ZERO-HOPF BIFURCATIONS FOR A CLASS OF
3-DIMENSIONAL LOTKA-VOLTERRA SYSTEMS

CHAMSEDDINE BOUAZIZ!, JAUME LLIBRE?, DJAMILA DJEDID! AND AMAR MAKHLOUF!

ABSTRACT. A zero-Hopf equilibrium point p of a 3—-dimensional autonomous differential system in R3 is an equi-
librium such that the eigenvalues of the linear part of the system at p are 0 and ftwi with w # 0. A zero-Hopf
bifurcation takes place when from a zero-Hopf equilibrium bifurcate some small-amplitude limit cycles moving the
parameters of the system. We characterize, up to first order in the averaging theory, the eight distinct zero-Hopf
bifurcations which can exhibit the following class of 3-dimensional Lotka-Volterra systems

i=x(a(@—-1)+bi(y—1)+ealz—1)+di(z—1)2+er(y— 1)+ fi(z — 1)?),
g =ylaz(z — 1) +ba(y — 1) + ca(z — 1) + da(z — 1)? + e2(y — 1) + fa(z — 1)?),
z=z(az(w—1)+b3(y— 1) +ca(z— 1) +dz(x—1)* +e3(y — 1)® + fa(z — 1)?).

Up to first order in the averaging theory for each one of this eight different zero-Hopf bifurcations emerges one limit
cycle.

1. INTRODUCTION AND STATEMENTS OF THE MAIN RESULTS

As usual a limit cycle of a differential system is a periodic orbit isolated in the set of all periodic orbits of the
system.

While for an equilibrium point p of a 3-dimensional autonomous differential system in R?, such that the eigen-
values of the linear part of the system at p are p and +wi with pw # 0, there is a general theory (see for instance
pages 175-180 of [13]) for studying if moving the parameters of the system some limit cycle can bifurcate from
p, for a zero-Hopf quilibrium there is no a such general theory for knowing when from this equilibrium bifurcates
a small-amplitude limit cycle moving the parameters of the system. But using the averaging theory there is an
algorithm for solving this problem, see for instance [14].

The Lotka-Volterra systems were initially considered independently by Lotka in 1925 [16] and by Volterra in
1926 [19], these differential systems are also known as the predator-prey systems. They are a pair of first-order,
nonlinear, differential equations frequently used to describe the dynamics of biological systems in which two species
interact, one as a predator and the other as prey. Later on Kolmogorov [12] in 1936 extended these systems to
arbitrary dimension and arbitrary degree, these kinds of systems are now called Kolmogorov systems.

It is known that the polynomial Lotka-Volterra differential systems in R? of degree 2 cannot have isolated zero-
Hopf equilibrium points, see [15]. In the article [7], we have studied the periodic orbits bifurcating from a Hopf
equilibrium of 2-dimensional polynomial Kolmogorov systems of arbitrary degree.

In this paper first we study the zero-Hopf equilibrium points of a class of polynomial Lotka-Volterra differential
systems in R? of degree 3 via the averaging theory of first-order and we shall prove that there are eight families
of such equilibrium points. We analyze when these families of zero-Hopf equilibrium points have a zero-Hopf
bifurcation, i.e. when a small-amplitud limit cycle bifurcates from such equilibrium points moving the parameters
of the system. We also give an example for each case, we plot their bifurcated limit cycles, and we study their
stability.

For other differential systems the zero-Hopf bifurcation has been studied by many authors, for instance Guck-
enheimer, Han, Holmes, Kuznetsov, Marsden and Scheurle in [9, 10, 11, 13, 17]. In some cases the existence of a
zero—Hopf bifurcation can imply a local birth of “chaos” see for instance the articles (cf. [1, 2, 5, 6, 17]).
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The Lotka-Voltera systems in R? of degree 3 that we study are

i=z(a(r—1)+bi(y—1) +e(z—1)+di(z -1 +e(y —1)> + fi(2 — 1)?),
(1) y=ylaz(x —1) + b2y — 1) + ca(z = 1) + da(z — 1)* + e2(y — 1)* + fa(z — 1)?),
z=2(a3(x = 1) +b3(y — 1) + c3(z = 1) +da(z — 1)* +es(y — 1)* + fa(z — 1)?).

where x, y and z are positive and the dot denotes the derivative with respect to the time ¢. Clearly systems (1)
have the equilibrium point (1,1, 1).

In the next proposition we characterize when the equilibrium point (1,1, 1) of the Lotka-Volterra systems (1) is
a zero—Hopf equilibrium.

Proposition 1. There are eight one—parameter families of Lotka-Volterra systems (1) for which the equilibrium
point (1,1,1) is a zero—Hopf equilibrium. Namely:

(i) a1 =b1 =by=c1 =c3 =0, bzey = —w? <0;
(11) a1 = —by,c1 =co =c3 =0, asb; + b% =—w?< 0;
(iii) a1 =by=c1 =0, c3 = —by, bgco + b% =—-wr< 0;
(iv) a1 = —c3,b1 = by = b3 =0, azc; + 3 = —w? <0;
(v) a1 = —c3, az = — 25 b — by =0, ager + bges +eg=-w?<0;
C1
b b
(vi) a1 = —by —c3, by = 22 ¢y = Z—Cl, asby + agey + b3 + 2bacg + 3 = —w? < 0;
C1 1
ba(b b 1
(vil) a3 = —by — c3, az = —w, co = 2701, F(GBbICI + babser + b1c3) = —w? < 0;
1 1 1
bics — b: b bocs — b: A
(viil) a1 = —ba —¢3, az = ag(bres — baer) + (b2 + c3)(bacs ‘502), wi=—— >0,
bica — bacy bica — bacy

where A = 7(71)361 +b1b562+b2(72()361024’1)16203)4’02(blbgcg7b36163+616§)+a2(b%027b36%+b101 (0371)2))).

Proposition 1 is proved in section 3.

Theorem 2. Assume that one of the following eight conditions holds for the Lotka-Volterra systems (1)
1) bgCQ <0 and ap = apilé€, b1 = b11€, bg = b21€, C1 = C11€, C3 = C31¢, b362 = —w2;
11) aszby + b% <0 anda; = _(b2 + b21€)7 by = bg 4 ba1e, 1 = c11€, Co = C21€, c3 = c31€, asby + b% = —w?;

)

(
(
(ili) bgca + b3 <0 and a; = ay1e, by = by + bate, ¢1 = c116, by = biie, c3 = —(by + bay€), bzca + b3 = —w?;
(
(

iV) ascy + C% <0 and a)p = 7(63 + 6315), bl = b11€, b2 = b21€, b3 = b31€7 c3 =c3+ C31€, a3Cy + C% = 7&)2;
CoC CoC
V) asCy +b3CQ+C§ <0anda; = —(C3+8318), b1 = by1e, by = bo1e, c3 = c3+c318, as = —72 5 26 316, aszcy +
1 1

bsea + 3 = —w?;

: 2 2 _ _ _ b | biesy B
(Vl) asby +azci + b2 + 2bycg + c3 < 0 and a1 = —by — c3 — (b21 + 031)6, by = by + ba1e, by = 70 + . g, Cp =

1 1

b b
—ch 2b1€1 g, ¢3 = c3 + 316, asby + ager + b3 + 2bacs + ¢ = —w?;

1 1

. 1 —ba(be + ¢
(vii) b—(agblcl + babzcr + bicd) < 0 and a3 = —by — c3 — (ba1 + ¢31)€, by = by + bare, az = 42(; ) -

1 1

ba(ba1 + c31) + ba1(ba + ¢ bac ba1c 1

2(b21 + 1) + b2 (b2 3)5, o= =2 4 2 6y =¢34 cs1e, —(asbicr + babser + bicd) = —w?;

b1 b1 b1 b1
A A as(brcs — bse ba + c3)(bacs — bsc
(viii) — > 0anda; = —ba—c3—ca1e, €3 = catezie, — = w2, ay = 2(bics — bze1) + (b2 + ¢3)(bacs 32)Jr
b102 — b201 b102 — b201 b102 — b261
azbicar + (ba + c3)baczy + c31(bacs — 5302)6
bica — bacy '

Then for e # 0 sufficiently small system (1) has one periodic solution (x(t,e),y(t,e),z(t,€)) bifurcating from the
zero-Hopf equilibrium (1,1,1) when € = 0.

Theorem 2 is proved in section 3 using the averaging theory of first order.
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2. The averaging theory for periodic orbits

The averaging theory is a classical and matured tool for studying the dynamics of nonlinear smooth dynamical
systems, and in particular of their periodic orbits. The method of averaging has a long history that starts with
the classical works of Lagrange and Laplace who provided an intuitive justification of this method. The first
formalization of this method is due to Fatou [8] in 1928. Important practical and theoretical contributions to this
theory were made by Krylov and Bogoliubov [4] in the 1930s and Bogoliubov [3] in 1945. The averaging theory of
first order for studying periodic orbits can be found in [18], see also [10].

Now we present the basic results from the averaging theory that we shall need for proving the results of this
paper. The next theorem provides a first order approximation for the periodic orbits of a periodic differential
system, for a see Theorems 11.5 and 11.6 of Verhulst [18].

Consider the differential equation
(2) x = eF(t,x) + 2G(t, x,¢), x(0) = xq,

with x € D, where D is an open subset of R™, t > 0. Moreover we assume that both F(t,x) and G(t,x,¢) are
T—periodic in t. We also consider in D the averaged differential equation

(3) y=¢f(y), ¥y(0)=xo,
where
(1 10 =5 [ Py

Theorem 3. Consider the two initial value problems (2) and (3). Suppose:

(i) F, its Jacobian OF/0z, its Hessian 0°F/0x?, G and its Jacobian 0G/Ox are defined, continuous and
bounded by a constant independent of € in [0,00) x D and € € (0,&0].
(ii) F and G are T—periodic in t (T independent of €).

Then the following statements hold.

(a) If p is an equilibrium point of the averaged equation (3) and

o oo ()

then there exists a limit cycle x(t,e) of period T of equation (2) such that x(0,€) — p as e — 0.

(b) The stability or instability of the limit cycle x(t,) is given by the stability or instability of the equilibrium
point p of the averaged system (3). In fact the singular point p has the stability behavior of the Poincaré
map associated to the limit cycle x(t,¢).

0,

y=p

3. Proofs
Proof of Proposition 1. The characteristic polynomial of the linear part of the Lotka-Volterra system (1) at the
equilibrium point (1,1, 1) is
p()\) = -\ + (a1 + by + 03))\2 + (agbl — a1by + ascqy + bsco — ajes — bgCg))\
+a1bacs — arbsca + asbscy — asbics + asbics — agbacy.

Imposing that p(A) = —A(A? 4+ w?), we obtain the system

ay+by+c3 = 0,
2
agby — arby + azcy + bzcg —ajcg —bocs = —w”,
a1b203 — a1b3C2 + (ZngCl - agblcg + (13b102 - (lngCl = 0.

Solving this system we get the eight families of zero-Hopf equilibria described in the statement of Proposition 1.
This completes the proof. O

Proof of Theorem 2. We shall prove that a periodic orbit bifurcates from the zero-Hopf equilibrium point (1,1, 1)
of the Lotka-Volterra system (1) when the parameters of system (1) are given by statement (i) of Proposition (1).
The proof for the others zero—Hopf equilibrium are analogous and we only indicate the main steeps of their proofs.
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We perturb the Lotka-Volterra system (1) with the parameters given in statement (i) of Proposition 1 satisfying
the conditions of Theorem 2(i). We translate the equilibrium point (1,1,1) to the origin of coordinates doing the
change of variables z = X + 1,y =Y + 1,2 = Z 4+ 1. Then system (1) becomes

X = (1 + X) (d1X2 + 61Y2 + f122 + s(auX +b11Y + 6112)) s
(6) Y = (]. + Y) (CLQX + d2X2 + €2Y2 + CQZ + fQZ2 + €b21Y) ,
Z=0142)(asX +dsX? +b3Y + esY? + f3 2% + ec31 Z) .

In order to facilitate the application of the averaging theory for computing the zero-Hopf bifurcation we write the
linear part of system (6) with e = 0 at the equilibrium point (0,0, 0) in its real Jordan normal form

0 —\ —b3(22 0
vV —bgCQ 0 0

0 0 0
For this we do the change of variables
(7)
as b3 0 0 0 1
v Vo X X 2 a: u
v —bsc c _2 _
v = aﬁg ’ 0 ’ 1 Y |, with inverse Y | = b b3 0 by v
w Co 7 VA 0 L % w
1 0 0 o

The differential system (6) writes

(®)

1 V—bscau — 2 2
U= —=— (aa(l +w) <d1w2 + 21 P e L) + f1 (U - azw) ) + (b3 + vV=bscou — azw) (cov + daw?

\V 7b362 b% C2

2 2
/=D -
+ €2 ( 322“ a3w) 4 f2 (’U — azw) >> + e ! <b21 (\/ —bzcou — asw) (bg + —bzcou — CL3U)) +
3

vV —b3 C2 b3

az (1 +w) <a11w+ b (V=bscou — asw) + c11 <v— W)2>> :

bg Co

2
1
0= ax(1 ) <d1w2 + % (v/=bscau — agw)2 + fi (v - a62w> > + (1 +v— Qw) (v =bscau + dsw?
3 2

C2 C2

2

e 2 asw 1

b—;’ (\/—bgcgu — agw) + f3 (v — j) ) + €o (e31 (c2v — asw) (ca 4 cav — asw) + azca (1 + w) (a1 w
3 2 2

+

o

1 (o) e (v- 22))),

C2

2
b
w= e(l+w) (dlw + b2 (\/TgCQU —azw)? + fi <v — aiw) ) + (14 w) (anw it (V—bgCgu - agw)

2 bS
+ec11 (U _ a2u})> .
Co

Doing the rescaling of the variables (u, v, w) = (eU,eV,eW) system (8) in the new variables (U, V, W) writes

(9)
U= b3 V +¢€ ( (asbi1 + b21b3 \/ —b302b3U (asey + b3€2)b362U2 + a3b3cllc§V + 4/ —b3cgb§UV

\/—b3 o2
+(asf1 + bs f2)b3c3V? — (azbsci1 + agbiico — ar1bzes + barbsca)asbscaW — (azer + bses)2aszy/—bsc3UW
—(aszc? + 2a2a3f1 + 2ab3 f2)b3ca VW + (asb3c3dy + bicida + a3c3er + a3bsc3es + a3b3 fi + a3blfa))W?),
V = \/—b3CQU + 8[)273 (agbu AV4 —b3cgb3U — (az@l + 0263)b3cgU2 + (CLQCH + C31) b§c§V + vV —b3cgb§UV
+ (azf1 + caf3) b33V — (agbscrr + asbiica — aribscy + bacacsy) agbscaW — (agb3 + 2azaser + 2asczes)

\/—b3cSUW — 2(azf1 + 02f3)a2b§CQVW + (agb c3dy + b302d3 + a2a30261 + CL302€3 + a2b§f1 + a%b302f3)

)
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W = EW (bn\/ —bgcgbgU — bgcg€1U2 + b%cllcgv =+ b§c§f1V2 — (a2b§61162 + a3b11b305 + anb%cg) w
32

—2a3+/—bsc3erUW — 2a3b3ca fLVW + (b%c%dl + a%cgel + a%b%fl) Wz) .
Now we pass from the differential system (3) to cylindrical coordinates (r,8, W) defined by U = rcos6 and

V = rsinf, and we obtain
(10)

7= b%icg ((\/Tg,cg(agel + bzeg) cos® O + bzca(bzca — e3co — ager) sin @ cos? O + /—bscabz(bzca — azfi — b f2)
sin? 0 cos 0 + b3 (azf1 + cafs)sin® 0)7r? + bgca ((azbiy + baybs)ca cos? 6 + /—bsca(azbiy — asery) sin 6 cos 6
+bs(agery + cacsp) sin? 9)r — W(?agcg (azey + bsey) cos? 6 + \/T?,CQ(GQCQI)% — 2as fab3 — azc3bs — 2azas3 f1bs
+2azasczer + 2azcies) sin 0 cos 0 + 2a2b3(az f1 + c2f3) sin? 0)r + W (azv/=bsca(azbsci + agbiicy — arnbsco
+bo1bgea) cos @ — agbs(asbscir + agbiica — ajrbses + bycacsy) sin 9) — W2 (\/Tg,q(cgelag + b3c3eqa3 + bicadyas
+a3b3 fras + bic3ds + a3bi f2) cos 0 — bs (b3 fral + b3ca f3a3 + bic3dias + ajc3eras + b3cids + ajcles) sin 9)),
0= \/:5g55+_454,(4;L4
b3c3 \bscor
+bgc§ega§ + bgcgdlag + a%b%flag + bgcgdg + agbgfg) sin 0)W2 — COS@(\/TgC‘;’(CLQb% + 2asaze1 + 2(130263) cos

—2( — a3 f1b3 — azca f3b3 + azcieabs + a%cgel) sin 9)W + ( — v/ —bscabs (agcg + 2a0a3f1 + 2a2b3f2) sin? 6
_ V—bse
r

(b (b3f1a3 + b3caf3a3 + b3cidias + adc3eran + b3cids + adcdes) cos b + /—bzca(c3erad

(b1162a§ + agbzci1a3 — aj1bscaas + b21b302113) sinf — %(a%cllbg — a11a202b§ + a202031b§
+asazbiicabs) cos 0) W + bzea (azbiiv/—bscg cos® 6 + (azbserr — agbiica — baibsca + bscacs) sin 6 cos 6+
(13\/—7193611\/gsin2 9) - %czr( — b3 (bgcg — 2e3¢3 — 2ageqco — b3 faco — (12b3f1) cos® 0 — \/TgCQ(2CQb§ — fob?
—2c9e2b3 — ag fibs — 2azcaer) sinf cos? O + b3 (3 — fzco — azf1) sin” 0 cos 0 + b3(c3 — fzc2 — aafi) cosd
—V/hsaba(as fi + by f2) sin® 0 — Vhsbay/a(as i + bsfo) sino) ),

W = % (bgr(bu v —bsco cos O + bseqq sin 0) 3+ byr? (b3f1 sin? 0 — cyeq cos? 9)6% — byca(asbscrr + asbiico
3C3

—ay1bzco)W — 27"W(a2f1 sin 6b2 + a3\/—b303/261 cos 9)02 + (C%dlbg + a3 fi1b3 + a%cgel)W2).

We change the independent variable from ¢ to 6, and denoting the derivative with respect to 6 by a dot, then the
differential system (10) becomes

(11)
9
= W ((\/ —bgcg(a;;el + b362) COS3 0 + b362(b362 — €3C — a261) SinQCOS2 0 +V —b302b3(b362 — a3f1 — bgfg)
—U3C2

sin? 0 cos 0 4 b2 (as fi + cof3)sin® 9)7"2 + bscy ((a3b11 + ba1b3)cg cos? O + /—bsca(asbir — ascrp) sinf cos 0
+b3 (a2011 + 62831) sin2 0)7‘ — W(2a363 (a3€1 + b3€2) cos? 0 + v —bsco (G/QCng — 2a2f2b§ — agc%bg — 2a2a3f1b3
+2a2a30261 + 2(130%63) sin # cos 0 + 2a2b§(a2f1 + szg) SiIl2 9)1" + W(agv 71)362(&21)3611 + a3b1102 — a11b302
+b21b362) cos ) — asbs (a2b3611 + agbi1co — aq1bseo + b362631) sin 9) — W2 (\/ —bsco (c%elag + bgcgegag + b§c§d1a3

+a3b3 fras + bic3ds + a3b3f2) cos 0 — by (b3 fra3 + b3ca f3a3 + b3c3dias + ajc3eran + bic3ds + a3cies) sin 9))

= Fl (97 r, W),
W = W (b37‘(b11 v/ —bsco cos 8 + bscqq sin 9) C% + b37“2 (bgfl sin2 0 — coeq cos? (9) C% — b3co (a2b3011 + agbi1co
—U3C2

—a11bzc)W — 2rW (as f1 sin 0b3 + agx/—bgcg/zel cosf)ca + (3d1b3 + a3 f1b3 + a%c%el)V[ﬂ) = Fy(0,r,W).

We apply the averaging theory described in Theorem 3 to the differential system (11). Using the notation of section
2 we havet =60, T =2m, x = (r, W) and

F(O,r,W) = < ];;12(("97;?4//)) ) and  f(r,W) = ( %((:7%))7 )
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It is immediate to check that system (11) satisfies all the assumptions of Theorem 3. Now we compute the integrals
(4), i.e.

1 2m

fl(T, W) = - F1(9,7’, W)d@,
27T 0

r (f2a§b§f1W + a2b§CQ(C11 - 2f3W) + C%(b%(bgl + 031) - 2(1:2;)61W + agbg(bll - 262W)))
2(76302)5/2 ’

1 27

fQ(T,W) = % ) FQ(Q,T, W)d97

(b3c3(—coer + baf1)r? + 2bsca(—agbsciy — agbiica + annbsca) W + 2(ajcier + b3(c3dy + a3 f1))W?)
2(—b362)5/2

The system f1(r, W) = fo(r, W) = 0 has a unique solution (r*, W*) with * > 0, namely

(r*, W*) =

1 [CiNT — DN} Ny
T Ry T

if Ty > 0, Ry # 0 and R;(C;NTy — D1 N#) > 0. If the Jacobian (5) at (r*, W*) takes the value Ny(C1T} —
D1Ny)/(2T1b3¢3) # 0, where

Cl = 2()362(—&2[)3611 — a3b1102 + a11b302), D1 = 2(&%6%61 + b%(a%ﬁ + C%dl)), R1 = b3C%(b3f1 — 0261),
N1 = a2b362011 + C% (b%(bgl + 031) + a3bgb11), T1 = —2a§b§fl — 2a2b§02f3 —|— C%( — 2&%61 — 2a3b362),

then Theorem 3 guarantees for £ > 0 sufficiently small the existence of a periodic solution (r(6,e), W(6,¢)) of
system (11) such that (r(0,¢), W(0,¢e)) — (r*,W*) when € — 0. So for £ > 0 sufficiently small system (10) has the
periodic solution

(r(t,e),0(t,e), W(t,e)) where 8(t,e) = cos(v/—bscat) + O(c).
Consequently system (3) has the periodic solution
(Ul(t,e), V(t,e), W(t,e)) = (r(t,e) cos(v/—bsca t), r(t,e) sin(y/—bsca t), W(t,€)) + O(e),
for e > 0 sufficiently small. Therefore system (8) for e > 0 sufficiently small has the periodic solution
(12) (u(t,e),v(t,e), w(t,e)) = e(r(t,e) cos(v/—bsca t),r(t,e) sin(y/—bsca t), W(t,e)) + O(e?).

Finally for ¢ > 0 sufficiently small system (6) has the periodic solution (X (¢,¢),Y (¢,¢), Z(t,e)) obtained from (12)
through the change of variables (7). This periodic solution tends to the origin of coordinates when e — 0. Therefore
it is a periodic solution starting at the zero-Hopf equilibrium point located at the origin of coordinates when ¢ = 0.
This completes the proof of statement (i) of Theorem 2.

Example 1. Consider the Lotka-Volterra system
(13) =z -1+ (E=-13), 9=y(-1+2+20y—-1)2+(z-1)?), t=z2(z—y+(x—-1)*+(y—1)?).
This system in the new variables (X,Y, Z) writes
X=X+1D2X2+2Xe+ 23, Y=Y +1)2Y?+Ye+ 22+ 2), Z=(Z+ 1) (X’ +Y?’ + Ze + X - Y).
The corresponding system associated to system (11) satifies
Fi(0,r,W) = (=3 cos 6> + 2 cos 6 sin § + cos 0)r? + (4 cos W — 3cos 0 sin W + 1)r + 2sin W2 + cos W,
Fy(0,r,W) = sin 6?r2 + 2W?2 + 2W.

To look for the limit cycles we must solve the system
1
fir, W) =r(2W 4+1) =0, folr, W) =2W?2 + §r2 +2W =0.

This system has the four solutions (r, W) given by (0,0), (0,—1), (1,—1/2), (—1,—1/2). Since r must be positive
and W real, the unique admissible solution is (1,—1/2).

Since the determinant (5) at the previous solution is —2, system (1) under assumptions (i) has exactly one limit
cycle bifurcating from the origin. We plot this limit cycle for € = 1073 in the next figure.
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(1)

-0.00 ]ﬂ"]'

- 000057

7 EE

0.00057

0.00107
-0.000300F
-0.000500

-0.0004998

Since the eigenvalues of the Jacobian matrix of (f1, f2) at singular point (r, W) = (1,1/2) are £++/2, by Theorem
3 corresponding limit cycle is unstable, and locally it has a stable manifold formed by two cylinders and an unstable
manifold also formed by two cylinders. From the proof of (i) we obtain that the limit cycle bifurcating from the
equilibrium point (1, 1,1) of system (13) is

(z(t,e),y(t,e),2(t,€)) = (1 — /2,1 — ecost, 1 +esint) + O(e?).
This completes the proof of Example 1.

Now we perturb the Lotka-Volterra system (1) with the parameters given in statement (i) of Proposition 1
satisfying the conditions of Theorem 2(ii). We translate the equilibrium point (1,1,1) to the origin of coordinates
doing the change of variables z = X + 1,y =Y + 1,2 = Z + 1. Then system (1) becomes

X = (X + 1)((—2Xb21 + ZCH)E + d1X2 + 61Y2 + f1Z2 — b X + b1Y),
(14) Y = (Y + 1)((Yb21 + 2021)5 +do X%+ eY? + f2Z2 4+ as X + ng),
Z = (Z+1)(X?d3 4+ Y?e3 + Z° f3 + Zecgy + Xag + Ybs).

We write the linear part of system (14) with € = 0 at the equilibrium point (0,0, 0) in its real Jordan normal form
0 —/ —a2b1 - b% 0

\/ —a2b1 - b% 0 0

0

0 0

For this we do the change of variables

- bo 1 0
u by \/—Cllzbl — b3 \/—aghy — b3 X
) = —_ 0 0 Y ,
w by Z
_agbg - Cl3b2 _a3b1 + b2b3 1
a2b1 + b% a2b1 + b%
and following the same steps as the case of Theorem 2(i), we get the system
(15)
. €
T = 3 (\/ —&le — bg (((2(&31)1 + bgbg))b3(b1fg - b2f1) + (a2b1 + bg)((ag — bg)b% + Zb%(bl — 61)

bl( — a2b1 - b%)
+2b1b2€2) — (a3b1 + 62b3)2f1 — (Clgbl + b%)Qel) cos? @ sin Or? + T( cos? 9((2(&3b1 + b2b3))W(b1f2 — bgfl)

+(azby + babz)(bicar — baciy) + (agby + b3)bibar) + (agby + b3)(2Wbz f1 — 2b1bay + bzc1r) sin? 9)) + (—agb; — b3)
((b3f1(2a3b1 + 3babg) — b3(brea — baer) — b1b3 fo + (azby + b3) (b3 — biba + 2bser) — b3 (brda — bzdl)) cos 0 sin® Or2
+(2W ((agby + babs) f1 — b3 (b1 fa — baf1)) — b1(3b2ba1 + bycar) + ci11(aszby + 2b2b3)) cos O sin Or — cos OW
(W (b1 fo — bafr) + bicar — bacin)) — (—asby — b3)*/2(sin OW (W f1 + c11) + sin® 0r?(b3dy + b3es + b3 f1))

—cos® 0r?((asby + babs)?(b1 f2 — baf1) + (a2by + b3)?(b1ba + bres — b261))> = Fi(0,r, W),
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W — 7;)5/2( *agbl — b% <<W(2(a3b1 + b2b3)(((13b1 + bgbg)fg + (a263 — agbg)fl — (CLle + b%)fg)

(—axby — b3
—(azbr + b%)%g) + (asb1 + b2b3)((asby + babs)ca1 + (agbs — agba)cll) + (asby + babs)(azby + b3)(bay — 031))
cos r + (2(a3b1 + babs)?bs f2 + (asby + babs)(2(azbs — azba)bs f1 + (azby + b3)(b1(az — az) + ba(2bs — bz + 2¢2)
—253f3)> + (agbs — agbz)(agby + b3) (b3 + 2bae1) — (agby + b3)%(2b2e3 + b%)) sin 0 cos 97“2) — (—agby — b3)
(sin Or (W (205 ((asby + babs) fa + (azbs — asba) f1) — (azby + b2)(asby + babs + 2bs f3)) + (aby + bobs)(baba
+b3ca1) — (agbs — asba)(2b1bay — bycr1) — (agby + b3)bscsr) + W((a3b1 + bab3)(W fa + c21) + (agbs — azba)
(W f1 + c11) — (azby + b3) (W f3 + C31))) - (7“2 ((asbl + babs)® f2 — (agb1 + 53)363) + (agby + b3)*r?((ba — bs
+e2)(azby + babz) + (azbs — azba)er) + (asby + babs)?r? ((a2b3 —asba) f1 — (a2b1 + b%)f;g)) cos
7< — (agby + b3)r?((agbibz + bida + b3 + b3ea + b3 f2)(azby + babz) + (a2bs — azbs)(bidy + bier + b3 f1))
(azby + 03)%1 (azhiby + Vs + bes + (by + f3)83) ) sin®0) = F(0,r, W).

Now the integrals (4) are

L[ r(TyW + N:
AWy = o [ F(@.rW)do = - (LW + o)
™ Jo 2(—a2b1—b§)
2 9 5
hew) = 2 [ B Wy = 2V Rt CW

2m Jo 2(— azby — 13)""?

The system f1(r, W) = fo(r, W) = 0 has a unique solution (r, W) with r > 0, namely

(r, W7) =

1 [CoNoTy — DoNZ - Ny
T Ry T

if T > 0, Ry 7& 0 and RQ(CQNQTQ*DQNQQ) > 0. The Jacobian (5) at (7"*, W*) is NQ(CQTQ*DQNQ)/(QTQ (a2b1+b§)4),
where

02 = —2(&21)1 + b%)((&glﬁ + b2b3)C21 + (a2b3 - a3b2)611 - (a261 + b%)031),
D2 = 72(0,2()1 + b%)((agbl + bgbg)fg + (agbg — a3b2)f1 — (a2b1 + b%)fg),
Ny = —ba1(azby + b3) + (asby + babs)car + (azbs — asgba)eiy,

Ry = (agby + b3)?(asbibs + bids + bes + (azbs — asba)er + (asby + babs)(by — bz + €2) + (b2 + f3)b3) + (azby + babs)?
((agbsz — agba) fi — (agby + b3) f3) + (azby + babs)3 fo — (azby + b3)3es — (azby + b3)((a2b1be + b3ds + b3 + bies
+b3 f2)(asby + babs) + (azbs — asba)(bidy + b3ex + b3 f1)),
Ty = 2((bs(azfi + baf2) + as(byfz — baf1))).
If this Jacobian is non-zero by Theorem 3 for € > 0 sufficiently small system (14) has a periodic solution (z(t, ), y(t,€), 2(t,€))

tending to (1,1,1) when e — 0. Therefore it is a periodic solution starting at the zero-Hopf equilibrium point (1,1, 1)
when € = 0. This completes the proof of statement (ii) of Theorem 2.

Example 2. Consider the Lotka-Volterra system
. 161 2 2\ . 2y -
(16) i=a(—aty-1@—12+(E-D), g=y(-20+1+y+ (-2, 2= 2(-y+1).

This system in the variables (X,Y, Z) writes

. 1, 161 . .
X:(X+1)<§257%X2+227X+Y), Y= (Y +1)(Z22-2X +Y), Z = —(Z+1)Y.
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The corresponding system (3) is

1 1 1
Fi(0,r,W) = —7‘<§ cos? 0 — (—QW— 5) sin? 9) — %0056‘Sin2 Or? — (—2W— g) cos @ sin Or

1 1 1
) cos OW + sin W (W + §) + 16 sin® 672 + cos® 612

2 2 2 82
F(0,r,W) = —( -W - §) cos Or + sin@r( - 3W — 5) + W(W + §) —r2cos? 6 + 87172 sin? 0.
To look for the limit cycles we must solve the system

_ 1 2\ _ w2 Loa 2
Filr W) = 2r(2W+ 9) =0, falr W) = W24 —or? 4 SW =0,
This system possesses the solutions /r, W) given by (0,0), (0,—2/9), (v/2,-1/9), (—v2. —1/9). Since r must be
positive the unique admissible solution is (v/2, —1/9). The determinant (5) at this solution is 2/81. Hence system
(16) has exactly one limit cycle bifurcating from (1,1,1). We plot this bifurcated limit cycle for ¢ = 10~ in the
next figure.

-0.001

0
0.0005
0.001
x 8.()(] 15

The eigenvalues of the Jacobian matrix of (f1, f2) at (v/2, —1/9) are ++/2/9. Therefore this limit cycle has the
same kind of stability than the limit cycle of Example 1. This completes the proof of Example 2.

Now we perturb the Lotka-Volterra system (1) with the parameters given in statement (iii) of Proposition 1
satisfying the conditions of Theorem 2(iii). We translate the equilibrium point (1,1, 1) to the origin and system (1)
becomes

X = (X —+ 1)((X0,11 + Yb11 + ZCll)E =+ X2d1 + Y261 =+ Z2f1)7
(17) YV = (Y +1)(X?dy + Y?es + Yebay + 2% fo + Xag + Yy + Zcy),
Z = (Z + 1)(X2d3 + Y2€3 + 22f3 — Zebyy + Xasz + Ybs — Zbg)

We write the linear part of system (17) with € = 0 at the equilibrium point (0,0, 0) in its real Jordan normal form

0 —4/ —b% — b302 0
\/ 7b% - bgCQ 0 0
0

0 0

For this we do the change of variables

azbs + azcy

-1 0
b2 + b302
u 2 an b2 Co A;/(
v = s
w \/—bgl— bscy /=03 —bsca /=3 —bscy 7
0 0

b% + bzco
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and by following the same steps as the case of Theorem 2(i), we get the system
(18)

. 3
T =

C%(*b% — b362
+b3)) + (agfi — baca + ba fo + caf3)\/—b3 — bzca sin® 9r2) + sqrt(—b3 — bgCQ)(C082 0 sin Or2 ((b% + b3ca)

BE ((—b% — bzc2) (COS@SiHQ 0r2(f2(3b5 + bzca) + f1(3azba + azcz) — 2baca(ba — f3) — c3(ba

(2b2f2 — C%) — bg(CQ — f2) — bQC%(bg — 62) + b2f1 (30,21)2 + 2&302) —+ C%(agel —+ 0263) + b362f3> — C2 COSGSiI’l 97‘
(((b% + bgCQ)bQCQ(CLQ — ag) — (—a2b3 + a3b2)(2b2(a2f1 + Cgfg) — 2[)3(02 — fz) — C%(bz + bg)) + (a2b2 + a302)
((bg + b302)62 — 2( asbs + agbg)fl) — 2(5% + bgcg)(—agbgg + a3b2)f2 — (a2b2 + a362)02(bg(b2 —bs + 262) + 2aseq
+26263)) — 21)2(&2611 — b2162) + 02(a2b11 — CL3611)> -+ C% sin 9W(((a2b2 -+ a302)2(a261 + b% -+ b2€2 -+ 6263)

—(azbs + azca) (b3(azbs + azca) — byca(asby — asbs)) + (b3 + byc2)* (aady + badz + cads) + (—azbs + azbs)? (a2 fi
—bacy + b2f2 + Cgfg) -+ (b% —+ bgCQ)(fagbg —+ agbg)agcg)w —+ (bg -+ bgCQ)(lQall — (a2b2 + a302)(a2b11 + b2b21)+

(—agbs + azbz)(azc1; — bglcg))> + @r(((bg + bsca)((azba + agea)ea(ba + bg) — (b3 + bsca)azes — 2(—azbs+
azbz)(az fi — baca + bafo + 02f3)) sin” 6 + ((@262 +azc2) (b3 + bsez) (b2 + 2e2)c2 + 2(—azbs + azba)ba f1)
+(b3 + bzca)(—azbs + asba)(2b2 f2 — c3) + 2(azbs + agca)?caer — (b3 + b302)2a202) cos? O)W + cos? 9<(a2b2
+asca)(baciy — brica) — (b3 + b362)62162> — (b3 + bsea) sin® O(azery — b2162)> —c (((azbz + a362)((a2 —dy)
(b3 + b3ca)? + (—azbs + asbs) (b3 + bscz)cz — (—azbs + a3b2)f1)) — (agby 4 azcz)? (b3 + bsca)(e2 + by) — (b3+

w  bgea)((b3 + bgca)?dy + (—azbs + a3b2)2f2) — (azba + 6302)361)W + (agby + agez)?biy — (azbs + a302)((1111 — ba1)

(b% + b302) + (—a2b3 + a3b2)011)) cos W + ((a2b2 + a382)(b§f1 + c%el) + (b% + b362)(b%f2 + C%eg)) cos® 9’/“2),

= F1(977’W),

3

W = 702(—b2 — b302)3/2 (\/ 71)% — bgCQ (62 sin 07"(2(7&2[)3 + agbg)Wfl + 611) +2 cos f sin 0T2b2f1) + ¢2 CoSs Or
2 2

(2W((a2b2 + a302)02€1 + (—a2b3 + (lgbg)bgfﬂ + bacy1 — bllcg) + C%W(W((agbz + CL3C2)2€1 + (b% + 5302)2d1+
(7&21)3 —+ a3b2)2f1) — (a2b2 + agcg)bn + (b% —+ bgcg)an —+ (70,21)3 —+ a3b2)611> —+ 7”2<COS2 G(bgfl —+ C%el —+ (bg
+bsca) f1) — (03 + b3¢2)f1)) = F5(0,7W).
We compute the integrals (4) and we obtain
T(T3W+N3) 7D3W2 —R3T2 +03W
262( — b% — b3C2) 265( — b% — b362)3/2
The system f1(r, W) = fa(r, W) = 0 has a unique solution (r*, W*) with r* > 0, namely

1 [D3N2—C3NsTy  Ns
* VV* — o _ o
(T ) ) z—v3 \/ R

fl(ra W) =

3/2° fQ(raW):

3 T3 )
if T3 > 0, R3 # 0 and R3(D3N3 — C3N3T3) > 0. The Jacobian (5) at (r*, W*) is —Nj (CgT3 — D3N3)/(2c§ (b% +
bgCQ)ng), where
C3 = —2c5((azbs + azca)brr — (b3 + byez)ars — (—agbs + asbs)c11), Ry = —b3f1 — cer + (b3 + bsea) f1,
N3 = (agbs + ascz)(baciy — brica) — (b3 + bsca)azcrr, D3 = 2¢3 ((azb2 + agca)?er + (bS + b302)2d1 + (—agbs + a352)2f1),
15 = (2(a2b2 + a382)262€1 + (az2bs + 0362)((55 + bzca)ca(2ba + b3 + 2e3) + 2(—agbs + 0352)b2f1) — (b% + b362)202(a2

+a3) - (b% + b3€2>(—a2b3 + agbz)(2a2f1 - 02(2b2 —Cy — 2f3)))
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If this Jacobian is non-zero then by Theorem 3 for € > 0 sufficiently small system (17) has a periodic solution
(z(t,e),y(t,e), 2(t,e)) which tends to the equilibrium (1,1,1) when ¢ — 0. Therefore it is a periodic orbit starting
at the zero-Hopf equilibrium point located at (1,1,1) when € = 0. This completes the proof of statement (iii) of
Theorem 2.

Example 3. Consider the Lotka-Volterra system

(19) ¢ = x((z—l)Q—%(x—l)Q), y=ylz—2-y+22+(z—1)*+(y—1)°+(2—1)?), 2 = z(z—y+(z—1)>+(2—1)*).
This system in the new variables (X,Y, Z) writes

X =(X+ 1)(%
The corresponding system (18) is

Z571—16X2+Zz), Y=Y +)(X*+Y?*+2°+X -Y +22), Z=(Z+1)(X*+2°-Y + 2Z).

Fi(0,r,W) = —é cosfsin Or(18W + 1) + (11114(2791/[/2 + 14472 + 16W)> sinf — ﬁlzl cos §(567W?2 + 72r?
+16W) + 2rW(cos? 6 4 1) — cos® Or? + ET
F(0,r, W) = 1 cos 0 sin Or? + i7“(18W +1)(—sinf + cos ) — —WQ 1 2 - 1W
2 18 16 4 9
To look for the limit cycles we must solve the system
fl(r,W):fr(12W+%) — 0, folr, W)= W2 i 2—$W:0.

4
This system has the solutions (r, W) given by
(0,0), (0,—16/135), (1/12,—1/54), (—1/12,—1/54).

Since r must be positive the unique admissible solution is (1/12, —1/54). The determinant of the Jacobian matrix
of (f1, f2) at this solution 1/96. Hence system (17) has exactly one limit cycle bifurcating from the origin. We plot
this bifurcated limit cycle for e = 1072 in the next figure.

-0.00002
—nooone ¥

00000185
00000185

0.000018525

The eigenvalues of the Jacobian matrix of (fi, f2) at (1/12,—1/54) are (—11 £ +/7434)/288. So this limit cycle
for the differential system (19) is stable. This completes the proof of Example 3.

Now we perturb the Lotka-Volterra system (1) with the parameters given in statement (iv) of Proposition 1
satisfying the conditions of Theorem 2(iv). We translate the equilibrium point (1, 1,1) to the origin of coordinates
and system (1) becomes

=(X+1) ( —2Xc31 +Yb11)E+X2d1+Y261+ZQf1—X63—|—ch>,
(20) (Y +1) <X2d2 + Y2y + Yeboy + Z2f5 + Xag + Zcz),
Z=(Z+1) ((Yb31 + Zes)e + X2ds + Y2es + Z2f3 + Xag + ch).

We write the linear part of system (20) with € = 0 at the equilibrium point (0,0, 0) in its real Jordan normal form

0 —v/—azcr — & 0
V—azer — 3 0 0

0 0 0
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For this we do the change of variables

C3 0 1
u c1\/—ascy — 3 \/—aser — 3 X
v | = 1 0 0 Y |,
w C1 A
a2C3 — a3C2 asci + c?,, —QagC] — C2C3

and by following the same steps as the case of Theorem 2(i) we get the system

(21)

T =

3

3/2
( 2)7/2 (( —ascr — C%) / (((QBCI + C%)(aZbllcl + 2b116263 — b316162 — 36163031) + QW(Q261€1—
C1| —ascCy —C3

cicoe3 + 2020361)) cos O sin Or + (c1(az(cres — czer)(ager + 2cacs) + ag(cics + 1 fs — eafi)(aser + 2¢3)+

5/2
c3(cdes + ¢ + 3 f3)) — chcier — ¢ f1) cos® Or?) — (— aszer — ¢3) / (3c3czer + 3c3 f1 + e1(2azcer + (c—
cies + 2c3fi)as — (c1ds — ¢ — cady)ey — ces — 3 — c%fg))TZ cosfsin® 6 — (—c1(az(azer(aser + 2¢3)(agcrer
—2c1c9e3 + degezer) — azer(azer (ascd — azer fi — c3es + 5eic3 + 2c1eafz — 663 f1) — ciez(5ercd — 2c3es — 9¢3
—6c3f3) — 3cacier — 12caf1) + c1c3(5ercd — dckes — Te3 — 6¢3 f3) + 6c3cier + 1065 f1) + c3(ci(ader — 2aacaes
+¢3) + 2¢3(2azc2e1 — c3ez — 3 — 3 f3))) — 6e1c3c — 3¢S f1) cos? Osin Or? + (—age; — c3) (T‘((ZW(CLQC%Bg—
asciczel — agcicae; + creaczes — 2cacier) — (azeyr + c3)(agbiicics — agbzicd + agbiicico — 3azcicesy + 2b11cacs
—bgic1cac3 — 3ercdesr)) cos? 0 4+ 2Wezer (azer + ¢3) + (ager + ¢3)2(brica — 2c1c31)) + sin OW (b1 (azcr + ¢3)

—H/Vel)) + ( —azci — c?,))s(c%dl + cdey + A fi)r? sin® 0 + /—ase; — c2((—=bries + baicr)(ager + c3) + Wieres

—csep)) cos OW) = F(0,r, W),

e

572 (W(a301 + c3) (az(b11cs — bzrcr) — ag(brica — barcr) + barcd — bgicacs) — W2 (az(crez—

(—ase, — c3)
cse1) — as(crea — caeq) + cacses — c%eg) — ( —azc, — 03)3/2 sin 6 cos 972 (203(03(6%(&261 — cae3) + cs(cs
(agfi + c2(c2 — 3 — f3) 4+ c3fa) — ca(asfi — cae2))) — ascier) + c1(cs(2c2(a3er — 2azcoe3 — a3 f1 + ascaer)
+e3(2az(asfi + cacs + caea — 3 — c3f3) — az(3cacs + 2¢af3 — desfz))) — asc3(2a2e1 — 3c3) + c1(azcr (az(ag
—ag + c3) — azez) — az(az(2cae3 — 2) — az(2cacs + 2c2e0 — 3¢3 — 2c3f3) — 3) + az((c3 — cacs + 2c3fa)as
—@c%)))) — ( —ascy — c%) (7“2((@3c‘11(a2d3 — azdy) + c3(a3(azes — azez) — a3(asfa — cady) + aszcz(cadz—
2c3ds) — az(a3(2c2 — 23 — f3) + cs(azdr — c3ds))) — cF(—ajeafi + az(c3(2c3 + ea) — cacs(2e3 + f3) + 3
(aaf1 +4csfa)) — as(az(cles — 2cac3(2¢3 + €2) + c3(4es + 3f3)) + ca(ader + c3d1)) + cz(ader — a%(3coez—
czea) + c3(agdy — cads + c3da))) — c1(—a3ca(cier + 32 f1) — azes(ercias — 3c3 fras + escy — 53 fo — cacs
(ca(des + 3ea) — 4ck — 3e3 f3)) — 2aaci(2c3es + 3 + f3c3 — cacs(cs + €2)) + 2a3cacker) — 2¢3(cacs(ca(azes
+c2 + c3ea) — azeafi — cies — 3 — f3c3) — azcier + 3 fras + Célfg)) cos? 0 + (aszcr + c2)(azazcica + cifa
363 — cac3 — caci f3 — escies + eaccl + ¢} frag — dsagc] + ic3dy — agercl + ascidy — asc3er — aszascics
—frazcac3 + faazcicd — ascieady + azcicies — azcicacl + erc3ascs + agciesd; — c3cacsds — azescics—

az f3c163 + ascicacl + azcreacd)) +sin0r(W(ci((azer — 2coe3 + c3)as + asca(cs + 2e2)) +e 2(c3(2aze1—

20263 + C% + 26362) — 20,30261)) + (a361 + cg)(ag(bnchg — b310102 — 36163031) — agcg(bncg — (bgl + 2631)
Cl) + 0263(63(1721 — C31) — bglcg)))) — 4/ —Q3C1 — c%((c%(Qa%eg — 2@2&362 — CL%CQ) — 201 (a2(63(a261 — 20283
+c3e) — azcaer) + azcacz(cs + e2)) — cacs(cz(2ager — 2cae3 + 3 + 2c3e2) — 2a30261))W — (Cl361 + cg)

(azer + cacs) (az(brics — bsicr) — as(biica — barcr 4 c1es1) + c3(bar — c31) — baicacs)) cos 97’) = [(0,r, W),
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Then

(T4W— N4)7"
)5/27

o 2D4W2 - R47‘2 - 204W
- )3/2

filr, W) = Ja(r, W)

2(fa3clfc§ 2(—@3017%

The system f1(r, W) = fa(r, W) = 0 has a unique solution (r*, W*) with »* > 0, namely

*W* — e
(/r’ ) T4

1 [2D4N} —20,N4Ty Ny
R, T, |

if Ty >0, Ry # 0 and R4(2D4NZ —2C4N,T;) > 0. The Jacobian (5) at (r*, W*) is —N, (C’4T4 —D4N4)/(T4 (a301 +

c§)4), where

_ 2 2
Ny= (ascr + c3) (azbiics — agbsicr — asbiics + ascicsy — bsicacs + c3ear),
T, = 2(ascies — agcger + azeaey + caczes),

2
D, — a2C1€3 — A9C3€1 — A3C 1€y + A3C2€1 + C2C3€63 — C3€2
4 — )
aszcy + cg

_ 2
Cs = agbiicg — agbsici — azbiico + asbaici + baicg — bsicacs,

_ 3 2 2 2 2 2
Ri= ¢ (a301(02f1 —c1f2) — a3 ((azes f1 — c3ea — cacafs + 2¢3 fa — 2a2 f3c1)er + 3 (azfs — crda + cady) + c2(cBer

—c%fl)) —as (c%(a%eg — ageady + cacads — 2¢3d) — c1(a3caer — aa(cles + 2cacges — 3 f3) — cac3dy) + as
(Czi’d:s - 3030361 + C§f1) + 03(0‘;’(33 - 036362 - 020§f3 + Cgfz)) + a% (G2C%€3 - 2020561) —Ci1C3 (a§€1 - 361%0263

+a30362 — agc§d1 + CQC%dg — C%dg) — agc§ (C%dg — 20363 + 2620362)).

By applying Theorem 3 as in the case (i) for e > 0 sufficiently small system (20) has one periodic solution
(xz(t,e),y(t,e), z(t,e)) which tends to the equilibrium (1,1,1) when ¢ — 0. Hence it is a periodic solution starting
at the zero-Hopf equilibrium point (1,1,1) when £ = 0. This completes the proof of statement (iv) of Theorem 2.

Example 4. Consider the Lotka-Volterra system
(22) e =a(—z+2z+@y—1)°+(2-1)7), g=y(I—2+(2-1)°+(y—1)?), 2 =2z(-2z+1+2+(2—1)*+(2—1)).
This system in the variables (X,Y, Z) writes

X=(X+1)(GVe+Y?+22 =X +2), V= (Y+1) (X +Y2 = 2), 2= (Z+1)(X*+ 22— 2X + 2).
The corresponding system associated to system (21) satifies

1 1
Fi(0,r,W) = 2r*(4cos6? +1)sin6 + §r(18W —1)(sinf — cos 9)2 + §W(9W —1)(sinf — cos ),
2 2 : 2 _ 2 2 : 2 2

F(0,r,W) = §W — 3W? + 2sin6 cos Or? — r*( — dcos6? + 6) — sm9r<7W - §) - ( —5W + §) cos Or.

To look for the limit cycles we must solve the system
1 2 y 2
Filr, W) = 5(4W - §)r, far, W) = =3W? —4r? 4 SW,

This system has the solutions
The unique admissible root is (1/36,1/18). The determinant of the Jacobian matrix (f1, f2) is 1/81. Hence system

(22) has exactly one limit cycle bifurcating from the origin. We plot this limit cycle for € = 1073 in the following
figure.
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The eigenvalues of the Jacobian matrix of fi, f2) at (1/36,1/18) are () — 1 ++/34)/18. So this limit cycle is
stable. This completes the proof of Example 4.

Now we perturb the Lotka-Volterra system (1) with the parameters given in statement (v) of Proposition 1
satisfying the conditions of Theorem 2(v). We translate the equilibrium point (1,1, 1) to the origin of coordinates,
then system (1) becomes

X=(X+1) (( —2Xc31 + Ybi)e + X2dy + Y21 + Z2f1 — Xes + ch),
. — X X
(23) Y = (Y + 1) ((CQCi + b21Y)€ — €263 + CQZ + d2X2 + 62Y2 + ng2>7
1
VA

. c1
=(Z+1)(X?%d3 + Y?e3+ Z>f3 + c31Ze + Xag + Ybs + Zcs).

As usual we write the linear part of system (23) with e = 0 at (0,0,0) in its real Jordan normal form

0 —\/—agcl — b302 — C% 0
\/—agcl - b3€2 - Cg 0 0
0 0 0
For this we do the change of variables
ascy + c% 1 0
u c1 (a301 + byca + C%)bg ascy + bsca + 3 X x
C3
v = 0 - Y )
w c1y/—azcr — byca — 2 bs X bs\/—azcr — byca — 3 7
_ C2 . > 0
c1 (a3(31 + bzco + 63) azcy + bzes + c3
and by following the same steps as the case (i) we obtain the system
(24)
. e .
W = 3/2 (\/—agcl — bgCQ — Cg(Sll’l 9W’I"b3 (2b3€203f1 — 0103(2b3f2 — 6203) + 6%02(03 + bg))
Cl( — ascy — b302 — 62)

— cos 0sin 0r?b3 (ca(c? + 2c3f1) — c1(c3 + 2c3f2))) — (c?(a?)eg + b3dy) — c1c3(2azcaer — b3 fa — c3es) — 3
(a3coe; — 2ascies + bicady) — cacl (b3 f1 + e ) ( azcy + c3)(=biica + baycr) — b30162631)W —r b%(((clfg—
cafi)(aszcr + bsca) + c1(ciea + 263 f2) — ca(c3er + 263 f1) + 3 (cada — czdl)) cos 02 — (c1fa —c 2f1)(ascy + bzea + c%))
— cos 9Tb3((202(01€2 — cgeq)(azcer + ¢3) — 2b3 (C%(Cldg — cady) + 3(cr1fa — CQfl)))W — ca(br1eg — barcg — 01031)))

= Fy(0,r, W),
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7= : TP (( —agcy — bzeg — Cg)S/Q( — (W (ager (bs(ed — crea — cres + 2¢3.f1) + 2c2(crez—
Cl( — ascy — b302 — 63)

0361)) — bscy (Cg(b362 —2b3fy — 2¢1dy) — c3(c1 —ca —c3 — 2f3) + QC%dg) + 2c3(2bscs f1 + crcaeg — 620361))
—cg(by1ca — 301031))T cosOsin @ + (azci(c? — cics + 2¢3f1) + bycr(c3 — cacs + 2¢3f2) — ci(c3es + 3 + 3 f3)
+e3(es +d1)cd — dzcd + csc3er + 3c3 f1)r? cos? Osin Obs + (cicz + c1fs — ez fi)(aser + bsca + ¢3)r? sin® 963)
—(—agey — bgca — c3) (r(((agcl + c3)(2cae1 (azer + ¢3) — by(c3eg + 2¢3dy — 2cicae0 — c1¢3 — 2¢1c3f3 + 4¢3 f1))
71)%(26?612 —+ C%CQCg + 2620%]01 — 6103(0263 + 262f3 — QCgfg)))W —+ bgClcg(bgl — 2631) —+ (b11c2 — 301031)(a301+
c3))cos? 0 +r((c2 — cics — 2¢1 f3 + 23 f1)(bsez(ager + 2) + b3cacs)W + crczi(aser + bsca + ¢3)) + (cos OW
(((ascr + c3) (b3(cdy + B f1) + bacrea(aser + 3) + ex(azer + ¢3)?) + c1b3(cida + 3 f2))W + (ascr + ¢3)(bscr
(b21 + 2031) + bll(U,gCl + C%)) + b§0162031))/(b3) + b3 cos® GTQ((C%dl + 0561 + c%fl)(agcl + Cg) + bscy (C%d2+

2 .
C%eg + C%fg))) + ( —asgc; — bses — C%) (b301 (CQ — fg) + ascy (01 - fl) + 20103(63 + f3) — 0%03 - 30§f1)7~2 sin2 6

cos Obs + (\/—agcl — b3cy — 3 sin GW(((C‘I’dg —c2ezdy + 13 f3 — e f1)(B3ca + b3(ascy + c3)) + bycaadc?
(6163 — 26361) + (6163 — 6361)((a301 + C§)3 + b362(4a36163 =+ C%)))W — bllcg(a361 =+ C§)2 — b363(3(}1631(a361

+b362 + C%) + b1102(2a301 + Cg))))/(bg)) = F1 (9, T, VV)7
For this differential system we compute the integrals (4) and we obtain

r(TsW + Ns) DsW? — Rsr? + CsW

2c1(— ager — byea — 05)3/2.

f1(7”, W) = -
201( — ascCy — b302 — C%

The system f1(r, W) = fo(r, W) = 0 has a unique solution (r*, W*) with r* > 0, namely

1 |[DsN2 —Cs5NsTs  Ns
(T*a W*) = o 5 y 9
Ts Ry Ts

RE Fa(r, W) = -

if Ty > 0, R 7& 0 and R5(D5N§ — C5N5T5) > 0. The Jacobian (5) at (T*7W*) is Ny (C5T5 — D5N5)/(2 T5 (a301 +
bsco + c%)gc%), where

Ds = (2b3(c}(crde — cady) 4 G3(crfa — caf1)) + (crez — caer) (2ascr (aser 4 2¢3) + 2¢3)),
N5 = (agcr + c3)(biica — cies1) + bsbacica,

Rs = 55(6201(53& - 0262) + a361(C1f2 - C2fl) - C%(CldQ - 62d1) - C%(b3f1 - 0281)),

T = <b361 (0163 - C?)) — 2c3f3 —2c1dy + 20262) (a301 + C%) + 2coeq (Cbgcl + 03)2 — bg (26%0’2 — C3C2 (C% + 203f1)

+ezer(cacs + 2¢2 f3 + 263f2)))7 Cs = (2(asc1 + 3) (barcr — brica) — 2bzercacs),

Finally from Theorem 3 for € > 0 sufficiently small system (23) has a periodic solution (z(¢,¢), y(¢,€), 2(¢,€)) which
tends to the equilibrium (1,1,1) when € — 0. So it is a periodic solution starting at the zero-Hopf equilibrium point
(1,1,1) when € = 0. This completes the proof of statement (v) of Theorem 2.

Example 5. Consider the Lotka-Volterra system

25) d=a(—z—14+2:+4(@—1)2+(@y—1)2+2(z—1)%), §=y(—22—2+42), 2:2(—2x+%+%y+z).
This system in the variables (XY, Z) writes

X = (X+1)((Y=2X)e+ X24Y?422°— X +27), ¥V = (Y+1) (Y —2X)e—2X +42), Z = (Z+1) (Zg—2X+%Y+Z).

The corresponding system associated to system (24) is

1 1 1
Fi0,r,W) = —5(31W +2)7rcos@sin + 4r2 cos? §sin O — 57‘(93W +2)cos? 0 — ir(—BW —2) — cos W
63 33 ., 1, , 11
(— 2W+2)+ 5 cos 0°r —27" sin 0cos0+s1n0W(— 2W+8),

1
Fr(0,r,W) = —2sin0Wr+21W? - W — §7’2( — 80 cos?f — 8) — 30 cos OrW.
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To look for the limit cycles we must solve the system
fi(r, W) = —%r(S?W —2), fo(r,W)=21W?+6r" — W.
This system has the solutions
(0,0), (0,1/21), (V15/87,2/87), (—+/15/87,2/87).

The unique admissible root is (v/15/87,2/87). The determinant of the Jacobian matrix (fi, f2) is 15/29. Hence
system (25) has exactly one limit cycle bifurcating from the origin. We plot this limit cycle for ¢ = 1072 in the
following figure.
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The eigenvalues of the Jacobian matrix of (f1, f2) at (v/15/87,2/87) are (—1 4 1/17394)/58. So this limit cycle
is stable. This completes the proof of Example 5.

Now we perturb the Lotka-Volterra system (1) with the parameters given in statement (vi) of Proposition 1
satisfying the conditions of Theorem 2(vi). We translate the equilibrium point (1,1, 1) to the origin of coordinates
and system (1) becomes

X = (X + 1)((72()21 — 2631)X€ + (71)2 — Cg)X + b1Y + ch + d1X2 + 61Y2 + lez),
Y =

bo1Y + b Z bac1 Z
(V1) (2L X by + 29 L X2 eV 4 22,
(26) by by
. %WycaY biesY
Z=(Z+1) (( 1231 + C312) et asX + 12‘3 +e3Z +ds X2+ esY? 4 f322> .
1 1

We write the linear part of system (26) with ¢ = 0 at the equilibrium point (0,0, 0) in its real Jordan normal form

0 —vA; O
VA 0 0o |,
0 0 0
where A; = —agb; — azc; — b3 — 2bacz — c3. For this we do the change of variables
1 0 0

[ bo + c3 B by B Cc1 X
v = vV A1 iV A1 AV Al Y )
w agblcg — a3b261 bl(agCl + bQCg + C%) _a2b1 + b% + bgCg A

Ay Ay Ay
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and by following the same steps as the case (i) we get the system

(27)

7;‘:

€ :
_ 57 (01 sin 6 cos Or (b3 (c1(2as(azfi — csf2) — azes(ba + s + 2f3))
b%cl ( a2b1 — ascy — b2 — 2b263 — C= )

+asc?(az — az) + 2c3(by + c3)(2a2 f1 — bafa — 03f2)) —bic? (2a261 (a301 + c%) + 2a9b2(3bae; — c1es + 4eseq)
—ba (b + 3 + 2€2) ((b2 + c3)* + azer)) — b3 ( — agc? (b2(2b2 + 3cs + 2e2) + 3) — asey (bacics(8f1 — 3)

—(a301 + b%)(cl —2f1) —2c3(c1 — 3f1) + c1(age; — 203f3)) +b3cs(cr — 4f1) + bies(3eies + 2¢1 f3 — 12¢3 /1)
+baci(3cics + 4er fz — 12¢3f1) + cic3(cs + 2f3) + 2a3c2e; — dchfi) — 2fabiczas — 2bac? (2bser — cres + 2czeq)
(azcy + b3 + 2bacz + 63))W — b2c1(3bgbay + 4bacsy + 3barcs + 3csesy ) (agby + azey + b3 + 2bacs + cg))—f—

\/—agbl —agc; — b3 — 2bacg — cg(cosﬂsin2 Or? (b‘;’ (c%(agcl + 2bo fo + 2¢3f2) + az(az — by — c3)c2 + 2ascy
Cgfg) — b2 (a;;cl (bgcf — 2bycics + dbocsfi + ez — 3clc§ —2c1c3f3 + 4c§f1) — by(2aacies + 2axc3ey — 3cfc§
+deiel + 2c1¢3 f3 — 63 f1) — b3(3agc? — 3c3es + 2c1¢3 — 33 f1) + 2 (a3er + a3 f1 + b3 + c3) — c3(2c1e3 + 21 f3
—3c3f1) — a3c}) — bibaci(ba(4azer — agcr — 23 — 2czea) — 2b3(ba + 2¢3 + e2) — 2az(cre3 — 2czer)) — b3cd

(ba + ¢3)(3baer — 2c1e3 + 30361)) + ¢y sin? Or((b3 (azcrcs + 2ascey fo + 2bocs fo + 2¢2 f2) + bic3 (b2(2aze1 — agzey
—c§ — 2cgen) — b3 (ba + 2c3 + 2e2) — 2az(c1e3 — cze1)) — bY(ci(azbz + 2azer — ages — 2a3f3) + c1 (b2 + c3)
(2a3f1 — bacg — c3 — 2c3f3) + 2c3f1(ba + €3)%) 4 2b2¢3 (b + c3)(baer — cres + czer))W + b3cy (azby + agey + b3
+2bgcz + c3)(ba1 + c31) + bicicar(azby + b3 + szg))) + sin 6 cos? Or? (blbzc% (b§(5a261 — azer — 3¢5 — 2czer)
—ba(agcies — Tageser + azeics + ageres + ¢3 + c3ea) — b3 (by + 3¢z + e2) + 2azer (azer + cg)) - b3 (C%(—(bg
+c3)2(2a2 — d2) 4 a3bs + (azcs — bady — cgdi)az) + 3(az(bacy — 3baf1 + c1 f3) + ascr fo + b3 f2) + 3 (aze
—3agf1 + 2bafo) — 3 (2a0a3 — aads — azda) + fach — 2a2a30103f1) + b%( — b3(c3(c3(3ag + az — 6¢3 — 3dy)
+ages) — c1e3(2azf1 — 3¢3 — cafs) — c3(2a3 — d3) — 9¢3 f1) + c3(ba(2a%er — 2 (az + 3az — 4cz — 3dy)) — b3
(2a2 — by — 4ez — dq) + czaz(2a3f1 — 263 — cafs) + 3 + cidy) — ba(az(azcd — 7 fi — ¢ (des + dv)) + 3ch

(e1 —3f1) + 2cics3(c3ds + 3 f3)) + c3ch(2as — d3) + a3ci(er — e3) + (b33 + 3)(3f1 — c1) + cic3(Bag fi — caf3)
—azci(crds — 03d1)) + agb} (a201 —cidy — Cng) + b3c3(3bger — cres + 3czer)(ager + b3 + 2bacs + 03)) +sin®0
r2 (b:f (c%(a%bg + a3es + asazes + a3 fa) + c3(ba + c3)(c1(azes + 2as f2) + ez fa(ba + 03))) — bybac3 (b + ¢3) (bg
(2aze1 — azcr — 3 — czeq) — bi(ba + 23 + €3) — 2aa(cres — 6361)) — b2 (c?(—a%eg — agazby — ajcs — dif3) + 3
(b2 + c3)(a3er + a3 fr — azea(by + 2¢3 4 2f3) — azba(20g + c3 + 2e2)) + cre3(ba + ¢3)*(2a3 f1 — c3(bz + ¢3 + f3))
+c3 f1(b2 + c3)3) — b3ci(ba + c3)%(baer — cres3 + czer)) + ci(—azby — ager — b3 — 2bacs — ¢3) (b3 (b1 fa — bafi
+e1fz —caf1) + 2 (biea — baey + cresz — czeq))W — bieiez))W sin @ — 2 cos? Or(Wb2es fi — Whactey — b2baicy
—bicicsr)er ( — asby — ager — b3 — 2bacy — c§)5/2 —cos OW?2(D3 f1 + eq)ci(—agby — azey — b3 — 2byes — ¢3)%/?
—cos® Or?(bic3dy + bic3 f1 + b201€1)( — aghy — azc; — b3 — 2bycz — c§)5/2 + sin 6 cos Oragbacs f1(7 cos 0

reiez — 8Wep — Tcosfres + 8WC%)Z)%) =F(0,r,W),

g

b (—azb b2 — 9 2)5/2 <\/—a2b1 — agey — b — 2byes — c5r? cosﬁsin9<b§’ (a%cl (0301
1(21 201 — a3C1 — by — 202€3 — C3

(b + b2) + azc? — bic3 + clcg) — as (a3(31 (c103 (2b2 4+ 3c3 + 2f3) + (by — ¢3)c? — 20%]‘1) —b3cies(er — 3c3)
+a3cd — c3(e1(2c1 — 5ez — 2f3) + 2¢3f1)(ba + ¢3) + cier (e — 303)) + 2¢3 f2 (a301 + bycs + cg)g) — b1c3b3
(2@2(61 (agcl — bycs — c%) + 2cie3(ba + 03)) — agzcp(by + ¢3)(2ba + 3¢z + 2e2) — 2b3¢3(3c3 + €3 + by) — 23
(c3(3ba + c3 + €2) + 2baea) — a3c}) — bibacr (c3(2a3es + a3(be + c1 + c3) — ag(az(3bg + 2c3 + 2e2) — (ba+
c3)?)) — cres((b2 + c3)(a2(3ba + 23 + 2e2) — az(2bs + 33 + 2f3)) + 2a3er — 2a3f1) + 2¢3(ba + c3) (b2 (ba+

2c3 + fg) + a3f1 + C% + Cgfg)) — ngc?(bg + 03)(a3€1 + boesg + 0363)) —C1 \/—agbl — asc| — b% — 2bgcs — C%
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2
((b? <a%b16163 — 2f2 (agcl =+ b263 =+ C%) =+ a2(2(01f3 — 03f1)(a361 =+ 6203 =+ C%) + clcg(agcl + 2[)3 + 3[)203+

c%))) — bicy (a2cf (2aze3 — agba — 2azes) — cic3(b3(az + as) + 2az(azer + czez) + ba(azcs + 2aze2 + ascs))
—bacs(ba + c3)3 — 2ba(azfi + bafz + 03f3)(a301 + bocs + c%)) - blcfbg( —a%c? — c3(ba + c3)® — 2ea(by + c3)
(a301 + bycs + C%) + 4dagcres(be + ¢3) + 2ag0eq (a301 — bycs — c%) —azcy (b + 2¢3)(by + 63)) —2b3¢3 (ba + c3)
(aze1 + baes + czez))W + c1b3 (b%(031(4a2b1 + agcy + 263 + 5bacs + 4c3) — ba (azer + bacs + 3c3)) — bacs
(b21(a2b1 + 3ascy + 3c§) — c31(bagby + aser + cg)) — agby (ba1 — ¢31)(aser + c%) — bo1 (a301 + c§)2 + 2a3b3cs
))TSIH9 — c3(— azb1 — agey — b3 — 2bzcs — 3) ((brciaz(cres — czer) + blas(ci fz — csf1) — bi(ager + bacs
+¢3) (b1 f2 + ciea) + bibaci(asfi + bafs + cafs) + baci(aser + baes + cses) )W — bicicsy (agby + b3 + bacs) )W
—cl( — agby — agep — b3 — 2bacs — 03) ((b3 (a2 (63(b2 + ez + 2f3)er + azcd — 2¢3f1) — 2¢3fa (a301 + bacs + 03))
+bicy (c1 (b2 + c3)(azes + agba) + bacs (ba(ba + 2¢3 + 2f3) + ¢ + 2c3f3 + 2a3 f1) + azasc}) — bibact( — 2en
(agcr + bacs + 3) + c1(2azes — as(ba + c3)) — 2azczer — c3(2bg + ¢3)) — b3c}(2c1e3(ba + ¢3) + 2azcier — by
bacs) )W —+ bicy (31 ((2b2 + c3) (azby + b3 + bacs) + 2azbics — 2azbacr) + ba1 (2a2b1c3 — ager (3bs + c3) — c3(bs
+C3)2)))T cos @ + r? (agb‘l1 (ag (0%63(2(13 —dy) + c163(2by + 2c3 + f3) + cids — 3 f1) — 3 fa(ba + c3) — c1ck(az fa
+erds) — cida(aser + bacs)) + bicibd (ba(az(3ci (azer + 3eses) — Acker) — ager(2azer + 1063 + Begen) — 83—
6cies) + b3 (az(beres — 2czer) — 2azer (des + e2) — 6¢3(2cs + €2)) — 203 (azer + c3(ba + 4es + e2)) + asci(azes
—2azc3 — agez) + cicz(az(asze; + deges) — azes(des + 3ez)) — 2¢3 (a261 + i+ 6362)) + b‘;’( —2c3(by + ¢3)2(azf1
+bafa + cafa) — ciez(a3(2ba + e2) (b + c3) — aa(az(4b3 + 8bacs + 2ba f3 + 4¢3 + 3cafz) — di(ba + ¢3)?) + d fo
(3by + 4cg) + ader + da(ba + ¢3)3) + 3 (as(2aes + a3 fs + azbady — azesdy + 2b3ds + 3bacsds + c3ds) — a3as
(202 + e2) + afes — ai fo — azda(bs + 2¢3)(ba + c3)) + azci(azds — azda) — c1¢3(aa((az fi — 8¢5 — 5z f3)ba — b3
(4bg + 10c3 + 3f3) + 3ascsfi — 265 f3) + faaz(4ba + 5c3)(ba + ¢3) — 2¢3)) + bibacy (c3(a3(aser + 4baes + 3czes)
—aga3(4b3 + 8bgcs + 3baes + 4ck + 2c3e2) + a3 (2c3 + f3)(ba + c3) + azdi(ba + c3)? + dz(ba +¢3)® + a3 f1) — a1
cs(a3er(3ba + 2¢3) — a3 f1(2ba + 3c3) + (ba + ¢3)(2b3(2a2 — a3) + 3azbz(2c3 + €2) + 2ascz(cs + e2) — az(2b2(3c3
+f3) +4c% + 3c3f3))) + 2c3(6agbdc? + b3 + 4b3cs + 4bacs + c3) — azci(2azaz — azdy — bads — c3ds) + 2¢2(ba+
cs)*(asfi +bafs + 03f3)) +b3c3(azer + baes + czez)(aszcy + 2b3 + 4bacg + 2¢3) — bicics (a2 (b1 (a%clfl - 2¢:§)
+12b3¢3) + 2¢3( — 6b3 + bics))) cos? 0 + 12(263cies (b + c3)?(—azas + 1) — bycib3(ba + c3) (az(e1(2ascy — by
c3 — c2) + 3crez(by + ¢3)) — b3cs(3es + e2 + ba) — bac3(3cs + 2e2) — azcer(ba + ¢3)(ba + 2¢3 + €2) — c3(c3 + e2)
—a3cl) — b3( — c2e3((ba + c3)(a3(bg + e2) — 2aza3 f3 + 3a3 f2) — 2(ba + c3)% + ader + agafi) — c1c3 (b + c3)
(a2(2a3f1 — 205 — 3bacs — 3 — fa(ba + c3)) + 3faaz(ba + ¢3)) + ¢} (ajes — ajfo — az(ba + e2)a3 + a3(cs + f3)az)
—c}(by + c3)?(azfi + bafo + c3f2)) — c1biba(cF(a3(azer + ez (by + c3)) — az(bz + c3)(2a2(ba + c3 + €2) — az(cs
+f3)) +adf1) — cres(ba + c3)((ba + c3)(aa(2ba + c3 + 2e2) — as(ba + 2¢3 + 2f3)) + 2a3e; — 2a3f1) + 2 (ba+
c3)?(asfi +bafs +c3fs) + c3(ba +c3)* — c?a2a3) bici (b + c3)%(ager + baes + czez) — a3bicics (a301 + ba
c3 + c%))) = Fy(0,r,W).
Computing the integrals (4) we obtain
r(TsW + Ng) DgW? — Rgr? + CsW

Qb%c:f( — a2b1 — ascy — b% — 2b203 — C%)

fl(T’W) =

>3/27 fQ(T,W): 5/2°

201b1 ( — a2b1 — ascCy — b2 — 2b203 — C3

The system f1(r, W) = fo(r, W) = 0 has a unique solution (r*, W*) with r* > 0, namely

(r, W¥) =

1 |DgN§ — CsNTs  Ng
T R P
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if Tg > 0, Rg 7£ 0 and R6(D6Ng —C6N6T6) > 0. The Jacobian (5) at (7’*, W*) is Ng (C6T6—D6N6)/(2 Tabzllcéll (CLle +
ager + b3 + 2bacs + c§)4), where

Dg = 2¢i(azb1 + ascy + b3 + 2bzcs + ¢3) (b3baca(asfi + bafs + csfs) 4 b} (azcr f3 — azes fi — fa(aser + bacs + ¢3))
+b1c3 (a261€3 — agcC3e1 — €3 (a301 + bacs + cg)) + bac? (a3€1 + boes + 0363)),

To = 2b3(ascr + bacs + c3) (bifz + c1f3) — 2ci(brez + cres) (agzby + b3 + bacs) + 2(b3 f1 + cler) (azbics — agbacy)
+bycy(bies — bgCl)(azbl + asey + b3 + 2byes + c%),

Re = ( — abi(az(cids — ciesdy + erc3fz — 3 f1) — (3da + 3 f2)(ascr + bacs + ¢3)) + bier (ader(cres — czer)—
ajciea(ager + bacs + ¢2) — azascs fi(azcy + 3baes + ¢3) — azerdy ((b2 — c3)(azer — bacg) — 3bac3 — cg) + asf3
(agcl(agcl + 2bges + c3) — b3c% — bgcg) — ascids (a301 + 2b3 + 3bacs + c%) — (a3c1 + bycs + c%) ((a381 + 2by
cs + c2)(asfa — c1dg) — b%cldg)) + bib3c3 (ag(a361(b2 +3c3) — ez(ager — b3 — 3bacs — 2¢2)) + agzes (agcl + boy
cs+3)) + 3biba(+ ader fi + ad(er(aser — bacs — 2¢3) + cre3(2bg + 3c3)) — azea(bs + 2¢3)(azer + bacs + ¢3)
+a3(fs(ba + cz)er — cidy + 3 f1(2b2 + ¢3)) — az(ba + c3)(cids + c1di(ba + c3) — c3f3(2b2 + ¢3)) — cads(bat
c3)®) — asbici(aser + boes + 0363)),

Ng = —b2barc1(azbr + azcy + b3 + 2bacs + ¢2) — biciczi(aszcer + bacs + ¢3),

Co = ( — 26%6‘%031((121)1 + b3 + b2c3) (aQb1 + agey + b2 + 2bycs + Cg))

Finally we apply Theorem 3 with e > 0 sufficiently small and system (26) has a periodic solution (z(t, ), y(t, €), 2(¢, €))
which tends to the equilibrium (1,1,1) when e — 0. Therefore it is a periodic solution starting at the zero-Hopf
equilibrium point (1,1,1) when £ = 0. This completes the proof of statement (vi) of Theorem 2.

Example 6. Consider the Lotka-Volterra system
(28)
i = z(y—2z+2+(2—1)°+(y—1)°+2(2—-1)?), § = y(y—22+2—(2—1)>+3(y—1)>+(2—1)?), 2 = 2(1-3z+y+z+(z—1)?).

This system in the new variables (X,Y, Z) writes

X= (X+1)(X?-4Xe+Y?2+222-2X +Y +Z),
Y= Y+1)((Y+2)e—2X+Y +2Z—X2+3Y2+2?),
Z= (Z+1)(2Y +2)e-3X+Y +Z+2Z?).

The corresponding system associated to system (27) is

Fi(0,r, W) = —sinfcosdr(—3W + 13) — 3cos O sin? 972 — sin? Or(4W — 2) +sin® 0r2 — (=W — 1)W sin 0
+2cos? Or(W — 2) + 3 cos W2 + 4 cos® Or?,
Fp (0,7, W)= —2r2cosfsinf — (3W — 1)rsin@ — W2 — (—6W + 6)r cos 6 + 2.

To look for the limit cycles we must solve the system
R W) = =L@ +2)r, o W) = T2 412
This system has the solutions /r, W) given by
(0,0), (-1,-1), (1,-1).

The unique admissible root is (1, —1). The determinant of the Jacobian matrix of (f1, f2) is 2. Hence system (28)
has exactly one limit cycle bifurcating from the origin. We plot this limit cycle for ¢ = 1072 in the next figure.
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000157
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The eigenvalues of the Jacobian matrix of (fi, f2) at (1,—1) are 1 £ . So this limit cycle is a repeller. This
completes the proof of Example 6.

Now we perturb the Lotka-Volterra system (1) with the parameters given in statement (vii) of Proposition 1

satisfying the conditions of Theorem 2(vii). We translate the equilibrium point (1,1, 1) to the origin of coordinates
and system (1) becomes

(29)
X = (X + 1)((—2b21 - 2631)X€ + (—bg - Cg)X + b1Y + ch + d1X2 + 61Y2 + f1Z2),
. b ba (b bo1 (b b A4 ba (b X bye1 Z
V= (v +1) Cbacsi ba(bar +c31) +b21(b2 + c3) X gy 4 2% 2(b2 + ¢c3) Ly 4 24
b1 bl bl bl bl
Fdo X2+ eaV? 4 f2Z2>,

Z=(Z+1)(X?d3 + Y%+ Z%f3 + Zecs1 + Xag + Ybs + Zcs).

As usual we write the linear part of system (29) with ¢ = 0 at the equilibrium point (0,0,0) in its real Jordan
normal form

0 — 0
by
VA
2 0 0 )
by
0 0 0

where Ay = —by (agbicy + bic3 + babscy). For this we do the change of variables

asc1 + bacs + ¢3 bicg — bzeq
A2 B A2 0 X
:j — _ b2 +c3 1 Cc1 v
w blb\/ A \/gTz bivAz 7]
2 1
- —— 0

Ag Ag
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and by following the same steps as the case (i) we get the system

(30)

7:‘:

€
c? (agbicr + b1l + babscy) \/—bl (asbicy + bic3 + babscr)
c1 (((a301 + bacs + cg)blcl((bl — ba)(b1b2 + bics — bgcr) + bi(bicg — 2baeg — bscs) + 2ba(bae — cres + czeq))
—(b1cs — bger)bier (b + c3) (bibg 4 bics — 2bydy — b3) + by (ases + 2byda + 2c1d3)) — (asby + babs + bscs)
by (2b1 ((aser + bacs + ¢3) f1 — (bics — bger) f2 — es(bifo — bafi + crcs + 1 fs — esf1)) — ¢3 ((az — ba — c3)by
+b3 4 babs) ) )W — 3bicicacst — barcr(2b1by + 4bicg — bger) + barby (ba + c3)cr) + b3 (asbicr + bic3 + babscr)
sin® Or2(byfa — bafi + cics + c1fz — c3f1) + by sin0r? cos? 0(b2(c3(az — d3) + 3c2 f1(ba + c3) + c1c3(2a3 f1
+2b3fa — 3 — cafs) — c3(cs(az — by — c3 — dy) — del)) — b3 (C%dg + 30§f2) — boc? (b1ba(cs + ) — ba(boer+

(\/—bl(agblcl +b1c3 + bgbgcl)( — sin@r cos 6

bscy — cres + czeq) + bibses)) — c3 sin@((bl ((a,301 + bacs + c§)2(51b2 + breg — baey + cres — czeq) + (bies
—bzc1)?(bida + ba(ba + 2¢3 — di) + c1ds + ¢ — cada) + (azby + babs + bsez)* (bif2 — bafi + cres + e fz — CSfl))
—(asc1 + baes + c3)bi((bres — bser)(be + ¢3) (b2 + b1) + (asby + babs + bscs)cr (b + b3)) — (brcs — bser)(ashi+
babs + bzcs)bici(az — by — 03))W2 + (b1 ((aser + bacs + ¢3)by + (ba + 2¢3) (bics — bsey) — (asby + babs + bscs)
¢1) + c31(2(bics — bser)es — (agby + babs + bscs)cr) — oy (bics — bser)(ba + ¢3))W)) + b3 (asbicy + bic3 + babs
c1) cos O sin? 012 (by f1(azcy + 3bacs + 3¢3) — C%((CL3 — by — c3)b1 + b3 + babs) — by (3b1cafo — c1(b3fa — 23—
2c3f3))) + ¢} cos9(< — (agey + bacz + c2)(brcs — bscr )by ((azer + bacs + c3)by(by — by — e2) — (byez — bzey)

((ba + c3 — d1)by — b2 — bacs) — (agby + babs + bacs)er (b — ba)) — b%((agc1 +bacs +3) 1 — (bies — bser)?
dz) — (asby + babs + bzcs)?b3 ((ascr + bacs + c3) f1 — (brcs — b3C1)f2)>W2 + ((bres — bgcr)bar ((2azcr + 2bacs
+3c3)b1 — bscics) + 2(bres — baer)esi(asbiey + bic3 + babser) — by (bics — bger)? (b + 03))W) + b3 ((brcs—
bscr) (b3cidy + bic3 fo + b3cies) — (aser + bacs + ¢3) (bicidy + bic3 f1 + bicier)) cos® Or? + blclr<(<(a301

+bocs + c%)zblcl(b% + 2bger) — (bicg — byer)?e1(203dy — b3 — b3cs) — (aszcr + bacg + ¢3)(bics — bzer)bicy

((b2 + c3 — 2dy)b1 + b3 + 2bses) — (asby + babs + bscs)((aszer + bacs + A)b3(c + 2¢3f1) — (bies — bger) (2b3es fo
+5201)))W — bare1(2(ager + bacs + )by + (bres — byer)es + agbicr + bicd 4 babser) — cres(2(aser + bacs
+c2)by — 2(byics — byer )by + agbiey + bic3 + babzer) + bay (bics — bzer ) (ba + c3)cr) cos? @ + by (azbicy + bycl
+babser)((azer +bacs + 3)er(ba + b3) + (bics — byer)ei(az — ba — ¢3) — 2(agby + babs + bsc) (b1 fo — ba fi+
c1c3 +c1fs — C3f1))Wsin2 0+ (a3b101 +bic3 + b2b301)01 (bo1 + 031))) =F(0,r, W),

€
2 (asbicy + bicd + babscy) \/—bl (agbicy + b1c3 + babscy
(b201 (a301 — bics + bacs + bser + cg) — 2(asby + babs + bscs)(by fo — bgfl)) + b2101) — cos 0 sin Or2b? (Zb%
c3fo + b3 — by (c% + 203f1)b1)) + b2c; cos Hr(((agcl + bacs + cg)bgcl (bl(bl — by — 2e9) + 2byer) — (bics
—bsc1)c1(2b1(brda — bady) 4 ba(be + ¢3) (b1 — bg)) (asby + babs + bscs) (2b%03f2 +b3c? — by (C% + 203f1)b1))

) (\/_bl (a3b101 + blcg + bgbgcl) (Clbl sin Or (Wb1

W — byses (2 + ¢5) + baa (ba + c3)er) + bic? (((a301 +bacs + c2) by (brba + brez — baer) + (bies — bser) by
(bydg + ba(by + c3 — dy)) — (agey + bacs + c2)(bicz — bscr)biba(by + ba + c3) — (asby + babz + bscs)bibacy (azc
—bics + bacs + bcy + 3) + (azby + babs + bsez) by (b fo — baf1))W?2 + bar ((ascr + bacs + c3)by + (bics — by
c1)ba — (agby + babs + bzcz)er — (bres — bsey)(by + 03))W) + 72b3 cos 9((:1 b3dy — b2el) b3c3 fo — biby (b1

(
(
C%d1 + blc§f1 — bQC%eg)) — b‘;’ ((lgblcl + blc§ + b2b301) (b1f2 — b2f1 sin 9) F2 9 T, W
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Now we compute the integrals (4) and we get

b (D7W2 + Ror? + C7W)

b%T(T7W + N7) f2 (r’ W) _

A W) == 2 3/27 2 2
261( — bl(agblcl -+ b163 + bgbgcl)) 261( — b1 (a3b101 + b163 + bgbgcl))

32

The system f1(r, W) = fo(r, W) = 0 has a unique solution (r*, W*) with r* > 0, namely

(r, W) =

1 \/C7N7T7—D7N72 N

T7 R T )

if Ty > 0, Ry 75 0 and R7(C7N7T7—D7N72) > 0. The Jacobian (5) at (T*, W*) is —b1 Ny (C7T7—D7N7)/(2 T7sz (a3b101+

3
bic3 + b2b301) ), where

T, = (a301 + bycs + c§)2blcl (b% + 2b2€1) — (b103 — b301)201 (Qb%dg — b3 — b%c;),) — (a361 + bycs + c%)bl ((b103 — b
61)61((52 +c3 — 2d1)by + b3 + 25262) + (asby + babs + bzcs)by (Cf + 203f1)) + (b1cs — bger)(asgby + babs + bs
cs3)(2b3cs fo + b3c3) + by (asbicr + bic3 + babscr) ((aser + bacs + ¢3) e (ba + bs) + (bies — baer)er(as — by — c3)
—2(asby + babs + bscs)(byfo — bafy + cics + 1 f3 — c3f1)),

D7 2b1b26%((a361 + bQCg + C%)(blcg — bgcl)(bl + b2 + 03) + (a3b1 + beg + b303)01 ((LgCl — b103 + b203 + bgCl + C%))

_2b10f ((agcl + bocsg + C%)Q(blbg + breg — b2€1) + (b163 — b361)2(b1d2 + b% + bocg — b2d1) + (agbl + bobs + b3

03)2(b1f2 - b2f1>),
N; = bglcl( — by (agcl + 2bocs + 20%) + bobscq + bgclcg) — C1C31 (agblcl + blc?)) + bgbgcl) + (b1b263 + blcg — babscy

—bscics)barcy,
Ry = b1(biba(bicidy + bic3 fi — bacien) — b (clda + c3 fa) + bicter + biagbicy + bic + babzer) (bifa — baf1)),
07 = 721)216% (2b1b203 + blcg - 2b2b361 - bgclcg — (b2 + 03)(b103 — bgcl)).

From Theorem 3 for € > 0 sufficiently small system (29) has a periodic solution (z(¢,¢), y(t,€), 2(¢,€)) which tends
to the equilibrium (1,1,1) when ¢ — 0. Therefore it is a periodic solution starting at the zero-Hopf equilibrium
(1,1,1) when € = 0. This completes the proof of statement (vii) of Theorem 2.

Example 7. Consider the Lotka-Volterra system
(31) d=z(-2+y+z+4@-1?), y=y(-24+y+z-3@—-1)"+8(y—1)), =2(3-2y—2).
This system in the variables (X,Y, Z) writes
X=(X+1)AX?+Y+2), Y=Y +1)((X+Y+2)e+Y +Z-3X?+8Y?), Z=(Z+1)(—Ze -2Y - Z).
The corresponding system associated to system (34) is
Fi(0,r, W) = sinfrcosf(6W — 3) — sin® 0r2 + Tsin 6r? cos? 0 + sin §(—3W?2 + W) — cos 0 sin” Or>
—cosO(—3W2 4+ W) — 5cos3 0r? — r(6W — 1) cos? 0,
Fp(0,r, W)= —sinfr(—=W + 1) — cos Or(14W — 1) + TW? — W — 72 cos? 0.

To look for the limit cycles we must solve the system
(32) fi(r, W) = f%r(GW 1), fo(r,W)=TW? - %rz - W
This system has the solutions

(0,0), (0,1/7), (v/2/6,1/6), (—V/2/6,1/6).

The unique admissible root is (v/2/6,1/6).The determinant of the Jacobian matrix of (fi, f2) at (v/2/6,1/6) is
—1/6. So system (31) has exactly one limit cycle bifurcating from the origin. We plot this limit cycle for ¢ = 1073
in the next figure.
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The eigenvalues of the Jacobian matrix of (f1, f2) at (v/2/6,1/6) are 4+ 4++/22)/6. So this limit cycle is unstable
as the one of case (i). This completes the proof of Example 7.

Now we perturb the Lotka-Volterra system (1) with the parameters given in statement (viii) of Proposition 1

satisfying the conditions of Theorem 2(viii). We translate the equilibrium point (1,1, 1) to the origin of coordinates
and system (1) becomes

(33)
X = (X + 1)( - 2031X€ + (—b2 - Cg)X + b1Y + ch + d1X2 + €1Y2 + le2),
Y = (Y +1)(X2do + Y2er + Z%fo + Xaz + Yo + Zca),

5 (Z+1) <<(02b1631 + (b2 + c3)bacs1 + c31(bacs — bzea) X)
bica — bacy

(ag(blcg — bgcl) —+ (b2 —+ Cg)(bgCg — bgcg))X
bica — bacy

+ 0312> €+

+b3Y +c3Z +dsX?+esY? + f3Z2).

We write the linear part of system (33) with € = 0 at the equilibrium point (0,0, 0) in its real Jordan normal form

(6162 — sz1)A

0 — 0
bica — bacy
(bica —bacy)A 0 N
b102 — bQCl
0 0

Where A = —(—bgcl —+ blb%CQ + bg(—ngClcQ —+ b10263) —+ Cg(blbgcg — b30103 =+ blcg) + ag(b%CQ — bgC% + b101 (03 — bg)))
For this we do the change of variables

FL FM E
EA EA A x
o | 2| _EKvFA FVFA v
w EA EA A

¢ H F

A A A

where
A = agblclcg, — agbgc% + b1b3C% + blcgc§ + b%clc;j — 2b2b30162 — b3010203, E = CLQC% — blc% + 2b26102 + C1C2C3,

= agbicy + ascics + b%CQ + 2bococs + CQC%, M = asbici + bicacs + b%cl, K = ascy + bacs + coc3,

= ashy + b% + bacg, F = bico — bacy, G = bacg — bsca, H = bicz — bsey.
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By following the same steps as the first case (i) we get the system
(34)

P =

1
FAEVFA
—K3¢ — KPQfl)VV2 — QWFK031) — (cos 6((FE(F2d3 + K2%e3 — P(—Kbz + Pc3) — KPbs + P?(c3 + f3))
+F2(F(L(by + ¢5 — di) + Md) — K (Lby — Mas) + LPe;) — F(K2(Ley — Mby — Mes) + K MPey + PX(Lf,
—M[2)))W? — ¢31(EFG + 2F?L)W))) * F(2) + cos® §sin 0V F Ar? (F°dy + F1K (as + by + c3 — dy) + F>
(S + Feg(es +2f3))) — 2FK3e; — FK(L(bicy + 2cae1) — M (ager + (c3 + 2e2 + 2ba)ca)) — F(S((c1 — ca) K+
2Pfy) — P((c} 4 2c3f1)L — M (3 + 2¢3f2)))) + F*(E(2Fc1ds — Kbses + Pc3) + F(KP(cy — ¢2) — 2K%(by
—by —e3) — L(bica — ¢1(2ba + 3 — 2d1)) + M (azco + 2c1ds))) + 2F*(Fdy 4+ K(az + by + ¢3 — dy)) + 2FKP
SfI)W — Fesi (BE(Hey + Pey) + 2F2K + 2FLey))) — F * A x (cossin® 0r2(F2K (¢ (a2 + 2bs + ¢3 — 2d)
—ca(by — 2by — c3 — 2e2)) + F3(agca + 2c1d2) + E(F(c3ds + c3es + 3 fs) + Scz) — F(K2(b161 + 2c0e1) + L(c?
di +c3er + 3f1 + Fey) — M((bg + c3 + e2)c3 + agcrea + 3dy + 3 fa) — S(ck + 203f2)) — KS(c? + 203f1))7
(sin3 O/ F Ar? (F((b2 + 3+ €2)c3 + agcico + Ady + 3 fa) — K(c3dy + c3er + 3 f1 + Fcl)))) + F(r( —2A
FKcies1 + ((2F*(Eds + Mdy + L(by + ¢3 — d1)) + EF?(2K?e3 — P(—Kbs + Pc3) — KPbs) — F3(2K (Lb, —
Mas) — LPe;) — 2F2K?(Ley — M(by + €3)) — F2PKMPey + S( — PEF(cs + 2fs) — F2Ley + F(KMey + 2P
(Lfy — M £2))))W — Fegy (EF(P + G) + 2F2L — 2K Acy + ES)) cos?0 + FW(FK (K — F + ¢y (by + ¢5 — 2
dy) + ca(ba + 2e2)) — FP(c3 + 2c3f2) + F?(azcs + 2¢1da) — ((bier + 2c0e1) K — P(c3 + 2¢3.f1)) K) Asin 62)
—(cos® 0r? (F(KS(Ebs + Mcy) + F(K*(Ees — Ley + M(bs + €2)) — LScy) + ES(—Kbs + Pc3)) + F4(Eds

((sin OVFA((F3dy + F2K (ay + by + cs — dy) — F(K2(by — by — e3) — P((c1 — e2)K + Pf))

+Mdy + L(by + 5 — dy)) — FPK (Lby — May) + S*(Ees + Efs — Lfy + Mfg))))) = F1(0,r, W),

. 1
W = —m(sinﬁvFAr(W(FQ(QFcldg — Kbscs + Pc%) + F(GF(F —c1(by + 3 — 2d1)) — F(H(a262—|—

2¢1ds) — K(bscs + 20263)) — P(bng(GQCl + 2coc3) + bacics(ba — c3) + 2Fcs f3 — bs (azc% — b1c3 + c1ca(2by
+c3)))) + GF(K (bici + 2c2e1) — P(c3 + 2c3f1)) — HF (K (a2c1 + (2by + 3 + 2e2)c2) — P(3 + 2¢3.f2)) ) —
cs1(F(Hey + Pey) — 2Fe;G)) + F((Fds — F2(G(F(by + 3 — dy) — Kby + Pey) + H(Fdy + Kas) + P
(—Kb3 + Pc3) — K(Kez — Pb3) — P%(c3 + fg)) + F(G(K2el + P2f1) — HK?(by +e3) + HP(Kcy — Pfs)
))W?2 4+ WGF?cs1) 4+ r?((F*(KF(Gby — Haz + Kes) + S(—Kbs + Pc3)) + F(K?F(Gey — Hby — Hey)+
SF(Gey + Kbg) — HK Sco + S%(cs + f3)) — F*((b2 + c5 — d1)G + Hdy — Fd3) + S*(Gfy — H f2)) cos® 6
+FA(G(3dy + e + 3 f1 + Fei) — H(cldy + cdes + 3 fo + Kea) + F(clds + c3es + c3f3) + 3 (Fes + P
c1) — bses(—Fea + Key)) sin® 0) — (cos Or(2F°Wds — F3(2F (GW (by + 3 — di) + HWds) + PW (—Kbs
+Pcs) + cs1(P+ G)) + F?(W(FG(2Kby — Pcy) — 2FHKay 4+ 2K?(Fes + Gey — H(by + €3)) + KP(—Fb;
+Hep) + S(Gey — Ples +2f3))) + 31(2FG — S)) — SWE(2GPf, + H(Kcy — 2P f5)))) — (cos §sin v FA
r2(F?(2Fcyd3 + 2K caez + Pc2 + G(F — c1(bg + c3 — 2d1)) — H(agca + 2¢1ds)) + KF(G(bicy + 2coe1) — H
(ager + (2bg + ¢34+ 2e2)ca)) + S(2F03f3 — bz(azc? — bic3 + cica(2by + 63)) + c3(b1(ager + 2c2c3) + bacy (ba
—c3))) + S((6 +203/1)G — H(c +2¢312)))) ) = Fal,7, W),

Computing the integrals (4) we obtain

rF(TsW — Ng) (DsW?2 + Rgr?® + CsW)
) W = T = 7W = -
hnW) =— evrx o W) 9FAVEA

The system f1(r, W) = fo(r, W) = 0 has a unique solution (r*, W*) with r* > 0, namely

I 1 DgNZ — C3NgTy Ng
e P ai
( ) (T)s\/ Ry Ts)
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if Ty > 0, Rg # 0 and Rg(DgNZ — C3NgTg) > 0. The Jacobian (5) at (r*, W*) is —Ng (Cng +D8Ng)/(2 TRAFE),
where

Ts = 2F3(Eds+ (by+c3 —di) L+ Mdy) — F2(2K(Lb; — Mas) — LPc; + A(K — ascs — 2¢1ds)) + F(E(2K%e3
—P2%c3) — K?(2Ley — 2Mby — 2Mey — A) — K(MPcy — A((b2 + ¢3 — 2d1)cy + ca(ba + 2e2))) — PA(c3+
203f2) — LScl) — KA(K(b101 + 2¢9e1) — P(c% + 203f1)) — S(EP(c3+2f3) — KMcy —2P(Lf1 — M f3)),
FPK(Gby — Has + Kes) — F(HKScy — S*(cs + f3) = A(G(cldi + Ber + 3 f1) — H(cldz + Bez + 3 fot
Kcp) — cic3(Kbs — Pes))) + F2(K?(Gey — Hby — Heg) + (bscacs + ¢ + Gey + cids + c3es + 3 f3) A+ S
(Ger + Pes)) + Fods + S*(Gf1 — H f2) — F*((ba + ¢3 — d1)G + Hdy),
Ng = ¢31(EF(G+ P) 4+ 2F?L + 2K Acy + ES),
Dg = 2F%d3 —2F*((by + cs — d1)G + Hdy) + 2F*(K (Gby — Hay + Kes) — P(Ger — Pf3)) + 2F?(G(K?e1+

P2f) — HK*(by + e2) + HP(Kcy — Pfs)),  Cs = 2F%Geg;.

Rg

From Theorem 3 for € > 0 sufficiently small system (33) has a periodic solution (z(¢,¢), y(¢,€), 2(¢,€)) which tends
to the equilibrium (1,1,1) when &€ — 0. Therefore it is a periodic solution starting at the zero-Hopf equilibrium
(1,1,1) when € = 0. This completes the proof of statement (viii) of Theorem 2.

Example 8. Consider the Lotka-Volterra system
(35)
1 4
i =x(z—10+6y+3z2), y=y (—39& + 3 2+ z—2(z— 1)2) ,i=z(z—1-y+z—(2—-1)*=3(y—1)—(2—1)%).

This system in the variables (X,Y, Z) writes
X= (X+1)(-2Xe+ X +6Y +32),

: 1
Y= (Y+1) <—2Z2—3X—2Y+Z),

. 1 1
7= (Z—l—l)((—12X+Z)5—6X—Y+Z—X2—3Y2—Z2).

The corresponding system associated to system (34) is

913 464 824 49 4
Fi0,r,W) = e cos? O sin Or? + 5 sin 0 cos OrW + ?\/icos3 Or? + " sin 0 cos Or — §r2 sin 0

1 1 :
SR B eos? 0107 — 37 sin O — 2 V3 cos? br + 312vTcos 0112 4 34y Tcosbr? + V3

cos OW — 53—6\/§Wr — %\/ﬁr,

FO,r,W) = 6 sin 6+/2r(—10800TW — 180) — 269568W?2 — 1728W + 12 (—267624 cos?  — 11664 sin? 0)

1
561
— cos 0r(—537840W — 864) + 64800 sin 6 cos 9\/§r2) V2.

To look for the limit cycles we must solve the system

1 1
flr, W) = —2—16r(69120W +324)V2,  fo(r, W) = _T%< — 539136W2 — 279288r% — 3456W) V2.

This system has the solutions
(0,0), (0,—1/156), (V/18533/34480,—3/640), (—/18533/34480, —3/640)
The unique admissible solution is (1/18533/34480, —3/640). The determinant of the Jacobian matrix of (f1, f2) at

this solution is 129/40. Hence system (35) has exactly one limit cycle bifurcating from the equilibrium (1,1, 1). We
plot this limit cycle for e = 1072 in the next figure.
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-0.00002

0
=0.00002

0.0006

The eigenvalues of the Jacobian matrix of (f1, f2) at (v/18533/34480, —3/640) are —37v/2 & +/179021)/80. So

this limit cycle is stable. This complestes the proof of Example 8. O
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