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Let F be the lifting of a circle map of degree one. In [Bamón et al., 1984] a notion of
F -rotation interval of a point x ∈ S1 was given. In this paper we define and study a new
notion of a rotation set of a point which preserves more of the dynamical information contained
in the sequences {Fn(y)}∞n=0 than the one preserved from [Bamón et al., 1984]. In particular,
we characterize dynamically the endpoints of these sets and we obtain an analogous version of
the Main Theorem of [Bamón et al., 1984] in our settings.

1. Introduction and Statement
of the Main Results

Let C1(S1) be the class of all continuous maps of
the circle into itself of degree one. Let f ∈ C1(S1)
and let F : R → R be a lifting of f . Denote by π

the canonical projection from R to S1. It is well
known that, when f is a homeomorphism, then
limn→∞(Fn(y) − y)/n exists, it does not depend
on y and is called the rotation number of f . In
the general case of endomorphisms, this limit may
not exist. Newhouse et al. introduced in [Newhouse
et al., 1983] the notion of rotation set of an endo-
morphism, LF , by defining:

LF = Cl({ρ+
F (x) : x ∈ S1})

where Cl(·) means topological closure and

ρ+
F (x) = lim sup

n→∞

Fn(y)− y
n

for any y ∈ π−1(x) (note that since f has degree
one, F (y+1) = F (y)+1 for each y ∈ R and, hence,
ρ+
F (x) does not depend on y). They also proved that
LF is an interval. Clearly, LF is defined up to trans-
lations by integers. In [Ito, 1981] Ito proved that
each α ∈ LF is realized as the rotation number of
some point in S1 in the sense that, for some x ∈ S1,
α = limn→∞(Fn(y) − y)/n, where y ∈ π−1(x).
In such a case we will say that α is the rotation
number of x and we will denote it by ρF (x). We
note that each point in the orbit of x, that is in the
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