VOLUME ENTROPY FOR MINIMAL PRESENTATIONS OF
SURFACE GROUPS IN ALL RANKS
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ABSTRACT. We study the volume entropy of a class of presentations
(including the classical ones) for all surface groups, called minimal geo-
metric presentations. We rediscover a formula first obtained by Cannon
and Wagreich [6] with the computation in a non published manuscript
by Cannon [5]. The result is surprising: an explicit polynomial of de-
gree n, the rank of the group, encodes the volume entropy of all classical
presentations of surface groups. The approach we use is completely dif-
ferent. It is based on a dynamical system construction following an idea
due to Bowen and Series [3] and extended to all geometric presenta-
tions in [15]. The result is an explicit formula for the volume entropy
of minimal presentations for all surface groups, showing a polynomial
dependence in the rank n > 2. We prove that for a surface group G,, of
rank n with a classical presentation P, the volume entropy is log(\»),
where A, is the unique real root larger than one of the polynomial

n—1
x"72(n71)2xj+1.
j=1

1. INTRODUCTION

In the beginning of the 80’s several breakthroughs occurred in group the-
ory. The main one was the development of large scale geometry for groups,
largely due to M. Gromov with, for instance, the classification of groups with
polynomial growth function [14] or the introduction of the now standard no-
tion of hyperbolic groups [13]. At about the same time R. Grigorchuck [12]
found a class of groups with intermediate growth function. In all these classes
of groups the growth function plays a central role. The growth function de-
pends on the generating set X or on the presentation P = (X/R) of the
group G. It is defined as the map N +— N such that

n+— fap(n)=Card{g € G: lengthy(g) < n}.

From the growth function fg p several asymptotic functions are defined such
as the volume entropy or the growth series also called the Poincaré series.
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The computational issues appeared also at about the same period. An
idea due to J. Cannon [7] allows an inductive way to describe geodesics in
the Cayley graph Cay'(G, P) via the notion of cone types. This notion has
been intensively used later on by Epstein, Cannon, Levy, Holt, Patterson,
Thurston [9] with the introduction of a very large class of groups, called au-
tomatic, that contains the hyperbolic groups of Gromov. The computation
of the growth function or the growth series becomes possible in principle
from a geodesic automatic structure, when it exists. This is the case for
hyperbolic groups. This computation, as it was noticed in [6], can also be
obtained using the Floyd-Plotnick method [10].

In practice, finding an explicit geodesic automatic structure from the
presentation is not so simple. For free groups with the free presentation all
the computations are easy and, for instance, the volume entropy is simply
log(2n — 1), for the free group of rank n (see for instance [8]). The next
simple case is the class of surface groups. For the classical presentations
of surface groups, the growth series appeared in a paper by Cannon and
Wagreich [6] without the explicit computation, leading to those series that
were earlier obtained in a non published manuscript of Cannon [5]. For
hyperbolic groups, the existence of a geodesic automatic structure for each
presentation implies that the growth series is a rational function (see [9, 7]).
In this case the volume entropy (sometimes called the critical exponent) is
related to the largest pole of the growth series, i.e. the largest root of the
denominator of the growth series (see for instance [4]). The result of Cannon
and Wagreich for the classical presentations of surface groups shows that the
denominator @, of the growth series is an explicit polynomial depending on
the rank n > 3 of the surface group:

n—1

(1) Qn(z) :=2"—2(n—1)) 2/ +1.

J=1

The fact that a single, explicit polynomial could encode the volume en-
tropy for all surface groups is mysterious a priori, specially since the original
computations of Cannon did not appear in published form.

In this paper we rediscover the polynomial @, (z) from a completely dif-
ferent point of view and we hope that a part of the mystery will disappear.
In our approach we compute the volume entropy of the group presentations
from a dynamical system argument based on an idea due to R. Bowen and
C. Series [3] and generalized in [15].

The original idea of Bowen and Series was to associate a specific map
®p_g:S' — S! to a particular action of the group G = 71(S) on the
hyperbolic plane H?, where S! is seen as the space at infinity of H2. In
[15], St is considered as the Gromov boundary of the group G and a map
®p: S — S! is constructed for each presentation P in a class, called geo-
metric, characterized by the fact that the two dimensional Cayley complex
Cay?(G, P) is planar. The maps ®p are called Bowen-Series—Like Bowen-Series-like
and they satisfy several interesting properties, in particular the volume en-
tropy of the presentation P equals the topological entropy of the map ®p. In
addition the map ®p admits a finite Markov partition and the computation
of the topological entropy for such maps is standard.
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For any surface .S, the classical presentation of the corresponding surface
group I' = m1(5) is geometric. These classical presentations are given by
the minimal number of generators n and one relation of length 2n. For
orientable surfaces, n is even and equals 2g, where g is the genus of the
surface. In this case, the classical relation is a product of g commutators.
In the non-orientable case, there is no restriction on the parity of n and
the relation is given by the product of the squares of all generators (see
for instance [18]). A presentation with the minimal number of generators
is called minimal. The rank 2 cases (torus and Klein bottle) are, as usual,
special: they are not hyperbolic, the growth function is quadratic and thus
the volume entropy is 0. For n > 2 all minimal geometric presentations are
proved to have the minimal volume entropy, among geometric presentations.
It is conjectured that this minimum should be an absolute minimum in [15].

We rediscover here the surprising explicit polynomial @, (z), r > 3. We
will see that @, (z) has a unique real root larger than one denoted \,. More
precisely we prove:

Theorem 1.1. Forn > 2, let I" be a surface group of rank n with a minimal
geometric presentation P. Then, the volume entropy of I' with respect to the
presentation P is log(A\,). Moreover, for n > 4, A, satisfies:

1
2n—1—m<)\n<2n—1.

The above inequalities show that the difference between the volume en-
tropy for the surface group and for the free group of the same rank is ex-
plicitly very small.

The genesis of this rediscovery is interesting. The dynamical system ap-
proach discussed above allows to compute the volume entropy of any geo-
metric presentation P from an explicit Bewen-Series-Like-Bowen-Series-like

map: ®p: S — St In fact, x) is the characteristic polynomial of the

Markov matrix of the map ®p.
We developed an algorithm to compute the entropy of such maps, for the

classical presentations of orientable surfaces, via the well known kneading
invariant technique of Milnor and Thurston [16]. The polynomial Q,(x)
appears that way in the computation for all orientable surfaces of genus
g < 43. To obtain the theorem we needed to compute the determinant
of a matrix whose size grows either linearly in n with polynomial entries
using the Milnor-Thurston method, or quadratically in n with integer entries
using the Markov matrix method. The computation leading to the proof of
the theorem became possible by a succession of two surprises. First, by a
particular choice of a minimal presentation P; the corresponding BSL map
P Pt admits an explicit symmetry of order 2n. By a quotient process, the
Markov matrix is reduced to an integer matrix whose size grows linearly
in n. Then a method, developed in [2] under the nice name of the “Rome
technique”, was directly applicable to our case and reduced the computation
to a 2 x 2 matrix with polynomial entries and no computer was necessary.
The paper is organized as follows. In Section 2 we recall the necessary
ingredients for the construction of the map ®p in some particular geometric
presentations. The map is then given explicitly for the particular minimal
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geometric presentations with a symmetry property, together with its Markov
partition. In Section 3 we obtain a first formula for the volume entropy in
the orientable case, in terms of the Markov matrix of the Bewen-Seriestike
Bowen-Series-like map. We exploit the symmetry of the presentation to
obtain a formula for the volume entropy in terms of the spectral radius of a
simpler matrix called the compacted matriz of rank n. In Section 4 we extend
these results to the non-orientable case by showing that the volume entropy
in this case is also the logarithm of the spectral radius of the compacted
matrix of rank n. The computation of the spectral radius of this new matrix
is still somewhat difficult. In Section 5 we obtain a simpler matrix with the
same spectral radius. Finally, in Section 6, the “Rome method” is explained
and applied to compute this spectral radius, and proving Theorem 1.1.

2. BowEN-SERIES-LIKE-BOWEN-SERIES-LIKE MAPS FOR GEOMETRIC
PRESENTATIONS

In this section we review the necessary ingredients for the construction of

the Bewen-Series-Like-Bowen-Series-like maps defined in [15].

2.1. Geometric presentations.

Let P = (X/R) = <xf1,x§t1,...,xfl/R1,...,Rk> be a presentation of a
group I'. Recall that the Cayley graph Cay!(T, P) is a metric space and
let B,, be the ball of radius m centred at the identity. We denote the
cardinality of any finite set A by |A|. The volume entropy of T with respect
to the presentation P is denoted by hyvol(T', P) and defined as:

lim — log\Bm|
m—oo M,

A presentation P of a surface group I' = m1(.5) is called geometric if the
Cayley 2-complex Cay?(I', P) is a plane. In particular the Cayley graph
Cay! (T, P) is a planar graph. A geometric presentation P is called minimal
if the number of generators is minimal. For a group of an orientable surface
of genus ¢ it is well known that the minimal number of generators is 2g
(see [18] for instance) and, in this case, there is a presentation with a single
relation of length 4¢g. The standard classical presentation in this case is the
following;:

+1 | +1 il +1 :tl +1
< 7y1 9 2 )yQ PR g 7yg /H$layl>7

-1 —1 .
where [z;, ;] = ;- y; - x; " -y; * is a commutator.

For a rank n group of a non-orientable surface there is also a classical
presentation with a single relation of length 2n:

n
+1 1 +1 2
<:1:1 S Ly e, Ty /Hacl>
i=1

It is easy to check that such classical presentations are geometric (see
below).
Geometric presentations satisfy very simple combinatorial properties:
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Lemma 2.1 (Floyd and Plotnick [10]). If P = <x1i1, YRy, Ry s
a geometric presentation of a surface group I' then P satisfies the following
properties:
(a) The set {zil,... x'} admits a cyclic ordering that is preserved by
the I'-action.
(b) Each generator appears exactly twice (with plus or minus exponent)
in the set R = {R1,..., Ry} of relations.
(c) Each pair of adjacent generators, according to the cyclic ordering (a),
appears exactly once in R and defines uniquely a relation R; € R.

The following statement is the main ingredient to compute the volume
entropy of a geometric presentation. The statement also contains the main
result about minimal geometric presentations. In what follows S! will denote
a (topological) circle. Recall that any surface group I' is Gromov-hyperbolic
[13] and its boundary is: T ~ S*.

Let us introduce the notion of a Markov partition. Let W be a finite set of
S!. An interval of S' will be called W -basic if it is the closure of a connected
component of S!\ . Observe that two different WW-basic intervals have
pairwise disjoint interiors. Let ¢: S' — S and let W C S! be finite. We
say that W is a Markov partition of ¢ if W is ¢—invariant (i.e., (W) C W)
and the image by ¢ of every basic interval is a union of basic intervals.

Theorem 2.2 (Los [15]). Let P be a geometric presentation of a surface
group T'. Then there exists a map ®p: O = St — O = S! with the fol-
lowing properties:

(a) The map ®p is Markov, i.e. it admits a finite Markov partition.
(b) The topological entropy of ®p, hiop(Pp), is equal to the volume en-
tropy hye (T, P).
In addition, the volume entropy is minimal, among geometric presentations,
for all minimal geometric presentations.

The map ®p satisfies more properties that are not needed here. Prop-
erty (a) is specially interesting for computations since, for Markov maps,
it is classical that the topological entropy is nothing but the logarithm of
the spectral radius of a finite integer matrix, the Markov transition matrix
(see [17] or [1] for instance). The goal of the next sections is to make such
a Markov partition explicit in the particular cases of minimal geometric
presentations.

2.2. Construction of the Bewen-Series-Like-Bowen-Series-like map.

In this subsection we review the definition and the necessary properties
of the BSL maps, in the particular case of minimal geometric presentations.

2.2.1. Bigons. As we have seen, a presentation P = (X/R) defines the Cay-
ley graph Cay!(T, P) and the Cayley 2-complex Cay?(I', P). A bigon in
Cay!(T', P) is a pair of distinct geodesics {71,72} connecting two vertices
{v,v'} € Cay’(T',P). We denote by B,(z,y) the set of bigons {v1,72}
whose initial vertex is v and so that the geodesic 7; starts at v by the edge
labelled z and -9 starts at v by the edge labelled y, with x # y. By the



6 LLUIS ALSEDA, DAVID JUHER, JEROME LOS AND FRANCESC MANOSAS

I'-action we can fix the initial vertex v to be the identity and we denote
Bia(z,y) by B(z,y).

For geometric presentations of surface groups the set of bigons is partic-
ularly simple.

Lemma 2.3. If P = (X/R) is a geometric presentation of a surface group T’
then the set of bigons B(x,y) is non empty if and only if (z,y) is an adjacent
pair of generators, according to the cyclic ordering of Lemma 2.1(a). In
addition, if (z,y) is an adjacent pair of generators there is a unique bigon
B(z,y) € B(x,y) of finite minimal length, called minimal bigon.

This lemma is proved in [15, Lemmas 2.6 and 2.12]. Observe that each
minimal bigon is particularly simple for a geometric presentation where all
relations have even length. Indeed, each pair of adjacent generators (z,y)
defines a unique relation by Lemma 2.1(c). The relation can be written,
up to cyclic permutation and inversion (R; — (R;)™1), as: R; = 1 - (72) 7%,
where 71 is a word (or a path) starting by the letter x, v, starts by the letter
y and I(y1) = I(72). The observation is that for geometric presentations the
two paths v; and 9 start at the identity and end at the same vertex (since
R; is a relation) and are geodesics. In other words the pair {v;,72} is a
bigon. It is minimal and unique by Lemma 2.1(c).

2.2.2. Bigon-Rays. We describe a canonical way to define a point on the
boundary OI" associated to an adjacent pair of generators (z,y). Recall that
a surface group is hyperbolic in the sense of Gromov [13] and its boundary
OT is the circle S'. By definition of 8T, a point ¢ € OI  is the limit of geodesic
rays, for instance starting at the identity, modulo the equivalence relation
among rays that two rays are equivalent if they stay at a uniform bounded
distance from each others (c.f. [13]). If £ € 9T is a point on the boundary
we denote by {{} a geodesic ray starting at identity and converging to &.

In what follows, given two integers k and [ we will denote k& (mod [) by
[k];. Also, we choose 1,2,...,1 as the representatives of the classes modulo
l; that is, [0], = [l], = [. However, unless necessary we omit the modulo part
in the notations.

Notation 2.4. In what follows we denote the n generators (and their in-
verses) by y1,y2, . . ., Yan in such a way that Y[i+1],, are the elements adjacent
to y; with respect to the cyclic ordering from Lemma 2.1(a). We denote an
adjacent pair by (yi,y[iﬂ]%) where, by convention, the edges denoted y;
and yj; +1],, are adjacent and oriented from the vertex. We also adopt the
convention that y; is on the left of yj;1q), (see Figure 1). This convention
defines an orientation of the plane Cay?(T, P).

The parity of the number of adjacent pairs at each vertex implies that
(yi, y[iﬂ]%) defines an opposite pair, with respect to the cyclic ordering of
Lemma 2.1(a), defined by:

(Yis Yit112,) ™ = Yjitnly, » Yiitnt1l,,)
(see Figure 2).
We construct a unique infinite sequence of adjacent pairs, bigons and

vertices from any given pair (y;, y[i+1}2n) by the following process:
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FIGURE 1. The labelling of the generators (and the cyclic
ordering) fixed in Notation 2.4.

Step 1. Each adjacent pair, at the identity, defines a unique minimal bigon
B(yi, yi+1) by Lemma 2.3. The bigon 5(yi,yi+1) is a pair of geo-
desics {7, }, where the indices [, stand for left and right, with
respect to an orientation of the plane CayZ(F , P). The geodesics
{1, 7} connect the identity to a vertex vi = v1[B(yi, Yit+1)]-

Step 2. The two geodesics {v;,7-} end at v; by two generators that are
adjacent by Lemma 2.3. Therefore the bigon 5(y;,yi+1) defines a
unique adjacent pair at vy, called a top pair of B(y;, yit+1), which
is denoted: topp[B(y;,yit+1)], based at vi = v1[B(y;,yi+1)] and is
uniquely defined by (v, yit+1)-

Step 3. The pair topp[B(yi, yi+1)] defines an opposite pair at v;, denoted
by:

(topp[B(¥i, ¥i+1)]))°PP == (vs, yir1) .

Step 4. We consider then the unique minimal bigon, at vy, defined by the
pair (i, yip 1)) by Lemma 2.3:
B (i, yis1) = Boy[(yir i) ).
Step 5. The bigon 80 (y;, yi11) defines a new top pair topp[B™ (s, yis1)],
at the vertex vs.

The Steps 1-5 define, by induction, a unique infinite sequence of vertices
and bigons (see Figure 2):

ida V1,02,

2
® Bi, yi+1), BY (i vit1), B2 (yi, yis1) -+ -

Each bigon in the infinite sequence {6 (k) (Yi,¥it1) : k€N } is a pair of geodesics

{'yl(k), 'y,gk)} with k € N connecting the vertices vy and vg11.

By definition, the terminal vertex vy, of ) is the initial vertex of the
next bigon A%**1) in the sequence. Therefore a finite concatenation of bigons
BO (i, yi+1) BY (Wi, yir1) - - B9 (i, yir1) makes sense. It is defined by the
finite collection of paths:

0 1 k . .
{’Ye((g) '76((1)) v '75((12) re(j) €{l,r}, J € {0717"'7k}}-
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We denote the infinite concatenation of all these paths as:

B (Yis Yit1) == klggo B8O (yi, yir1) BY (Wi, yira) - B8 (yi, yira)-

top pair at v;

Id

FIGURE 2. Opposite pair and bigon rays.

Lemma 2.5 (Los [15, Lemma 3.1]). With the above notation the following
statements hold.
(a) Each path in the collection: 8O (yi, yir1)BM (i, yir1) - BE (s, yig1)
is a geodesic segment, for all k € N.
(b) Two geodesic segments in (a) stay at a uniform distance from each
other for any k € N.

In consequence, the infinite concatenation 3°°(y;, y;+1) defines infinitely
many geodesic rays with a unique limit point in OI'. It will be denoted by

(Yi, Yit1)>.
2.2.3. Cylinders, definition of the BSL map. We define the cylinder of length
one as the subset of the boundary:

Cy :={£ € T : there is a geodesic ray {{} starting at id by z € X}.

Lemma 2.6. Let P = (X/R) be a geometric presentation of I'. The bound-
ary OT = S is covered by the cylinder sets C,, x € X and:

(a) Two cylinders have non-empty intersection: Cy (Cy # 0 if and only
if (x,y) is an adjacent pair of generators.
(b) Each cylinder C;, x € X is a non trivial connected interval of OT.

This lemma is proved in [15, Lemmas 2.13 and 2.14]. Observe that the
point (y;, yi+1)>° of Lemma 2.5 belongs, by definition, to the intersection
Cyi ﬂ C?Ji+1'

In what follows we consider the points in the circle ordered clockwise.
That is, if r, s, t are pairwise different points of S! we will write r < s < t if
s belongs to the clockwise arc starting at r and ending at t. The notation
r < s <t will also be used in the natural way. Then the interval [r,?] is
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defined as the set {s eSl:r<s< t} . Also, if I, J, K are closed connected
subsets of S' with pairwise disjoint interiors we will write I < J < K
whenever r < s <t foreveryrel, seJandt e K.

Definition 2.7. If P = (X/R) is a geometric presentation of a hyperbolic
surface group I', then we denote by I, the interval [(yi—1,vi)>, (¥, Yi+1)].
Clearly I,, is a subset of C,, for every y; € X.

We define the Boewen-Series-Like-Bowen-Series-like map ®p: OI' — 0T’
by

Op(¢) =a1(§) fEel,

where x71(£) is the action, by homeomorphism, on OT' by the group element

21 (see [15] for some explicit examples of this map).

The map ®p satisfies the following elementary properties:

(i) It depends explicitly on the presentation P (the exact dependence will
be explained below).

(ii) Since I, C C,, each & € I, has a writing, as a limit of a ray, as
{{} = - w. The image under ®p is given by:

{2p(&)} = {a7 (= - w)} = {w}.

In other words, the map ®p is a shift map, on this particular writing
as a ray.

2.3. Markov partition for minimal geometric presentations.

Theorem 2.2 states that the map ®p admits a Markov partition. In this
subsection we will define a particular presentation, which will be called sym-
metric, and we will make the Markov partition explicit for this presentation.

The first step is to define subdivision points in each interval I, z € X.
Let us recall that the extreme points (y,x)* and (z, 2)* of the intervals I,
are limit points of bigon rays 5°°(y, z) and °°(z, z). Let us focus on (y, x)°.
Let 3%°(y, z) be the bigon ray starting at the vertex v € Cay!(T, P). Observe
that with this definition we can write:

(3) B=(y,z) = Bly,z) - B2 (y, z)V],

with the notations of Subsection 2.2.2.

The particular property of a minimal geometric presentation that is useful
here is that there is only one relation R of even length 2n, when I is a surface
group of rank n. In this case, any bigon B(y,x) has the form {v;,~,} with
7 - (7-)~! being one of the words representing the relation R, up to cyclic
permutation and inversion. This word starts with the letter y and terminates
with the letter z—1.

Since the relation R has length 2n, let us write the two paths {v;,v,} as:

(4) {ly i, i w0y, )

We focus on the “z” side of Equations (3),(4), i.e. on the infinite collection
of rays:

(5) - diy iy - B[ (y, )W),
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where v is the group element written: v = z-x;, - - - ¥;, . The vertices vl = z

and v/ =x -2y, - “xi;, for j =2,3,...,n—1of Cay! (T, P) belong to ~, and
are ordered along ~y, (this notation is consistent with v = v,, ).
The following pairs of consecutive edges:

(6) {(Tvxiz)ﬂ(%7xi3)7"'7(m7xin)}

at the vertices {vl, i }, are crossed by the path ~,., where the notation
Z;; means the edge z;; with the opposite orientation. Observe that each pair
of consecutive letters along the paths -, are adjacent generators.

Lemma 2.8. If the relation defining B(y,z) has even length 2n then the
collection:

(7) E‘S,Zg’x = {J" T Lyt Ty Bi?O)[(Tij7xij+1)opp] g=1...,n— 1}7

(see Figure 3) is called the left (with respect to x) subdivision rays. They
satisfy the following properties:

(a) Each path in the infinite collection Ri—SR7T is a ray starting at the
identity.
(b) For a given j € {1,2,...,n— 1}, all the rays in
RSR{D =gy iy - B (@5, wiy,,) )

I

converge to the same point X, € OT.

(c) For any j # p, the rays in WM
have a common beginning: x-x;, - - - x;, where v := min{j,p} and are
otherwise disjoint.

(d) Each Xy, j € {1,2,...,n — 1} belongs to the interior of the interval
I, of Definition 2.7.

(e) The limit points X, are inversely ordered with respect to the index
j€{1,2,...,n—1} along AT (thatis, \? 71 < \272 < ... < A2 < AL).

This lemma is proved in [15, Lemma 4.1].

(y, )™ . subdivision rays

adjacent pairs
along the path

FIGURE 3. Subdivision rays.
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We denote £, = {\L,... A\%~1} this set of left (with respect to x) limit
points. By the same analysis the adjacent pair (x, z) defines the set of right
(with respect to x) limit points R, = {pl, ..., p?~ !}, which are ordered with
respect to the superindex. Observe that we use here the fact that a minimal
geometric presentation has only one relation (of length 2n). Consider now
the set of all such points:

(8) S=|]J ReuL,UOL),
zeX
called the subdivision points.
Lemma 2.9. If P is a geometric presentation of a hyperbolic surface group
T" so that all relations have even length, then the set of subdivision points S

is invariant under the map ®p of Definition 2.7 and defines a finite Markov
partition of OT.

This statement is a particular case of [15, Theorem 4.3]. For a minimal
geometric presentation there is only one relation of length 2n for a surface
group of rank n. In this case the partition of each interval I, above is given
by the points R, U L, U dI, which are ordered in the following way:

M= (g, o) < Nl < M < pl < AL < p2 << ol = (1, 2)

We also observe here that the intervals I, are ordered, along S', by the
(cyclic) ordering of the generators at the identity. Then, we can define a
partition of each of the intervals I, consisting on the following subintervals:

Ll =[N, M1 and RS = [pl 7', pl], for j € {3,4,...,n},
9  Cf=[N,p] and CF = [\, 03], and

Recall that a subdivision point (left or right) has the following writing:

NY=z- 2 -z, - B (T, wiy,, )PP, for j € {1,2,...,n}.
Since the map ®p acts, on each interval I, on the ray writing as a shift
map we obtain:

{2p(A\)} = B[(T, 24,)°P?], and
{Op(N)Y =24y -1y - B [(Ti;, w4, )PP for j € {2,3,...,n}

i iy

(10)

and there is a similar writing for the points ng.

Lemma 2.10. If P is a geometric presentation of a surface group with all
relations of even length then the image of the central interval C, = [pL, AL]
under ®p is a single interval I,, uw € X, where u is the generator that is
opposite to x=% for the cyclic ordering of Lemma 2.1(a) at the vertex x.

Proof. By (10) we observe that {®p(AL)} = B>[(Z, z,)°PP] and similarly
{®p(p})} = B[(x},, T)°PP]. Since the two adjacent pairs (Z, z4,) and (2], T)
are adjacent at the vertex v; = z then the two opposite pairs (T, z;,)°PP and

(9322,@0”’ are also adjacent. That means that they share one edge w. This

edge is just the one that is opposite to 27! at the vertex = (see Figure 4). 0O
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Id

FIGURE 4. Central Interval.

Next we define a particular presentation, which we call symmetric, for the
rank n group m1(S), where S is an orientable surface. Recall that n = 2g,
where ¢ is the genus of S.

Definition 2.11. Given a surface group m1(Sy) of rank n = 2g, where Sy is
orientable of genus g, the presentation

+1  +1 +1 —-1,_.—1 —1
<$1 y Ly e Ty /xle"'ZEnxl Lo =+ Ty, >

will be called symmetric and denoted by P, .

Proposition 2.12. The symmetric presentation P; is minimal and geo-
metric.

Proof. Consider the polygon A,, with 2n sides, labelled by the elements of
{zF 25, ... 2!} in the ordering:

The identification of the side labelled x; with the one labelled z;” ! defines an
orientable surface of genus g. The identification is an equivalence relation
~ and A,/ ~ is the surface of genus g. The presentation P, is minimal
since it has n generators and it is geometric because the universal cover of
the surface A,,/ ~ is nothing but the Cayley 2-complex Cay?(T', P, ) that is
a plane. O

Lemma 2.1 says that for geometric presentations the generators have a
cyclic ordering at each vertex. For the presentation P; the cyclic ordering
is

—1 -1 —1 -1 -1
T <y <a3<Ty < o< Tpog <@y <] <xp <o <@y < Ty
3. THE TOPOLOGICAL ENTROPY OF THE MAP @+
The aim of this section is to start the computation of the topological

entropy of the Bewen-Series-Like-Bowen-Series-like map ® ,+ for the sym-

metric presentation P, = (X/R) of the orientable surface group of rank
n.



VOLUME ENTROPY FOR SURFACE GROUPS 13

Since the surface is orientable and the presentation is geometric and min-
imal, then all generators x € X act on OI' as an orientation preserving
homeomorphism. By Definition 2.7(ii), ® p‘ I is an orientation preserving
homeomorphism for every z € X and from Lemma 2.9 the set S defines a
Markov partition of ®p. Since 0I,, C S we also have that ®p is a homeo-
morphism on every S—basic interval.

In this situation the topological entropy can be easily computed as the
logarithm of the spectral radius of the associated Markov matriz. Let us
recall such result.

Definition 3.1 (Markov matrix). Let W be a Markov partition of a map
¢: St — St and let Uy, Us, ..., Ujw/ be a labelling of the W—basic inter-
vals. The Markov matriz of W is defined as the |W| x |W] (0, 1)—matrix

M = (my;)!""!| such that mg; = 1 if and only if ¢(U;) D Uj.

i7
For any square matrix M, we will denote its spectral radius by p(M).

H—The following result, due to Block, Guckenheimer Misiurewicz and

Young, that relates the topological entropy of a map with the spectral radius
of its associated Markov matrix is well known (see for instance [2] or [1,

Theorem 4.4.5])that-if-¢—:

Proposition 3.2. Let ¢: S — S! be a map that is monotone on each basic
interval then-

hiop(P) = logmax{p(M), 1}.

and let M denote the Markov matriz of the Markov partition of ¢. Then

We will use Proposition 3.2 to compute hgop(® o+ ). To this end we first
have to compute the Markov matrix of S that, in what follows, will be
denoted by M; . As we will see, a direct computation of p(M; ) is infeasible
at a practical level because the size of the matrix grows quadratically with n.
So, the computation of p(M; ) will be done in two steps by using spectral
radius preserving transformations of the matrix M; . In this section we
will compute the Markov matrix M;r for a symmetric presentation in the
orientable case.

To do this, we need to specify completely the map ¢ Pt and then compute

its Markov matrix. Recall that, for the symmetric presentation Pn+ (see
comments after Proposition 2.12), the cyclic ordering of Lemma 2.1 at any
vertex is given by:
T < Tyt < <mpg<apl<at<aa<ooo<al <@, <

(see Figure 5). The main property of this cyclic ordering which makes
the symmetric presentation very special and useful is that the edge that is
opposite to = at any vertex is simply the edge z~!.

The above cyclic ordering of the generators induces the following ordering

of the intervals I, along the boundary oT' = S!:
Iy < <o < Lpon <L < gy <o <y <y



14 LLUIS ALSEDA, DAVID JUHER, JEROME LOS AND FRANCESC MANOSAS

R
%

F1GURE 5. The cyclic ordering of the symmetric presentation.

The fact that the symmetric presentation has associated the above cyclic
ordering gives the following immediate corollary of Lemma 2.10:

Corollary 3.3. Let PJ be the symmetric presentation of an orientable sur-
face group of rank n. Then, ®,+(Cy) = I, for each generator x.

For notational reasons we denote the ordered generators as

Y1 <yo < <Y <Y1
and the corresponding intervals as

Iyl <Iy2 < "'<Iy2n <Iy17

i+1 Y
A for1 <i<n, andyi:mg_}l) for n +1 < i < 2n. Also,
1

the fact that the edge that is opposite to x at any vertex is the edge z~
now gives

where y; = HTZ(»_l

(11) Uit = Ypisn),, -

Observe from (9) that each of the 2n intervals I, is divided into 2n — 1
intervals

(12) Ly < <Ly <Cl<Cy <Clf<R) <-- <Ry

Hence, |S| = 2n(2n—1) and thus, the matrix M, is 2n(2n—1) x 2n(2n—1).
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Equations (10), (11) and Corollary 3.3 give the following images of the
partition intervals defined in (9) (see Figure 6):

®pt (L)) =1L)"! for j € {4,5,...,n},

[i+n+1]p
3\ _ L
QP; (Ly’) o Cy[i+"+1]2n Y Cy[“'n"'lbn’
n [i_l]Qn
L\ _ ~R J
ope(Chy=cl Ul UR, ., | Y U .
=2 k=[i+n+2],,

(13) (I>P+ (Cyi) =1y,

n

n [i+n—2],,
(I)Pn* (le) = O?JL[H—n—l]zyL U U Li[i+”—1]2n Y U Ty |
Jj=2 k:[i""lbn
Cpt (RSJ = Cyjign-ry, Y C@ﬁunfuzn’
®ps (Rg/l) = Ri[;lnilbnforj € {4,5,...,n}.

From the formulae (13) it follows that the Markov matrix M, has a
structure in blocks, all of size (2n — 1) x (2n — 1). So, it is convenient to

write the matrix M,;r as

My Mo M 2y,
Mgl M22 M2,2n
W
( ) Mnl Mn2 cee Mn,2n
M1 Man2 Map 2n

where each of the matrices M, = (mg)??;% is of size (2n — 1) x (2n — 1).
Accordingly, we will label the basic intervals contained in I, as UJ’f in such
a way that they preserve the ordering given in (12). So, for i = 1,2,...,2n

and j =1,2,...,2n — 1 it follows that

(L0 for j=1,2,...,n—2,
C'yLl_ for j=n-—1,
(15) Uj =4 Cu for j =n,
le for j=n+1,
R forj=n+2,n+3,...,2n—1.

With this labelling we define the matrix M, so that mZ = 1 if and only if
¢(U}) > U}.

The next theorem is a first reduction in the effective computation of
htop (P P ).

Theorem 3.4.

2n
htop(®p+ ) = log max {p(MJ), 1} = log max {p (Z Mm) ,1} :
k=1
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FIGURE 6. The intervals I, in the circle together with the in-
terior intervals. The outer curve is the image ® ,+ } ;. (which
n Yi

is order preserving). The intervals L;i, R} , and their images
are drawn with a continuous black line, ng Rgi and their
images are drawn with a dotted line, Cyfi’ C£ and their im-
ages are drawn with a continuous thick black line and finally,
Cy, and its image are drawn with a continuous thick grey
line.

Theorem 3.4 is a direct consequence of the following two lemmas (Lemmas 3.5
and 3.6)

An (r, s)—block circulant matriz is a matrix of the form

A Ay Az A,

A A A A
Arrf 1 Ar Al AT‘*2

Ay Az Ay Ay

where each A; is an s x s matrix. Notice that a circulant matrix is completely
determined by its first block row (A; Ag Az ... A,).
Assume that the Markov matrix M of a Markov map is (r,s)—block

circulant. Just to have an intuitive insight of what this means, assume

that all the r - s basic intervals of the partition have the same size (with
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FIGURE 7. The first three (of the total of eight) block rows
of the Markov matrix M ,+ corresponding to the symmetric

presentation of an orientable surface group of rank 4.

Then, the (r,s)—block circularity of M is

(see Figure 7 for an example in the case of rank 4).

+
n

of M

nothing but the algebraic translation of the fact that the map commutes
The next lemma will be crucial in effectively computing the spectral radius

respect to a suitable metric).
with a rigid rotation of period 7.

O

. 2n —

) D U}-t if and only if

l
%

n

is a (2n,2n — 1)—block circulant
,2n} and 4,5 € {1,2,..

+
n

M

. In terms of the Markov matrix this amounts to

U[t+1]2n

J

) D

lam [t 20 g every I,t € {1,2,..
1}. This implies that M = My, e+, -

[i+1

m.

ij

The next technical lemma provides a nice and useful result about the

It is worth noticing that the fact that the matrix M. is (2n, 2n — 1)—block
spectral radius of block circulant matrices.

circulant is due to the symmetry of the chosen presentation.

It _

m.:

n

Proof. From the formulae (13) it follows that ® ,+ (
ij

Lemma 3.5. The Markov matriz

matrix.
Lemma 3.6. Let

<I)P+(

As
Ao
Ay
Ay

Ao
Ay
A,
As

A=
Ao

Ay
A,
Ar—l
be a non-negative block circulant matrixz. Then

34
=1

o
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Proof. Since A is a block matrix, for every m > 1, A™ is a block matrix

i 4g -
Agp Ay’ o Ay
A A Al

where each block has size s x s and is a sum of 1 non-commutative

products of m matrices among the blocks Aj, As, As, ..., A,. That is, each
AE;-W) is the sum of r™~! matricial products of the form A, A,, - -+ A, with
T1,72 oy Tm € {1,2,...,7}.

Moreover, since every block A; appears exactly once in every block row
and every block column it can be proved by induction that every product

of the form A, A,,---A,, appears exactly once in every block row and
every block column of A™. Therefore, for every ¢ € {1,2,...,7}, >°i_; A((IT)

Tm

and >0, AZ(-(T) are the sum of 7™ matricial products, and every product
Ar Ar, -+ - Ay, appears exactly once in each of these expressions. Hence,

~ ) N 0 _ (N
a3 - (4]
i=1 i=1 i=1
Consequently, the classical matrix norms satisfy:
[A™ oo = [[(3oi=1 Ai) ™ [loo and LA™ [y = [|(32i—; 4:)™ [11-

Since the spectral radius is defined as: p(A) = limy, o0 ||A™|Y/™ for any
matrix norm, it follows that p(A) = p (> A;). O

Tm

Remark 3.7. In fact the above lemma holds for every matrix for which a
given block appears exactly once in every block row and every block column.

It fe OWS ff@ff] ‘3ﬂd I e as 3 5 :iﬂd 3 6

Next, to complete the first reduction in the computation of htop(® ot ),

we will give an explicit formula for the matrix ZZZI M.
The compacted matriz of rank n is the (2n—1) x (2n—1) matrix C,, = (¢;5)
defined by
1 j=i+landie{1,2,...,n— 3},
1 ifje{n—1,n}andi=n—2,
n—2 ifje{l,2,...,n}andi=n—1,
n—1 ifje{n+1l,n+2,...,2n—1}and i =n — 1,

1 if i = n,

(16) e =9, 4 itjef1,2,....n—1}andi=n+1,
n—2 ifje{n,n+1,...,2n—1}and i =n + 1,
1 ifje{n,n+1}andi=n-+2,
1 j=i—landie€e{n+3,n+4,...,2n—1}, and

L0 otherwise.
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In matrix form, C, is

0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 1 0 0 0
n—2n—2n-—2 n—2n—-2n—-2n—-1n-1 n—1ln—-1n-—1
n—1n—1n-1 n—ln—lnIZn—Qn—Q n—2n—2n-—2
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0

Lemma 3.8.
2n
> My = Cp.
k=1

To prove this lemma we need to explicitly describe the matrix M;r . To
this end we introduce the following notation. The zero matrix of size k X k
will be denoted by 0, and J; will denote the k x k (0,1)—matrix with ones
in the anti-diagonal. Also, if i € {1,2,...,k}, U?€ will denote the k& x k
matrix such that all entries in the i—th row are 1 and all other entries are
0. Finally, for £ > 5 odd, T} = (t;;) is the k x k (0,1)—matrix such that
ti; = 1 if and only if (see Figure 8 for examples):

e j=i+landie{l,2,....,k—3}, or
e je{k—1,k}andi=k—2or

e k+1<j<kandi=k—-1,

where k = kXl Observe that (see again Figure 8) J;TjJy is the matrix
obtained from T} by a symmetry with respect to the central coordinate
tE,E'
Proof of Lemma 3.8. From formulae (13) and taking into account the la-
belling of the basic intervals (15) it follows that mg =1 if and only if (see
Figure 7 for an example in the case of rank 4):

j=i+1l, t=[I+n+1],, fori=1,2,...,n—3,
je{n—1,n} t=[1+n+1],, for i =n — 2,
n+1<j<2n—1, t=[l+n+1],,, and for 4 —
je{1.2,...2n—1}, [l4n+2],, <t<[I-1],, [ ori=n—1
je{1,2,....2n—1}, t =1 for i = n,
je{1,2,....n—1}, t=[l4+n—1],,, and for i —
je{1,2,..2n—1}, [I+1],, <t<[l+n—2],, [ ori=n+l
je{nn+1}, t=[1+n-1],, for i =n+ 2,

j=i—1,t=[l+n-1],, fori=n+3,...,2n— 1.
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00 0O0O0OO0OOQ O 01 000O0O0O
00 0O0O0OO0OOQ O 0011000
1111111 0000111
Us=10 00 0 0 0 0 T =0 0 0 0 0 0 O
00 0O0O0OO0OO O 000 O0O0OO0OTO
00 0O0O0OO0OO O 000 O0O0OO0OTO
00 0O0O0OO0OOP O 000 O0O0OO0OTO
00 0O0O0O01 000 O0O0O0OO
00 0O0O0OT10Q0 000 O0O0O0OTOQ
00 0O01QO00O0 000 O0O0O0OTO
J;=10 0 01 0 0 O J;T7J;=10 0 0 0 0 0 O
001 000O00O0 1110000
01 0000O00O0 0001100
100 000O0O0 000O0O0OT1O0

FiGURE 8. Examples of the matrices U};, Ty, Jp and J; T
with k& = 7.

In matrix block form the above formulae become (see again Figure 7):
My j14ns1),, = Ton
My =Uy 1 for [+n+2),, <t<[-1],,
My =Us, 4
My = UG for [+ 1],, <t < [l+n—2,,
My j14n-1),, = J2n—1T2n—1J2n—1
.= 02p1

for 1 € {1,2,...,2n}. Consequently,

n
Z My = Top1 + Jon_1Ton1J2p1 + U, + (n—2) (UG + UL
=1
= C,.
O

The next corollary gives an explicit formula for the entropy in the ori-
entable case in terms of the spectral radius of a (2n — 1) x (2n — 1) matrix

. . . . +
which is a “compacted” version of the Markov matrix M, .

Corollary 3.9.
htop((pp;l") = logmax {p (C,),1}.

Proof. 1t follows from Theorem 3.4 and Lemma 3.8. O

Remark 3.10. Note that the map ®,+ commutes with a rigid rotation R
of period 2n. The quotient space obtained by identifying each orbit of R to
a point is a circle. The map induced by ® pr on this quotient space is also
a Markov map. The matrix C, is nothing but the Markov matrix of this
induced map (see (13) and Figure 6).
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4. THE NON-ORIENTABLE CASE

We start this section by extending the definition of symmetric presentation
(Definition 2.11) to non orientable surface groups.

Definition 4.1. Given a surface group I' = 71 (.5) of rank n, where S is a non
orientable surface the following presentation of I' will be called symmetric
and denoted by P, . Its definition depends on the parity of n as follows. For
n odd, we define Pn as

+1 41 +1
<ac1 STy ey Ty [T1T2 Ty 1 T2 xlxn>
while, for n even, P, is defined as

+1 1 +1 -1
<$1 s Ty ey Ty /xlxg S T Tp—1Tp—2 " T1X, > .

Similar arguments to the ones used in the proof of Proposition 2.12 yield
that the symmetric presentation P, is minimal and geometric.

As in the orientable case, the nomenclature symmetric for the presenta-
tion P, accounts for the fact that, at each vertex, the cyclic ordering of the
generators (Lemma 2.1) exhibits the useful property that the edge opposite
to x at any vertex is simply the edge z~'. Indeed, one can check that the
ordering of the generators at any vertex is

T < Tyt <a3 < <ap <zt <ayl<ma<azzl<oo-<at <z

when n is even, and

Ty <zyt<az<-o<at <z, <zt <aa<azl<o<mag <!

when n is odd.
The fact that the symmetric presentation has associated the above cyclic
ordering implies that Corollary 3.3 also holds for the non-orientable case:

Corollary 4.2. Let P, be the symmetric presentation of a non-orientable
surface group of rank n. Then, ®,-(Cy) = I, for each generator x.

Notice that map @ Pt and the Markov matrix M, are only defined for
n even since the group corresponds to an orientable surface. However, all
associated formulae extend to the case n odd. In this sense below we will
compare the maps ® Pt and @ ,- and the associated Markov matrices M, +
and M, , independently on the parlty of n.

Using the notations introduced in the previous sections one can check that
the Markov map ® P behaves essentially as ® Pt in all intervals I,, except

when i € {n,2n}. In these two intervals the map reverses orientation. So,
when i ¢ {n,2n} the equation (13) holds with ® - instead of ®,+. When
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FIGURE 9. The first three (of the total of six) block rows
of the Markov matrix M - corresponding to the symmetric

3
presentation of a non-orientable surface group of rank 3.

1 =n,
B, (L)) = Rt for j € {45.....n}.
QP; (LG) = Canfl U Cﬁn—17
n 2n—2
L L j
(I)P; (Cyn) = Cy2n71 U U L‘?7J2n71 U ( U ka> ’
j:2 k:n+1
n n—1
R R j
Cp- (Cy,) = Cyy U U A (U ka) ’
j=2 k=2

©p- (Ry,) = Cy UGy,
®p- (R ) =L} *orje{4,5,...,n},

and analogous formulae hold for the interval I,,,. Hence, in a similar way
to the previous section it follows that the Markov matrix M, of ® P is
of the form (14) with M, ; replaced by Jo,—1M; ; for i € {n,2n} and j =
1,2,...,2n (see Figure 9).

Next we want to prove Lemma 4.3 which is an analogue of Lemma 3.6
for this case. This will allow us to simplify the computation of the spectral
radius of M. Asexpected, a further consequence of Lemmas 4.3 and 3.6 will
be that the orientation-reversing character of ®,- in the intervals I, and
I, has no effects in the entropy. To do this it is convenient to introduce the
notion of disoriented block circulant matriz as follows. An (r, s)—disoriented
block circulant matriz is a matrix of the form

Ay A ... Ay
Agy Az ... As
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where each A;; is an s x s matrix for which there exists an (r, s)—block
circulant matrix

An A ... A
- Agp A ... A
Av'rl Av'r2 Av'rr

such that given i € {2,...,r}, either 4;; = Zij for every j = 1,2,...,r or
Ay =13 sgij for every j = 1,2,...,r. That is, every block row of A coincides
with the corresponding block row of A or is obtained from the corresponding
block row of A by pre-multiplying each block by J,. Observe that this last
operation permutes the individual rows of the block row symmetrically with
respect to the central horizontal axis. The matrix A will be called the
parallelization of A. Observe that the assumption that the first block row
of A and A coincide implies that the parallelization of A is unique.

Lemma 4.3. Let

Ay A ... Ag
A Agyp A ... A
Arl AT’2 Arr

be a non-negative disoriented (r,s)—block circulant matriz such that

(18) ZAU Js = Js ZAlj
= =1

Then
p(A) =p | X Ay
=1
Proof. Let
A:n %12 ;4:17«
Ao |An Ax ... Aay

be the unique parallelization of A. We will prove that || A™||s = [|A™||s for
every m > 0. Then,

p(A) =

and the result follows from Lemma 3.6.
For every m € N we will write A™ and A™ as

lim [|A™| L™ = lim [A™|L™ = p(A)
m—0o0 m—0o0

T AN
Ay Ay Ay and Ay Ay’ o Ay ,
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respectively. Then,

r r
147 oo = P H ZAE;”)HOO T e ZAE;YL) u; and, similarly,
j=1

=1,2,..., =1,2,...,r —

T
|47 oo = max | S" AT | u,
Ty J:l

where ug denotes the (column) vector of size s with all the entries equal to
1. So, to prove the lemma it is enough to show that

~ ) [N i
(19) DA Jus={ Y AT | u
=1 =1
for every i =1,2,...,7 and m € N.

Before proving this claim we will prove two necessary technical results
on the block rows of the matrix A that are stronger versions of assumption
(18). The first one is the following:

(20) ET:A” Js = Js ET:AZ] and ET:AZJ Ws = ET:AT]' Wy
7=1 7=1 7=1 7=1

for every non-negative vector w of size s such that J;wy = wg and every
i,re{l,2,...,r}.

From the definitions of disoriented block circulant matrix, parallelization
and block circulant matrix we get:

(21) > Ay = Z/Lj - Zlij
j=1 j=1 j=1

and >7_; Aj; is either Y%, Aij or Jg (Z;Zl ZZ]> . Thus, from (21) and
(18) we get, respectively,

d . Z’le gi' = 221 Ay
;Aij = { Js](zgzjl Lj)]: 3 62;:1 Ay) = (Z5o1 A1) 3.

Consequently, if wg is a non-negative vector of size s such that Jyw, = wy,
we have <Z§:1 Aij) W = <Z§:1 A1j> w, for every i € {1,2,...,r}. This
proves the second equality of (20). To prove the first one we use the above
expression for »%_; A;; and (18). In the first case we have

(Z§:1 Aij) Js = (22:1 Alj) Js =Js (22:1 Alj) =Js (22:1 Aij) )
and in the second one,
(Z;:l Az‘j) Js = (2221 Alj) Js = J:Js (2221 Alj) =Js (2221 Az‘j) -

This ends the proof of (20).
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The second technical result that we need is a weaker version of (20) but
that holds for all powers of A. More precisely, for every i,7 € {1,2,...,r}
and m € N,

—~ .. [
(22) JS ZAU Us = ZA"'] Ug .
=1 j=1

In fact this implies that (22:1 Ag?) u; is a vector independent on ¢, call
it wi', such that Jswl' = wl".

For m = 1, (22) follows directly from (20) and the fact that Jsus = us.
Now we assume that (22) holds for m > 1 and prove it for m + 1. Clearly,

=) N (S a4 ) S (340
(23) ZAz'j = Z <Z A%KAEJ' ) = ZAZ@ ZAKJ'
Jj=1 j=1 \t=1 =1 j=1
for every ¢ € {1,2,...,r}. Thus, from the induction hypothesis and (20),

(Zj 1Am+1> u, = 3,50, Ay (ZJ 1Am)> c= T (0, A w
= (2421 ie) sWy' = (Ze;l iZ)Ws
= (1 AWt = Yy Are (X2, A7) us
= (S A7) u

This completes the induction step and, thus, (22) is proved.

Now we will prove formula (19) by induction on m for a fixed but arbitrary
ie{l1,2,...,r}. Assume that m = 1. If 4;; = ﬁij for j =1,2,...,r then the
equality is trivially true. Otherwise, A;; = Jsgij for j =1,2,...,r. Hence,
from (20),

<Z§=1 Aij) us = (Z;:l Aij) (Jsus) = Js (Z;Zl Az’j) u,
=Js <Z§:1 Jsgij> u; = (Z;:1 ﬁw> u,,

because J is an involution (i.e. J2 is the identity of size s).
Assume that (19) holds for m > 1. As above, we will consider two cases.

If Ay = Lg for ¢ =1,2,...,r, then from (23), the analogous formula for A
and the induction assumption we get

(LIAMWS—ZHZALIMQ
= ZZ 1 w <Z A(m)) (22:1 gl(;n%—l)) u,.

So, we are left with the case A;y = Jsgw for £ =1,2,...,r. In a similar way
to the previous case we get

(2221 Ag;nm) u, = 3,50, Ay (2221 gg;n)) u,
=J, (22:1 /Tgnﬂ)) u;.
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Consequently, from (22) we get:
(2221 AZ”H)) us = Jg (237:1 Az(;'nﬂ)) us = (2221 gg'nﬂ)) Us.
This ends the proof of the lemma. U
With the help of Lemma 4.3, as in the orientable case we obtain:

Corollary 4.4.
htop(q)Pn_ ) =logmax {p(Cy),1}.

5. COMPUTATION OF THE TOPOLOGICAL ENTROPY — SECOND
REDUCTION: SUPER COMPACTING THE MATRIX C,

The super compacted matriz of rank n is the n x n matrix SC,, = (s;;)
defined as follows:

1 ifi<n—2and j=i+1or¢=n,
2 ifi=n—2and j=n,
(24) sij=1492n—3 ifi=n—1and j<n,
2n—4 ifi=n-—1and j =n, and
\0 otherwise.
In matrix form we have:
0 1 0 0 0 0 0
0 0 1 0 0 0 0
SC, = : : : : : :
0 0 0 0 1 0 0
0 0 0 0 0 1 2
2n—3 2n—-3 2n—3 2n-—-3 2n—3 2n—3 2n—4

1

1

1

1

1

1

1

In this section we prove
Proposition 5.1. For every n > 3,
max {p(C,),1} =max{p(SC,),1}.

To prove the above result we need another intermediate matrix which we
obtain from C,,. We introduce the divided compacted matriz of rank n of size
2n x 2n, denoted by DC,, = (d;;), which we define as follows:

Cij ifi <nandj<n,
Cij—1 ifi<nand j>n+1,
(25) di; = Ci—1, ?fz:>n+1 andj: <mn,
Ci—1j-1 ifi>n+landj>n+1,
1 ifi=nand j<nori=n+1landj>n+1,
0 ifi=nandj>n+1ori=nandj<n,
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where C,, = (¢;;). In matrix form, DC,, is (compare with the definition of
the matrix C,, in Page 19):

0 1 0 o --- 0 0 0 0 0 0 0 0
0 0 1 o --- 0 0 0 0 0 0 0 0
6 o0 0 -~ 0 1|1 1i]06 o0 -0 0 0
n—2n—-2n—2---n—2n—-2n—-2n—-2n—1n—1---n—1n—1n—-1
1 1 1 1 1 1 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 1 1 1
n—1ln—1n—1 n—1ln—1n—-2n—-2n—-2n—-2---n—2n—2n—2
0 0 0 0 0 1 1 1 o -+ 0 0 0
6O 0 0 0 - 00 0|0 o i 0 0
0 0 0 0o --- 0 0 0 0 0 0 1 0

Notice that the matrix DC,, is indeed the Markov matrix of a topological
model obtained by subdividing the central interval of the topological model
from Remark 3.10 at a fixed point (that exists because the central interval
covers itself).

Proof of Proposition 5.1. First we will prove that
Spec(DC,,) = Spec(Cp,) U {1},

where Spec(-) denotes the set of eigenvalues of a matrix. To do this observe
that 1 is an eigenvalue of DC,, with eigenvector (0,0,...,0,1,—1,0...,0,0),
where the two non-zero elements of this vector are at the n and n+1 entries.
Also, if u is an eigenvalue of C,, with eigenvector (vi,vs,...,v2,-1), then,
it follows directly from the definition of the matrix DC, that u is also an
eigenvalue of DC,, with eigenvector

Un U
(1)1,1}2, ceyUn—1, 35 55 Untl,y - - - ,’Ugnfl) .

Conversely, if 1 is an eigenvalue of DC,, with eigenvector (vi,ve,...,v2,),
then, again from the definition of the matrix DC,, it follows that pu is also
an eigenvalue of C,, with eigenvector

(/U177)27 ceeyUn—1,Un +Un+1avn+2u ... 7/1)211) .

This proves the statement.
The second step of the proof will be to show that p (DC,) = p(SC,). To
do this it is convenient to write the matrix DC,, in block form, with blocks

of size n X n:
D11 Dqo
DC,, = .
" <D21 D22>

Observe that DC,, is symmetric with respect to the central point. So, Doy =
JnD12d, and Doy = J,,D11J,,, which amounts to:

_ D1y Dys
Dcn N (JnD12Jn JnDllJn> '

Now let us consider the block matrix of size 2n x 2n defined by

I, o0,
2 (" 3.
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where I,, denotes the identity matrix of size n x n. Clearly Z is non-singular
and Z~! = Z. Hence,

7DC. 7! — ( D11 D12Jn>

D12, D11

because J,,J,, = I,,. Observe that ZDC,,Z ! is a non-negative block circulant
matrix. Thus,

P (Dcn) =p (ZDanil) =p (Dll + DIQJn)

by Lemma 3.6. Moreover, by direct inspection it follows that D11+ D12J,, =
SC,.

Summarizing, we have proved

max {p (C,),1} =max{p(DC,),1} = max{p(SC,),1}.
O

Remark 5.2. The topological model in Remark 3.10 has a fixed point and
commutes with the symmetry of degree -1 with respect to this fixed point.
The quotient space obtained by identifying each orbit of the symmetry to
a point is a closed interval, and the induced map on this quotient space is
also a Markov map. The matrix SC,, is in fact the Markov matrix of this
quotient map.

6. THE SPECTRAL RADIUS OF SC,, AND PROOF OF THEOREM 1.1

To compute the spectral radius of SC,, we will use the rome method pro-
posed in [2]. To this end we have to introduce some notation.

Let M = (mj;) be a k x k matrix. Given a sequence p = (pj)ﬁzO of
elements of {1,2,...,k} we define the width of p, denoted by w(p), as the
number Hle My, _yp;- If w(p) # 0 then p is called a path of length £. The
length of a path p will be denoted by ¢(p). A loop is a path such that p, = pg
i.e. that begins and ends at the same index.

A subset R of {1,2,...,k} is called a rome if there is no loop outside R,
i.e. there is no path (pj)gzo such that py = pg and {p; : 0 < j < £} is disjoint
from R. For a rome R a path (pj)g‘:o is called simple if p; € R for i = 0,4
and p; ¢ Rfori=1,2,...,0—1.

If R = {ry,re,...,r¢} is a rome of a matrix M then we define an ¢ x
¢ matrix-valued real function Mg(z) by setting Mgr(xz) = (ai;(x)), where
aij(z) = >, w(p) - 24P where the summation is over all simple paths
originating at 7; and terminating at r;.

Theorem 6.1 (Theorem 1.7 of [2]). If R is a rome of cardinality ¢ of a
k x k matriz M then the characteristic polynomial of M is equal to

(—1)F 2k det(Mp(z) — ).

To use Theorem 6.1 it is helpful to represent the matrix M in form of a
combinatorial graph which amounts to draw all paths of length 1 associated
to M. To do this we introduce the following notation. A path (7, j) of length

1 will be written as i — j, where w denotes the width of the path. For
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2n — 3

F1GURE 10. The combinatorial graph associated to SC,,. The
arrows ending at braces indicate multiple arrows with the
same weight, each one directed towards a node under the
brace.

the matrix M the width w of the path i — j, is just the entry (M);; # 0.

Observe that, with this notation, a path p = (pj)g?zo is written as

wo w1 Wi —1
Po—pP1—> " "Pk-1— Pk

and w(p) = [y wi.
We will compute the spectral radius of SC,, in Proposition 6.3 by using
Theorem 6.1. In Figure 10 we show the combinatorial graph associated to

SC,.

Remark 6.2. The combinatorial graph associated to SC,, shown in Fig-
ure 10 is in fact the generalized Markov graph of the topological model
obtained in Remark 5.2.

Proposition 6.3. The spectral radius of SC,, is the largest root of the poly-
nomial Qn(x).

Proof. By direct inspection of the graph of Figure 10 it follows that SC,, is
an irreducible non-negative integer matrix. Hence, by the Perron-Frobenius
Theorem (see [11]), we get that the spectral radius of SC,, is the largest
eigenvalue of the characteristic polynomial of SC,. It is larger than 1 and
simple. So, to prove the theorem, we have to show that the characteristic
polynomial of SC,, is @, (x).

Clearly R = {n — 1,n} is a rome of SC,, (see Figure 10). Hence,

_ (BT +2(x) (B-1D27" +28z2(x)
Mp(z) = ( g:_l + z(x) ) 71+ 22(x) >

where 8 = 2n — 3, 2(z) := Yp—y a7 ¢
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By Theorem 6.1, the characteristic polynomial of SC,, is

B(m_l + z(x)) -1 2B(m_1 + z(x)) —(B+ 1)zt
7+ 2(x) 2007 4 2(z) —a7t -1

= a:”((:v_l -B-2) (:U_l + 2(z)) + 14 1)

n—1
=2"(z7' — (2n - 1)) (Z x_e> + 2" g
(=1

n—1
:x”—(2n—2)2wj+1.
j=1

(_1)n72xn

This ends the proof of the proposition. O

Next we prove a technical lemma that studies the polynomial (1) and
gives the bounds for A,.

Lemma 6.4. For everyn > 3, Qn(x) has a unique real root Ay, larger than
one. Moreover, forn > 4,

1

Proof. Observe that Q,(0) =1, @,(1) = —2n(n — 2) < 0 and

n

Q) = (e - 2D i) < (g 22D
n st

Since z7~1 — 2= g negative for every for n > 3 and x € [0, 1], it follows

that @, has a unique root in (0, 1).

On the other hand, it is easy to see that Q,(z) = 2"Q,(z~!) (that is, Q,
is a reciprocal polynomial) and, hence, z is a root of @, if and only if 2~ is
a root of @,,. Consequently, @, (z) has a unique real root larger than one.

Also,

(2n—1)"—(2n —1)

Qni2n—1)=02n—-1)"-2(n—-1) 2= 1)

+1=2n.

So, A, < 2n — 1.
To end the proof of the lemma it is enough to show that

Qn(Qn_l_W><0

n

for n > 4. We have
2" —z

Qn(z) =2"—2(n— I)SW

2" —4n(n—1)s+2n—1
2(n—1)s—1 ’

+1

where z :==2n —1— 1 and s := (2n — 1)""2,

Since 2(n —1)s —1 > 2n —1 > 0, 2" — 4n(n — 1)s > 0 implies that

Qn(z) <0.
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An exercise shows that 2" > (2n — 1)" — n(2n — 1). Hence,

2 dn(n —1)s > (2n — 1)"2 (1 - (2n—n1)n3)

and 2" —4n(n — 1)s > 0 for n > 4. So, Qn(z) < 0 and the lemma is
proved. O

Proof of Theorem 1.1. It follows from Theorem 2.2, Corollaries 3.9 and 4.4,
Propositions 5.1 and 6.3, and Lemma 6.4.
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