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PERIODIC ORBITS OF THE
PLANAR ANISOTROPIC KEPLER PROBLEM

ELBAZ I. ABOUELMAGD!, JUAN LUIS GARCIA GUIRAO? AND JAUME LLIBRE3

ABSTRACT. In this paper we prove that at every energy level the anisotropic
problem with small anisotropy has two periodic orbits which bifurcate from
elliptic orbits of the Kepler problem with high eccentricity. Moreover we pro-
vide approximate analytic expressions for these periodic orbits. The tool for
proving this result is the averaging theory.

1. INTRODUCTION

The anisotropic Kepler problem is a modified model of the Kepler problem.
This model can be used to describe the motion of two-body in an anisotropic con-
figuration plane under a mutual gravitational attraction described by Newtonian’s
universal law of gravitation.

The anisotropic Kepler problem comes originally from quantum mechanics, in
this model the flat space is replaced with an anisotropic one, it was introduced
by Gutzwiller in [8, 9, 10, 11], and after studied by other authors see for instance
Devaney [3, 4, 5], and Casasayas and Llibre [2].

Gutzwiller in his researches wanted to find an approximation of the quantum
mechanical energy levels for a chaotic system. He chooses to study the anisotropic
Kepler problem because it is a chaotic system and it is considered one of the most
suitable models to study physical phenomena faced in semiconductors.

1.1. The planar anisotropic Kepler problem. The equations of motion of the
planar anisotropic problem in Hamiltonian formulation are

OH OH
1 I = = _ fori=1.2
( ) qz apz7 p?, aqz7 Orz ) )

with

1
H= H((J17CI27]917]92) = 5(19% +p%) +V(q17q2)7

where the potential is
1

VA+e)g+d

Here |e| > 0 denotes a small parameter and the prime denotes derivative with
respect to the time variable t.

Vg, q2) = —
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We change these equations of motion to the McGehee coordinates (r, 6, v, u),
more precisely we choose polar coordinates (r, 6) in the configuration space, together
with scaled versions (u, v) of the radial and angular components of velocity as follows

(q1,92) = r(cosb,sindh),
r~1/29 = (p1,p2) - (cos@,sinf),
r=Y2u = (p1,pa) - (—sinb, cosh),

for more details in these coordinates see [4, 5, 14]. So in the McGehee coordinates
the equations of motion (1) write

= r’l/zv,
0 = 1324,
1
(2) = 32 <u2 + 502 + V(9)> ,
1 dv(o)
’_ -3/2 ( _ = _ 2P\
u r ( 5 VU 7 ) )
where
V() = — !

\/(1 +€)cos? 6 +sin? 0
and, the energy level H = h becomes
1

(3) 5(1;2 +u?) +V(0) = rh.

The equations of motion (2) have a collision singularity at » = 0, which can be
removed with the following change in the independent variable
dt o 3/2
dr T

The equations of motion (2) in the new time 7 goes over to

= Trou,
0= u,
1
(4) O = u2+§,02_|_v(9),
o Ly O
U = 2vu 0

here the dot denotes derivative with respect to .

In short, we have that if £ = 0 the equations of motion (4) corresponds to the
planar Kepler problem. If |¢| > 0 and small, system (4) provides the equations of
motion of the planar anisotropic Kepler problem.

1.2. Our main result. In this paper we study analytically the periodic orbits
of the planar anisotropic Kepler problem in its energy levels using the averaging
theory.
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Theorem 1. In every energy level (3) the anisotropic Kepler problem (4) has two
periodic orbits bifurcating from two elliptic orbits of the Kepler problem with the
same eccentricity 0.95502193.. and with the arguments of the pericenter given by
0o = 0.90077616.. and 27 — 0y radians.

The values of the eccentricity and of the argument of the pericenter which appear
in the statement of Theorem 1 are zeros of explicit functions given in the proof of
this theorem in section 2

We note that the existence of periodic orbits for the spatial anisotropic Kepler
problem has been studied topologically by Devaney in [4] and Casasayas and Llibre
in [2]. As far as we know this is the unique article which studies the periodic
orbits of the anisotropic Kepler problem analytically. Gutzwiller [8] has studied
numerically some periodic solutions of the anisotropic Kepler problem.

Note that our definition of the anisotropic Kepler problem coincides with the one
of Gutzwiller, Devaney, Casasayas and Llibre. There are other different problems
also called anisotropic Kepler problem, as the ones studied by Diacu, Pérez-Chavela
and Santoprete [6], Escalona-Buendia and Pérez-Chavela [7], and Lépez, Martinez
and Vera [12]. These last authors also study analytically some periodic orbits of a
different anisotropic Kepler problem using Delaunay variables.

2. PROOF OF THEOREM 1

In what follows we shall study the periodic orbits of the anisotropic Kepler
problem in the energy levels H = h € R. So in every energy level H = h we
compute r = (6, v,u, h), and we get

u? + 0% -2 1+ cos 26 9
57 +e 0 + O(e%).

Then the equations of motion (4) in the energy level H = h taking as independent

variable the variable § become

dv  2u? 402 -2 cos 20
= + +

S Y O 2
(5) v d9 2u ¢ 2u (8 )7
U=—g=-—gvte ” €).
The unperturbed system when € = 0 is
. P42 -2 , 1
V= ——), U=—-v,
2u

which has the general solution

e sin(6 — 6y)
\/1 + e cos(f — 90)7 \/1 + e cos(f — 90)> .

This is the solution of the planar Kepler problem with eccentricity e and being 6
the angle of the direction of the pericenter, i.e. the argument of the pericenter. Of
course, if e = 0 the solution is circular, if e € (0, 1) the solution is elliptic, if e = 1
the solution is parabolic, and if e > 1 the solution is hyperbolic.

(6) (v(;e,0p),u(f;e,00)) = (

We are interested in knowing what are the periodic solutions of the Kepler prob-
lem which can be extended to periodic solutions of the anisotropic Kepler problem,
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i.e. what solutions (6) with eccentricity e € [0,1) can be extended. For doing this
study we shall use the averaging theory of first order described in the appendix.

In order to apply the averaging theory to the differential system (5) we identify
our variables with the ones of averaging theory given in the appendix, and we obtain

=) o= () (1)=(0):

_ (Fon ([ Fu . _ (v(8e, )
FO - <F02> ) Fl - (FIZ) ) X(t,Z,O) - <U(9,€,90)> )

where
P U402 -2 ~ cos? 0
01 — 2u ) 11 — du )
1 cosf sinf
Foo = —-w, Fig = ————.
2 u

The first variational equation (11) of the unperturbed system (5) along the periodic
solution (6) with e € [0,1) is

! !/
(7) (y} y/2) —J (yl y2) ,
Y3 Ya Y3 Y4
where
v ou
J = DxFO(taX(t;ZaO)) = )
0Fpo  0Fp2
I Ou / lwu)=(v(B5e,60)u(Bse,60))
and consequently
e sin(f — ) 3 N 1—e?
g_|tte cos(f —0y) 2 2(1+4ecos(d—bp))>?
1
—= 0
2

The fundamental matrix M, () of the differential system (7) such that M,(0) is

the identity matrix is
M, (6) = <y1(9;e,90) y2(9;e,90)> |
ys(0;e,00) ya(b;e,0o)

where
(0: . 00) V1 + e cosfy [4cosf + e [cos(20 — Oy) + 3 cos )]
y1\vse,bp) = )
41+ e cos(d — 90)]3/2
q(0

y2(97 €, 90) = ( )3/2 9

41+ e cos(6 —6p)]”"“V/1+e cosby

sin /1 + e cos b
y3(97 €, 90) = - )
2¢/1+ ecos(d — )

e sinfsinfy + 2cosf |1 + e cos b

a(6:¢.00) = ° | 2

21/(1+ e cosfo)(1+ e cos(d — o))’
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with

q(0) = 8sinf + 8e(2 + cos ) cos 6 — 20

sin g + e2(cos + 3 cos(f — 260p) sin ).

Now we compute the integrand (G1,G2) = M, 1(0)F1(0,x(t; z,0)) of the integral
(12), and we obtain

G = cosfsin 6 p(6)
4(1 4 ecos( — 0p)(1 + ecoshg)3/2’
Gy = (10 cos 8 + 3e cos(26 — by) + Te cos by) sin(26)
16(1 + ecos(d — 6p))y/1 + e cos by ’
where
p(d) = — (8 + e(e(cos @ + 3 cos(d — 260)) + 4(cosf + 2) cos(@o))) sin 6

+2e(2 cos b + cos(260) — 3) sin .

We compute the integral F(z) of (12) and we obtain

fl(eaeo)
Fla) = Fle,bo) = ,
f2(e, 0o)
where
(8) (0.0
_ g\e,bo
fi(e,0) = 16€3(1 + e cos 09)3/2
o) — (V1—e2—1)sinfpe® + ((vV1—e2—3)e? —4v1 — e + 4) sin(36)
fa(e;00) = 8e34/1 + ecosf ’
with

gle,0) = —(VI—€e2—1)e?—4(V1—e2—1)cosbye?
—6 (e 4+ 2v1 — €2 — 2) cos(26p)e
+((VI—e2—3)e* —4V1 — €2 +4) (4cos(300) + e cos(46p)).

Now we have to study the solutions (e, §p) of the system fi(e,0y) = 0, fi(e,0y) =
0 with e € (0,1). Note that since in the expressions of the functions fi(e,6y) and
fa(e, 6p) the e appears in the denominators we cannot consider e = 0, i.e. with the
averaging theory of first order we cannot study if some circular periodic solutions
of the Kepler problem can be extended to a periodic solution of the anisotropic
Kepler problem.

For solving the system f1(e,0) = 0, fa(e,8p) = 0 with e € (0,1), we first solve
the equation fa(e,8y) = 0 with respect to e, and we obtain

24/sin 90 sin(390) 24/sin 90 sin(390)
— e3 = .

|sinf +sin(36p) |” > |sinfp + sin(36) |

61:0, €9 =

Since e € (0, 1), then the first two zeros e; and ez are not acceptable, and the third
zero eg is only valid for the values of 6, satisfying the conditions

sin(36p) > sinfly and sin(36p)sinby > 0,
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FIGURE 1. The graphic of the function g(es, 6p) for 6y € [0, 2).

6o

which are equivalent to say that eg € (0, 1).

Now let g(es, 0p) be the numerator of the function fi(e,fy) evaluated at e = eg.
This function has ten zeros in the interval 6y € [0,27) as it is shown in Figure

1. These zeros are 63,62, ....,0° and the corresponding values of the eccentricity
ep, €l ..., el? related with these zeros are given in Table 1. It is noted that there

are only two values of ez € (0,1), namely e3 and ¢, these two values coincide, i.e.
e = ef = 0.95502193.., while sin 67 = —sin 62, and this means that 67 = 27 — 63.

TABLE 1. The solutions (6%, ek) of system (8).

k

k oF ey case

1 0.78539818.. 1.00000000.. Parabolic
2 0.90077616.. 0.95502193.. Elliptic

3 1.04719755.. 0.00000000.. Circular
4 2.09439510.. 0.00000000.. Circular
5 2.35619449.. 1.00000000.. Parabolic
6 3.92699081.. 1.00000000.. Parabolic
7 4.04236881.. 0.95502193.. Elliptic

8 4.18879020.. 0.00000000.. Circular
9 5.23598775.. 0.00000000.. Circular
10 5.49778714.. 1.00000000.. Parabolic
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Since the Jacobian (13) at the solutions (e2,62) and (ef,67) is 1/3 # 0, by
Theorem 2 for |e| sufficiently small we have at every energy level two periodic
solutions which when ¢ — 0 tend to two elliptic periodic orbits of the Kepler
problem with the same eccentricity but with arguments of perigee given by 6y =
0.90077616.. and 27 — 6y radians. This completes the proof of Theorem 1.

APPENDIX: BASIC RESULTS ON AVERAGING THEORY

We want to provide sufficient conditions for the existence of T—periodic solutions
for the differential systems

(9) x = Fyo(t,x) +eFi(t,x) + 2 Fy(t, x, €),

when ¢ is sufficiently small. The functions Fp, F} : R x 2 — R™ and F5 : R x Q2 x
(—€0,€0) — R™ are C? functions, T-periodic in the variable ¢, being © an open
subset of R™. We assume that the unperturbed system

(10) x = Fy(t,x),
has a submanifold M of dimension n filled of periodic solutions of period T
Let x(t;z,0) be the solution of system (10) satisfying x(0;2,0) = z. The first

variational equation of the unperturbed system along the periodic solution x(¢; z, 0)
is

(11) v = DxFo(t,x(t;2,0))y.
As usual we denote by M,(t) some fundamental matrix of the linear differential

system (11).

Suppose that there exists an open set V' with Cl(V') C M such that for each z €
ClV), x(t;2,0) is T-periodic. Then the next result provides sufficient conditions
in order that the some periodic solutions of V' persist for values of € # 0 sufficiently
small.

Theorem 2 (Perturbations of an isochronous set). We assume that there exists an
open and bounded set V with CL(V) C M such that for each z € CI(V'), the solution
x(t;z,0) is T—periodic, then we define the function F : CI(V) — R™ as

T
(12) Fl(z) = %/O M, (t)Fy(t,x(t;2,0))dt.

Assume that there exists zg € V with F(z) =0 and
(13) det ((dF/dz) (zo)) # 0.
Then the following statements hold.

(a) There exists a T—periodic solution p(t,e) of system (9) such that ©(0,g) —
zy as € — 0.

(b) The kind of stability or instability of the limit cycle ¢(t,e) is given by the
eigenvalues of the Jacobian matriz (dF /dz) (zo).

Theorem 2 goes back to Malkin [13] and Roseau [15], for a shorter proof see [1].



E.I. ABOUELMAGD, J.L.G. GUIRAO AND J. LLIBRE

ACKNOWLEDGEMENTS

This paper grew out of a series of lectures delivered by the third author at

Universitat Autonoma de Barcelona. It is pleasure of the first author to thank him
and the second author for arranging and economic support my visiting and many
helpful discussions and comments.

Furthermore the second author of this work was partially supported by MINECO

grant number MTM2014-51891-P and Fundacién Séneca de la Regién de Murcia
grant number 19219/P1/14. The third author is partially supported by a MINECO
grant MTM2013-40998-P, an AGAUR grant number 2014SGR-568, and the grants
FP7-PEOPLE-2012-IRSES 318999 and 316338.

[1]
(2]
[3]

[4]

[5]

[6]

[9]
(10]
(1]

(12]

13]
14]

(15]

OF

REFERENCES

A. Buica, J. P. FRANQOISE AND J. LLIBRE, Periodic solutions of monlinear periodic differ-
ential systems with a small parameter, Comm. Pure Appl. Anal.6 (2007), 103-111.

J. CAsAasAvas AND J. LLIBRE, Qualitative analysis of the anisotropic Kepler problem Mem.
Amer. Math. Soc. 52 (1984), no. 312, 115 pp.

R. DEVANEY, Collision orbits in the anisotropic Kepler problem, Invent. Math. 45 (1978),
221-251.

R. DEVANEY, Singularities in classical mechanical systems. Ergodic theory and dynamical
systems, I (College Park, Md., 197980), Progr. Math., 10, Birkhduser, Boston, Mass., 1981,
211333 pp.

R. DEVANEY, Blowing up singularities in classical mechanical systems, Amer. Math. Monthly
89 (1982), 535-552.

F. Diacu, E. PEREZ-CHAVELA AND M. SANTOPRETE, The Kepler problem with anisotropic
perturbations, J. Math. Phys. 46 (2005), 072701, 21 pp.

A.H. ESCALONA-BUENDIA AND E. PEREzZ-CHAVELA, Periodic orbits for anisotropic perturba-
tions of the Kepler problem, Nonlinear Anal. 68 (2008), 591-601.

M. GUTZWILLER, Periodic orbits in the anisotropic Kepler problem, Classical mechanics and
dynamical systems (Medford, Mass., 1979), pp. 69-90, Lecture Notes in Pure and Appl.
Math. 70, Dekker, New York, 1981.

M. GUTZWILLER, The anisotropic Kepler problem in two dimensions, J. Math. Phys. 14
(1973), 139-152.

M. GUTZWILLER, Bernoulli sequences and trajectories in the anisotropic Kepler problem, J.
Math. Phys. 14 (1977), 806-823.

M. GUTZWILLER, Periodic orbits and alassical quantization conditions, J. Math. Phys. 12
(1971), 343-358.

M.A. L6rEZ, R. MARTINEZ AND J.A. VERA, Periodic orbits of the anisotropic Kepler problem
with quasihomogeneous potentials, Internat. J. Bifur. Chaos Appl. Sci. Engrg. 25 (2015),
1540025, 7 pp.

I.G. MALKIN, Some Problems of the theory of nonlinear oscillations, Gosudarstv. Izdat.
Tehn-Teor. Lit. Moscow, 1956 (in Russian).

R. McGEHEE, Singularities in classical celestial mechanics, Proceeding of the International
Congress of mathematicians, Helsinki, 1987.

M. ROSEAU, Vibrations non linéaires et théorie de la stabilité, Springer Tracts in Natural
Philosophy, Vol. 8, Springer, New York, 1985.

1 CELESTIAL MECHANICS UNIT, ASTRONOMY DEPARTMENT, NATIONAL RESEARCH INSTITUTE
ASTRONOMY AND GEOPHYSICS (NRIAG). HELWAN, CAIRO, EGYPT.

E-mail address: eabouelmagd@gmail.com or eabouelmagd@nriag.sci.eg



PERIODIC ORBITS OF THE PLANAR ANISOTROPIC KEPLER PROBLEM 9

2 DEPARTAMENTO DE MATEMATICA APLICADA Y ESTADISTICA. UNIVERSIDAD POLITECNICA DE
CARTAGENA, HOSPITAL DE MARINA, 30203-CARTAGENA, REGION DE MURCIA, SPAIN.

E-mail address: juan.garcia@upct.es

3DEPARTAMENT DE MATEMATIQUES. UNIVERSITAT AUTONOMA DE BARCELONA, BELLATERRA,
08193-BARCELONA, CATALONIA, SPAIN

E-mail address: jllibre@mat.uab.cat



