if a and b are not specified, by a doubling
cube we mean a (2,29+1)-|v|-doubling cube.

The following two lemmas are already known (see [To2], [Tol], or [To3] for example), but
since they are essential in this paper, we give their proof for completeness.

Lemma 2.1. Let b > a. If v is a Radon measure in R?, then for v-a.e. x € R? there exists
a sequence of (a,b)-|v|-doubling cubes {Qy}r centered at x with £(Qy) — 0 as k — oo.

Proof. Let Z C R? be the set of points  such that there does not exist a sequence of (a, b)-
|v]-doubling cubes {Q }r>0 centered at z with side length decreasing to 0; and let Z; C R?
be the set of points x such that there does not exist any (a, b)-|v|-doubling cube @ centered
at = with £(Q) < 277. Clearly, Z = Uj>0 Zj. Thus, proving the lemma is equivalent to
showing that v(Z;) = 0 for every j > 0.

Let Qo be a fixed cube with side length 277 and let k¥ > 1 be some integer. For each
z € QoNZj, let Q. be a cube centered at z with side length a=*0(Qy). Since the cubes a"Q,
are not (a,b)-|v|-doubling for h = 0,...,k — 1 and a*Q. C 2Qo, we have

(5) V(QZ) < b_ly(an) << b_kV(akQZ) < b_kV(2Q0)~

By Besicovitch’s theorem, there exists a subfamily {2y, }» C Qo N Z; such that QoN Z; C
U, @z, and moreover > xq. < Pg. This is a finite family and the number N of points

Zm can be easily bounded above as follows: if £ stands for the Lebesgue measure on R?,

N
N (a™"0(Q0)) = Y £(Qs,.) < PaL(2Q0) = Pa(20(Qo))".
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Thus, N < P;24ak?. As a consequence, since {Q.,, }1<m<n covers Qo N Zj, by (5),

N
v(QuN Z;) <> w(Q:) < N u(2Q0) < Pu2%a™ b v(2Qu).
m=1
Since b > a?, the right hand side tends to 0 as k — 0o. Therefore v(Qg N Z;) =0, and since
the cube @ is arbitrary, we are done. O

Lemma 2.2 (Calderén-Zygmund decomposition). Assume that o := Hi~p, where I' is an
n-dimensional Lipschitz graph and B C R? is some fived ball. For every v € M(R?) with
compact support and every X > 2 |v||/||pll, we have:
(a) There exists a finite or countable collection of almost disjoint cubes {Q;}; (that is,
>-ixQ; <C) and a function f € LY () such that

(6) VI(Q) > 27" Au(2Q;),
(7) V(@) <27 au(2nQ;)  for n>2,
(8) v=fuinRINQ with |f| <X p-a.e, whereQ:Uij.

(b) For each j, let Rj := 6Q); and denote w; := XQj(Zk XQk)_l. Then, there exists a
family of functions {b;}; with suppb; C R; and with constant sign satisfying

(9) / by dp = / w; dv,

(10) 15l oo (uyr(Ry) < Clv|(Q;), and
(11) Zj|bj\ < CoX  (where Cy is some absolute constant).

Proof of Lemma 2.2(a). Let H be the set of those points from suppp U suppr such that
there exists some cube @ centered at z satisfying [v|(Q) > 279" ' A\u(2Q). For each = € H,
let @ be a cube centered at x such that the preceding inequality holds for @, but fails for
the cubes Q centered at x with £(Q) > 2¢(Q,). Notice that the condition A > 2% ||v|| /|| ull
guaranties the existence of Q.

Since H is bounded (because p and v are compactly supported), we can apply Besicovitch’s
covering theorem to get a finite or countable almost disjoint subfamily of cubes {Q;}; C
{Q:}zem which cover H and satisfy (6) and (7) by construction.

To prove (8), denote by Z be the set of points y € suppr such there does not exist a
sequence of (2,2%+1)-|v|-doubling cubes centered at y with side length tending to 0, so that
|v|(Z) = 0, by Lemma 2.1. By the definitions of H and Z, for every x € suppv \ (H U Z),
there exists a sequence of (2, 2%+1)-|v|-doubling cubes P}, centered at x, with £(Py) — 0, such
that |v|(Py) < 2791 A\u(2P;), and thus |v|(2P;) < 297 v|(Py) < Au(2P;). This implies that
XRre\(HUz)V 18 absolutely continuous with respect to p and that xga\ gV = Xga\(guz)V = f1
with |f| < A p-a.e., by the Lebesgue-Radon-Nikodym theorem (see [Ma, pages 36 to 39], for
instance). O

Proof of Lemma 2.2(b). Assume first that the family of cubes {Q;}; is finite. Then we
may suppose that this family of cubes is ordered in such a way that the sizes of the cubes
R; are non decreasing (i.e. {(Rj11) > ¢(R;)). The functions b; that we will construct will
be of the form b; = ¢; XA;s with ¢; € R and A; C Rj. We set A1 = Ry and by := ¢1 xR, ,
where the constant c; is chosen so that le widv = [ by dp.

Suppose that by, ...,br_1 have been constructed, satisfy (9) and Zf;ll |bj] < Co A, where
Cp is some constant which will be fixed below. Let Rs,,...,Rs, be the subfamily of



6 A. MAS

Ry, ..., Rx_1 such that Rs, "Ry # (0. As (Rs,) < ¢(Ry) (because of the non decreasing sizes
of R;), we have R,, C 3Ry,. Taking into account that [ |b;|dp < |v|(Q;) for j=1,....k—1
by (9), and using (7) and that u(6Ry) < Cu(Ry) (because %Rk = 3@y, intersects suppu by
(7)), we get

> / bl i < 37 101(@0,) < CI(3Bs) < CA6RE) < Codu(Fy).

Therefore, p{z € Ry, : > _,;|bs,(x)| > 2CoA} < pu(Ry)/2. So, if we set
A :={x € Ry : Y ,|bs; ()] < 2C2A},

then p(Ay) > p(Ry)/2.
The constant cj, is chosen so that for by = cx x4, we have f b dy = ka wy dv. Then we

obtain, by (7),

|Ck| < |V|(Qk> < 2‘”'(%1%19)
—ow(Ar) T p(Ry)

(this calculation also applies to k = 1). Thus, [bx| + >, |bs,| < (2C2 + C3) A. If we choose

Co =205 + Cs, (11) follows.
Now it is easy to check that (10) also holds. Indeed we have

< C3A

15w ot (Ry) < Cleglia(Ay) = 0] /Q wydv| < C|(Q)).
J

Suppose now that the collection of cubes {Q;}; is not finite. For each fixed N we consider
the family of cubes {Q;}1<j<n. Then, as above, we construct functions b{v . .,b% with
supp(bY) C R; satisfying [bN du = fQj wj dv, Z;\;l BN < CoX and [[bY || oo (yu(Ry) <
Clv|(Qj). Notice that the sign of bév equals the sign of [w; dv and so it does not depend on
N.

Then there is a subsequence {b'f}ke 1, which is convergent in the weak * topology of L>(u)
to some function b; € L>(u). Now we can consider a subsequence {b§}rer, with Io C I
which is also convergent in the weak * topology of L*°(u) to some function by € L*®(u).
In general, for each j we consider a subsequence {b?}ke 1; with I; C Iy that converges in
the weak * topology of L>(u) to some function b; € L*(u). It is easily checked that the
functions b; satisfy the required properties. O

2.2. Hausdorff measure of Lipschitz graphs on annuli. Given z € R and 0 < a < b,
let A(z,a,b) C R? denote the closed annulus centered at z and with inner radius a and outer
radius b. This subsection is devoted to the proof of the following lemma, which yields a key
estimate to derive Theorems 1.3 and 1.4.

Lemma 2.3. LetT':= {z € R? : = (y, A(y)), y € R} be the graph of a Lipschitz function
A R" — R4 such that Lip(A) < 1. Then, there exists C > 0 depending on n, d, and
Lip(A), such that H:(A(z,a,b)) < C(b—a)b"! for all z €T and all 0 < a < b.

We need the following auxiliary result.
Lemma 2.4. Let 1 <n <d. For x:= (z1,...,74) € R? we denote

g = (x1,...,20,0,...,0) €RY and zv :=(0,...,0,Zpy1,...,24) € R
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Given x,y € R?\ {0}, if there exists 0 < s < 1 such that |vv| < s|lzu|, lyv| < slyul|, and
|xv — yv| < slxzg — yu|, then there exists C > 0 depending only on s such that

x y
(12) o — vl < O oy - Ly,
x| lyn|
Proof. We set ®(x,y) := ’|x||mH|71mH - \y||yH|71yH‘ Since @ is symmetric in = and y, we

can assume that |zg| < |yg|. If (-,) denotes the scalar product in R?, using the polarization
identity,

®(z,y)* = |2* + |y* — 2lllen| " yllyal " @m, ym)
= el + lyI* + lallen | Hyllya | (loa —yul® — lenl* — lyal?)
= lal* + lyI* = 2lzlly| + |ellzal " yllya |7 (er — yul = lza® = lyn* + 2lzmllym|)
= (el = y))* + l2llea| " lyllys| " (jon — yal = (2ul = lyu))?).
Since |wg —yul® — (lzal = lyul)* 2 0, [en| < |2[, and [y | < |yl, we have
(13) ®(@,9)? > (Jo] = [)* + o — yul* = (2] = lyu)?
Assume that 2|x| < |y|. Then, using (13),

3 1
v — vl < Jol + Iyl < 51yl = 3(Iyl = 5 lol) < 301yl — [a]) < 30(zy).

and we obtain (12). By the same arguments, if 2|y| < |z|, then |zy — yy| < 3®(x,y) and
(12) holds. Thus, from now on we assume %|x| < |yl < 2z|.
Let 0 < § < 1 be a small number that will be fixed below. Assume that (1—90)|zg —ym| >
®(z,y)* > lom —yul* — (lznl = lyal)® 2 leg —yul* — (1= 6)*lam — yul?
=6(2=0)|zm —yul* > 62— 8)s *|ay —yv
and then (12) holds with C' = s//(2 — ¢).
Therefore, we can suppose that (1 — 0)|zg — yu| < |lyu| — |zu|| = lyn| — |24, since we

are also assuming |zg| < |yg|. If we set z = y — 2, we have (1 — 0)|zy| < |xg + 25| — |zH],
so (1 =9)|zg| + |xg| < |rg + zm|. Hence,

2
(1= 0)zu* + |lwul® + 201 = 8) |zullen| = (1 = 6)|zn| + |zul)
< lem +zul® = lenl® + |zul® + 2(zn, 21)
and we obtain
1
(14) (wry2m) > =5 82 = 0)lzul* + (1= 8)|zn||wnl.
Using (14), that (xy, zv) > —|zv||2v|, and that |xy| < s|zg| and |zy| < s|zm|, we get

(x,2) = (xg +ov, 25 + 2v) = (TH, 2H) + (TV, 2v)

v

1
(15) —5 0@ = 0)lzul* + (1= 0)lznllza| - |ev]|av]

\Y]

1
—5 52— 5)|ZH\2 +(1-46- 52)\ZH||IH|

Notice that, if § > 0 is small enough depending on s, then —i (1-s2)(1+s%)71 < —% 0(2—
§)<0and 1—0—s?>1(1—s%. Let v(z,2) be the angle between 2 and z (by definition,
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0 < 7(z,z) < m). Using that (z,z) = |z||z] cos(y(z, 2)), that |z| < V1+ s%|zg| and 2] <
V1 + s2|zy|, and that |z| < |z| + |y| < 3|z|, we finally obtain from (15) that

1 1=

cos(Y(2,2)) > =5 0(2 = 8) zul*la| o[ TF + (1= 6 — 5*) |z llwnl2] |
3 1
> —50(2-08)+(1 -1+ > J (= Ha+sH = a
Notice that @ > 0, because 0 < s < 1 by hypothesis. Hence, since cos(y(—z,y — z)) =
cos(y(—z,2)) = —cos(y(z,2)) (because z = y — x and {—=x,z) = —(x,2)), we have ¢y :=
cos(y(—z,y — x)) < —a < 0 (notice that ¢y < 0 implies that |z| < |y|). By the cosines
theorem, |y|? = |z|? — |y — 2|®> — 2|z||y — x|cp. Since ¢y < 0, we solve the second degree
equation in |y — z| and we obtain
> — |=[?(1 — ) — |=[*c
ly—al = \/Iyl? — [2l2(1 — &) — [al co] = 0

VIl =221 = c) + []]col
(ol — =Dyl + =) (ul = =Dyl + =) (gl = 2)2
~ VP = P = @) + |aleol [l col B a’
where we also used that |y| < 2|x| in the last 1nequality. Therefore, by (13),

3
[zv —yv| < |z -yl <~ (IyI j2l) < — @(2,y),

and (12) follows with C' = 3/a, where a > 0 only depends on s. This completes the proof of
the lemma. 0

Proof of Lemma 2.3. We keep the notation introduced in Lemma 2.4. Fix z € I'. We can
assume that z = 0, by taking a translation of I' if it is necessary.
For z € R? with zy # 0, consider the map

| 2

€T Ty
2 | S

T(Jj) = ——zxgtay =4/1+
%

£9%
It is not difficult to show that T is a bilipschitz mapping from (a neighborhood of) the cone

Li={z e RI\{0} : [ov| < Lip(A)enl}
to (a neighborhood of) the cone

L':={w e R\ {0} : |ov| < Lip(A)(1 + Lip(4)*) " apl},

whose inverse equals

lzy|?

T (z) = xp+ay.

[z [?
Moreover, when T and Y~! are restricted to L and L’ respectively, Lip(Y) and Lip(Y~1!)
only depend on n, d, and Lip(A). Hence, since I' C L U {0}, for any 0 < a < b we have

HE(A(0,a,b)) = H*(T N A(0,a,b)) =~ H*(T(I'N A(0,a,b))).

Consider the set T(T'). Since I has slope smaller than 1 (i.e. Lip(A) < 1), by Lemma 2.4
there exists a constant C' > 0 depending only on n, d, and Lip(.A) such that for any two points
z,y € T(T') one has |zy —yyv| < Clxyg —yg|. Then, it is known that Y(T') is contained in the
n-dimensional graph I" of some Lipschitz function (see for example the proof of [Ma, Lemma
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15.13]). Notice also that, given 0 < a < b, T(L N A(0,a,b)) C {x € RY: a < |zy| < b}.
Therefore,

HE(A0,a,b)) = H"(T(T N A,a,b))) <H"T' N{z e RY: a < lzg| < b)) < (b—a)b"t,
and the lemma is proved. O

Remark 2.5. With a little more of effort, one can show that T(T') is actually a Lipschitz
graph. We omit the details.

Remark 2.6. Lemma 2.3 is sharp in the sense that the estimate fails if Lip(A) > 1 (notice
that the constant C' in Lemma 2.4 for s = Lip(.A) is bigger than (1+Lip(.A)?)/(1—Lip(A4)?)).
Given € > 0, one can easily construct a Lipschitz graph I" such that 1 < Lip(A) < 1+ € and
such that, for some z € I and r > 0, I" contains a set P C 0B(z,r) with H{(P) > 0. Then, if
Lemma 2.3 were true for I', we would have 0 < H2(P) < HE(A(z,r—6,r+08)) < 26(r+0)" 1,
and we would have a contradiction by letting § — 0. By a similar argument, one can also
show that the lemma fails in the limiting case Lip(A) = 1.

3. V,07 1S A BOUNDED OPERATOR FROM M (R?) 1O LY*°(HR)

This section is devoted to the proof of Theorem 1.4, which is based on a nontrivial mod-
ification of the proof of [CJRW2, Theorem B] using the Calderén-Zygmund decomposition
developed in Subsection 2.1.

Proof of Theorem 1.4. Set y := H}~p, where B is some fixed ball in RY. Let v € M(R?)
be a finite complex Radon measure with compact support and A > 291 ||v||/||u]|. We will
show that

(16) u({r B (V0 Tiwla) > A}) < S v,

where C' > 0 depends on n, d, K, p and T, but not on B C R Let us check that (16)
implies that V, 0T is bounded from M (R?) into L1*°(H}). Suppose that v is not compactly
supported. Set vy = xp(o,n) V- Let No be such that suppu C B(0, No). Then it is not hard
to show that, for x € suppy,

v|(R4\ B(0, N))
N-Ny,

(Voo TIv(z) = (Voo Thvn(z)| < €

thus (V, o T)vn(x) = (V, 0 T)v(x) for all x € suppp uniformly, and since the estimate (16)
holds by assumption for vy, letting N — oo, we deduce that it also holds for v. Now, by
increasing the size of the ball B and monotone convergence, (16) yields

HE({r € B (V0 Twla) > A) < 5 ]|

as desired. Thus, we only have to verify (16) for all compactly supported v.
Let {Q;}; be the almost disjoint family of cubes of Lemma 2.2, and set  := J; Q; and
R; :=6Q);. Then we can write v = gu + v, with

gp = xra\QV + ij,u and v, = Zyg = Z (wjv —bjp),
J J J

where the functions b; satisfy (9), (10), and (11), and w; = xq, (> XQk)_l.
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By the subadditivity of V, o T, we have

p({ze R : (V,0Tv(z) > )

(17) <p({zeR®: (V0T g(x) > A/2}) + p({z € R : (V, 0 Tup(z) > A/2}).

Since V, o 77" is bounded in L*(H%) by Theorem 1.2, it is easy to show that V, o TH is
bounded in L?(p), with a bound independent of B. Notice that |g| < C\ by (8) and (11).
Then, using (10),

p({z e R (V, 0 THg(z) > A/2}) NAQ/I (Voo T") g\zduNAQ/IQIQdu

" sA/|g|dusA(|u|<Rd\Q>+;/Rj b dn
<5 (@2 3 vI@) < $ 1l

Set Q= ;2Q;. By (6), we have u(@) < Y, 1(2Q;) S A7 Y, IW(Q)) S A7 v]l. We
are going to show that

(19) p({z € R\ Q : (Vpo Twp(z) > A/2}) < % v,

and then (16) is a direct consequence of (17), (18), (19) and the estimate x(€) < A7y
For simplicity of notation, given 0 < € < § and t € R?, we set \?(t) := X(e,5)([t]), so

Ton(x) — Tyy(a) = / (@ — ) K (x — ) duly) = (% m)(@).

Given z € suppy, let {€, }mez be a decreasing sequence of positive numbers (which depends
on z, i.e. €, = €,(x)) such that

1/p
(20) (V, 0 () < 2< > IEXE, Vb)(x)|”> .

meEZ

If RjNA(, €m+1, €m) = 0 then (Kxem, | g)(x) =0, so by (20) and the triangle inequality,
> (Kxer,, *17)(@)

o\ 1/p
Vp o () < 2(2 >
J: RjCA(%,€m41,€m)

meZ
22 S L e

MEZ J: Rj ﬁ@A(z,em+1 ,Em)#w

—:2(IS(x) + BS(x)),

and then,

p({z € RI\Q : (V,0 Tw(x) > A/2})

2D <pu({z e Rd\ﬁ : 1S(z) > A/8}) + u({z € Rd\ﬁ : BS(z) > \/8}).
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Let us estimate first p({z € R?\ Q IS(z) > A/8}). Since the £’-norm is not bigger
than the ¢!-norm for p > 1,

IS(x) < Y

meZ

> (Kxem,, *17)(@)

J: RjCA(%,€m+y1,€m)

<2 2

MEZ j: RjCA(T,€m+1,6m) ‘

=2 2

J mEZ: A(z,€m+1,6m)DR;

< S naon, ()] [ Ko=) dd <y>\.
J

/ Xem, (x —y)K(z —y) dvy (y)’
(22)

[ - wKG - g <y>\

Notice that

[z @] [ K6 <y>\ UCEY

<o s |
R4\2R; 2R;\R;

On one hand, by (10) and using the L?(u) boundedness of the maximal operator T} (recall
that © = H{p, where I' is a Lipschitz graph and B is a ball) and that u(2R;) < Cu(R;)

(because 1 R; Nsuppp # 0), we get
|| s aim|aw < [
2R;\R; 2R;\R;

1/2
(24) < ( / <bej>2du) W(2R;)?
2R;
< byl 1 (2B)Y2 S 1 e i (Ry)
< (@)

JECEr: <y>' du()
(23)

[ o= st duto)

On the other hand, since suppw; C Q; = ¢R; and |w;| < 1, if 2 € 2R; \ R; we have
J 1K (z — y)w;(y)| dlv|(y) < v[(Q))|x — z;| ™™, where z; denotes the center of R;. Hence,
using again that p(2R;) < Cu( ;) < CUR;)",

/2RJ\RJ

(25) < 1WI(Q)) / & — 2]~ du(z)

Rj\R;

S IQ)UR;) " n(2R;) < Iv[(Qy).

[ =i anta) < [ [ 1= 0] dvi0) duto)
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Since l/g(Rj) =0, suppyg C Rj, and ||yg|\ S [vI(Q5) by (10), we have
Lo | [ K =sasitfanr < [ ] a3 = Ko=)l i) ot
R7\2R; R\2R;

y=zHl
/Rd\ZR /R |z — 2|7+ d|v}|(y) du(z)

i) ‘
d < T < ).
WAL, e ) S 1 5 (@)

Combining this last estimate with (24), (25), and the fact that v} = w;v — bju, from (23)
we obtain that

L e @) [ Ko=) aim) aute) < 101@)
RA\O
Finally, using (22) we conclude

p({z e Rd\ﬁ : 1S(z) > A/8})

IN

> >l >

_IS(x) du(x)

AX
DY R

_ (@) < *IIVH

T
]
2

IN

(26)

/ K(z-y) dVﬁ(y)' du()

IA

<M =M

Let us estimate p({x € R\ Q- BS(z) > A/8}). Recall that €n, = € (z). We define

wfn(x) = { (1) ii fgtm OA(x, €mi1(), €m () # O and
(21) .
o [ 1 ifRjNOA(x,27F L 27R) £ 0
i) = { 0 if n(it .

Then, by the triangle inequality, for z € R?\ Q we have

Bsa) = (X

mEZL

S )

p) 1/p

. ) PN\ /e
< (Z S xmoar, (@) () (KxEm,, = o) (@) )
meZ' j
) ) P\ 1/p
i (Z 3 vomyra0, (20, (@)X, * 1) () )
(28) meZ' j
) PN\ L/p
(Z Zde\QR (@) (EX,, *1) (2) )
MmEZ j
1/p
+ZX2R]\2QJ <Z I( Kxer, | * )|p>
7 meZ

=: BSl(SC) + BSQ(JJ)
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Notice that BSz(x) < >, Xar,\2q, ()(V, 0 T)VZ (x). Since p > 1, for x € 2R; \ 2Q);,

(Voo TR () < (Vy o T)(wyw)(x) + (V, 0 T)(bju) ()
< (Vo T)(wjv)(x) + (Vp o TH)bj ()
S @)l = 27" + (Vp 0 TH)bj(2),

where z; denotes the center of Q; (and R;). Then, similarly to (24) and (25) but using now
the L?(u) boundedness of V, o TH given by Theorem 1.2, we have

p({z e RANQ : BS,(z) > A16}) < —/ _BSydp

6 .
/ZXZR\zQJ(V OTVbdM—XZ/ (Voo Ty du
J

R\2Q;

29) <3 Z @) [ o=l (o) + 5 Z L O T

2R;\2Q;
1
XZM QM) 2R + 5 310 Tyl

1
S M@+ ZI\bIIwa)u NAZM Q) < S Il

Therefore, to show that pu({z € R4\ Q BS(z) > A/8}) < CA7H|v|], by (28) and (29) it is
enough to verify that

p({z e Rd\ﬁ : BSi(z) > \/16}) < % v

Without loss of generality, we can assume from the beginning that, for a given x € suppp,
either [ey11,€6m) C [27%71,27F) for some k € Z, or [eyr1,6m) = [277,27F) for some i > k
(see [CJRW2, page 2130] for a similar argument). Thus, if we set I, := [27%=1, 27%) we can
decompose Z = S U L, where

L= {meZ : emzz_k’ 6m+1:2_i fOI'i>k'},
S = U Sk, Sp:={meZ: en emst1 €It}
kez

Then, since p > 1,

BSi(x (Z S Xgtyar, (2 () (KXEr ) (@)

meL' j

+ ( STUS Xgayar, (@) () (Kxer, # vf) (@)

meS ' j

=: BS¢(z) + BSs(x),

p>1/p
p> 1/p

and we have
p({z eR4\Q : BS)(x) > A/16})

<30) d\ A& d\ O
<p({z e R*\Q : BSe(z) > A/32}) + pu({z € R*\ Q : BSs(z) > A/32}).
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We are going to estimate first p({z € R?\ Q BSg(x) > A/32}). Given z € R\ Q
(recall the definitions of ¢ () and Qi(x) in (27)), we have

BSp(x) <) Y Xwavar, (@9 (@) (KX, * 1)) ()]

j meL

(31) <3N X, @)@ (K X3 s+ v]) ()]

J k€eZ
A ok ‘
< Z Z Xri\2r, (2)07,(2) (K Xg-r-1 % 14) (7)),
J kEZ:2-k+t1>0(R;)
where in the second and third inequalities above we used the following facts, respectively:

e assume m € L, €11 = 27" and €, = 27" with i € Z and s € N. Given j such
that R; N 8A($,em+1,em) # 0, if R; N A(x,27F=1 27%) £ () for some k € Z, then
RjNOA(x, 27k 27F) £ .

e For x E R%\ 2R if 2751 < ¢(R;) then we have suppxgiz,l(x —)NR; =0, so
(KX2 el *Vb)( x)=0.

Therefore, from (31) and since |(Kxg:z_1 xv))(z)| < 2001

p({z € R1\Q : BS,(z) > A\/32}) < 2/  BSg(x) du(x)

32
2y /R s, AN @) )

J keZ:2— k+1>e

%Z ) 2““*””Hvin / 0! (x) du(x).

| k€Z:27k+t1>0(Ry)

IN

A

Let us check that fﬂfc(x)d (2) < U(R;)27F=1. Fix k and j such that 27¥+1 > ((R;),
and take u € %Rj Nsuppp (this u exists because of (7)). There exists a > 0 depending only
on d such that Suppei C B(u,27%a); thus, if £(R;) > 27*b for some small constant b > 0,
fﬂi dp < p(B(u,27%a)) < 27F < b~ 1(R;)27*("=1). On the contrary, if £(R;) < 27%b and b
is small enough, then

suppf, C A(u,27% — U(R;),27% + V' U(R;)) U A(u, 27F7L — V'U(R;), 2751 +- VU(R)))

for some constant &' > 0 depending on b and d such that 27*~1 — ¥’4(R;) > 0. In that case,

since u € suppy, we have f@i dp = u(suppGi) < K(Rj)ka("fl) (because p(A(u,r, R)) <

(R—7r)R" ! for all 0 < r < R by Lemma 2.3, since I has slope smaller than 1), as desired.
Using that f@i dp < O(R;)27F=1) and that ||1/£H < [v[(Qj) in (32), we conclude

d (k+1)n [, Jj No—k(n—1)
p({z e RI\Q : BSe(x) > 1/32}) < AZ > 2 1|1€(R;)2
J k€Z:2-k+t1>0(Ry)

1 ; "
(33) = XZ [EZA140:%) > gtk
J keZ:2-k+1>0(R;)
1 C
S5 2@ < S vl

J
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It only remains to show p({z € ]Rd\ﬁ : BSs(z) > A/32}) < CA7Y|v| to finish the proof
of the theorem. We set

], (1) = xgaam, (2)05, (@) (KXY 1)) ().

Recall that I, = [277~1,27"). Since the £’-norm is not bigger than the /?-norm,

p({z e R4\ Q : BSs(z) > 1/32}) NAZ/W\QmZes ;@
AQZ/R > w0
T Lo

J:27kH1>4(Ry)
and then by Cauchy-Schwarz inequality,

> Y. ()
p({z eRd\ﬁ : BSs(z) > \/32})

2
du(z)

mESk

du(x),

mGSk r€Z:r>k—1 j:U(R;)€EI,

2
e [ (e (T Y )| )i
kez JRND eg, ez, reZ:, j:U(R;)EIL
1 Nk
/\—Z/ 2(r=k)/2 Z o) ()| du(zx).
ke VRN es, ez r>k 1 jU(R;)€EL
Thus, if we set P! (z) := Zj:é(Rj)eIT ®J, (), we have seen that
g #({x €RINQ 2 BSs(x) > 3/32)) £ 55 Z/ 2C—R)/2 Pr ()2 ().
keZ R\ mGS;C ;Ekl_l

Let us estimate P, (z) for m € S and r > k — 1. Since ||1/g|| S Q) < vl(3Q5) S
A(6Q;) by (10) and (7), we have

PL@l < D xwaar, @vh @)X, «v)(@)]

j:(R))EL,
(35) S Y X, @ @27 < 3 PAL(6Q).
Jil(R;)EL, J:66(Q;)El,

6Q;NIOA(Z,€m41,6m)F#D

It is not difficult to see that, if Zj Xq; < C for some C' > 0, then Zj:E(GQj)eIT X6Q,
C’ for all r € Z, where C' > 0 only depends on C (that is, the family of cubes F :=
{6Q;};:0(6q;)c1, has finite overlap uniformly in r € Z). We set

T:= Z X6Q; -

7 :GE(QJ')EIM
6Q;NOA(T,€m+1,6m )70

If27%q < 277 < 27F+1 for some small constant a > 0 (recall that we are assuming r > k—1),
then there exists a constant b > 0 depending only on d and a such that suppY C B(z, b27k),
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and then, by the finite overlap of the family F,

> 1(6Q;) = / Tdp < C'pu(B(z,b27F)) < 27F0 x 272 k(n=1),
j:66Q)el,, Blab27)
ﬁQjﬁaA(r,eerl,em);é@
On the contrary, if 27%a > 277 for a small enough (depending on d), then there exists a
constant b > 0 depending on d and a such that 27%~1 > 27"b and suppY C A(z, €, —
27"b,em + 2770) U A(2, €mt1 — 277D, €41 + 277D), and then, since m € Si, x € suppp and
the slope of T' is smaller than 1, by Lemma 2.3 we have p(suppY) < pu(A(z, € —277b, € +
277D)) + (AT, €my1 — 277b, €mpr +277b)) < 2772751 thus by the finite overlap of the
family F,

Z 1(6Qj) = / T dp < p(suppY) < 272 k1),
suppY

J: GK(QJ')EIT:
6Q;NOA(Z,€m+1,6m)#D

In any case, from (35) we get |P! (z)] < 287A2772-F(n=1) — 9k=" X\ Therefore, using (34)

we obtain that

ez VRNQ 1ies, rezrok—1

1 ) € j
<33 / NOIDIE Ly S kX, 1) @) du(a)
\2es, rez: j:U(Ry)EL,
r>k—1 R;NOA(x,em41,6m)7#0D
1 _r . J
39D Lo 2 S A e o) dula)
ke RAQ meSy r>ekZ_:1 J:l(Ry)€Elr,

RjNA(z,27 k=1 27F)=£p

Z/Rd\@ Z plemm/zrin Z |Vg|(A(9C’ 271 27k dp(x).
€z

rel: j:l(R )EIT,
r>k—1

IN
> =

RJOA(z,Q —L2=ky£p
Hence, if we set

1 iR NA(,27R 27k £ ()
=0 it ,

we obtain

p({z e R4\ Q : BSs(z) > 2/32})

1 . . o
S [T e S ) dte)
kez /RNQ

T’giziil j:é(Rj)el
1 B 4 .
SO IEL D o L e
kez rei: j:b(Ry)el, RAQ
r>k—1 J

Notice that, if £(R;) € I, and r > k — 1, then {(R;) < 27F*+1. Hence, there exists a constant
C > 0 such that suppri C B(zj,C27%) for all {(R;) € I, and all r > k — 1 (recall that z; is
the center of R;), and then fRd\Q 7 dp < p(B(zj, C27F)) < 27F". Therefore, by exchanging
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the order of summation and using that ||1/g || < |v|(Qj), we finally obtain

p({z e RN\Q : BSs(x) > A/32}) < Z S22 N )

kGZ re€Z:r>k—1 j:l(R;)El

(30 OIS T g

r€L: 27T 1<H(R;) <27 kEL:k<r+1
1
$3 @) < Skl
The estimate (19) is a direct consequence of (21), (26), (28), (29), (30), (33), and (36). O

4.V, o THI 1S A BOUNDED OPERATOR FROM L®(H}) TO BMO(HE)

This section is devoted to the proof of the endpoint estimate (¢) of Theorem 1.3. The use
of Lemma 2.3 is also essential in this section.

We may assume that T' = {(y, A(y)) : v € R"}, where A : R — R?™ is some Lipschitz
function with Lipschitz constant Lip(A). We say that a function f € L} (HE) belongs to
BMO(H?}) if there exists a constant C' > 0 such that

loc

sup inf ———— c|dHt < C,

up inf 7—[” / |f — cldHy

where the supremum is taken over all the sets of the type D := D x R, where D is
a cube in R™. For convenience of notation, given a > 0 we define aD := aD x R

and ((aD) := f(aD). Notice that, since I' is an n-dimensional Lipschitz graph, we have

HE(D) ~ £(D)™ for all cubes D C R"™. Moreover (I, H}) is a space of homogeneous type,
and it is not hard to show that our definition of BMO(H}) is equivalent to the classical one
for doubling measures (see [Tol] for a definition of BMO on doubling measures).

Proof of Theorem 1.3(c). We have to prove that there exists a constant C' > 0 such that,
for any f € L°(H{) and any cube D C R", there exists some constant ¢ depending on f
and D such that

(37) Lo A0 T =l i < Cll gy HHD x RO)
X —n

Let f and D be as above, and set D := D x R, f1 := fxap, and fao := f — f1. First of
all, by Holder’s inequality, Theorem 1.2, and since H{t(3D) ~ H{:(D) because I' is a Lipschitz
graph, we have

/D(VpOTHF)ﬁdHFSHF(D)UQ(/((V o TH) 1) d’H{i)l/Q

1/2
SHED)2 (113 <y HEGBD)) S Il iy HE(D).

Notice that |(Vp o THF)(fl + fg) — (Vp o TH?)f2| < (Vp o 'T/H?)fh because Vp o THT is

sublinear and positive. Then, for any ¢ € R,
(Voo THEYVf =l = (Vo o THE) (f1 + fo) — ]
(39) <V o THE)(fr+ fo2) = (Vo THE) fol + (V0 TH) fo — ¢
< Voo T fr + (V0 THE) fo — ¢,

(38)
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hence, to prove (37), by (38) and (39) we are reduced to prove that, for some constant ¢ € R,
(40) 1000 T o = el b < Cl L ey i (D).

Set zp := (2p,.A(Zp)), where Zp is the center of D C R", and take ¢ := (V,oTHE) fa(2p)-
We may assume that ¢ < oco. By the triangle inequality,

(Vo o THE) fo(a) —¢|” < P D IEX, * (M) (@) — (KX, * (F2H9) (zp))-
em MO} ez,

Given z € T'N D, let {€ tmez be a decreasing sequence of positive numbers (which depends
on z) such that

(Voo THE) o) —¢|” <2 3 [(BxSr,, + (oH) (@) — (KX, + (f2HD)) (D))"

meZ

Notice that [(Kx&,, * (foHE) (@) — (KX, * (HD) D) < 1]t (O + O2,),
where

oL, : = /(w) X (@ — ) |K (z — ) — K(2p — 9)| dH2(y),

02, : = /(w)c Ixer (@ —y) —xir, (zp — YK (zp — y)| dHE(y)-

Thus,

HP 1/p
(41) V0 T4) (o) — €] 5 oy | (0L +02,0)

meZ
Since p > 1, we easily have
1/p
| — zp]|
e1r ) < @1mN/ ;m v —y) LT EDL am
< Z ) WEG:Z (D) 2 i (T =) l2p — y[" r(y)

(42) meZ
SUD) [ e y|—"—1cm%<y> <L
(3D)e
The case of ©2,, is more delicate. Since I is a Lipschitz graph, there exists an integer M >
10 depending only on Lip(A) such that any x € I'N D satisfies |z — zp| < 2M¢(D). Without
loss of generality, we can assume that there exists mq € Z such that e,,, = 2M/+2((D), just by
adding the term 2M+2¢(D) to the fixed sequence {€;, }mez. Obviously, we can also assume

that €,, > €41 for all m € Z.
We set Jo:={m €Z : e, <2M*2Y(D)} ={m €7Z : m > mg} and, for j > M + 2,

Jj={meZ : 27 UD) < em1 < em < 24(D) and en, — emy1 > 2M4(D)},
Jj2 ={mecZ:27UD) < eni1 < em <24(D) and €, — €1 < 2M4(D)},
J;’ ={meZ:27UD)<eni1 <2UD) < en}.
Then Z = JoU (Ujspr12(J; UJFUJ?)). For the case of m € Jo, we have the easy estimate

(5"

meJo

< /3 (xm,, (& — ) + xEm,, (2p — ) 0(D) " dH()

meJo

</ L i)
ja—yl<2Me2ep) D)™ Jjapy<omezgp) €(D)"
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Assume that m € J}. Notice that supp(x;7,, (z —-) = x5, (2p —-)) C Am(x, 2p), where
Ap(z,2zp) denotes the symmetric difference between A(z,€m41,€m) and A(zp, €mt1, €m)-
Notice also that, since m € le and x € DNT, the set A,,(z,zp) is contained in the union

of annuli A1 := A(z, €ny1 — 2MU(D), eyt + 2MU(D)) and Ay := A(z, € — 2MU(D), € +
2M¢(D)). Hence, using that m € J} and Lemma 2.3, we have

HE{y e R : xm, (z —y) — X, (20 — y)| # 0}) < HE(AL U Ay)
n—1
(43) < 9M+1y(p) (em n 2M£(D)) + oM+ ) (emH + 2M£(D))
< 20=Vy(D)m.

n—1

Using that |K(zp — y)| < (274(D))~" for all y € A, (x,2p) N (3D)¢, we get
02,, < (24(D))" "Dy = 277
and, since p > 2 and J} contains at most 20~ indices, we have Y omest 920 S 277,
J

Assume now that m € sz. Then, using Lemma 2.3, we obtain

HE({y € R [xm, (x—y) — xS, (2D — )| # 0})
<SHE{y eRY : xm (w—y) =1} +HE{y €RY : &, (2p —y) =1})
< (em — ems1)ep

and, as above, |K (zp — y)| < (274(D))~" for all y € A, (x, 2p) N (3D)¢. Since m € JjQ7

020, < (2U(D)) """ ((em — emr1)en, )"
S (2UD) "™ (em — emi1) @M U(D))PTH(2U(D)) VP S 277PU(D) e — €mi)
and then, since p > 2 and j > M + 2 > 12,
) €m — €Em+1 ) i—1 . 9—j(p—1) —j
20 < 7P —_— = < 27IPY T 27N <27,
2 0% s ) ) S -

2 2
mEJ]. mer

Finally, assume that m € J]?’. Obviously, the set J]?’ contains at most one term. If
€m — €mr1 < 2M4(D), arguing as in the case m € J]-Q, we have

Hi({y e R : Ixmy, (x—y) = x&m, (o = )| # 01) S (em — emsr)eny '
< 2Mp(D)(274(D) + 2M (D))"t < 21 =Vy(D),

and then 02, < 2/(*=1¢(D)*(27-14(D))~" < 277. On the contrary, if €, — €11 > 2M4(D),
arguing as in the case m € le, we have supp(xjgﬂ(a: =) =xim  (z2p — ) C Am(z,2p) C
Aq U Ag. Similarly to (43), we have

Mt (A1) S 2YHHUD) (emsr +2MUD))" T S e hU(D) < 270 De(D)",

and |K(zp — y)| < (274(D))™" for all y € Ay N (3D)°. If we denote by j(ey) the positive
integer such that 2/(cm)=1¢(D) < ¢, < 2/(m)¢(D) (obviously, j(ey) > j), we have HE(A2) <
en=14(D) < 2j(ﬁm)(”*1)£(D)n, and |[K(zp—y)| < (Qj(em)'E(D))fn forall y € A2N(3D)°. Hence,
02, < 2=Dp(D)(20(D))~" 4 2i(em)n=D)g(D)r(20(em)g(D)) ™" < 277 4 27Iem) < 977,
Therefore, since J]:-3 contains at most one term, Y, ;s 025, <279 <27,

J
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We put all these estimates of ©2,, for m belonging to Jy, J1 J2, and J3 together with
(42) in (41) and we conclude that

1/p
V0 T4 (o) — €] gy {301+ 6207

meZ

1/p 1/p
Sl ( S 018)  + 1l ( 3 020,

meZ meJo

1/
+||f|Loo<Hg>( > ( Yewt+ Y et Y ezfn)) '

J>M+2 mEJJl mGJ]z meJ;’

N\ e
< |f|Lm(HF>(1 f1 (Z w) ) <1l

j>12

Finally, (40) follows by integrating in D this last estimate. This yields the boundedness of
V, o THE from L>®°(HR) to BMO(HY). 0

5. V,0 T’ IS A BOUNDED OPERATOR IN LP(H2X) FOR ALL 1 < p < 00
This section is devoted to complete the proof of Theorem 1.3 and Corollary 1.6.
Proof of Theorem 1.3(b). This is a straightforward application of Theorem 1.4. O

Proof of Theorem 1.3(a). Recall from Theorem 1.2 that V, o 77" is bounded in L?(HZ}).
We deduce the LP boundedness of the positive sublinear operator V, o THr by interpolation
between the pairs (LY(HR), LY°°(H})) and (L2(H}), L2(HR)) for 1 < p < 2, and between
(LA(H}), L2(H})) and (L®(H}), BMO(HY)) for 2 < p < oo. Let us remark that, in the
latter case, the classical interpolation theorem (see [Du, Theorem 6.8], for instance) would
require the operator V, o THE to be linear. Clearly, this fails in our case. However, an easy
modification of the arguments in [Du] using Lemma 5.1 below shows that that interpolation
theorem is also valid for positive sublinear operators. Before stating the lemma, let us recall
some definitions. Given f € L} (H}), x € R?, and a cube Q € R™, set Q = Q x R¥" and

defi
o mf'—i1 /fd?-["
QJ -— /H?(Q) 0 1R8]

M f(x) := supgs, mql f|, and Mt f(z) = SUpgs, melf — mefl

Lemma 5.1. Let F : L} (H}) — L} _(H}) be a positive and sublinear operator. Then

(Mo F)(f+9) S(MoF)f+ (Mo F)g for all functions f,g € L} (H}).

By using Lemma 5.1 and the fact that | M f||zeagp) < ||Mﬂf||Lp(Her) for f € LPO(H{) and
1 < pp < p < oo (see [Du, Lemma 6.9]), one can reprove the interpolation theorem [Du,
Theorem 6.8] applied to V, o TH with minor modifications in the original proof. (]

Proof of Lemma 5.1. If F is sublinear and positive, one has that [F(f)(z) — F(g)(z)| <
F(f—g)(x) for all functions f,g € L} (H2). Let @ be a cube in R”, and set Q = Q xR¥™ C
RZ. Then, for z,y € QN T,
[E(f +9)(y) —mq(Fg)l < |F(f +9)(y) — Fg(y)| + [Fg(y) — mq(Fyg)|
< [EfW) +1Fg(y) — mo(Fg)l-

loc
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Hence, mq|F(f + g) — mq(Fg)| < mq|Ff| +mg|Fg —mq(Fg)| < (M o F)f(x) + (Mo
F)g(z) and, by taking the supremum over all possible cubes @ C R™ such that Q > z, we
conclude (M* o F)(f + g)(x) < (M o F)f(z) + (M* o F)g(x) (recall that (M* o F)h(z) <
SUPQs, infacr mo|Fh — af for all h € L, (H})). O

Proof of Corollary 1.6. The arguments follow closely the proof of [Ma, Theorem 20.27].
First of all, we may assume that E is a Lipschitz graph with slope smaller than 1, since
H™ almost all £ can be covered with countably many C! manifolds which in turn can be
covered by Lipschitz graphs with small slope. By the Lebesgue decomposition theorem and
Radon-Nikodym theorem (see [Ma, Theorem 2.17] for the real case, for example), there exists
f € LY(H7%) and a finite complex Radon measure v, such that H% and |vg| are mutually
singular and v = fH% + vs.

Given K satisfying (2), by Theorem 1.3(b) we have (V, o 7'%%) f(z) < oo for H™ almost
all x € E. Therefore, for any decreasing sequence {em}tmez, {T f(x)}mez is a Cauchy se-

quence, so it is convergent. Thus lim,_ Te e f(x) exists for H™ almost all z € E. Therefore,
we may assume that v = v,. The rest of the proof is almost the same of [Ma, Theorem 20.27]
(just replace T* by V, o T in the proof in [Ma] and use Theorem 1.4). The details are left
for the reader. O
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