A QUASIPERIODICALLY FORCED SKEW-PRODUCT ON THE
CYLINDER WITHOUT FIXED-CURVES

LLUIS ALSEDA, FRANCESC MANOSAS, AND LEOPOLDO MORALES

ABSTRACT. In [1] the Sharkovskil Theorem was extended to periodic orbits of
strips of quasiperiodic skew products in the cylinder.

In this paper we deal with the following natural question that arises in this
setting: Does Sharkovskii Theorem holds when restricted to curves instead of
general strips?

‘We answer this question in the negative by constructing a counterexample:
We construct a map having a periodic orbit of period 2 of curves (which is,
in fact, the upper and lower circles of the cylinder) and without any invariant
curve.

In particular this shows that there exist quasiperiodic skew products in the
cylinder without invariant curves.

1. INTRODUCTION

We consider the coexistence and implications between periodic objects of maps
on the cylinder Q = S' x I, of the form:

r (2) = (doa)

where S! = R/Z, T is an interval of the real line, R, () = 6 + w (mod 1) with
w € R\Q and (0, z) = (p(x) is continuous on both variables. The class of all maps
of the above type will be denoted by S(2).

In this setting a very basic and natural question is the following: is it true that
any map in the class S(Q) has an invariant curve?

In [1], the authors created an appropriate topological framework that allowed
them to obtain the following extension of the Sharkovskii Theorem to the class
S(Q)L.

Let X be a compact metric space. We recall that a subset G C X is residual if
it contains the intersection of a countable family of open dense subsets in X.

In what follows, 7:  — S! will denote the standard projection from € to the
circle. Given a set B C S', for convenience we will use the following notation:

MB:=7x"YB)=BxIcCQ

In the particular case when B = {#}, instead of 11{#} we will simply write 176.
Also, given A C ), we will denote by ATB the set

ANMB={(#,2) €Q:0 e Band (0,z) € A}.
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Ias already remarked in [1], instead of S! we could take any compact metric space © that
admits a minimal homeomorphism R: © — © such that R’ is minimal for every £ > 1. However,
for simplicity and clarity we will remain in the class S(2).
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In the particular case when B = {0}, instead of A0 e will simply write AY.
Instead of periodic points we use objects that project over the whole S', called

strips in [1, Definition 3.9]. A set B C Q such that m(B) = S! (i.e., B projects on

the whole S1) will be called a circular set.

Definition 1.1. A strip in  is a compact circular set B C Q such that B? is
a closed interval (perhaps degenerate to a point) for every # in a residual set of
St. 1]

Given two strips A and B, we will write A < B and A < B ([1, Definition 3.13]) if
there exists a residual set G C S, such that for every (6, z) € A" and (6,y) € BM¢
it follows that x < y and, respectively, z < y. We say that the strips A and B

are ordered (respectively weakly ordered) if either A < B or A > B (respectively
A< Bor A>B).

Definition 1.2 ([1, Definition 3.15]). A strip B C Q is called n-periodic for F €
S(Q) if F*(B) = B and the image sets B, F(B), F?(B),..., F""1(B) are pairwise
disjoint and pairwise ordered (see Figure 1 for examples). o

0.85 |- /\_’\ q 09
08| \/f 1 wl

(A) 3.28z2(1 —z) + ﬁ cos(2m6) (B) 3.85z(1 —x)(1 + }0% cos(2m0))

FIGURE 1. In the left picture we show an example two periodic
orbit of curves, and in the second we show a possible example of a
three periodic orbit solid strips.

To state the main theorem of [1] we need to recall the Sharkouvskii Ordering
([2, 3]). The Sharkovskii Ordering is a linear ordering of N defined as follows:

3Sh>55h>75h>98h>"'sh>
2'3Sh>2'55h>2'75h>2-98h>...Sh>
4'35h>4-5s}1>4'75h>4-98h>...Sh>

2n'35h>2n'53h>2n'7Sh>2n’9sh>"'Sh>

"'Sh>2n5h>"'5h> 16 g, > 8 gp> 4 gn> 2 gn> 1.

In the ordering g, > the least element is 1 and the largest one is 3. The supremum
of the set {1,2,4,...,2™, ...} does not exist.

Sharkovskii Theorem for maps from S(Q) ([1]). Assume that the map F €
S(2) has a p-periodic strip. Then F has a g-periodic strip for every q <sy p.
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In view of this result, the new following natural question (that is stronger that
the previous one) arises: Does Theorem 1 holds when restricted to curves? where a
curve is defined as the graph of a continuous map from S! to I. More precisely, is it
true that if F' has a q-periodic curve and p <s, q then does there exists a p-periodic
curve of F'?

The aim of this paper is to answer both of the above questions in the negative
by constructing a counterexample. This is done by the following result which is the
main result of the paper.

Theorem A. There exists a map T € S(Q) with f(0,-) non-increasing for every
0 € S, such that T permutes the upper and lower circles of Q (thus having a periodic
orbit of period two of curves), and T does not have any invariant curve.

The construction will be done in two steps. First, in Section 3, we construct a
strip A which is a pseudo-curve which is not a curve. This strip is obtained as a
limit of sets defined inductively by using of a collection of winged boxes R~ (i*) C Q.
Second, we construct a Cauchy sequence {T, }2°_, that gives as a limit the function
T from Theorem A having A as invariant set. To this end, in Section 4 we define a
collection of auxiliary functions G; defined on the winged boxes R~ (i*). Next, in
Section 5 we introduce a notion of depth in the set of winged boxes R~ (i*) which
defines a convenient stratification in the set of winged boxes R~ (¢*). In Section 6
we study the wings of box and its interaction with boxes of higher depth. In
Section 7, by using the auxiliary functions from Section 4, the stratification from
Section 5 and the technical results from Section 6 we construct the Cauchy sequence
{Th}3_y C S(Q), we define the map T = limy,—, o0 T, and we prove Theorem A.

For clarity, we omit the proofs of all results from Section 7. These proofs will be
provided in Sections 8, 9 and 10. Section 2 is devoted to introduce the necessary
definitions and, in particular, to introduce the notion of pseudo-curve and some
necessary results on the space of pseudo-curves.

2. DEFINITIONS AND PRELIMINARY RESULTS

The main aim of this section is to introduce the definition and basic results about
pseudo-curves.

Given G C S! and a map ¢: G — I, Graph(ip) denotes the graph of ¢. Also,
given a set A we will denote the closure of A by A.

Definition 2.1 (Pseudo-curve). Let G be a residual set of St and let ¢: G — 1

be a continuous map from G to I. The set Graph(p), denoted by A _ ., will be

called a pseudo-curve. Notice that every pseudo-curve is a compact circular set.
Also, A will denote the class of all pseudo-curves. o

A set A C Q is F-invariant (respectively strongly F-invariant) if F(A) C A
(respectively F(A) = A). Observe that if F' € S(f2), every compact F-invariant
set is circular. A closed invariant set is called minimal if it does not contain any
proper closed invariant set.

An arc of a curve is the graph of a continuous function from an arc of S' to L.

The pseudo-curves have the following properties which are easy to prove:

Lemma 2.2. Given a pseudo-curve A € A the following statements hold.

(¢,G)

(a) A? consists of a single point for every 8 € G. Consequently,

(#,G)

AllG  — Graph(yp).

(¢,G)

(b) Every circular compact set contained in a pseudo-curve coincides with the
pseudo-curve.
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(c) Ao = Graph(cp|é) for every G C G dense in S'.
(d) If A, ., contains a curve then it is a curve.

Proof. We start by proving (a). By the definition of a pseudo-curve we have
Graph(yp) C ATG To prove the other inclusion fix # € G and z € I such that

(¢,G)"
(0,x) € A .- Then, there exists a sequence {(0n,p(0n))}n2; C Graph(p) such
that limy, 00 (0, ©(05)) = (0, ). The continuity of ¢ in G (and hence in #) implies
x = p(0) and, therefore, (0, ) € Graph(p).

Now we prove (b). Assume that B C A is a circular compact set. From the

(¢, G)

assumptions and statement (a) we get A(Tl%) = B Hence,

A . = Graph(p) = Al¢ = BTG C B.

(¥, @)
Now (d) follows directly from (b) and the fact that a curve is compact since it
is the graph of a continuous function. Statement (c) also follows from (b) because

Graph (¢|g5) C A

We also will be interested in the pseudo-curves as a possible invariant objects of
maps from S(£2). The next lemma studies their properties in this case.

.y and Graph (| 5) is a circular set (since G is dense in $). O

Lemma 2.3. Let F € §(Q) and assume that A _ ., € A is an F-invariant pseudo-
curve. Then,

(a) A, is strongly F-invariant and minimal.

(b) If A, s contains an arc of a curve then it is a curve.

Proof. We start by proving (a). Let B C A , be a closed invariant set. We have
that B is circular and, by Lemma 2.2(b), B =A _ . Hence, A _  is minimal.

On the other hand, F(A_ .) C A implies F*(A_,) C F(A_,) and,
hence, F(A( ) is a compact F-invariant set. Therefore, by the part already
proven, F'(A o) =A_ -

Now we prove (b). Let S be an (open) arc of S! and let £&: S — I be a
continuous map such that Graph(§) C A - Clearly, there exists m € N such
that |-, R5(S) = S'. Now we set & := ¢ and, for i = 1,2,...,m, we define
&t R, (S) — Iby

¢, G)

&(0) = f (R51(0), &1 (RS'(9))) -
The continuity of f implies that every & is an arc of a curve and Graph(§;) =
F(Graph(&;—1)). Hence,

m m
U Graph(&;) = U F*(Graph(§)) C A, ,
i=0 i=0
because A( o is F-invariant.
©,G)

In view of Lemma 2.2(d) we only have to show that (.-, Graph(¢;) is a curve.
We will prove prove this by induction.

Assume that § # M G {0,1,2,...,m} verifies that Sy := [J;cp, RL(S) is an
(open) arc of S* and (J;¢,, Graph(&;) is an arc of a curve (initially we can take M
to be any unitary subset of {0,1,2,...,m}). Then, there exists a continuous map
&+ Sm — I such that Graph(§,,) = U,cp Graph(&:).

Clearly, there exists j € {0,1,2,...,m}\M such that Sas; := Sy N RE(S) # 0.
The set Sy,; is an open arc of S' and, by Lemma 2.2(a), £,, |SM A

NG T £j|sM,ij
because Graph(¢,, ), Graph(§;) C A . Since Sy NG is dense in Sy j, given 0 €
Su,;\G, there exists a sequence {6, }52, C Sa,;NG converging to 6. The continuity
of &, and & on Sy; implies that £,,(0) = lim, 00 &, (0n) = limy, 0 &;(0,) =

&;(9). Consequently, §M}SM = fj’SM ~and Graph(§,,) U Graph(¢;) is an arc of a
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curve (defined on the open arc Sy U R%(S)). By redefining M as M U {j} and
{ ) 1’

iterating this procedure until M U {j} = {0,1,2,...,m} we see that the whole
Ui, Graph(&;) is a curve. 0

Next we will introduce and study the space of pseudo-curves.

Definition 2.4. We define the space of pseudo-curve generators as
PCG := {(p,G) : G is a residual set in S* and p: G — T is a continuous map}.
On PCG we also define the supremum pseudo-metric d__: PCG x PCG — R by:

d_((¢,G),(¢',G)) = sup |p(0) — ¢ ().
0eGNG’

Clearly, d_ ((p, G), (¢',G")) = 0 if and only if @’Gmc’ = @”GQG, and, hence, d__ is
a pseudo-metric. o

The next lemma will be useful in using the metric d__.
Lemma 2.5. Let (¢, G), (¢',G") € PCG. Then,

doo ((@7 G)v (QD/’ G/)) = SUE |90(0) - 90/(9”
ste

for every G C GN G’ dense in S'.
Proof. Set d__ ((,G), (¢',G")) :=sup, g le(0) — ¢'(A)] . With this notation, we
clearly have d__ _ (0, G), (¢, @) <d_((¢,G), (¢, G)).

To prove the reverse inequality take 6 € (G N G')\G. Since G is dense in S,
there exists a sequence {6,}>2, C G converging to #. On the other hand, by
definition, the maps ¢ and ¢’, are continuous in G N G’ (and, hence, in ). Con-

sequently, [¢(6),¢'(0)] = lim, oo [(0n) — ¢'(0n)] < d_ ((p,G), (¢',G")). This
ends the proof of the lemma. O

As it is customary we will introduce an equivalent relation in the space of pseudo-
curve generators so that the quotient space will be a metric space.

Definition 2.6. Two pseudo-curve generators (¢, G), (¢',G’) € PCG are said to

be equivalent, denoted by (¢, G) ~ (¢',G’) if and only if A _ ;) = A, . Clearly
~ is an equivalence relation in PCG. The ~-equivalence class of (¢, G) € PCG will
be denoted by [p, G]. o

Remark 2.7. From Lemma 2.2(a,c) it follows that (¢, G) ~ (¢’, G’) if and only if
<p|§ = cp’|é for every G C GN G’ dense in S'. In particular, by taking G = GN G,
we get that d__ ((¢, G), (¢',G")) = 0 if and only if (¢, G) ~ (¢',G"). 1]

Definition 2.8. The space PCG/~ will be called the space of pseudo-curves gener-
ator classes and denoted by PC. Also, on PC we define the supremum metric, also
denoted d__: PC x PC — R™T by abuse of notation, in the following way. Given
A=[pa,Gal,B = |e¢p,Gp] € PC we set
doo (A7 B) = doo ((SDA7 GA)a (SDBa GB)) .

Note that d__ is well defined. To see this take [pa,Ga] = [pra,Gar], B, GB] €
PCG. Then, by Lemma 2.5 and Remark 2.7 applied to G = G4 NG 4 N Gp we get
d_((va,Ga),(¢B.GB)) =d_((pa,Ga), (¢B,GR)). o

The next result establishes the basic properties of the space of pseudo-curves
generator classes (PC,d_ ).

Proposition 2.9. The space of pseudo-curves generator classes PC is a complete
metric space.
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Proof. The fact that d__ is a metric in PC follows from Remark 2.7.

Now we prove that PC is complete. Assume that {[¢n, G,|}52 is a Cauchy
sequence in PC. We have to see that lim,,_,[¢n, Gyn] € PC.

Set, G := N2, Gy Since this intersection is countable, G is still a residual set.
The definition of d__ implies that the sequence {¢,(0)}52; C Iis a Cauchy sequence
in I for every 6 € G. So, it is convergent and we can define a map ¢: G — I by
©(0) = limy,— 00 ©n(0).

If (¢, G) € PCG we have [¢, G] € PC and, from the definition of ¢ it follows that

lim d_([p, G, [pn, Gn]) = sup ~ lim [p(0) = ¢n(0)] = 0.

n— 00 0cGNG,, M0
Consequently, [¢, G] = lim, o [@n, Gr]. Since ¢ is the uniform limit of a sequence
of continuous functions on G, it is continuous on G. That is, (¢, G) € PCG. O

In what follows we want to look at the space A as a metric space and relate this
metric space with (PC,d_).

Let p denote the euclidean metric in €. Then, the space (2, p) is a compact
metric space. We recall that the Hausdorff metric is defined in the space of compact
subsets of (£2, p), by

H,(A,B) = max {max p((0,2),B),max p((0,x), A)} .
(0,z)eA (0,2)eB

Then, (A, H,) is a metric space. To study the relation between (PC,d_) and
(A, H,) we need a couple of simple technical results.

Lemma 2.10. Let A,B C Q be compact circular sets. Then,
H,(A,B) < H,(A? BY).
p(AB) < max H, (A", B")

Proof. Tt follows directly from the definitions:

H,(A,B) < max {sup p((&, x), Ba) , sup p((@, x), A9> }

(6,z)eA (6,2)eB

= max { sup max p((e, x), 59)7

pest {z€l: (0,z)EA}

Sup max p((@,x),Ae)}

oest {z€l: (6,x)eB}

= sup max < max 6,z),B%), max 0,z), A’
eeSI2 {{xe]l: (Q,w)EA}p(( ) ) {zel: (G,I)EB}p(( ) ) }

= sup H, (Ag, Bg) .
fest

Proposition 2.11. Let (¢, G), (3, G) € PCG. Then,

H/’ <A(%G) ’ A(@,é)) S sup HP (A0 AG ) = doo ((907 G)7 (@, G))

gest (¢,.6)"" (3,8)

Proof. The first inequality follows from Lemma 2.10.
Now we prove the second equality. By Lemma 2.2(a),

d..((¢,6), (3,G) =sup _|p(0) = $(0)| =sup _H, (A? A7 ).
0eGNG 0eGNG ’ (@9
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So, to end the proof of the lemma, we have to see that

H, (A9 A? N>§dm((¢,a),(@,é)) for every 6 € S'\(G N G).

e &7 (5.6
Fix § € S'\(G N G). From the definition of the Hausdorff metric it follows that
there exist ,y € I such that H, (Af G),/—\?@)é)) = lz—y|, (6,2) € A? @ and
(0.y) €AY -
Since G N @ is residual (and thus dense) in S*, from Lemma 2.2(a,c) it follows

that there exists sequences {(0,, 0(6,))}2%0, {(0n, 3(00))}2, € (G NG) such
that limy, 00 (O, ©(05)) = (0, 2) and lim, 00 (0n, $(05)) = (0,y). Hence,

Hy (A A Y=o =yl = Tim [o(0,) — 3(0n)] < d.((¢,G),(5,G)).
U

Proposition 2.11 tells us that that if {[¢,, Gn]}52; is a Cauchy sequence in PC
then A _ . is a Cauchy sequence in (A, H,), and if [¢, G] = lim,c0[pn, Gr]
then A _ ;) = lim,,c A . . Unfortunately the space (A, H,) is not complete
as the following simple example shows.

Example 2.12 (The space (A, H,) is not complete). Consider continuous maps
£, S — T with n € N, n > 2, defined by

2n6 ifoe|o ,zi}
&a(0) = {21 —nb) if0 €[5, 2],
0 if 0 > %
1
Clearly, (&,,S') € PCG and Hp(A(gnygl),A(gwgl)) < W Hence, {As 1S1)}

is a Cauchy sequence in A. However, the sequence {A o } has no limit in 4.
e, o1, = L= (8" x{0})u ({0} = [0,1)), Which is not the closure
of the graph of a continuous map on a residual set of S! (in other words, L ¢ .A).

This is consistent with the fact that, clearly, {[£,,S!]} is not a Cauchy sequence in
(PC,d_.). o

Indeed, lim, o, A

3. CONSTRUCTION OF A CONNECTED PSEUDO-CURVE

The aim of this subsection is to construct a strip A = A_ , as a connected
pseudo-curve with certain topological properties that will allow us to define the
map T € §() having this pseudo-curve as the only proper invariant object. The
pseudo-curve A _ . will be obtained as a limit in PC of a sequence of pseudo-curves
that will be constructed recursively.

We will start by introducing the necessary notation.

In what follows, for simplicity, we will take the interval I as the interval [—2, 2].
Also, fix w € [0, 1]\Q. For any ¢ € Z set £* = fw (mod 1) and O*(w) = {£* : L € Z}.
That is, O*(w) is the orbit of 0 by the rotation of angle w.

We will denote by d_, the arc distance on S = R/Z. That is, for 61,60, € St, we
set

92 — 91 when 91 S 92, and
(01,02) :=
(92 + 1) — 01 when 01 > 02.

The closed arc of S! joining 6; and 65 in the natural direction will be denoted by
[91, 92] That iS,

[01,0:] = {t (mod1):6; <t<b} when 0 < 65, and
t (mod1):0; <t<0:+1} when 6 > 0s.
1,V2 d 9 0 b P 0
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FIGURE 2. The graphs of the functions ¢ (in blue) and £+ in thick
black. The red dashed curve is (1 — |x])%.

The open arc of S! joining 6; and 6, will be denoted by (61,62) = [01, 0]\ {61, 02},
and is defined analogously with strict inequalities Given an arc B C S*, Bd(B) will
denote the set of endpoints of B.

We will denote the open (respectively closed) ball (in S!) of radius § centred at
0 € St by Bs(0) (respectively Bs[6)]):

Bs(0)={0€S":d,(0,0) <5} =(0—~3 (mod1),0+3 (mod1)), and
Bs[0]=Bs(0) ={0 €S :d,(0,0) <6} =[0—5 (mod1),0+5 (mod 1)].

We consider the space {2 endowed the metric induced by the maximum of d_,
and the absolute value on I. That is, given (6, z), (v,y) € Q we set

dn ((07 :L’), (Vv y)) ‘= max {dgl (07 V)a |1' - y|} .

Then, given A C Q we will denote the interior of A by Int(A) and diam(A) will
denote the diameter of A whenever A is compact.

To define the sequence of pseudo-curves that will converge to A _ ., we first
need to construct an auxiliary family {R(£*)}sez of compact regions in Q and a
family of compact sets {I'p,. }¢cz such that, for every ¢ € Z, I'p,. C R(£*) and
it is the restriction of a pseudo-curve generator to m(R(£*)). To do this we define
the auxiliary functions §8: [-1,1] — [—1,1] and ¢: [-1,1]\{0} — [—1,1] by (see
Figure 2):

B(x):=1—1|z] and  ¢(x) ::(1—|x|)2sin<g).

Note that —3(z) < ¢(x) < B(z), for all x € [-1,1]\{0} and the graphs of —3 and
B intersect the closure of the graph of ¢ only at the points (0,—1), (0,1),(—1,0)
and (1,0).

To define the families {R(£*)}icz and {T'p,. }rcz we use the following generic
bozes.
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a+2%5

fne,8,a,at,a7)

FIGURE 3. The region R(£*,n,a,d,a,a™,a™) is the

, delimited in the rectangle T B;[¢*] by the graphs of the func-
tions a + 5+ (8 0 ¥,.1)(#). In blue the set TP e saat ey induc-
tively defining the pseudo-curve.

For every 6§ € S' and § < 3, ¥,: [~0,6] — S! denotes the map defined by
¥, () =2 +0 (mod 1). Clearly 9y is a homeomorphism between [—4, §] and Bs[d] .
Finally 9, ': Bs[0] — [0, ] denotes the inverse homeomorphism of .
Definition 3.1 (Generic boxes). Fix ¢,n € Z, n > |{], o € (0,27"), ¢ € (0, ),

€ [-1,1] and a™,a™ € B,(27"3(4)) (see Figure 3). Now we consider the Jordan
closed curve in §2, formed by the graphs of the functions

a+27"(Bod ! and a—2 (6019

o* )|Bé[g*] |B [ex]’

together with the four segments that join the pomts:

(0" —a,a”) with (£* — 6,0 — 27" B(-6)),

(0" — a,a”) with (£* = §,a +27"B(=0)),

(0" + o,a™) with (€* +6,a —27"3(6)), and

(0" + o,a™) with (€* +6,a+27"5(0)).
We denote the closure of the connected component of the complement of the above
Jordan curve in Q that contains the point (£*,a) by R(£*,n,«,d,a,at,a™) (the
coloured region in Figure 3). Observe that m (R(¢*,n,«,d,a,a™,a7)), the projec-
tion of R(¢*,n,a,d,a,at,a™) to St, is B,[l*] = [* — o, £* + a.

We denote by

o = P BaltI\{¢} — T

the continuous map defined as follows:

(1) P Bs[e<]\{¢*} — a+ (_1) 2 (¢ o 79[*1)'

(i) ¢,.((* —a)=a" and ¢,. ((* + a) =a™.
(iii) ¢,. |[Z*7o¢,8*76] and ¢,, |[€*+5,Z*+o¢] are affine.

n,a,8,a,at,a= )
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We also denote by F(p(z* mabiaatamy C R(l*,n,,d,a,a™,a~) the closure in Q of
the graph of P e ]

n,a,8,a,at,a=)"

Remark 3.2. The region R(¢*,n,a,d,a,a™,a™) and the set Fapw sat-

n,a,8,a,at,a7)

isfy the following properties:

(1) R(¢*,n,a,0,a,a™,a7) C Ba[l*] X [a—2"",a+27"].

(2) diam(R(¢*,n,a,8,a,a,a7)) = diam(R(¢*,n,a,8,a,at,a7)) =2-27",

(3) The sets TP wsaatan, and OR(£*,n,a,8,a,a™,a™) only intersect at the
points (£*,a — 27™), (*E*, a+27"), (0* —a,a”) and (£* + a,a™).

(4) (Fw(g*,n,a,é,a,a+,a7)

(5) Let R(£*,n,a,d,a,a™,a) and R(k*,7,d,0,a,a",a") be two regions, then
B,[¢*] N Bg[k*] = () implies

é *
) =R(*,n,a,6,a,at,a”)" is an interval.

R(*,n,a,0,a,a,a”) ﬂR(k*,ﬁ,&,g,E,5+,5_) = 0.

a
For every j € Z%, we set
Zp={iel: |i|<j}={-j—j+1,...,—1,0,1,...,5 — 1,5} and
7= {i" i€ Z;}.
With the help of the sets R(£*,n, a, 8, a,a™,a™) and T'p which are

(¢*n,a,8,a,aF,a7)’
the “bricks” of our construction we are ready to define the sequence of pseudo-curve

generators {(v;, Sl\Z;)}J‘?‘;O that we are looking for.
To do this, for every j > 0 we define
e a strictly increasing sequence {n;}2, C N,
e a strictly decreasing sequence {;}72 such that 27"+ < ay <27
e and a sequence {J;}32, with 27+ < §; <
verifying some technical properties that we will make explicit below, and we de-
fine a sequence of boxes R(j*) := R(j*mj,aj,éj,aj,aj,a;) and R((—j)*) =
R((—j)* nj, 05,05, a_j, aJ_rj, a_;) (for j = 0 both sets coincide) with projections
m(R(j%)) = Ba, [i7] and 7 (R((—))")) = Ba, [(=4)"].
Finally, with the use of all these sequences and objects we can define our functions
Y ’Sl\Z;'
Observe that we are using the intervals of the form B, , [€*], Bs, [¢*] and also
B, _,[€*] when £ is negative. To ease the use of these intervals we introduce the
following notation:

B[] = By, [0*] if >0, or
T Bag 0] it L <0,

By, (%) if £>0, or

and B, ({*):= { o
Bay,,, (7)) if £ <0,
Notice that the ball B, [¢*] has diameter a; for £ € {j, —(j +1)}.

Remark 3.3. With the above notation B, , [¢*] & B, (¢*) for every £ < 0. More-
over, for £ € Z and j € ZT,

R, (Ba, [€*]) = Ba, [(€+1)*], and

o Ba 1)) >0, 0r
Rw (Be [E ]) - {BO‘IZ+1[(£+ 1)*] if ¢ <0.

Also, the same formulae holds with « replaced by § and for open balls. o
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The next crucial definition fixes in detail all quantities and objects mentioned
above.

Definition 3.4. We start by defining R(0*) := R(0*, ng, v, 09, 0,0,0) and ¢, :=
Do 060,000 P choosing (Definition 3.1) ng = 1, ap < 1 =20 and § < ap
small enough so that the intervals By[0*] = B, [0*], Ba,[1*] and B {[(-1)*] =
B, [(—1)*] are pairwise disjoint; and (—2)*,2* ¢ B~ ,[(—1)*] and, additionally,
Bd (B, [0%]) N O*(w) = 0.

We also set af = ay; = ag = 0, and we define the map ~,: S'\{0} — I by

_ J @ (0) if 6 € Bq,[07]\{0},
() = {0 if 0 ¢ Ba,[0].

For consistency with the definition of v, in the case j > 1, we define the map
y_,: SN\{0} — I by v_,(0) = 0 for every 6 € S'. Then, notice that, ap =v_, (0%),
ag = ¢,. (0" £ ag) = 7_, (0" £ ag), and () = 7_, () for every 0 ¢ Ba,[07].

Next, for every j € N we define R(j*), R((—7)*) and (v,,S"\Z}) from the
corresponding boxes R(i*) and B, [i*] C B [i*] fori € Z; 1, and (v,_,,S"\Z;_,)
as follows. We take nj, §; and «; such that (see Figure 4 to fix ideas):

(Rl) ng > Nj—1, (Sj <a; < 27 < 6j—1 < a5 and
(Bd (Ba, [(=9)"]) U B (Ba, [j"]) ) N 0" () = 0.
(R.2) The intervals

are pairwise disjoint,
Vjer (Bay [€7]) € [y, (€) =277, (€) + 2777
forevery € {j +1,—-(j + 1)},
By [N Z;,, = {'} for £ € {j,—(j + 1)} and
B, [G+ 1IN Zj ={G+ 1D}

and (=(j+2))", (1 +2)" ¢ BZ;,1)[(=( +1))"] = Ba,[(=(G + 1))7].
(R.3) Bd (Ba,, [(k+1)*]) N (Ba, [7*] U Ba,[(—j)*]) = 0 for every k € Z;_;.
(R.4) Assume that there exists k € Z;_; such that B, [(j + 1)*] N B, [k*] # () and
|k| is maximal verifying these conditions. Then, B,,[(j + 1)*] is contained in
one of the two connected components of By, (k*) \{k*} when By, [(j + 1)*]N
B, [k*] # 0, and By,[(j +1)*] is contained in one of the two connected
components of By (k*)\Ba,, [k*] if Bo,[(j +1)*] N By, [k*] = 0 (note that,
in this case, k must be negative).
(R:5) Let ¢ € {j,—(j + 1)} (recall that the ball B, [¢*] has diameter «; for these
two values of £ and only for them).
(R5.4) If " ¢ Usez, , Bi [i*] then, By [¢*] N B7[i*] = 0 for every i € Z;_1.
(R.5.ii) If ¢* € B, [m*] for some m € Z;_; such that |m/| is maximal with
these properties, then
(R.5.i.1) B [¢*] N B [i*] = 0 for every i € Z;_4 such that |i| >
|m|, i # m, and



12 LL. ALSEDA, F. MANOSAS, AND L. MORALES

(R.5.ii.2) B;[¢*] is contained in (a connected component of)

By, (m*)\ (Bd (B, [m*]) U{m*}) =
(m* - a‘m‘fl,m* - alml) U (m* - a‘m‘,m*) U
m|? m* + a\'m\fl)
(observe that B, [¢*] C B,(m*)\Ba,,, [m*] can only hap-
pen when m < 0 since By, [m*] = B, [m*] for m > 0).
(R6) Let ¢ € {j,—j}. If B/ [¢*] N B, [m*] = 0 for every m € Z;, m # { then, to
define R(¢*) and the map ¢,., we set

ag =", ,({*) = aét =7,,(t" £a;) =0.

(m*, m* + Oé|7”|) U (m* +a

Otherwise, there exists m € Z;_; such that Bj [¢*] is contained in a connected
component of B, (m*)\ (Bd (Ba‘m‘[m*]) U{m*}) and |m| is maximal with

these properties. Then, to define R(¢*) and the map ¢,., we set
(R6) a:=n,, (), a¥ ==, (¢ +a;) and Graph(y‘ b, [m) c R(¥).
(R.6.ii) Assume that there exists k € Z),,,) C Z;_1 such that B/ [(*] C
Ba,, (E*)\{k*}. Then, R(¢*) is contained in one of the two con-

nected components of Int (R(kz*)\ nk*) .

m|

Finally we define v, : S"\Z5 — T by
0. (0) i€ Bo [\ {5}
Y, (0) = Qo). (0) if 0 € Bo,[(=5) 1\ {(=)"},
Yoa(0) 10 & (Ba,[7*1U Bay[(—5)* 1V Z;_y) -
(notice that Zr =277 4 U {7, (=4)*})- o

b

For every ¢ € Z we define the winged region associated to £ as

(R it >0, or
RAE) = meeey u Graph (7, it 0 < 0.

}B'[[f*}\Baw (5*)>
The next technical lemma shows that the objects from Definition 3.4 exist (that

is, they are well defined), and studies some of the basic properties of the family of
pseudo-curve generators {(7,, S'\Z7)}52,.

Remark 3.5 (Explicit consequences of Definition 3.4). The following statements

are easy consequences of Definition 3.4. They are stated explicitly for easiness of

usage.

(R.1) n; > j. This follows from Definition 3.4(R.1) and the fact that we have set
ng =1and n; >n;_; for j € N.

(R.2) For every j € N,

BZi (=) 1N Zj = {(=3)"}
This follows from Definition 3.4(R.2) for j — 1. We get

BZ; (=) InZy ={(=j)"} and (=(j+1))".(j+1)" ¢ B ;[(-5)"]-
which shows the statement.
(R.6) Let j € Nand ¢ € {j,—j}, and assume that B, [¢*] N B, [m*] = 0 for every
m € Z;, m # {. Then, 7T|B:[£*] :70’37[8*] =0forr=1,2,...,5 — 1.
(R.6.1)) Assume that here exists m € Z;_; such that B, [¢*] is contained in
a connected component of By, (m*)\ (Bd (Ba,,, [m*]) U{m*}) and
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R(0°)

FIGURE 4. The boxes R(¢*) for ¢ € {—4,-3,—-2,-1,0,1,2,3,4}

and the graph of 7,. The wings are represented as a thick garnet

curve surrounding the graph of 7, . For clarity the scale and separa-

tion between boxes is not preserved. The circle S! is parametrized
11

as [—3,3)-

|m| is maximal with these properties. Then
forr=|m|+1,|m|+2,...,5—1.
R.6.ii)) Assume that there exists k € Z),,) C Z,;_1 such that B, [¢*] C
Im| J 4

B, () \{k*} and |k| is maximal with these properties. Then,
forr=|k|+ 1, k| +2,...,|m].

, 7r|B‘;[Z*] = Vimi |B‘[[é*]

Vel B e = Ve |B‘[[e*]

To prove (R.6) notice that when B, [¢*|NB,,,, [m*] C B, [¢*]NB,,[m*] = () for every

m € Z;j, m # {, from the definition of v, for 0 < r < j we get that 7r|B'[e*] =
14

70’3'[[4*] =0forr=1,2,...,5— 1.

(R.6.i)) The maximality of |m|, together with Definition 3.4(R.2), imply that
B/[t*] N By, [i*] € B/[¢*] N B[i*] = 0 for every i € Zj_q, |i| > |m[, i # m.
So, by the definition of the functions 7,

Ve Baj[[*] :’Y‘m‘iB%W] for r= |m|+1,|m|+2,,j* 1.

(R.6.ii) When |k| = |m| (R.6.ii) holds trivially. So, assume that |k| < |m].
As in the case (R.6.i), the maximality of |k| and Definition 3.4(R.2) imply that
B/ [6*] N By, [r*] = 0 for every r € Z;_y, |r| > |k|, r # k. So, (R.6.ii) follows from
the definition of the functions v, . o

Lemma 3.6. For every j € Z™" the regions R(5*) and R((—5)*) (and hence R~ (j*)
and R™((=7)*)), and the maps (vy;,S'\Z}) are well defined. Moreover, the following
statements hold:

(a) (%,Sl\Z;‘) € PCG. Furthermore, for every L € {j +1,—(j + 1)},
Y (Bay [€7]) € [, (€7) =277 4, (£%) +277] .
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(b) Upez R™(£*) € S* x [—1,1] and Graph (71|SI\Z;) cS! x [-1,1].

(c) For { € {j,—j} we have Graph(%‘fl|3%[e*]> C R, ar = 7,_,(¢), and
0 = ¢, (0 £ aj) =7, , (" £ ay).

(d) Graph (%, B, W]\Z;) C R(€*) for everyn > j and £ € {j,—7}.

(e) For every £ € {j,—j},

gE | 10\ Ba, (0*))URy (BY [6*\Ba, (£4)) — 7J‘fl|(B‘[[é*]\Baj (¢*))URy (BY [¢*]\Ba; (¢%))"

Moreover, for every 6 € Bd(B, [(*]\Ba,(£*)) = Bd(Bq,[¢*]) U Bd(B,[¢*]), we
have 6 ¢ B [n*]U B~ [(—n)*] and ~,(0) = ~,(0) = v,_,(0) for every n > j,
and Ry,(0) ¢ Ba,[n*] U By, [(—n)*] and v, (Ru(0)) = v,_, (Ru(8)) for every
n > j.
(f) For every { € Z, R™(€*) is a compact connected set such that m (R~ ((*)) =
By, v, |B‘[[Z*]\Bam(e*) is continuous and
~ | * = di AL o LT L —L ; >
diam (R™(£%)) = dlam_(R(K ) dla_nz (R((—=0)*))=2-27m <2 z'fé_ 0,
2.2 et < 2.2 M if £ < 0.

(9) Given £,m € Z such that || > |m|, £ #m and B, [(*] N B,,[m*] # 0, it follows
that [£] > |m|, and either B/ [¢*] C By, (m*)\{m*} and the region R™({*)

is contained in one of the two connected components of Int (R(m*)\ TTm*) ,

orm < 0 and B, [(*] is contained in one of the two connected components of

B (m*)\Ba,,, [m"].

Proof. We start by proving the first statement of the lemma and (a) by induction.
Observe that ng = 1, ag, dp and 7y, are defined so that Definition 3.4(R.1-2)
for Jj =0 and (%,Sl\Z{{ ) € PCG are verified except for the obvious fact that
";[(=5)*] = B;[5*] . On the other hand, by construction, B,,[0*] is disjoint from

B [1*] and B, [(—1)*]. Then, by the definition of ,,

Yo (Bag [€]) = {0} C [=5. 3] = [1(€7) = 2770, 7, (£%) + 27

for ¢ € {1,—1}. Hence, (a) holds.

Fix j > 0 and assume that we have defined ngy, ay, §¢ and «, such that all
Definition 3.4(R.1-6) above and (a) hold for £ =0,1,...,5 — 1.

Since the elements of Z 4o are pairwise different, we can choose an integer n; >

n;—1 and J; and «; small enough so that

0< (Sj <oy <27 (5]'_1,

(=@ +2)"0+2)" B0 +1)"] = Ba,[(=( +1))7],

the three intervals B} [j*] = Ba,[j*], Ry (Ba,[5*]) = Ba,l(j +1)*] and
B” ;1 l(=(j +1))] are pairwise disjoint,

B/rINZ5 = {é*} for L e {4,—(G+ 1)},

Baj[(] + 1N j+1 ={(j + 1)*} and, additionally,

o (Bd (Ba,[(~9)"]) UBd (Ba,[*]) ) N O"(w) = 0.

Then, Definition 3.4(R.1) is verified. Moreover, from the above conditions it follows
that By, [¢*] N Z]*_s_1 = {¢*} for every £ € {j +1,—(j + 1)}. Thus, by statement (a)
for j — 1 7,_, is defined and continuous on £* € B, [¢*] because this interval is
disjoint from Z;_. Hence, we can decrease the value of «; (and, accordingly, the

value of 0 < 6; < «;), if necessary, to get
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. Yia (Bag€]) € [y, (€7) =27y, () +277]
forevery e {j +1,—(j+1)}.

To see that Definition 3.4(R.2) is verified it remains to show that the intervals
B[j*], Ba,[(j +1)*] and B‘:(j+1)[(—(j + 1))*] are disjoint from B~ [(—j)*] . By in-
duction, Definition 3.4(R.2) holds for j—1. Thus we see, that (—(j+1))*, (j+1)* ¢
B”[(-j)], and R, (Ba,_,[(j = 1)*]) = Ba,_,[j*] is disjoint from B [(=5)"]-
Hence, we can decrease the value of ; (and, accordingly, the value of 0 < §; < «;),
if necessary, until Bo,[(j +1)] and B”; },[(=(j +1))*] = Bq,[(=(j +1))7] are
disjoint from B~ [(—j)*]. On the other hand we have that a; < 27" < §;_1 <
aj—1. S0, B} [j*] = Ba,[j*] C Ba,_,[5"] is disjoint from B~ [(—j)*].

Up to now we have seen that we can choose nj;, d; and «a; so that Defini-
tion 3.4(R.1-2) hold for j. Let us see that we can choose «; such that Defini-
tion 3.4(R.3) also holds. Observe that for every ¢,i € Z and every m > 0 it
follows that Bd (Ba,, [(*]) N O*(w) # 0 if and only if Bd (R’ (Ba,,[(*])) N O* (w) =
Bd (Ba,,[(£ 4+ i)*]) NO*(w) # 0. Therefore, by using Definition 3.4(R.1) inductively,

we obtain

U Bd(Ba, [(k+1))n{(-i)"5"} ¢ | Bd(Ba,, [(k+1)*])NO*(w) = 0.

kGZj—l kGZj—l

Consequently, since (J;.c. | Bd (Bayy [(k 4+ 1)*]) is a finite set, by decreasing again
the value of «;, if necessary, we can achieve that Definition 3.4(R.3) holds for j and
Definition 3.4(R.1-2) are still verified.

Next we will take care of Definition 3.4(R.4). If (j + 1)* ¢ Uz‘ezj,l B li*],

by decreasing again the value of a; (and §;), if necessary, we can achieve that
Bo,[(7 +1)*] N (Uiez,»_l B;'[z*]) = () while preserving that Definition 3.4(R.1-3)
are verified for j. In this case Definition 3.4(R.4) holds trivially.

Conversely, assume that there exists k € Z;_; such that (j + 1)* € B [k*]
and |k| is maximal verifying these conditions. By Definition 3.4(R.2), k is unique
(that is, the condition cannot be verified by k& and —k simultaneously). On the
other hand, by the Definition 3.4(R.1) for |k| and |k| — 1 and the comment above,
(j +1)* ¢ Bd (B [k*]) UBd (Ba,, [k*]) . Since k € Z; 1, |[k| < j — 1 and, hence,
(G+1)* ¢ 2y (in particular j* # k*). Consequently, (j+1)* is contained in one of
the connected components of B (k*)\ (Bd (Bam [k*]) U Z\*k|> . Then, by decreas-
ing again the value of oy, if necessary, we can get that By, [(j +1)*] is contained
in the connected component of B} (k*)\ (Bd (Bay [k*]) U Zﬁc\) where (j+1)* lies,
while preserving that Definition 3.4(R.1-3) are verified for j. Consequently, Defini-
tion 3.4(R.1-4) hold for j.

Now we will deal with Definition 3.4(R.5). If £* ¢ {J;c 5., B [i*], by decreasing
again the value of o, if necessary, we can get Definition 3.4(R.5.1) while preserving
that Definition 3.4(R.1-4) are verified for j.

Assume that there exists m € Z;_; such that ¢* € B, [m*] and |m| is maxi-
mal with these properties. As in the above construction, by Definition 3.4(R.1-2),
¢+ € By,(m*)\ (Bd (Ba,,, [m*]) U{m*}) and m is unique (that is, the condition
cannot be verified simultaneously by m and —m). Consequently, ¢* ¢ B; [¢*] for
every i € Z;_q such that |i| > |m|, ¢ # m. Thus, by decreasing again the value of o,
if necessary, we can get that Definition 3.4(R.1-4) still hold, Definition 3.4(R.5.ii.1)
is verified and the interval B, [¢*] is contained in the connected component of
By, (m*)\ (Bd (Ba,,, [m*]) U{m*}) where £* lies. So, Definition 3.4(R.5.ii.2) also

m

holds.
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We claim that
for every £,m € Z such that |m| < |£| < j, £ # m, either B, [¢*] N B, [m*] =0 or
|m| < |£] and B, [¢*] is contained in a connected component of

B, (m*)\ (Bd (Ba‘m‘ [m*]) u{m*}).

We prove the claim by induction. Observe that the claim holds trivially for |m| <
[¢] < 1 because B [0*], B][1*] = Ba,[1*] C Ba,[1*] and B~[(—1)*] are pairwise
disjoint by construction.

Assume that the claim holds for every |m| < |[¢| < j. So, to prove the claim,
we may assume that ¢ € {j,—j}, m € Z;,_1 U {—{} and B, [¢*] N B, [m*] # 0.
By Definition 3.4(R.2), B;[j*] N BZ;[(—j)*] = 0. Consequently, m # —¢ (that is,
m € Zj_y and [£| = j > |m|). On the other hand, if ¢ = —j, Definition 3.4(R.2) for
j — 1 shows that B7_,[(j —1)*], B”(;_)[(—=(j — 1))*] and BZ;[(—j)*] are pairwise
disjoint. Thus, m € Z;_, in this case.

Hence, by the Definition 3.4(R.5) for j when ¢ = j and for j—1 when ¢ = —j, there
exists k € Z;_1 (in fact when £ = —j, k € Z;_5) such that B, [(*] is contained in a
connected component of By (k*)\ (Bd (Ba,, [k*]) U{k*}) and [£] = j > |k[ > |m].

If m = k then the claim holds. Otherwise, m # k and since j = |¢| > |k| > |m|,
by the induction hypotheses, |k| > |m|, and B [k*] is contained in a connected
component of B, (m*)\ (Bd (Ba‘m‘ [m*]) U{m*}). So, the claim holds also in this
case. This ends the proof of the claim.

Finally, we consider Definition 3.4(R.6). The fact that either B, [¢*]|NB,, [m*] =0
for every m € Zj, m # £ or there exists m € Z;_; such that B, [¢*] is contained
in a connected component of By, (m*)\ (Bd (Balml[m*]) U {m*}) follows from the
claim.

To show that Definition 3.4(R.6.1) can be guaranteed, it is enough to decrease
again the value of «;, if necessary, until By, [¢*] is disjoint from Z,, and Defi-
nition 3.4(R.1-5) are still verified. Thus by (a) for |m[, v, is well defined and
continuous on By, [¢*]. So, we can set a; := v, (£*) and, by decreasing again a;
(if necessary), we get Graph <7‘m‘ ’Ba.[e*]) C R(G*).

To show that Definition 3.4(R.6.ii)J can be guaranteed we first assume that k = m.
As before, if necessary, we can increase the value of n; and, accordingly, decrease

the values of a; < 27" and 0 < §; < ¢ so that Definition 3.4(R.1-5) and (R.6.i)
are still verified for j and in addition,

(" a0+ 27, ( ap — 27™) € Int(R(k*))

and the region R(¢*) is contained in one of the two connected components of
Int (R(k*)\ TTk*) .

Assume now that k # m (recall that |k|] < |m| < j). In this case we have
B/[t*] C By, (m*) N By, (k*). In particular, B,,(m*) N By, (k*) # 0 and, by the
above claim, |k| < |m| and B, [¢*] C B,,[m*] is contained in a connected component
of By (k*)\ (Bd (Ba,, [k*]) U{k*}) . The fact that By [(*] C Ba,, (k*) \{k*} implies
that By [¢*] C By, [m*] C Ba,,, (k") \{k*}. Then, as above we can increase the value

of n; and, accordingly, decrease the values of o; < 27" and 0 < §; < o so that
Definition 3.4(R.1-5) and (R.6.1) are still verified,

(6%, ag +279), (0%, ag — 27 € Int(R(k*))

and the region R(¢*) is contained in one of the two connected components of

Int (R(k*)\ TTk*) .
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Now assume that |k| is not maximal verifying the assumptions. Then, there
exists r € Z),,,) C Zj—1 such that B, [¢*] C By, (r*)\{r*} and |r| is maximal with
these properties.

We have |k| < |r| < |m| < j and

Bl [r*]10 By [k*] D Ba,, (r*) N Ba,,, (k) #0

because B, [(*] C Ba,, (r*) N Ba,,, (k*) . Then, by the claim, k| < |r| and B [r*] is
contained in a connected component of By, (k*)\ (Bd (Ba\m [k*]) U{k*}) . The fact
that B, [(*] C Ba,, (k") \{k*} implies that B, [r*] C By, (k*) \{k*}. By the part
already proven and Definition 3.4(R.6.ii) for |r| < j we get that R(¢*) is contained in

one of the two connected components of Int (R(r*)\ TTT*) and R(r*) is contained

in one of the two connected components of Int (R(k*)\ nk*) . This shows that
Definition 3.4(R.6.ii) can be guaranteed.

Let us prove that (a) holds for j. Since the set Sl\ZJ’»k is residual, to prove that
(v,,S"\Z7) € PCG we have to show that 7, |s1\Z;
Definition 3.4(R.6.ii), aét = @,. (0" £ aj) =,_,(£* £ a;). Hence, the continuity of
follows from the fact that +,_, is continuous on §'\Z¥_, D S'\ Z* and the

is continuous. Note that, from

7 |sl\z;
continuity of ¢, and iy (Definition 3.1).

This ends the proof of the first statement of the lemma and the first statement
of (a). For every £ € {j +1,—(j + 1)}, from By Definition 3.4(R.1,2) we get:

V-1 (Baj [é*]) C [7j71(£*) - 2—71_77 j71(£*) + 2_nj]
By, [¢*] is disjoint from By, [j*] and Ba,_, [(—=7)"] D Ba,; [(—J))"], and
('} & Ba, (|0 22, C B, [0']0 Z24y = {£°}.

So, from the definition of v, it follows that

Y; |Baj [6*] =Y-1 |Ba]~ [6*]

and, thus, (a) holds.
Statement (c) follows immediately from Definition 3.4(R.6) and Remark 3.5(R.6).
Next we prove (b,d,e,f,g).

(d) When n = j, we get By, [(*]\Z] = B, [£*]\{¢*} from Definition 3.4(R.2).
Hence, Graph (’yj ’B [Z*]\Z*) C R(¢*) by the definition of , (Definition 3.4) and
oy J

the definition of ¢,, (Definition 3.1).

Now assume that n > j and fix 6 € B, [(*]\Z;;. We have to show that the point
(0,7,(0)) € R(£*). 1f 0 ¢ By, [m*] for every m such that j < |m| < n then, by the
iterative use of the definition of v, for i = j+ 1,5 + 2,...,n (Definition 3.4) and

Definition 3.1,

(0,7,(0)) = (0,7,_,(0)) = --- = (0,7,,,(0)) = (6,7,(0)) = (0, ¢,. (0)) € R(£7).

Otherwise, by Definition 3.4(R.2), there exists m € Z such that |[{| < |m| < n,
0 € Ba,,, [m*|\Z;, and 0 ¢ B, [s*] for every s such that |m| < |s| < n. This im-
plies that B, [¢*]N B, [m*] D Ba,[€*]N By, [m*] # 0 and |m| is maximal with these
properties. So, by the claim for j = |m|, B, [m*] is contained in a connected compo-
nent of By (¢*)\ (Bd (Ba, [(*]) U{£*}). Moreover, since € By, (m*) N Ba, [(*] # 0,
B,[m*] C By, [0*]\{¢*}. Thus, by Definition 3.4(R.6.ii) and Remark 3.5(R.6.ii)
for j = |m|, € replaced by m and k replaced by ¢, R(m*) C R(¢*) and (d) follows
from the part already proven by replacing £ by m and j by |m].
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(g) By the claim we have that for every ¢,m € Z such that |¢{| > |m|, £ # m
and B, [¢*] N B,,[m*] # 0, it follows that [¢| > |m/|, and B, [¢*] is contained in a
connected component of By, (m*)\ (Bd (By,,, [m*]) U{m*}). Only it remains to
show that if B, [¢*] C By, (m*) \{m*}, then the region R™(£*) is contained in one

of the two connected components of Int (R(m*)\ ﬂm*) . By Definition 3.4(R.6.ii)

we know that this holds for R(£*) instead of R~ (£*). Hence, if £ > 0, (g) holds
because R~ (£*) = R(£*). Assume now that ¢ < 0. Since R™(¢*) = R(£*) U

Graph (7‘“ ‘Bﬂf*]\Baw(l*D is connected, R(£*) C R(m*), and Int (R(m N\ Tm )
has two connected components, it is enough to show that
Graph (VM |B;[1{*]\BW|(€*)) C R(m*).

Since B[ [(*]\Ba,, (¢*) C B [¢*] C Ba,,, (m*)\{m*}, statement (g) follows from
(d) with ¢ replaced by m, j by |m| and n replaced by |{|.
(b) With (g) in mind we set

D:={{eZ:R ({*) ¢ R(:*) for every i € Z\{{}}.
Clearly,

UrRTen=1 |J R76") | U (U R’(@*))

L€z, i€Z\D £eD
c (U R(i*)) U (U R’(ﬁ*)) =R
ieD ¢€D £eD
Claim: For every ¢ € D, Ve1-1 |B‘[[€*]\Baw(€*) =0.

First we prove statement (b) from the above claim and then we will prove the
claim. To this end we start by pointing out few elementary facts.
From the definition of R™(¢£*) we see that R (£*)\R(£*) = 0 for every £ > 0 and

RT(*)\R(£*) C Graph (fym |B—;[ for every £ < 0. So, in any case,

¢ N\Ba,, (0°)

R™(C)N\R(L*) C Graph( for every £ € Z.

Vel ’B‘[[@*]\BQW (e*))

On the other hand, the arc B/ [¢*] O B/ [(*]\B,,, (¢*) is disjoint from the arc

B7,[(=€)*] > Ba,, [(—¢)*] by Definition 3.4(R.2). Thus, by Definition 3.4 and (a),
Ve ’B‘;[Z*]\BQM ey = Ve |B‘[[£*]\Bam ey

Furthermore, by the Claim and Definition 3.4(R.6), aj = a; = a, = 0 for every
¢ € D. So, by Remark 3.2(1),

R((*) C Ba, [(*] x[—27™4,27M0] C By, [¢*]x[-271, 2719 c B, [¢*]x[-1,1].

Therefore, summarizing and using again by the Claim,

UrRT e cUrR @) c (R(m U Graph (3, |Bm*]\3um<f*>)>

LeZ Leb Leb
= (U R(W)) U (U Graph (’7@—1|B;[€*]\Ba[(f*)>>
£ebD £eD

C (U Bay, [é*]) x [-1,1JUS' x {0} ¢ S* x [-1,1].

£eb
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So, the first part of (b) is proved, provided that the claim holds. Let us prove the
second statement of (b). Observe that, since

(U R(E*)) Ust x {0} ¢ (U R’(é*)) USs! x {0} ¢ S! x [~1,1],

ez ez
it is enough to show that

Graph (%"Sl\zy) C (U R(z*)> Ust x {0}
’ LET

for every j € ZT. We will prove this statement by induction on j.
By construction we have

Graph (MSI\{O*}) c R(0)US! x {0} © (U R(Z*)) ust x {0}.

LEL

So, the statement holds for j = 0. Now assume that it holds for some j > 0, and
prove it for j + 1. By Definition 3.4 and (d),

Gravh (e lsny ) © RGT UR(=)) U Graph (3]0,

CREHUR((=4))U (U R(”)) us! x {0}

LEZ

C (U R(f*)) Us! x {0}
LeZ

To end the proof of (b) it remains to show the Claim.
Let £ € D and m € Zjy, m # (. Then, either

B/ [¢*]N B, [m*] =0 or
|| > |m|, m <0and B/ [¢*] C B;,(m*)\By,,, [m*].
(

To see this, observe that if B, [¢*] N B,,[m*] # 0 then, by (g), |¢|] > |m| and
either R™(¢£*) C R(m*) or m < 0 and By [¢*] C B,,(m*)\By,,, [m*], and the first
possibility is ruled out because ¢ € D.

By using iteratively the dichotomy (1) we get that, for every £ € D, there exists
a sequence mo, M1, ..., my = £ € Z with k > 0 such that By, [(mo)*] N B;[¢*] =0
for every q € Z,,), g # mo and, in the case k > 0, [mo| < [my| < --- < [my| = |/
and, for every p=0,1,...,k—1,

(1)

e m, <0,
e Bo [(mp1)’] © B ((m))\Bay,,[(my)"] and
e B [(mp1)] 0 Blg"] = 0 for every ¢ € Zyy,,,,), ¢ # mp,mypy1 and
Imp| < ql.
The condition By, [(mo)*] N B [g*] = 0 for every q € Z,,|, q # mo implies
Vimot-2 57, om0y} = Vomoi2 87, (0moye) =7 = Dol (0moye) =0

by Definition 3.4(R.6) and Remark 3.5(R.6) (with £ = mg). This ends the proof of
the Claim when k& = 0.
Assume now that & > 0. As before we have

Timo|-1 ’B:;o[(mt))*]\B“mm ((mo)*) = Vimol ’B* [(mo)*N\Ba,,, | ((mo)*)’

mq

This, together with the inclusion,
B, [(m1)*] € By, ((m0)") \Ba,,, [(mo)"]



20 LL. ALSEDA, F. MANOSAS, AND L. MORALES

implies that
Vimol |B‘;1[(m1)*] =0.
Then, by Definition 3.4(R.6.i) and Remark 3.5(R.6.1) with £ = m;,

0= Vg |B‘;1[<m1>*1 = Nimol+1 |B‘;:1 (m)] = 7T Timaia ‘B;} [(ma)~]"

If kK =1 we are done. Otherwise, k > 2 and, as above,

’Y|m1‘ |B:,;2[(m2)*] =0.

By iterating the above arguments at most k times the Claim holds. This ends
the proof of (b).

(e) By Definition 3.4(R.2) and Remark 3.5(R.2) it follows that

0¢ Z; 1 UBqy, (") UB_,((—£)*) forevery 60 By [(*]\By, (£*).
So, by (a), v,_, (0) is well defined and ~y,_, is continuous at 6. Thus, by the definition
of v, (Definition 3.4) and the continuity of ,_, at 6, v,(0) =~,_, ().
Now assume that § € Bd(B, [(*] \Bq,(¢*)) = Bd(Bq,[¢*]) UBd(B,[¢*]). By (g),
6 ¢ B [n*]UB_,[(—n)*] for every n > j. So, by the iterative use of the definition
of v, fori=j+1,5+2,...,n (Definition 3.4) we get

V; (9) = Vit (9) == 7n71(9) =Y (9)

Now we prove the part of (e) concerning R, (B, [(*] \By,(£*)). We first assume
that £ = j > 0. Then,

Bj [j"] = Ba, 5], 0 € Bd(Ba, [§7]) and  Ry(6) € Bd(Ba, [(j +1)7))-

Again by Definition 3.4(R.2), R,,(0) & Z; 1 U Ba,[5*]UBZ;[(=j)*]. So, by (a) and
the definition of v, (Definition 3.4), ,_, (R, (0)) is well defined and v, (R.(0)) =
7,_, (Rw,(6)). By Definition 3.4(R.3) (with j = n and k = £ = j), R, (0) ¢ Ba, [n*]U
Ba,[(—n)*] for every n > j. So, v, (Rw(6)) = 7, (Ru(0)) as above.
Assume now that £ = —j < 0. In this case we have B, [(*] = B
hence, R, (0) € B

Q‘HII[E*] and,
ajes (£ + 1)\ Bq, ((£ +1)*) . By Definition 3.4(R.1) we have
By, [(L+1)*] C B [(0+1)]C B [(€+1)7].

Thus, R, (0) € By [(£+1)*]\{(¢+ 1)*}. Again by Definition 3.4(R.2) and Re-
mark 3.5(R.2) (with j replaced by —(£+ 1)),

Ry(0) ¢ Z; UB [(=0)TU B, [¢*] > Z} U Ba, [§*] U BZ; [(=4)"].-

e+

a(e+1)
So, by (a) and the definition of 5, (Definition 3.4), v,_, (Rw(6)) is well defined and
v, (Rw(e)) = Vi1 (Rw(a))

To end the proof of (e), assume as above that § € Bd(B,,[¢*]) UBd(B, [¢*]) and,
hence, R,,(0) € Bd(Ba,[(£+1)*])UBd (Ba,,,,,[(£ +1)*]) . We have to show that, in
this case, R, () ¢ Ba, [n*]UBg,[(—n)*] for every n > j (the fact that v, (R, (#)) =
7, (Rw(0)) follows as above). When R, (#) € Bd(Bq,[(¢+ 1)*]) this follows from
Definition 3.4(R.3) as before. Assume now that R, (0) € Bd (Ba,,,, [(£+1)*]).
Then, by (g), R.(0) ¢ B, [n*] U BZ,[(—n)*] for every n > j.

(f) If £ > 0 then the first two statements of (f) follow directly from the definitions.
Moreover, by Remarks 3.2(2) and 3.5(R.1),

diam (R7(£*)) = diam (R(£*)) = diam (R((—¢)*)) = 2- 27" < 2. 27D = o=¢,
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Assume that ¢ < 0. From Definition 3.4(R.2) and Remark 3.5(R.2) we get
(B7[€*]\Ba,, (€%)) N Z; = 0 and, hence, 7, is continuous in an open neighbour-
hood of By [€*]\Ba,,, (¢*) by (a). On the other hand, by (d), (6,7,,(0)) € R(¢*) for
every 0 € Bd (B, [¢*]) € By [¢*] \Ba,, (£*) . Thus,

R*(é*) = R((*) U Gl’aph (’Yw ‘B:[Z*]\Baw (l*))

is closed, connected and projects onto the whole B, [¢*].
On the other hand, by (e) and (a) (since £ < 0, |[£+ 1] = |[¢] — 1),

’Y\Z\ (B; [E*] \Baw (E*)) = 7‘2‘71 (Ba|£+1‘ [e*] \Bam (é*))
C [’Y|l|71(€*) B 27n|e\7177|2|71(£*) + 2777,'[‘71] .
Thus, by Remark 3.2(1), (c) and Definition 3.4(R.1),

R™(¢*) = R(£*) U Graph (’Y\u ‘B [0\ By, (6 ))
C B, [€7] % hm L) =27y, () + 27y

(Bajoay [ET\Bayy (€)X [0 (€7) = 27071y, (€7) + 277011
C By [0 X [0y (€F) = 27™10=1 oy (€F) 2701

Hence, by Definition 3.4(R.1) and Remark 3.5(R.1),
diam (R7(¢%)) < 2 max{aypqq), 2701} = 2271 < 2. 2714,

d

The next results allow us to define the limit pseudo-curve generated by the
sequence {(%781\ZZ*) ;.20

Lemma 3.7. The sequence {(v,,S'\Z})}2, C PCG is convergent in PCG.

Proof. By Proposition 2.9 it suffices to show that {(v,,S'\Z})}22, is a Cauchy
sequence in PCG. By the definition of v, (Definition 3.4) we have

Vi1 (9) - % (9>‘

do (Vi) = e

Vi (9) _’yl(e) .
9eFB D) U(Bag (=) N\ (=)7}) |

By Lemmas 3.6(c,d), and Definition 3.4(R.2) and Remark 3.5(R.2),
(0,7,_,00),(0,7,(0)) € R(£*) for 6 € By, [¢*]\{¢*} and ¢ € {i, —i}.
Hence, by Lemma 3.6(f),
d.(7.-1,7,) < diam(R(i")) = diam(R((~3)")) < 27"
Since n; is a strictly increasing sequence, for every m > 0,

i+m o0

ICNRIED DESRERE) SERERSE
k=i+1 k=0
and consequently {(v,,S*\Z})}3°, is a Cauchy sequence in PCG. O

Lemma 3.7 allows us to define the following limit pseudo-curve generator of the
sequence {(7,,SM\Z7)}2,
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Definition 3.8. There exists (v,S'\O*(w)) € PCG such that
(7,80 (w)) = lim (7,,8"\Z})
71— 00

(that is, v(0) = lim; o 7, () for every 8 € S1\O*(w)). Observe that

oo

SNO*(w) = ﬂ (s"\z;)

i=1
is a residual set in S'. 1]

Now, we are ready to define the sequence of pseudo-curves associated to the
sequence {(7,,S*\Z7)}5%,, and to the limit pseudo-curve generator (v, S'\O*(w)).
This will finally define the pseudo-curve A that we want to construct.

Definition 3.9. We denote by
Aj = A

= Graph(y,,S8'\Z;)

(v;.81\2%)
the pseudo-curve defined by (v,,S'\Z}) € PCG, and
A=A := Graph(y, S'\O*(w)).

(7,S1\O* (w))

By Definition 3.8 and Proposition 2.11, A = lim; o, A o

gl *y
(v ,8\ZF)

The next lemmas study the properties the pseudo-curves A; and A.

Lemma 3.10. The following statements hold for every £ € Z:

(a) A% C R(¢*)? for everyn > |¢] —1 and 0 € B, [67].

(b) AL = Afgl C R for every n > |¢|. Moreover, Alégl = R(¢*)" is a non-
degenerate interval.

(c) AY ={(0,7,(0)} for every 6 € SN\ Z;.

(d) Ay C St x [-1,1].

Proof. (a) By Lemma 3.6(c,d), Graph ('y
ment follows from the compacity of R(£*).
(b) From the definition of 7, (Definition 3.4) and Definition 3.4(R.2), for every n >
€] there exists an e(n) > 0 such that v, (0) = 7, (0) for every 0 € B.(,,)(€*) \{¢*}.
Hence Af: = Afgl. Moreover, 7, coincides with ¢,. in a neighbourhood of £*. Thus,
Af;‘ = R(¢*)¥ and it is an interval by Definition 3.1 and Remark 3.2(4).

Finally statement (c) follows from Lemma 2.2(a) and Definition 3.9, and (d)
from Lemma 3.6(b). d

B'X|z|[z*]\Z;) C R(€*). Then, the state-

Lemma 3.11. The following statements hold.
(a) A? C R(*)? for every £ € Z and 6 € Bq, [07].
(b) A = A\Zz*\ for every £ € Z. In particular A® is a non-degenerate interval.

(c) If 0 ¢ O*(w), then A® = {(0,~(0))}.
(d) ACS'x[-1,1].

Proof. Statement (c) follows directly from Lemma 2.2(a).

Now we prove (a). From Lemma 3.10(a), A C R(¢*) for every £ € Z and n > |/|.
On the other hand, by Definition 3.8 and Proposition 2.11, A? = lim,, ., A?. Hence
the result follows from the compacity of R(¢*).

By Lemma 3.10(b) and the part of the lemma already proved we have

A" = lim AL =Af,.

n—oo
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Statement (d) follows from Lemma 3.10(d), the compacity of S' x [—1,1] and the
fact that A = hm]_,oo Aj. U

The next proposition, summarizes the main properties of the set A.

Proposition 3.12. The set A is a connected, does not contain any arc of curve
and Q\A has two connected components.

Proof. From statements (b) and (c) of the previous lemma, we know that A% is
connected for every 6 € S'.

If A is not connected there exist closed (in A) sets U and V such that UNV = ()
and UUV = A. Observe that 7(U)Un(V) = n(A) = S! because every pseudo-curve
is a circular set. Moreover, since A is compact, U and V are also compact sets of
Q. Hence, 7(U) are 7(V) compact in S. Since S! is connected, 7(U) N7 (V) # 0.
For every 0 € m(U) N (V) we have,

A =wuv)y! =vuVv.
The sets UY and V? are closed, non-empty and disjoint. Consequently, A’ is not
connected; a contradiction. This proves that A is connected.

By Lemma 3.11(b), A”" is a non-degenerate interval for every ¢ € O*(w). Then,

since O*(w) is dense in S', A does not contain any arc of curve by Lemma 2.3(b).
To prove that Q\A has two connected components we define

Q_={(0,y) € Q:y <min{x €I: (0,x) € A}}, and

Qp:={(0,y) € Q:y>max{zr €l: (0,z) € A}}.
By Lemma 3.11(d) we know that

—1<min{r e€l: (§,z) e A} <max{x €l: (§,z) € A} <1.

Hence, M\A = Q_ U Qy, Q4 and Q_ are disjoint open circular subsets of { and
Q- O S' x [-2,—1] and Q4 D S x [1,2] (in particular, for every § € S', Qf and
QY are non-degenerate intervals). Thus, Q; and 2_ are arc-wise connected and,
hence, connected. O

4. A COLLECTION OF AUXILIARY FUNCTIONS (G; DEFINED ON THE BOXES R~ (i*)

In this section we define a family of auxiliary functions G;: R(i*) —  with
i € Z and study their properties.
In what follows we consider the supremum metric d__ on the class of all functions
F: A— Qwith A C Q. That is, given F,G: A — Q we set
doc(F7G) ‘= sup dQ(F(9a$)7G(97‘T))
(0,x)€A
In the special case when F' and G are skew products with the same base, that is
when F(0,2) = (R(0), f(6,)) and G(0,2) = (R(0), g(0, ), then
d(F,G) == sup \f(@,x)—g(@,xﬂ
(0,z)eA

L

Observe that (S(€2),d_) is a complete metric space.

Before defining the maps G; we need to introduce the necessary notation, and
recall and collect some basic facts that we will use in this definition and to study
their properties.

For every i € Z, we define
M;: B][i*] — 1 by  M;(0) :=max{z €l: (6,z) € R™(:*)}, and
m;: B [i*] — 1 by  m;(0) :=min{z €1: (0,z) € R"(i")}.

The next simple lemma states the basic properties of the maps m; and M;.
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Lemma 4.1. The following statements hold for every i € Z

(a) =1 < m;(0) < M;(0) <1 for every 6 € B; [i*].

(b) m; and M; are continuous.

(c) mi|Bam[i*] and Mi’Bam[i*] are piecewise linear.

(d) mz(e) = Mz(e) =Y (9) if and only if 6 € B:[Z*] \Bam(i*)'

Proof. 1t follows easily from Definition 3.1, the definition of a winged region and
Lemma 3.6(b,f). O

Notice that, for every i € Z,

R = R@’'=U {6} xmi6), Mi()).
0€B; [i*] 0€B; [i]
In what follows the interval [m;(8), M;(0)] C I, defined for every 0 € B; [i*], will
be denoted by I; g. Clearly, for every 6 € B [i*], R™(i*)? = {0} x L 4.
By Definition 3.4(R.2) and Remark 3.5(R.2),
By [*]\{i*} is disjoint from  Z.
Hence, Lemmas 3.6(a,d) and 3.10(c) can be summarized as:

Vel |B‘[[é*]\{é*} is continuous,
(2) Y, (0) €lpg  for every 6 € B/ [€*]\{¢*}, and

Al =1{(6,7,,(0)} for every 0 € BF[¢*]\{£'}

for ¢ € {i,i+ 1}.
Now we define a family of continuous maps G;: R™ (i*) — Q with i € Z, by

Gi(0,2) = (Ru(0),9:(0, 7))
Also, for every § € B; [i*], we will denote the map g;(0,-): I;9 — I by g, ,.
To define the functions g, ,, for clarity, we will consider separately two different
situations:
e i > 0, when R™(i*) = R(i*), B/ [i*] = Ba,[i*] and Gi(R(i*)) strictly
contains the smaller box R((i + 1)*), and
e { < —1, when G;(R™(i*)) is strictly contained in the bigger box R((i+1)*).
We start by defining g, , for i > 0 in three different ways, depending on the base
point 6 € By,,[i*]. In this definition, for simplicity we will use R(i*) instead of
R™(i*) and By, [i*] instead of B; [i*].
Notice that, by Definition 3.4(R.1) and Lemma 3.6(c),
for every i > 0
(3) Bs,., [i"] C Ba,,, (1*) and B, [i"] C Bs, (i") C Bg, (i"), and

7171(7;*) = a; and 77,((1 + 1)*) = Qj41-

0,69

i+1

Definition 4.2 (Definition of g; for ¢ > 0).

6 € Bs,,,[¢"]: 900(x) = 7,((0 + 1)) + grer (7, (%) — ).

0 € Ba,,[i*] \Bs,,,(i*): we define g, , to be the unique piecewise affine map
with two affine pieces, defined on I; 9, whose graph joins
(mi (6)7 Mi+1 (RUJ (9))) with (’Yz (9)7 Yis1 (RW(G))) ) and
this with the point (M;(8), m;+1(Rw(6))) (in particu-
lar, 9ie (71 (0)) = Vi1 (Rw(a)))v

0 € By, [i*] \Ba,,,(i*):  g,,(x) :=7,,, (Ru(0)) (that is, g, , is constant).
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The next lemma states the basic properties of the functions G; for ¢ > 0.

Lemma 4.3. The following statements hold for every i > 0 :

(a) The map g, , is well defined and non-increasing for every 0 € By, [i*] . Moreover,
—1<g,,(x) <1 for every 6 € By, [i*] and x € I; p. Furthermore, the function
G; is continuous.

(b) G; |R yo 18 affine and G;(R(i*)%) = R((i + 1)*)E«©) for every 6 € B, [i*]

G; |R(i*)9 is piecewise affine with two pieces and G;(R(i*)?) = R((i+1)*) %)
for every 0 € B%H[' J\Bs,,,(1%); and
Gi(R(*)?) = z+1 D for every 0 € By [\ Ba, . (i) .
(c) Gi(A?) = 5_1(0) for every 6 € B,,[i*].
Proof. We will prove all statements of the lemma simultaneously and according to
the regions in the definition of the map g;.

e We start with the region R(i*)"B“Hl ",

Let z € [=0;,0;] C R and let § = i* + z € Bs,[i*] . From Definition 3.1 and (3) we
get
n mi(0) =a; — 27" (1 —2)=~,_, (") —27"(1 — 2), and

Mz(ﬁ) =a; + 2—n1(1 — Z) = ’yl_l(’L*) + 2—71,(1 — Z)

In a similar way, for every 6 € By, [i*] (that is, 2 € [~0i41, 0i41]), we have R,,(0) =
(i+1)"+z¢€ Bs,,,[(i+1)*], and

(5) Mmig1(Ru(0)) = aipr — 27" (1 = 2) = 9,((i +1)7) = 27" (1 — 2), and
Myt (Rul0)) = aigs + 2741 (1= 2) =, (i + 1)%) + 2771 (1 — 2).
Hence, for every 6 € Bs,, [i*],
9.0 (mi(0)) = 7, (14 1)) + grer 27" (1= 2) = 7, (0 +1)") + 27"+ (1 = 2)
= Mi+1(Ry(9)),
950 (Mi(8)) = 7, ((i + 1)) = g2 ™ (L= 2) =7, (1 + 1)) =27+ (1~ 2)
= mit1(Ru(0)).

(6)

So, 9., is the affine map whose graph joins the point (m;(6), M;41(Rw(6)))

..
with (M; (9) mit1(Re(0))). In particular, g, , sends the interval I; ¢ affinely onto
I; 1R, (0) OF, equivalently, G; sends the interval R(i*)? affinely onto R((i41)*)%«(®).
Then, by Lemma 3.6(b), this implies that —1 < g, ,(z) < 1 for every x € I;.
Moreover, the continuity of the maps m;, M;, m;y+10R, and M;,1 0 R,, imply that
g; is well defined and continuous on 72(1"")TTB‘51‘+1 [¢"]

Next we will prove that G;(A?) = Afﬁl(g) for every 6 € Bs,,,[i*] . We take 0 =
i* +2z € Bs,,, [i*] \{i*}. Then, clearly, z € [~0;11,0;1+1]\{0} C R. By Definitions 3.4
and 3.1 and statement (3),

Y:(0) =0, (0) =a; +27"d =1, ,(i") +27"d € L; p, and
Yig1 (Rw(g)) = @(,i+1)* (0) = Qj+1 — 27 d = ’Yi—l(z ) —27"d e ]I'L'+1,Rw(9)7
(

where d = (—1)¢(z). So, for every 8 € By, [i*] \{i*},

Uz

(7) e (’71' (9)) = 71((2 + 1)*) - 27"d = Vi1 (Rw(e))

QMit1
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Thus, from (3) and (2) we get
Gi(A]) = Gi({(0,7,(0)}) = {(Ru(0), 9. ,(~.(0)))}
= {(Ru(0), 7,4, (Ru(0)))} = Afif”

for every 6 € Bs,,[i*]\{#*}. On the other hand, by the part already proven, g, .
sends the interval I; ;« affinely to I; 4 (;41)- or, equivalently, G; sends the interval

R(i*)" = {i*} x L; ;- affinely onto R((i + 1)*)+D" = {(i + 1)*} x I; (;11)~. This
implies that G;(A?) = Az(fll) by Lemma 3.10(b). Hence, G;(AY) = Afﬁl(e) for
every § € Bs,, [i*].

e Now we study R(i*>n(B%:+1 ["N\Bs; (i*)).

Observe that R, (Ba[i*] \{i*}) = Ba[(i + 1)*] \{(i + 1)*} for @ € {a, ;41}. Then,
by (2)

oR, |B P\ fit) is continuous, and

Yit1 (Rw(e)) E HH—LRW(@) for every 0 e B(Jéi+1 [Z*] \{7’*}
So, the continuity of the maps m;, M;, m;11 0 R, and M;; o R, imply that g; is

well defined and continuous on R(i*)ﬂ(BC‘Hl [i*]\B‘SiH(i*)), and

(’yz (9), Yit1 (Rw(e))) € Hl o X ]IiJrl,Rw(@)

for every 6 € By,,,[i*] \Bs,,,(i*) . Consequently, g, , maps I; ¢ piecewise affinely
with two pieces onto I; 1 g, () or, equivalently, G; sends the interval R(i*)% piece-
wise affinely with two pieces onto R((i + 1)*)%~(?). Again, by Lemma 3.6(b), this
implies that —1 < g, ,(x) < 1 for every x € I; 9. On the other hand, from (3) and
(2) we have

1+1

(8)

Gi(A?) = Gi({(0,7,(0))}) = {(Ru(0),9,.,(,(0))}
= {(Ru(8),7,,, (Ru(0))} = Al
for every 0 € By, ,[i*] \Bs,,, (i*) .

e Finally, we study the region R(i*)ﬂ(B“i [N\ Bay 1 (i)

In this case, by definition and Lemma 3.6(b) we have —1 < g, ,(z) < 1 for every
x € lig. By (8), gi(-,x) = v,,, o Ry, is well defined and continuous in both variables

on R(i*)n(B“i ["1\Bei 1 () because m,; and M, are continuous. Moreover, for every
0 € By,[i*] \Ba,., (i*) and z such that (6, z) € R(i*)?, we have

{Gi(0,2)} = {(Ru(0), 90(0, 2))} = {(Ru(0), 7,1, (Ru(0))} = AT
by Definition 3.9 and Lemma 2.2(a). Thus, by Lemma 3.10(a),
Gi(AY) = Gi(R(")") = A"

From all the previous arguments (b) and (c) follow. To end the proof of (a) we
have to see that G; is well defined and globally continuous. This amounts to show
that it is well defined on the fibres

R(#*)0 00 = {i* & 61} x Lige s, and
R(i*)(z Tait1) = {i" £ a1} x Hi,i*iam'

We will only show that the two definitions of g; coincide on {0} x I; o with 6 €
{#* + di41,1* + a;41}. The case § € {i* — d;41,1* — a1} follows analogously.
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We start with 6 = i* + ;1 € By, (¢*) . In this case, R,(0) = (i 4+ 1)* 4+ o471 €
Bd(Ba,.,[(7 + 1)*]) and, by Definition 3.1 and Lemma 3.6(c),

Mi1(Ro(9)) = miz1(Ru(9)) = afyy = 7., (R (0)).
Thus, the piecewise affine map whose graph joins the points (m;(6), M;;1(Rw(9))),
(7,(0), 7,41 (R (6))), and (M;(8), m11(Ru(0))) is the constant map 7, (Ru(6)).
Hence, g, , is well defined for 6 = " + ;1.
Now we deal with the case § = i* + ;41 € By,[i*] . By (6) and (7) we know that

the points (m; (), Mi+1(Ru(9))), (V,i(f_)%H(Rw(@))) and (M;(0), miy1(Ru(0)))
belong to Graph (x =y, ((E+1)%) + 2341 ('yifl(z'*) — x)) Consequently, the map
v, (G 4+ 1)) + 527 (7, (i) — @) commdeb with the piecewise affine map whose

graph joins (m;(0), Mi11(Ru(6))), (7, ()74, (Rw(0))) and (M;(6),m41(Ruw(6))).
This ends the proof of (a). O

Now we define g, , for ¢ < 0. In this case, since we are going from a smaller box
R7(i*) to a bigger one, we only need to define g, , in two different ways, depending
on the base point 6 € B; [i*].

As in the previous case we need to fix some facts about the elements that we
will use in the definition.

By Definition 3.4(R.1) and Lemma 3.6(c),

for every i <0
By [+ 1)) © By [+ 1)) € B, (4 1)%) € Bay o, (14 1)),
Ry, (B [i*]) = Bayy, [(i +1)*],  Bj, [i*] C Bay, (i*), and
Vyien (i) = @i and 7y, ., (((+1)") = i1
Consequently, from (2) and Definitions 3.1 and 3.4 we get
m;(0) <7, (0) < M;(#) and
mis1(Ro(8)) < 7,1, (Rul8)) < Mg (R (6))
for every 0 € By, (i*) \{#*} (and Ry (0) € Ba, ((i +1)*) \{(¢ + 1)*}). Then,

mit1(Ru(0) =74 (Ru(0)) Mig1(Ru(0)) — 7,00 (Ru(0))
22‘1‘4_'1‘ (7| \(9) - M’L(e)) ’ 22\1‘4_'1‘ (7| \(9) - mz(e))

defines a continuous function &;: Bq,, (i*) \Bs,, (i*) — (0, 1]. To define the map g;
we need an auxiliary function

R a‘z[ ]\35\“( ) — [071]

such that r; is non-decreasing and continuous, r;(i* & d);) = Ki(i* £ ), and
ki(0) < K;i(0) for every 0 € By, (i*)\Bs), (i*). In principle any such function
would do, but for definiteness, and to show that such function exists, we note that
we can take, for instance,

i(0) = infieio,iv oy, )nBa , (v) Filt) 1 6 <4 =8,
' infocfic45,,.00nBa , (i°) Fi(t) 1 6 >0 + 8.

9)

ki(f) =min 1,

It is easy to check that this map verifies the desired properties.
Definition 4.4 (Definition of g; for ¢ < 0). For every (6,2) € R~ (i*) we set
k| % . % . %
23\i+1\ (’7|i+1| (Z ) - JJ) + Viga ((Z + 1) ) if 0 Bé\ﬂ[l ] )
9.0 (0) = 3 21 (0) (3, (0) = @) + 7, (Ru(0)) i 0 € Bay [i*]\Bs,, (i)
Visr) (R (0)) if 0 € B [i*] \Ba, (") -
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The next lemma states the basic properties of the functions G; for ¢ < 0.

Lemma 4.5. The following statements hold for every i <0 :

(a) The map g, , is well defined and non-increasing for every 0 € By, [i*] . Moreover,
—1<g,,(x) <1 for every § € By, [i*] and x € 1; p. Furthermore, the function
G, 1is continuous.

(b) G; ‘R iy 15 affine, G;i(R™(*)%) € R((i + 1)*)7=®) for every 6 € B][i*] and

Gi(R™(i*) ) ((z + 1)) O for every 6 € Bs,, [i*] -

(C)G( i) = \+1\ foreveryQEB [i*].

Proof. First we will prove that the map G; is continuous and that Gi‘R’(i*)e is

affine, according to the three regions in the definition.

e As in the previous lemma we start with R~ (4 )TTB5\ T R(i*)nB‘SHI b,

As in the same case of Lemma 4.3, by using (9) instead of (3), it follows that
Yi0ly, , is the affine map whose graph joins the points (mi(8), Mi11(R.(0))) and

(M;(0),mis1(R.(0))), gi is well defined and continuous on R(i*)nB&lH [i*],
Gio (’7“,\ (0)) = Vit (Ry(0)) for every 6 € Blsm [Z*] \{7’*}»
G; sends the interval R(i*)? affinely onto R((i +1)*)?, and

G (A‘ |) Aﬁ:(ﬁ) for every 6 € Bs,, [i*].

. Rv(i*)ﬂ(Bali‘[z‘*]\Bs,“(m) _ R(i*)ﬂ(Ba‘il[z’*]\Bamu*)).

From (2) we know that the maps v, and v, o R, are continuous on the domain
By, [i*]\Bs,, (i) . Hence, the continuity of g; follows from the continuity of the
maps k;, m;, M;, m;y1 0 R, and M;1 0 R,,.
Notice that, from the definition of g; in this region we clearly have that

Y (’YM (9)) = Vit (Rw(e))v and

Gi‘R"(i*)e = g;(0,-) is affine.

o R(i*) BT NBay ()

In this case we have m;(#) = ~,,(0) = M;(#) by definition. Then, the map
Gi|7a'(i*)9 = ¢;(0,-) is affine because it is constant, and g¢; is continuous because
7, and 7,

i

141, © Ry are continuous on the domain B [i*] \{i*} by (2).
To end the proof of (a) we have to see that G is well defined and globally
continuous. This amounts to show that it is well defined on the fibres
R(i*)(i*iém) and R(i*)(i*iam)
We start by showing that the two definitions of g; coincide on the fibres R(i*)?
for 0 € {i* £ a);}. In this case we have m;(0) = v, (0) = M;(#). Consequently,
Lo = {7,,(6)} and
2l
mﬂz(G) (’YM ((9) - .’E) + ’Y|1ﬂ+1| (Rw(e)) = ’YU+1\ (RW(Q))

for z € I; 5.
Next we consider R(i*)? = {6} x I; 9 with § = i* + ;. We will show that the
two definitions of g; coincide on this set. The case § = i* — §);) follows analogously.
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For simplicity we will denote

gj\;\(x) = 2?:7‘1! ('y“.+1‘(2'*) —a)+ Vi ((E 1)), and
£.0(2) 1= 5o (1 (0) = ) + 7,0, (R(6)).

Notice that gi 5! is the map g, , as defined in the first region while

K%(H) (51‘,9 = Vit (Rw(e))) + Vit (Rw(e))
is the map g, , as defined in the second region. In a similar way to the previous
lemma we have that (v, (0),,,, (R.(f))) € Graph (gi‘g') . Hence, since gi‘g' is
2’21\721\ , it follows that ¢ = &.,- So, to end the proof of the
lemma, we only have to see that x;(i* + 0;) = K (i* + o)) = 1.
Since the points (m;(6), M;41(Rw(0))) and (M;(8), mi11(R.(6))) also belong to
Graph (gi‘;') = Graph (¢, ,) , it follows that

affine with slope —

Mo (Ra(®) = €, (Mi(0)) = o (3, (6) = Mi(0)) + 7, (Bol8), and
Mi+1(Rw(9)) = gi,s (ml(e)) = % (’Ym (0) - ml(e)) + Vit (Rw(e))

This shows that &;(i* + J);) = k;(f) = 1 and ends the proof of (a).
Now we prove (b) according to the three regions in the definition. From the
part of the lemma already proven we already know that Gi| R™(i7)° is affine, and

Gi(R™(1*)%) = R((i + 1)*)«® for every 0 € Bs,[i*] - So, to end the proof of (b)
we have to see that

(10) 9..0{Li0) CLit1,r,0)
for every 0 € B[[i*]\Bs, [i*] (by definition, since i < 0, B;[i*] = Ba,,,[i*];
therefore, R, (0) € Ba|i+1|[(i +1)*] and I; 11 g, 9) = R((i + 1)*)Rw(9)).

For 0 € B/ [i*] \Ba,, (i*) , by (2), we have

90 (]Iiﬂ) = {7\i+1\ (Rw(e))} C HH—LRW(@)'

Now we consider 6 € By, (i*) \Bs, [i*] . Since
Mi_t,_l(Rw(@)) ~ Vs (Rw(a))

2"%‘7,7';‘1‘(7\1\ (0) —mi(0))

ri(0) < FRi(0) <

we have

i o\ 9)) < = ) g
9, ( ( )) 27 li+1] 2"l ('7‘”(9) _ ml((g))

2" i+1]
= M;41(Ru(0)).

An analogous computation shows that g, ,(M;()) > m;1(R.(0)). Hence, (10)
holds because g, , is affine. This ends the proof of (b).

Then, by Lemma 3.6(b), Statement (b) of the lemma implies that —1 < g, ,(x) <
1 for every x € I; 9.

By the part of the lemma already proved we know that G; (Afil) = Aﬁi(ﬁ) for

every 0 € Bs, [i*]. On the other hand, as in the previous lemma, from (9) and (2)

(Vm (0) - ml(e)) + V)it (Rw (9))
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we get
Gi (Afﬂ) =G; ({(97’7\” (9))}) = {(Rw<9)7gi,e (’Ym (6)))}
= {(Ru(0),7,.,,, (Ru(0))} = A2V
for every 6 € B/ [i*] \ Bs,, [i*] . So, (c) holds. O

Up to now we have defined the family of auxiliary functions G;: R™ (i*) — Q
with ¢ € Z. The next step before being able to define the family {T,,} C S(Q2) is to
fix some stratification in the set of boxes R~ (i*).

5. A STRATIFICATION IN THE SET OF BOXES R~ (i*)

In this section we introduce a notion of depth in the set of arcs B] [i*] defined
earlier. This notion introduce a stratification in the set of boxes R (i*) that we
study below.

Definition 5.1. For every ¢ € Z we define the depth of ¢, which will be denoted
by depth(¢), as the cardinality of the set (see Lemma 3.6(g))
{icZ: B[] B [I"]} ={ieZ: B/ ["]n B [i"] # 0} =
{ieZ R (W)CR (")} ={ie€Z:R )NR (i*) #0}.
Also, for every m € Z*, we denote
D ={le€Z: depth({) =m},
D ={i":i€D, }, and
W = min{|i| : i €D _}.
o

The next lemma studies the stratification on Z created by the notion of depth.

Lemma 5.2. The following statements hold:
(a) ®, ., C{{eZ:3TieD, suchthat B, [l*] & B [i*]}.
(b) For every .k € D, it follows that By, [(*] N B, [k*] = 0.

Proof. Observe that if B, [¢*] & B; [i*] then depth(¢) > depth(i) + 1. Hence, (a)
holds.
Statement (b) follows from Lemma 3.6(g). O

In what follows, for every m € Z1 we set

B = |J B [i"] oD,
i€?,,

Note that, by Lemma 5.2(b), B is a disjoint union of closed arcs. Therefore, for
every § € B, there exists a unique i € ®,, such that 6 € B; [i*]. We will denote
such integer 7 by b (8, m) € D .

The next two lemmas study the properties of the winged boxes B; [i*] and R~ (i*)
according to the depth stratification. Lemma 5.4 is the real motivation to introduce
the winged boxes.

Lemma 5.3. The following statements hold:

(a) The sequence {pm}oo_ is strictly increasing. In particular limy, oo fim = 00.

(b) For every m € Z+, B, is dense in S', B CB~ and ©* NB_  =0.

(c) O*(w) C B, and A? = {(6,0)} for every 0 € S'\B; .

(d) Let i € Z and 0 € Bj[i*] \]B%;:pth(i)ﬂ. Then, 0 ¢ O*(w) unless 0 = i*, and
Al = Aﬁ.‘ for every n > |i|. In particular A% = A?

lil*
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Proof. By Lemmas 5.2(a) and 3.6(g) it follows that for every m € Z+and (€ D, |
there exists i € ©,, such that B, [¢*] & B/ [i*] and [i| < |[¢|. Thus, B”  C B and
tm < fm1- This proves (a) and the second statement of (b).

Next we will show that i* ¢ B ., forevery i € © . Assume by way of contradic-
tion that there exists ¢ € D, such that * € B . Letk=b(i*,m+1)€D, .
Clearly, i # k and ¢* € By [k*]. Then, by Lemma 3.6(g), |k| < [i| and B; [*] &
B [k*]. Thus,

m = depth(i) > depth(k) + 1 = m + 2;

a contradiction.
Now we prove the first statement of (¢). From the definitions and the part of
(b) already proven we have

O*(w)c |J Bl c G B” =B, .

i€Z m=0

To end the proof of (b) it remains to show the density of B, . We will do it by
induction on m. Clearly B D O*(w) is dense in S' because so is O*(w). Suppose
that (b) holds for B . We will show that (b) also holds for B . Choose ¢ € B~ and
set i = b (0, m). Since O*(w) is dense in S, there exists a sequence {s,}>, C Z
such that s € B; (1*) and lim,_, s& = 6. As above, we get that depth(s,) >
depth(i) + 1 = m + 1. Moreover, s* € B C IB%;H for every n. Consequently,

depth(sp,)

B~ C B, and the density of B follows from the density of B .

m41?
Next we prove the second statement of (c¢). From above it follows that

U Bay, i1 € | BT [¥] € By

i€Z i€z
Hence, by the definition of the maps v, (Definition 3.4) it follows that v, (0) =
Y,(0) = 0 for every 0 ¢ B and m € Z*. So, y(0) = limy 00 7,,(0) = 0, and
A% = {(0,~7(0))} = {(#,0)} by Lemma 3.11(c). This ends the proof of (c).

(d) If 0 = i* then the statement follows from Lemmas 3.10(b) and 3.11(b). So, we
assume that 6 # i*.
By Definition 3.4(R.2) and Remark 3.5(R.2) we get that 6 ¢ Z . Hence, if

0 € O*(w), it follows that 0 = k* € B with [k| > [i| + 1 and By [k*] N B]i] #
(). Thus, by Lemma 3.6(g), depth(k) > depth(i) + 1. By (b), this implies that
0 =k* ¢ B;th(i)ﬂ; a contradiction. Therefore, § ¢ O*(w). On the other hand,
6 ¢ B~ ,[(—i)*] by Definition 3.4(R.2).

If 0 ¢ Ba,,,[k*] for every k € Z such that k| > [i[, then v, (0) = v, (f) and
AV = A|9i| for every n > |i|, by Definition 3.4 and Lemma 3.10(c).

Now assume that ¢ € B, [k*] for some k € Z such that |k| > [i| and [k| is
minimal with these properties. If € B, (k*), as above we get that depth(k) >
depth(i) + 1 and # € B, C BT . Thus, § € Bd(B}[k*]) = Bd(Ba, [k’])
and k > 0. So, by Lemma 3.6(c) and the definition of the maps -, (Definition 3.4),
Y (0) = vy, (0). Moreover, by Lemma 3.6(e), v,(0) = v,,,(0) for every j > k.
On the other hand, the minimality of |k| implies that 0 ¢ By, [¢*] for every £ € Z
such that |k| > |¢| > |i| . Hence, by the definition of the maps ~, (Definition 3.4),
7,(0) =, (0) for every [k| > j > |i| . In short, we have proved that v, () =, (0)
for every j > |i|. Thus, as above, A? = A|9¢\ for every n > |i|. This ends the proof
of the lemma. O
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Lemma 5.4. Assume that B] [i*] C B, [k*] for some i € ©,, k € D, and
m € N. Then, |k| < |i| and |k + 1| < |i + 1| unless k > 0 and i = —(k +2) (whence
|k + 1] = |i + 1| ). Moreover, the following statements hold:

(a) For every 6 € B [i*],

Ykl (9) = Vikj+1 (0) == 7\1’\—1(6) €L
and, when |k + 1| < |i + 1],
Yk (Ro,(0)) = Vikt1141 (Ru(0))=---= Vyit1)-1 (Rw(0))

(b) For every 6 € B;[i*] \Bq,, (i*),
Y (0) =7, (0) and Lo ={v,(0)} ={v, (0)} C ke

Proof. The fact that |k| < |i| follows from Lemma 3.6(g). Therefore, either |k + 1| <
i+1lork>0i=—(k+2) and |k+1] =]i+1lork>0,7=—(k+1) and
[k +1] > |i +1|. In the last case, B [i*] = B”;,)[(—(k+ 1))"] and Bi[k"] must
be disjoint by Definition 3.4(R.2) (with j = k); which is a contradiction. Thus
|k +1] <|i+ 1| unless k >0and i = —(k+2) (|[k+ 1] = |i + 1]).

By Definition 3.4(R.2) and Remark 3.5(R.2), B; [i*] N A (. Hence, from

the definition of the maps ~, (Definition 3.4), to prove that

Tiwl {Bj[i*] = 7\k\+1|B;‘[7:*] == 7\“72‘3;'[1‘*] = 7\“—1‘3;“[7:*]’
it is enough to show that B, [¢*] N B [i*] = 0 for every ¢ such that |k| < [£] < [i].
Assume that B, , [¢*] N B;[i*] # () for some £ such that |k| < [¢| < |i]. Then,

0 # Ba,, [€"]N B [i*] € By [€*]N By [i*] € By [£*]N By, [k"]
and, by Lemma 3.6(g),

B [i*] & By ["] & By [k7].
So, in a similar way as before,
m = depth(i) > depth(¢) + 1 > depth(k) + 2 =m + 1;

a contradiction. This ends the proof of the first statement of (a).
Now we show that if |k 4+ 1| < |¢ + 1| — 1, then

Vit (Rw('g)) = Vk1i41 (Rw(a)) == Vg -1 (Rw(e)),

and are well defined.
First we prove that v, (R, (0)) is well defined for every £ = 0,1,...,|i + 1] — 1.
For every 6 € B; [i*] we have

B,,[(i+ 1)*] when 7 > 0, and

R,(0) € R, (B; [i"]) = {Ba,i+1[(i +1)*] € B[(i+1)*] when i < 0.

In any case, by Definition 3.4(R.2) and Remark 3.5(R.2) with j = ¢ when ¢ > 0 and
¢=—(j+1)=1i+1 when i <0, and Lemma 3.6(a),

Ro(60) ¢ z; when ¢ > 0, and
“ Zf 0y wheni <0,

and 7, (R, (0)) is well defined for £ = 0,1,...,]i + 1| — 1 (recall that Z; C Z} .,
for every m > 0).
Now, assume by way of contradiction that

Y, (Ru(0)) #,_, (Rw(0)) for some £ € {|k+ 1|+ 1,|k+1|+2,...,[i+1] =1},
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and ¢ is minimal with this property (observe that ¢ > 1). By the definition of the
map 7, (Definition 3.4),

Ru(0) € B, ((g+1)*) with ge{f—1,—((+1)}

and, hence, 6 € B,,(q%) .
Since [k + 1|+ 1</l < |i+1|,when ¢g=—({+1) < =2

k+1/+2< —q<li+1]and By, (¢") = BZ 441y (=(£+1))") = B, (¢").
Otherwise, when ¢ =¢—1>0, [k +1| <¢g<|i+ 1] —2 and
Ba, (¢") € Ba,_, (€= 1)") = B, (¢ = 1)") = By (¢"),

by Definition 3.4(R.1).

Next we want to use Lemma 3.6(g) to show that By [i*] & B, [¢*] & B [k*]. To
this end we have to compare |q| with |i| and |k|.

Notice B [q¢*] N By [k*] # () because

0 € B, (¢")NB; [i*] € B, (¢") N By, [k*].

Itk >0, |g| > |k+1] > |k|. Whenk,q <0, |q| > |k +1]4+2=|k|+1 > |k|.Ifk <0
and ¢ >0, |¢|=q>|k+1|=|k|-1.1f ¢ = |k| -1 (that is, k = —(¢+1)), as above,
by Definition 3.4(R.2) with j = q we get By [k*] N B [¢*] = (); a contradiction. So,
lg| > |k| unless |q| = |k| and k < 0 < ¢q. Summarizing, we have shown that |q| > |k|
and g # k. Then, from Lemma 3.6(g) we get that [q| > |k| and B, [¢*] & By [k*].

Now we will study the relation of B, [¢*] with the box B;[i*]. From above we
get that B [¢"|N B [i*] #0.1fi <0, |q| < [i+ 1| = [i]| = 1. When ¢,i > 0, we have
g =q¢<|i+1l—-2=i|—-1.Ifi>0and ¢ <0, |¢| <|i+1]=]i+1.

Assume that ¢ > 0 and ¢ = —(i + 1) < 0. In this case, additionally, ¢ = —(¢ + 1)
and, thus, i = £ > 1. Then,

R,(0) € R, (B: [Z*D = Ru, (B, [1"]) = Ba, [(i +1)*], and
Ry (0) € Ba, ((g+1)7) = Ba, ((=1)") € BZ, ((=4)"),

which is a contradiction by Definition 3.4(R.2). Summarizing, |¢| < |i| unless
lg| = |i| and ¢ < 0 < ¢ (that is, |g| < |i| and g # i). Then, again by Lemma 3.6(g),
lq| < |i] and By [i*] & B lq*] & By [k*]. So, as before,

m = depth(i) > depth(q) + 1 > depth(k) +2 =m + 1;

a contradiction. This ends the proof of (a).
Now we assume that ¢ € B; [i*] \ By, (i*) . By Lemmas 3.6(e) and 4.1(d),

’Ym(a) = 7\1'\71(9) and [ p = {'VM(G)} = {'7”\71(0)} = {’V\k\ (0)}

On the other hand, by Lemma 5.3(b), ©* NB~ = () which implies that § # k*
because k* € ®* | and ¢ € B [i*]\Bq,, (i*) C B . So, by (2),

Lio = {74 (0)} = {7, (0)} C Iip-

Now we prove that 7, _,(0) € ;o for every § € B/ [i*] . From above, we have
Lig = {v,._.,(0)} for every 6 € B/ [i*] \Ba,, (i*) . Moreover, when 6 € B, (i*) the
statement follows directly from Lemma 3.6(c). Thus, (b) is proved. O
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6. BOXES IN THE WINGS

To prove Theorem A we will inductively construct a Cauchy sequence {T;,,}5°_, C
S(£2) that gives the function 7' from Theorem A as a limit.

This section is devoted to study the points in the wings of boxes in the circle and
its interaction with boxes of higher depth. The resulting technology is necessary to
be able to construct the sequence {T;,}5°_, so that it is Cauchy sequence. Unfor-
tunately this will complicate even more the definition of the functions 7;,, and the
proof of its continuity.

We start by introducing some more notation. For every m € Z* we set

B, = |J Ba, [i*] CB], and
1€D,

m

WDB,, = {9 €B \B, : 0B, for some j > m}.

On the other hand, the smallest number j from the above definition will be called
the least essential depth of 6 below m, and will be denoted by led (6, m) . That is,
led (6, m) denotes the positive integer larger than m such that

0 €B\B, for j =m,m+1,...,led(#,m)—1 and 0€B

led(6,m) *

The following simple lemmas are useful to better understand and use the above
definitions. The next lemma establishes the relation between boxes in the wings of
increasing depth.

Lemma 6.1. Assume that 6 € WDB,  for some m € Z* and set £ = led (6, m).
Then, the following statements hold.

(a) For every j = m,m+1,...,L the numbers i; = b (0,7) € D, are well defined

and are all of them negative except, perhaps, i, = b (0,led (0, m)).
(b)
||m| < “m+1‘ <o < |if*1| < |ig‘,aTLd
0 € Bay [0 © By, ((r-1)")\Bay, _, [li-2)"]
C By, ((ie-2)")\Bay, , [(ie=2)"] € -+ C By ((im)") \Bay,,, [(im)"]-

(c) For every j =m,m+1,...,£—1, Ba\a”[(if)*] C WDB,, led (v,7) = led (8, m)
and b (v,led (v,7)) = b (0, led (8, m)) = iy for every v € Baw| [(0)*].
(d) Him,l/ = {’7“,,”(”)} C ]Iil,l/ fOT every v € Bali(‘((i@)*) and 4

Ly = {7, D} = {mi, ()} = {Mi, ()} = {7, (")} = Tip o
for every v € Bd (B"\iel[(ié)*]) .

Proof. Since Bj [i*] = B, [i*] for every i > 0,

i

(11) B\B, = |J (BT [i"1\Ba, li'])

€D,

m

<0
for every m € Z*.
Statement (a) follows from Lemma 5.3(b) and (11). Then, (b) follows from
Lemma 3.6(g). Statement (c) is an easy consequence of (b) and the definitions.
Now we prove (d) iteratively. Fix v € Bah[‘((ig)*). By (b)

veB  (imt1))\Bay  [(m41)"] € By ((im)") \Bay,,, [(im)’]
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provided that ¢ = led (6, m) > m + 1. Hence, by Lemmas 4.1(d) and 5.4,
’y“m\ (V) = ’y‘imH»l (V) == Wl

Im+1|(u), and
Him,l/ = {’Ypm\ (V)} = {’y|.

. (V)} = ]Ii'rn+1)l/'
By iterating this argument we get,

7\im\(y) :’Y\imH»l(V) = :ry|ig,1\(y) and L = Tip g0
Again by (b) and Lemmas 4.1(d) and 5.4,
Vit W) =V a W) = - = 'YM(V) and [, ., =T,

when v € Bd (BQM [(i@*]) and, otherwise,

’Y\iml(y) = Vi1 +1 v)=:= 7‘ (v) and L, v C Ty

ig—1]

O

Equipped with above results and definition we are going to define two maps,
analogous to the maps m; and M;, on the wings of the negative boxes.

Definition 6.2. For every m € ZT we define
WFD, = {b (0,led(d,m)) : 6 € WDB, } C Z,

m

WIB,, := Int(WDB,,) = | | Ba,, (i),

I€EWFD,,
WB = J (B [i"]\Bay, (i), and
i€D,,
<0
EB” = | Bd(B] [i*]) CB.
€D,

m

By Lemma 6.1(a,c), 20§9  is well defined and

WIB,, c WDB,, CB_\B, C WIB:
Consequently,
B =B,U WBT

Then, we can define functions 7, : WIB: — Tand A\, WIB%: — I as follows:

Tm(0) == {MH(f’,'ed(e,m))(@) if 0 € WIB,
V\50,m)| (0) otherwise,
Am (0) := M led(0,m)) (0) if 0 € WIB,_,
R 7 (9) otherwise.
[50,m)|

Clearly, by Lemmas 4.1(a) and 3.6(b),
—1 < An(0) < T (8) <1
for every 6 € WIBB; So, we can define
W, , = [Am(0), T ()] C [0, 1].
The next lemmas will help us in the definition and study of the maps T,.

Lemma 6.3. The following statements hold for every m € Z7.
(a) WIB, NB,_ = WIB,_nN EIBB' = 0.



36 LL. ALSEDA, F. MANOSAS, AND L. MORALES

(b) Let 0 € WB . Then, Lm0 = {vme)m)' (9)} )
Iso,my,0 = IW, when 6 ¢ WIB_, and
Hb’(@,m)ﬁ C meﬂ when 6 € WHB"L .
(c) Assume that m € N and let U be a connected component of WIBS* such that

UcCWB . Then, WDB, NU C WDB WIB, NU =WIB,__, NU and
w,_,=1W__ , for every 0 € U.

m—1)

Proof. (a) By Lemma 6.1(b),
0 e Bg(e,m) (b7 (6, m))*) \Bame,m)\ [(b7(8,m))*]

and b (8, m) < 0 for every § € WIB_ C WDB_ . So, by Lemma 5.2(b), we get
0¢ B, UEB .

(b) The fact that Igg,,,,).0 = {’y|b’(9.m)| (9)} follows from Lemma 4.1(d). The other

two statements follow from Definition 6.2 and Lemma 6.1(d).

(c) The assumption that U is a connected component of WB™ and U C WB |
implies by Lemmas 5.2(b) and 3.6(g) that there exist i € ©  and k € ©, _,,
i,k < 0, such that U is a connected component of

B [i*]\Ba,, (i*) C By, (k") \Ba,, [k] C WB~_ .

Again by Lemma 5.2(b) this implies that U C B, \B, _,. Moreover, by definition,
WDB,, ¢ B_\B, . Consequently, WDB,_ NU C WDB, _,.

Let 6 € WIB, NnU C WDB, NU C WDB__, NU. By Definition 6.2 and
Lemma 6.1(a,b), i = b (0, m) and there exists £ = b (0, led (6, m)) € WFD, such
that

0 € Bay, () C B [i"]\Bay, (i) C By (k") \Bay, [k"].
Therefore, again by Lemma 6.1(a—c) and Definition 6.2, led (8, m — 1) = led (6, m) ,
¢=b (0,led(8,m)) =b (0,led(d,m — 1)) € WFD,

and 6 € By, (¢*) C WIB,, ,. Hence, WIB, NU C WIB, _,.
Now assume that § € WIB, _, NU. As above, there exist r = b (§,m) € © _ and
¢=b"(0,led (§,m — 1)) € WFD_ _, such that

1
0 € B, (£7) C B, (r")\Bay, [r"] C By (k") \Bay, [k"].

Since § € U C B;[i*], Lemma 5.2(b) gives i = r and 6 € B, (¢*) C U. Moreover,
by Lemma 6.1(c), £ = b (0,led (§,m — 1)) = b (0,led (§,m)) € WFD, and, so,
6 € By, (t*) C WIB, . Thus, WIB, NU = WIB,_, NU.

To end the proof of the lemma we have to show that IW  , = IW
0 € U. Assume first that € U\WIB,, C WB_\WIB . Then,

0 € U\WIB,, = U\WIB,_, C WB_ \WIB,,_,
and, by (b) and Lemmas 4.1(d) and 5.4,
HWm,e =L = {'ym 0)} = {’VW (0)} =Tk = W, 1,

focUNWIB, =UNWIB,_ _, then we get

—1

m_1,p fOT €very

W, , = [M0.1ed(0,m)) () Mis(a,1ea(0,m)) (0)]
= [mb'(med(e,m—n)(o)’Mb‘(e,led(e,m—l))(eﬂ = I[Wm—l,e
from Definition 6.2 and Lemma 6.1(c). O
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Lemma 6.4. Let m € Z% and let U be a connected component of WB' Then, the
functions )‘W|U and Tm’U are continuous.

Proof. We will prove only the continuity of )\m|U. The proof of the continuity of
7'm|U is analogous.

By Lemmas 6.1(c) and 4.1(b) we get
(12) for every ¢ € WFD, , £ = b (v,led(v,m)) for every v € By, [(*], and the

function my is continuous on By, [€*].

Let £ € 2WFD,, be such that B, , (¢*) C WIB, NU. Thus, by (12), the function
Am = my is continuous on By, (£%).

So, we have to show that A, is continuous at every § € U\WIB_ . To show this
we will use a simple usual e—6 game. Fix ¢ > 0.

By Lemma 5.2(b) it follows that U is a connected component of B} [i*] \ By, (i*)
for some ¢ € ©, , 4 <0, and
(13) b (v,m)=1i forevery veU.
By Lemma 3.6(a) and Definition 3.4(R.2) and Remark 3.5(R.2), the function v, ’U
is continuous. So,
there exists 0); = &|;(f) > 0 such that hm (0),7,,, (v)| < /2 provided that
dsl (9, I/) < EM
On the other hand, by (12),

(14)

for every ¢ € 2§D, there exists §; > 0 such that ‘mg(é),mg(z/)’ < g/2
for every 6 € Bd (Baw [¢*]) and v € Bd By, [¢*] such that d_, (6,v) < d,.

Now we will define . Note that there exists N € N such that 2= < /2. Then
we set:

(15)

6 =6(0) := min {6;(f), min{d, : £ € WFD,, and [{| < N}}.

Clearly, § > 0 because the set {£ € WFD_ : |¢| < N} is finite.
To end the proof of the lemma we have to show that

A (0) — An(v)] < €
whenever v € U and d_, (6,v) < 4.
Assume that v € U and d_, (0,v) < d (vecall that we have the assumption that
0 ¢ WIB, ). If v ¢ WIB, , then d_, (f,v) < & < §};(#) and, by (13) and (14),
A (0) = Am ()] = [7,,(0) = 7, ()] <e/2 <e.
Now assume that there exists ¢ € WFD  such that v € B, (¢*) C WIB, .
Clearly, there exists 6 € Bd (Bay,[£*]) such that
d,, (0,0) < d, (0,v) <8 <8;(0) and
d,(0,v)<d,(0,v)<s.
Observe that, by Lemma 5.2(b), 8 ¢ WIB, . Hence, by (13) and Lemma 6.1(c,d),

Am(g) = Y4 (0) = m@(g)

If |(] < N, then d, (0,v) < 6 < &; and, by (15), |me(8) — me(v)| < £/2. Other-
wise, by Lemma 3.6(f),

me(f) — me(v)| < diam (R(£*)) <271 < 27N < ¢/2.
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In any case, |mg(6) — mg(u)‘ < g/2. Thus, again by (13) and (14),
An(®) = An(@)] < [ A (0) = An(®)| + [Ama(8) = A(v)

= 14 0) = 2, @] + [me@) — mev)| < =

7. A CAUCHY SEQUENCE OF SKEW PRODUCTS. PROOF OF THEOREM A

In this section prove Theorem A. To do this we inductively construct a Cauchy
sequence {T),}5°_, C S(2) that gives the function T from Theorem A as a limit.
The sequence {T,,}2°_, C S(2) is defined so that

Tm(ﬁ, x) = (Rw(o)a fm(‘ga :z:))

and f,,: @ — I is continuous in both variables. To build these functions we will
use the auxiliary functions G;: R(i*) — Q with ¢ € Z from Section 4. The maps
fm(6,-) will also be denoted as f, ¢, and will be defined non-increasing, and such
that fm,0(2) = —2 and f, 9(—2) = 2 for every 6 € S'.

To make more evident the strategy of the construction of this sequence of maps
we will separate several cases, and we will state without proofs the results that study
these maps. After establishing all the definitions and results related to the construc-
tion of the sequence {T,,}5°_, without having been distracted by the technicalities
involving the proofs, we will proceed to provide the missing proofs. More precisely,
we will start by defining the map Ty and stating without proof the proposition that
summarizes the necessary properties of this map. Next we will inductively define
the maps {1, }5°_; C S(R2) and state without proof the proposition that establishes
the properties of the whole sequence {7}, }5°_.

Then, as we have said, we prove Theorem A and in the next three sections we
will provide all pending proofs.

In what follows C(I,I) will denote the class of all continuous maps from I to itself.
We endow C(I,I) with the supremum metric denoted by ||-|| so that (C(L I), ||-||) is
a complete metric space.

Next we define the map Tj.

Definition 7.1 (The map 7). Assume first that 6 € B and let i = b™(0,0) (that
is @ € B;[i*]). In this case we set:

Gio () if x €T,
o (mi(6))—2 .
foo(z) = g"’miw(x +2)+2 ifxe[-2,m0)],
e 2 (@ —2) 2 if e [Mi(0),2].

If 6 e Sl\IB%: then we define fp 9 to be the unique piecewise affine map with two
affine pieces whose graph joins the point (—2,2) with (0,~v(R,(#))), and this with
the point (2, —2). 1]

Next we introduce some more notation to be able to define the maps {T;,}5°_;.
For every k € Z we set

Vy. =B [k*] = By [k*] x I
and, for every m € Z7,

Vo=TB" =B xI= [J V.

m m
€D

m
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Definition 7.2 (The maps T, with m > 0). Now we assume that we have defined
the function T;,,_1 for some m > 1 and we define

T7n(07 x) = (Rw(o)’fm(e’ x))
as follows. By Lemma 5.2(b), for every (6,z) € V", we have
e B [i"]cB  with i=b(0,m)ed,

(and, of course, z € I). Then we define:

fm—1,0(x) if 6 e Sl\IB%:; zel,
9.0 () if0eB,; zcly,
2—g, , (mi(0))

m(fm_lvg(x) — 2) + 2 lf 9 c Bm; xr € [72,m|(9)},

2+, , (Mi(6)) .
Fo(@) = { s vray Fmo10(@) +2) =2 0B, ; 2 € [Mi(0),2],

Vg (Rw(e)) if 0 € WB:; (S me,ea

27y, (Ru(6) . ~
m(‘f}n_lﬂ(,ﬁ) — 2) + 2 if 6 S WBM; T € [—2, /\m(ﬁ)],

24+, 4, (Rw(8)) . ~
m(ﬂn,l)o(w) + 2) —2 lf 9 (S WB"L; T € [Tm<9), 2]
Since V" C V™ | fin_1,¢ is defined on V. Moreover, the above formula defines
Jm,o for every 0 € B since, by Definition 6.2, B~ =B U WB' We also remark

that f,, ¢ formally is defined in two different ways when 6 € WBZ N B, . Later on
we will show that f,, ¢ is well defined. o

The next proposition studies the maps {75, }5°_, and describes their properties.

Proposition 7.3. The following statements hold for every m € Z*.

(a) The map T, is well defined, continuous and belongs to S().
(b) For every 0 € S, fn ¢ is non-increasing, and fr.0(2) = =2, fmo(—2) = 2.
Moreover, =1 < fo ¢ (Mb‘(e’m)(ﬁ)) < foo (mb‘(@’m)(G)) <1 for every B .
(¢) For everyic®,_, Tm|72'(i*) =G, Ty, (AIZZI) = A\(fjfllf , and
Tk‘{i*}x]l = Tm’{i*}xﬂ (that s, fri = fm,i=) for every k > m.

The next result shows that the sequence {7}, }5°_ has a limit in S(€2).
Proposition 7.4. For every m > 2 and § € S',
(16) | fmso = Fro]l < 227 P00,
Moreover, the sequence {T,,}3, is a Cauchy sequence.

Finally we are ready to prove the main result of the paper. It follows from the
next result which gives a more concrete version of Theorem A.

Theorem 7.5. There exists a map T € S(Q) with f(6,-) non-increasing for every
0 € S, such that T permutes the upper and lower circles of Q0 (thus having a
periodic orbit of period two of curves), and there exists a connected pseudo-curve
A C Q which does not contain any arc of a curve such that T(A) = A and there
does not exist any T-invariant curve.

Proof. By Propositions 7.3 and 7.4, there exists a map
T(@,i) = (Rw(e)a f(gax)) = (Rw(a)aﬁ}gnoo fm(gﬂ 37)) € S(Q)

with f(6,-) non-increasing for every 6 € S! such that T permutes the upper and
lower circles of Q (that is, f(0,2) = —2 and f(0,—2) = 2). As the connected set A
we take the one given by Proposition 3.12 (and Definition 3.9).
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To end the proof of the theorem we need to show that T'(A) = A, since this
already implies that there does not exist any T-invariant curve. To see it, assume
by way of contradiction that there exists an invariant curve and denote its graph by
B. Since B is the graph of a (continuous) curve, it is compact and connected. On
the other hand, let 2, and Q_ be the two connected components of Q\A from the
proof of Proposition 3.12. The facts that T(A) = A, f(0,-) is decreasing for every
6 € St, and T permutes the upper and lower circles of Q imply that T(Q,) = Q_
and T(Q_) = Q4. Hence, by the invariance of B, B ¢ Q4 and B ¢ Q_. The
connectivity of A and B imply that there exists (6, z) € AN B. Consequently,

B={T"(0,z) :n € Z+} CA;

a contradiction because A does not contain any arc of a curve.

So, only it remains to prove that T(A) = A. By using Proposition 7.3(c) and
Lemma 3.11(b) we get that T, (AZ) = AGHD" and Tk“Ai* = Tpn|,.- for every
k,m € Z%, k> m and i € ®_ . Consequently, by the definition of the map T' we
have, T(A*") = AGHD" for every i € Z or, equivalently, T(/—\TTO*(‘*’)) = ATTO" (@),

Now we consider A’ with § € S'\O*(w). Since O*(w) is dense in S*, there exists a
sequence {(0n, z,)}52 C ATO" (@) guch that lim,, o 0, = 0. By the compacity of A
we can assume (by taking a convergent subsequence, if necessary) that {(60,, )},
is convergent to a point (6, z) € A. By Lemma 3.11(c), A’ = (¢, 2) (and x = v(0)).
On the other hand, by the part of the statement already proven, T(6,,,z,) € A for
every n. Hence, by the continuity of 7" and the compacity of A,

T(6,2) = (Ru(6), f(6,2)) = lim T(0n, ) € AT,

Since 6 ¢ O*(w) we have that R,(0) ¢ O*(w) and, again by Lemma 3.11(c),
AR-(9) consists of a unique point. Hence, T(A?) = A9 for every 6 € S'\O*(w).

Equivalently, T(ATT(SI\O*(“))) = Aﬂ(gl\o*(w)) . This ends the proof of the theorem.
O

8. PROOF OF PROPOSITION 7.3 IN THE CASE m =0

This section is devoted to prove Proposition 7.3 for m = 0; that is, to study the
map Ty. It is the first technical counterpart of Section 7.

To prove Proposition 7.3 for Ty we will need some more notation and a technical
lemma.

Given a skew product F(0,z) = (R,(0),((0,7) from Q = S x I to itself we
define the fibre map function of F, fib(F): St — C(I,I) by fib(F)(#) := ¢((0,-). A
simple exercise shows that F' is continuous if and only if {(6,-) is continuous for
every § € S, and fib(F) is continuous.

Lemma 8.1. Let 6 € Bd (B[ [i*]) for some i € ®,. Then, m;(0) = M;(0) = 0,
9:(0,m;(0)) = v(R.(9)), and fo e is the unique piecewise affine map with two affine
pieces whose graph joins the point (—2,2) with (0,v(R,(0))), and this with the point
(2,-2).

Proof. By Lemma 4.1(d) and Definition 7.1, we have m;(0) = M;(8). Hence, fo ¢ is
the piecewise affine map with two affine pieces whose graph joins the point (—2,2)
with (m;(6),g,, (m;(6))), and this with the point (2,—2). So, we need to show
that m;(0) =0, and g, , (m;(0)) = (R (0)).

Lemma 3.6(g) and the fact that depthi = 0, By [¢*]|N B, [¢*] = 0 for every £ € Z;),
i # L. Consequently, by Definition 3.4(R.6), m;(0) = M;(0) = a; =0.
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Now we show that g, ,(m;(0)) = v(R,(0)). From the definition of the map g;
(Definitions 4.2 and 4.4), Lemma 3.6(e) and Definitions 3.8 and 3.4(R.1), we get

9:0(Mi(0)) = 7.1y, (R (0) = (R (0)).
This ends the proof of the lemma. O

Proof of Proposition 7.3 for m = 0. By Lemma 3.6(b),
=1 < mgg,0)(0) < Mgg,0)(0) < 1
for every 0 € B_". So, Tp is well defined.

(b) If @ € S'\B,", then the statement follows directly from Definition 7.1. Now
assume that 6 € B~ and let i = b™(#,0). From the definition of the maps g; ¢
(Definitions 4.2 and 4.4) and Definition 7.1, it follows that fg ¢ |]1,- , Is piecewise affine

and non-increasing. On the other hand, again by Definition 7.1, f079‘[72 2 (0)] and
fo,e‘[M,(G) g ATe affine with negative slope and fy¢(2) = —2 and fp9(—2) = 2. The

fact that

—1 < fo.0 (Mg9,0)(0)) < fo,0 (mis,0)(0)) <1
for every 6 € B~ follows from Definition 7.1 and Lemmas 4.3(a) and 4.5(a). This
ends the proof of (b).

(c) Recall that
R =) {0} xLs.
6eB; [i*]
Hence, from Definition 7.1 and the definition of G; (Definitions 4.2 and 4.4) it
follows that
Tm(eax) = (Rw(e)’ fm(eax)) = (RW(9)7gi,9 (.23)) = G1(97x)’
for every (6,z) € R™(:*). Thus, Tj (A‘fl) = A‘(;Ll‘)* from Lemmas 3.10(b), 4.3(c)
and 4.5(c). On the other hand, Lemma 5.3(b) implies that i* € B~ but i* ¢ B~
for every k € N. Then, we get fj ;+ = fo,~ from Definition 7.2.

(a) Since Tj is a skew product with base R, we only have to prove that fy is
continuous.

By Definition 7.1, for every 6§ € S', the map fo ¢ is continuous. So we have to
prove that the map fib(Tp) (that is, the map s +— fo ) is continuous.

In the rest of the proof we will denote

B := | J B; (i*) CB.
€D,

Clearly, since for every ¢ € Z, the maps m; and M, are continuous on B; [i*], it
follows that the map s — fy s is continuous on ]I]B%:. Thus, we have to see that the
fibre map function is continuous at every 6 € S! \]HB%:; that is, lim; o fo,0, = fo.0
for every {0;}52, C S' converging to . Given a > 0, we can consider four sets
associated to such a sequence:

{jeN:0;, e S\IB}, {jeN:6; €IB \B.(0)},
{jeN:0;€(0,0+a)NIB,} and {jeN:0;€(0—a,0)NIB }.
Observe that the second set {j € N: 6; € IB \Ba(f)} is always finite and that
any of the other three sets gives rise to a subsequence of {6; };’il converging to 6,
when it is infinite. Consequently, the continuity of the fibre map function s — fo s
at 6 is equivalent to the fact that lim; . fo,9, = fo,¢ for every {6, };”;1 converging
to @ and such that, for some a > 0, {0;}32, is contained either in S'\IB_", or
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(0,0+a)NIB_", or (§ —«a,0)NIB, . We will only deal with the first two cases since
the proof in the last case (for (6 — «,#)) can be done symmetrically.

Case 1: lim; o, 0; = 6 and {0;}52, C S'\IB .

By Definition 7.1 and Lemma 8.1, fo g, (respectively fog) is the unique piece-
wise affine map with two affine pieces whose graph joins the point (—2,2) with
(0,7(Rw(85))) (respectively (0,7(R.(6)))), and this with the point (2,-2). By
Lemma 5.3(c) and Definition 3.8 the function 7 is continuous at R, (f) ¢ O*(w).
Hence, lim;_, v(R,(0;)) = (R (0)) and, thus, lim; . fo,9, = fo,6-

Case 2: lim;_,oo 0; = 0 and {0;}52, C (0,0 + ) NIB .

If there exists i € D, such that 6 is the left endpoint of B [i*] C B~ then the
result follows from Definition 7.1, the continuity of the maps m; and M; and the
continuity of the maps g; (Lemmas 4.3(a) and 4.5(a)).

Assume now that 6 is not the left endpoint of B} (¢*) for every i € ©,. For every
Jj € Nwe set ij :=b"(0;,0) € D, (that is, 0; € B ((i;)")).

We claim that lim;_, |i;| = co and consequently, by Definition 3.4(R.1),

(17) lim 27"+ = 1im 2~ "3l = 0.

J]—00 J—00
To prove this claim, assume by way of contradiction that there exists L such that
for every k € N there exists ji > k such that [i;, | < L. Then,

{ejk}l?;l - U B:k ((IJk)*)
k=1
and, since {i;, : k € N} is finite, it follows that there exists ¢ € {i;, : k € N} C D,
and a subsequence of {6}, }7° |, that by abuse of notation will also be called {6,, },
such that {0;, }2°, C B; (i*). So,

0= lim 0; € B; [i"];

a contradiction. So, the claim (and hence (17)) holds.
Next we claim that the conditions

(18)  lim M;;(0;) = lim m;, (6;) =0, and
j—oo j—o0

there exists a sequence {z;}72, with z; € Ii; o, = [m;;(0;), M;,(6;)] for
(19)  every 7, such that lim fo,(x;) = v(Ru,(0))
j—o0

imply
lim fog, = fo,e-
j—o0

To prove the claim notice that, by Definition 7.1 and Lemma 8.1, fy4 is the
unique piecewise affine map with two affine pieces whose graph joins the point
(—2,2) with (0,7(R,(#))), and this with the point (2, —2). On the other hand, for
every j,

e fop, ‘[72 i (6,)] is the affine map joining the point (—2,2) with the point
;i (6

(mij (ej)a 9i; (9j7 mi; (91)))5 and

e fop, |[Mij ©:).2] is the affine map joining the point (M;, (6;), i, (0, M, (65)))

with the point(2, —2)
(see Figure 5). Moreover, from the part of the proposition already proven we know
that fo e, is non-increasing and continuous. Therefore, the claim holds provided
that
lim diam (f079j (]Iij,gj)) =0

Jj—o0
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VR (O)) === == === NN ===~ ===~ —
——————————————————————————— Vi +1,R00))

— I
—2 9
L_] 05 = [777’\'_/’ (07 )v ]\Jij (0_1 )}

FIGURE 5. A symbolic representation of the maps fo¢ and fo,
in Case 2 of the proof of Proof of Proposition 7.3 for m = 0. The
map fop and the points 0 and v(R,(¢)) are drawn in blue. The
map fo, and the corresponding intervals [, o, and [;, 11 r_(y,) are
drawn in red.

(see again Figure 5).

When 0; € Bo,, [(i;,)*]\B ((i;)*) and i; > 0, by Definitions 7.1 and 4.2,

i+t

diam (fo, (I,.0,)) = diam (g, , (50,) ) = diam ({3, .. (Ru(6)}) = 0.
Otherwise, by Definition 7.1, and Lemmas 4.3(b) and 4.5(b),
{Ro(0)} % fos, (Tiy,) = {Bu(0)} < g, o, (T,0,) = G, (R((1))")
C R((i; + 1)*)F0),

So, by Remark 3.2(2),

diam (fo,e, (Ii;0,)) < diam (R((i; + 1)*)) < 22" "li+l,
In any case,

0 < diam (foe, (Ii;.0,)) <2-27"li*1l for every j €N

and, by (17), lim;_, diam (fo’gj (Hij’gj)) = 0. This ends the proof of the claim.
By the last claim, to end the proof of the proposition in the case m = 0 it is
enough to show that (18-19) hold. We start by proving (18). By Lemma 8.1,
mi, (BA(B;, [(i;)*])) = M, (Bd(B; [(i;)"])) =0,

1j

and from the definition of the maps m;, and M;;, Definition 3.1 (or Lemma 4.1)

R

and Remark 3.2(2), for every s € B;((U)*) we get
—1<mj;(s) <0< M, (s) <1, and

(20) M;,(s) — mi,(s) = diam(T;, ;) <2-2°

il

So, (18) holds by (17). Now we prove (19).
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By (2), (3) and (9), it follows that
my(6) <, (6;) < M, (6) if 6;  (i;)", and
mij(9)<fy| n (05) =0 < M, (6) if 6, = (i;)*.

Also, from Definition 7.1, the definitions of G; and g, , (Definitions 4.2 and 4.4),
and Lemmas 4.3(c) and 4.5(c) we get

fOH (’Yl ‘(9 )) gj J(7| ‘(0 )) ’Y‘, +1|( (0])) if Hj 7é (ij)*a
Joo, (0,21 (05)) = 9. o, (7, (05)) = 7, (Ru(6;)) if 0; = (i;)" and i; > 0, and

fo,0; ('7|;j\71(0j)) = 9.0, ('Y\iﬁl\ (0;)) = 'V|. +2|(Rw( ;) if 0; = (i;)" and i; <0.
Thus, to prove (19), we have to show that

limy e, (Rul0)) = 9(R(8)) 36, # (i))"
(21) lim; o0 7, (R.(6;)) = v(Ru(6)) if §; = (i;)* and i; > 0, and
lim;_, o0 Y, +2|(R (0;)) =v(Ru(8)) if6; =(i;)* andi; <0

(that is, we take z; := M (0;)if 0; # (i;)*, x; := 'yirl(ﬁj) if 0; = (i;)* and i; > 0,
and z; := ’yll_l_l(e') if 6; = (i;)* and i; < 0).
Let ¢ > 0. By Lemma 5.3(c) and Definition 3.4(R.1) we have that 6 ¢ O*(w)

and, hence, R, (6) ¢ O*(w). By the continuity of v on S'\O*(w) and the fact that
lim; 00 v, = 7, there exist § > 0 and L € N such that

’Y(Rw(g))—’}/() <¢e/2 for everygeBg( ©(0))\O* (w), and
doo (7,7,) <e/2 for every i > L.

Then, since lim;j_,o 0; = 6 and lim;_, |i;| = oo, there exists N € N such that
|0 —6,] <6/2, and |i;| > L+ 2 for every j > N.
First we will show that

R0 =7, (Ru(6))] <€

for every j > N such that 6; # (i;)*. To see it observe that, by Definition 3.4(R.2)
and Remark 3.5(R.2), 6;,R,(6;) ¢ Zji 41 Whenever 6; # (i;)*. Thus, V1] is
continuous at R, (¢;) by Lemma 3. 6( ).

Also, there exists a sequence {6;,}52, C (Bs2(0;) N B ((i)*))\O*(w) converg-
ing to 0, because S'\O*(w) is dense in S'. Clearly, for every j > N, we have
{Ru( ]e)}é 1 € Bs(R,(0)) \O*(w) and lim,_, Rw(gjl) = R,,(0;). Moreover, since
{Ru( M)}L1 C SNO*(w) C St \ is defined for every Rw(éje). Then,
for every j > N and ¢ € N, we have

+1) ’y‘l +1]

-~ ’

’Y(Rw (0)) - ’Y‘ij+1| (RUJ (ejl))

Consequently,

YRAO)) =7, (Ro(8)] = Jimn |(Ru(0)) =, (Ru(B3))| < &

{—00
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This ends the proof of the first equality of (21). The second and third equalities of
(21) follow as above by replacing Vo] by Y, (respectively Vi 4 ), and noting that
(G;+1)* ¢ z ifi; >0, and

(=il =DN* ¢ 25—, ifi; <0

This ends the proof of the continuity of Tj, and the proposition for the case m =
0. O

Rw(ej) = Rw((ij)*) = {

9. PROOF OF PROPOSITION 7.3 FOR m > 0

This section is the second technical counterpart of Section 7 and is devoted to
prove Proposition 7.3 for every map 7,,, with m > 0. To do this we will need some
more technical results. Also we will use the notion of fibre map function introduced
in the previous section.

The next two lemmas establish some basic properties of the maps Tm‘v* and

clarify some aspects of Definition 7.2.

Lemma 9.1. For every m € N and for every § € B,
fm,@ ‘]Ii,e =G |Hi,e’
where i = b~ (6,m) . Moreover, assume that 6 € WB \WIB, . Then,

Gio () if v €L,

2—g, o, (mi(0)) .
fm.o(z) = m(fm—lﬂ(x) —2)+2 ifxe[-2,mi(0)],

2449, , (Mi(9)) .
m(ﬁn—l,e(ﬂi) +2) =2 ifx e [Mi(9),2].

Proof. We start by proving the first statement. When 6 € B, there is nothing
to prove. So, assume that § € B”\B, . By Definition 6.2, § € WB_, i < 0 and
0 € B [i*] \Bq,, (i) . By Lemma 6.3(b),

Hiﬁ = {’VM (9)} C HWm,s'
Consequently, by Definition 7.2 and the definition of the maps g, , for i < 0 (Defi-
nition 4.4 — notice that I; 9 C R (i*) by definition),

f’m,@ (ry“\ (9)) = Vit (Rw(e)) =G (r}/m (9)) :

So, the first statement holds. Now we prove the second one. By Lemma 6.3(b),

lig = {mi(0)} = {Mi(0)} = {7, (0)} = {Am(0)} = {Tm (0)} =TW, .

Thus, by the part already proven, the formulas

Gio() ifx €y,

2—gi‘9(mi(9)) 2 2 if c -2 0
72“1’97;: —1ﬂ(]\4‘( 6))(.]877171,0(1') + ) 2 lf T e [M( )7 ]’

and

Vi) (B (0)) if x € IW

2_’Yi (Rw(9)) .
m(‘fm_lﬂ(l’) 72) +2 lf,ﬁE S [727>\m(0)],

27, (Ru(9)) :
T ety (fm-10(2) +2) =2 if z € [1(6), 2],

coincide. 0

m,0
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Lemma 9.2. The following statements hold for every m e N andi € ©_ :
(a) The map Tm{v:
(b) For every 0 € lB:h*] )

(b.i) fm0(2) = =2 and f0(=2) =2,

(b.3i) fm,e is piecewise affine and non-increasing, and
(b.iit) =1 < finp (Mi(0)) < fm,p (mi(0)) < 1.

(¢) Tl gmyey = Gi and T (AL ) = AT

1s well defined and continuous.

Proof. Clearly, T, m|vf is well defined and continuous if and only if so is f,
We will prove by induction on m € Z+ that, (a), (b) and
(b.iv) fm,9|[72’71] and fmve‘[lﬂ] are affine, f,, o(—1) < 2 and fy, (1) > —2
hold for every 6 € B; [i*].
First we will show that (a), (b) and (b.iv) hold for m = 0 and ¢ € ®©, (we are

including the map fy studied earlier to correctly start the induction process). By
Proposition 7.3(a,b) for m = 0 we have that Tj is well defined and continuous

-
v

’v;
and (b) holds. By Definition 7.1, we also know that fm,9|[_2 mi ()] and fm79|[M’_(9) 2]
are affine. Then, (b.iv) follows from —1 < m;(0) < M;(0) < 1 (see Lemma 4.1(a))
and (b.iii).

Assume now that (a), (b) and (b.iv) hold for some m — 1 € Z+ and prove it
for m and ¢ € © . By Lemma 5.2(a), § € B; [i*] & By [k*] for some k € ©

Consequently, V.. C V.. and fp,_1 |V: is well defined and continuous.
By Lemma 4.1(a) and Definition 6.2,
—-1<m;(0) < M;(#) <1  for 0 € B; [i*], and
—1 < An(0) <7p(0) <1 for 0 € By [i*]\Ba, (i*) CWB_ (i <0).

m—1"

(22)

Consequently, by (b.ii) and (b.iv) for m — 1,
-2< fm—1,0(1> < fm—l,@ (Mz(e)) < fm—l,@ (mz(a)) < fm,@(_l) <2
for every 6 € B; [i*], and

-2 < fm71,9<1) S fmfl,e (Tm<9)) S fmfl,G ()\m(e)) S fm,@(_l) <2
for 0 € By [i*] \Ba,,(i*) C WB when i < 0.
On the other hand, as it was observed in Definition 7.2, f,, ¢ is defined in two
different ways when # € WB™ NB,.. In such a case, by Lemmas 6.3(a,b) and 9.1,
6 ¢ WIB_ and both definitions for f,, ¢ coincide. Hence, fm‘v_' is well defined.

Now we prove that fm|v.’
Since By, [i*] C B,,, by Definition 7.2, the continuity of the maps m; and M;
(see Lemma 4.1(b)), and the continuity of the maps g; (Lemmas 4.3(a) and 4.5
(a)), fm’TTB (] is continuous. Now we assume that ¢ < 0 and we study the

il

is continuous by using the continuity of fm—1|v."

continuity of fo, | 11 on a connected component U of By [i*] \ By, (i*) . Observe that,
by Definition 6.2 and Lemma 5.2(b), U is a connected component of WB:. Then,
again by Definition 7.2, the continuity of the maps )\m’U and Tm|U (Lemma 6.4),
and the continuity of the map v, |U (Lemma 3.6(a) and Definition 3.4(R.2) and

|v' is continuous because it

Remark 3.5(R.2)), fm|y, is continuous. Therefore, f,

is well defined on 11 ((B;[i*] \Ba,, (i*)) N Bay,, [i*]).
Let 6 € B, [i*] C B,,. By Definition 7.2, and the definition of the maps

gi,0 (Definitions 4.2 and 4.4), fmﬂ}ﬂ_ , 1s piecewise affine and non-increasing. So,

by Lemma 9.1 for m — 1 and Definition 7.2, f,0(2) = —2, fm,e(—2) = 2, and
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fm’e‘[ﬂ,mi(e)] and fm»0|[Mi(0),2] are affine transformations of the map f,,—1, with
positive slope. Hence, (b.i,ii) hold for f,, ¢ in this case. Moreover, (b.iv) is verified
by (22) and (b.iv) for m — 1.

Consider 6 € By [i*]\By,, (i*) C WB_ . Again by Definition 7.2, f, 9’HW is

m,0

constant. Then, (b.i,ii) and (b.iv) hold for f,, ¢ as above by replacing m;(6) and
M;(0) by A\, (0) and 7,,,(6), respectively.

By (b.ii) and (22) we have fp, 0 (M;(0)) < fmo(m;(0)). Hence, (b.iii) follows
from Lemma 9.1, Definition 7.2, Lemmas 4.3(b) and 3.10(c), Definition 3.4(R.2)
and Remark 3.5(R.2), Lemma 4.5(b) and Lemma 3.6(b).

(¢) In a similar way to the proof of Proposition 7.3 for the case m = 0,
R =) {0 xLecVicV]
0eB; [i*]
and, by Definition 7.2, Lemma 9.1 and the definition of G; (Definitions 4.2 and 4.4)
it follows that

Tm(ovx) = (Rw(o)afm(avm» = (RW(0)7gi,6 (*T’)) = GZ(OPT)’

for every (0,z) € R™(¢*). Thus, Ty, (Af ‘) = A\(Zillﬁ from Lemmas 3.10(b), 4.3(c)

and 4.5(c). O

The next technical lemma compares the images of f,, ¢ and f,,—1, on a point.
It is an extension of Lemma 5.4.

s B €D and
m € N. Then, for every 0 € B; [i*] \Ba,, (i*), mi(0) = M;(0) = ~,(0) and

k
fm,o (mi(0)) = g, , (mi(0)) =, (R(0)), and

fm—l,@ (ml(e)) = YGr.0 (mz(e)) Ykt (R (9)> :

)

Proof. The fact that m;(0) = M;(0) = ~,(0) follows directly from the definitions.
The first equation follows from Lemma 9.1, and the definition of the map g, ,
(Definitions 4.2 and 4.4).

By Lemma 5.4, I; o = {m;(0)} = {,,,(0)} C Ix . Moreover, as in the proof of
Lemma 5.4, 8 # k*. Consequently, by Definition 7.1, Lemma 9.1, Lemmas 4.3(c)
and 4.5(c) and (2) (alternatively, for the last equality check directly the proofs of
the Lemmas 4.3(c) and 4.5(c)),

fm—1.0 (Mi(0)) = g, o (Mi(9)) = g, (7, (0)) = V10 (Rur(0)) -

Lemma 9.3. Assume that B; [i*] C By [k*] for some i € D

O

The following lemma is the analogue of Lemma 8.1 for m > 1. To state it we

will use the set
MEB. =EB_ xICV._.
Lemma 9.4. Tm|nm~ = m_1|ﬂm~ for every m € N. Equivalently, fme =
fm—1,0 for everym € N and 0 ]EIB%;.
Proof. Fix m € N and § € EB_ C B”. By Lemma 5.2(a,b), there exist i € D,
and k € ® | such that § € Bd (B [i*]) C B; [i*] & B [k*]. So, we are in the
assumptions of Lemmas 5.4 and 9.3 and, hence,
Lig = {mi(0)} = {7,,(0)} = {7, (0)} C Lxo,
fmo (mi(0)) = g, , (mi(0)) =7, (Ru(0)), and
fm—1,0 (mi(0)) = g, 4 (Mi(0)) = 7,,,.,) (Ru(0)) -
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Thus, if ¢ > 0, § € B, and, by Definition 7.2 and Lemma 9.2(a), to prove that
fm,6 = fm—1, we only have to show that
Gio (ml(g)) = Vigr (Rw(a)) = Vs (Rw(e)) = fm—lﬂ (ml(o)) :
When i < 0, # € WB_ NEB_ and, by Lemma 6.3(a), § ¢ WIB, . Then, by
Lemma 9.1, we get again that
Gie (mi(0)) = Vit (Rw(0)) = Vit (R(0)) = fm—1,0 (m(0)) .

implies fim,6 = fm—1,6-
If |k + 1| = |¢ + 1| there is nothing to prove. So, by Lemma 5.4, we can assume
that |k + 1| < |i + 1| and we have

Yk (R (9)) = Vikt1i41 ( ( )) "= Vig1-1 (Rw(e))
Hence, we have to show that v, (Ry(0)) = ’ywl‘ L (Ru(9)) . If i > 0 we get
Vit (Rw<9)) = Yin1 ( )) ( )) = Vit11-1 (Rw(9>)
by Lemma 3.6(e). Otherwise we have i < 0, 0 € Bd (B;[i*]) = Bd (Ba,,,, [i*]) and,
consequently, R, (#) € Bd (Ba,,,, [(i + 1)*]) . Again by Lemma 3.6(e) for j = |i + 1],
’7\i+1\ (Rw(e)) = ’Y\i+1\71 (Rw(e)) .
This ends the proof of the lemma. (|

Now we aim at computing two different kind of upper bounds for || f,0 — fn—10]l
(Lemma 9.6 and Proposition 7.4). This will be a key tool in the proof of Propo-
sitions 7.3 for m > 0 and 7.4. The next two lemmas and remark will be useful to
automate and simplify the proofs of these two results.

Lemma 9.5.

Hfm ol — fm-1.0],_ when § € BT\WIB, , and

5(0,m),0 b(6,m),0

[ fm,0 = fm—1,0 =
Hfm,elﬂw T fm—1.6lpw , H when 6 € WIB,

for everym >2 and 6 € B .

Proof. Set i =b (,m) € D
When 6§ € B \WIB,,
is enough to show that

| fm,0(2) = fn—1,0(@)] < |fim,0(mi(0)) — frn-1,0(m:i(6))]

for every x € [—2,m;(0)], and

| frm0(x) = fn—1,0(@)] < | fim,0(Mi(0)) — frn—1,0(M;(0))]
for every x € [M;(0),2]. We will prove the first statement. The second one follows
similarly.
Definition 7.2 and Lemma 9.1 give

— 4. m; 0
o) = Ftae) = 52 D () = 2) + 2 fosafa)

_ 2_fm,9 (ml(e)) 2 B o
_Z_fm—l,e(mi(Q))(fmfl*e() 2) = (fm-1,0(x) —2)

- 2 — fm,p (mi(0))
= (fm-10(z) —2) (2 — fm—1,0 (mi(9)) - 1)

Jm,o (mi(0)) = fm—1,0 (mi(0))
2 — frm—1,0 (m(0)) '

.., so that 6 € B [¢*].
=B, UWB \WIB, , by Definition 7.2 and Lemma 9.1, it

= (2 - fm—l,@(x))
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By Lemma 9.2(b), 2 > fmflﬂ(l‘) > fm—10 (ml(e)) and 1 > fr_10 (ml(e))
Hence,

a2) = (@) = 2= s (o) 222 GOV~ St G O))

< [fm.o (mi(0)) = frm—1,6 (mi(0))].

Now assume that § € WIB, C WB_ . By Definition 7.2 it is enough to show
that

|fm,9(17) - fm—1,0($)| < |fm,9()\m(0)) - fm—l,@(/\m(e)”
for every x € [—2, A\, ()], and
|fmo(2) = fmn—1,60(2)] < |fon0(Tm(0)) = frn—1,6(7m (0))]

for every = € [1,,(0),2]. As before, we will prove the first statement. The second
one follows similarly. We have

fM,G ()‘m(o)) — fmfw ()\m(a))
2 — fmflﬁ ()\m(e))

By Lemma 9.2(b), 2 > fi—1.0(x) > fm—1,0 (An(0)) and hence,
| fm,0(2) = fin—1,0(2)] < |fim,0 (Mi(6)) = fin—1,0 (mi(6))]

provided that 2— f,,—1,9 (An(0)) # 0. Assume by way of contradiction that we have
fm-1,0 (Am(60)) = 2. Then, by Definition 6.2 and Lemma 9.2(b), —1 < A,,,(6) and

22> fr—1,0(=1) = fin—1,06 (A (0)) = 2;

which contradicts statement (b.iv) from the proof of Lemma 9.2. g

fm,O(x) - fm—lﬂ(x) = (2 - fm—lﬂ(z))

Next we compute an upper bound for || f, 9 — fm—1,0| for every 6 € B [i*] and
i € ®, such that diam(B; [¢*]) is small enough.

Lemma 9.6. Assume that T,,_1 is continuous for some m > 2 and let € be positive.
Then, there exist om(e) € N such that

[ frmo = fm—1,0l <€
for every 0 € By [i*] andi € ©,, (that is, B; [i*] C B ) such that |i| > om(e).
Proof. Since T,,_; is uniformly continuous, there exists d,,,—1 = d;,—1(€) > 0 such
that d, (Tpm-1(0,2), Tm—1(v,y)) < € provided that d,((0,z), (v,y)) < dm—_1. We
choose 0, = om(€) € N such that
3-27¢m < min{d,,—1(/2),e/2}.

Assume that ¢ € D, verifies |i| > o (¢) and let (6, z) € V.. = B; [i*] x I. When
6 € B; [i*] \WIB, we can use Lemma 9.5 with I, g to compute || fm.0 — fm—1,0] -
We have to show that |fm 0(x) — fim—1,0(z)| < € for every x € I, 9.

Let v € Bd (B;[i*]) C EB_. We have (6, x), (v,m;(v)) € R™(i*) and, by Lem-
mas 9.2(c) and 3.6(f),

dg (Tm(ev 33)’ Tm(l/7 ml(”))) =d, (Gi(ev .1‘), Gi(l/7 ml(”)))

< diam (G; (R7(i*))) , and
do ((0,2), (v, mi(v)) < diam (R7(i*)) <2271 < 3.27¢m < 5,,_4(c/2).
Thus,
do (Tr—1(0,2), Tr1 (v, mi(v)) < /2.
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Consequently, by Lemma 9.4,
| fn0(2) — frn—1,0(x )| =d, (T (0,7), Trn—1(8, 7))
do (T (0, ), Trn—1 (v, mi(v))) +
do (Ton—1 (v, mi(¥)), Tin—1(0, ))
<dy, (T (0, 2), T, (V m;(v))) +¢/2
< diam (G; (R7(i%))) +¢/2.
(i)

Now we look at the size of G; (R ). When 4 < 0, from Lemmas 4.5(b) and
3.6(f), we obtain

(23) diam (G; (R7(i*))) < diam (R((i +1)*)) < 2= (=D < 2. 271,
When i > 0, from Lemma 4.3(b) we get

~ . . D NBa, (1))
Gi(R (i )):Gi(R(z ) CR((i+1)* )UAHS1 + )

Moreover, as in the proof of Lemma 3.6(f) for £ < 0, the set

R((i-+ 1)) U AN e (07)

is connected. So, by Lemma 3.6(f),

diam (G; (R7(i*))) < diam (R((i +1)")u Aﬁ(l '[““)*1\3%<<i+1>*>)>

M(Ba, [(i4+1)*]\Ba, 1)
< diam (R((i +1)*)) + diam (Aif (64D \Bayy ((41) ))>

< 264D 4 diam <A:Tfai[<i+1)*]\8ai+l<<i+1)*>)> '
As noticed earlier, By, [(i + 1)*] \Ba, ., ((i + 1)*) is disjoint from
Bay (i 4+ 1)) UB 4y [(=(i+ 1)U Z7y,

by Definition 3.4(R.2) and Remark 3.5(R.2). So, by Lemma 3.10(c), Definition 3.4
and Lemma 3.6(a),

A ={v 7., @)} = {7 )}
e {v} x [ (G+1)%) =27 (i + 1)) +27™].

for every v € Ba,[(i +1)*]\Ba,,,((i 4+1)*). On the other hand, ~,((i + 1)*) €
Iit1,(i41)« by Lemma 3.6(c). Hence, by Remark 3.2(2), Definition 3.4(R.1) and
Remark 3.5(R.1),

diam (Aﬁff [(”1)*]\B°*i+1“"“>*)))

< max {diam (B, [(i + 1)*] \Ba,,, (i +1)*)),2- (27" +27"+1)}
<2 -max {a; 27" 427"} =2 (277 4 277
<4.27m <2270
Summarizing, when ¢ > 0,
diam (G; (R™(i*))) <27"H 4227 < 3. 27"
and, from (23),
diam (G; (R™(i*))) <3-2711 <3.270m < ¢/2
for every i € Z*. Thus, for every z € I, g,
| fm0(@) = fin—1,0(x)| < diam (G; (R™(i*))) + /2 < e.
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Now assume that § € B;[i*] N WIB, . We can use Lemma 9.5 with IW_ , to
compute || fim.0 — fm—1,0/|- We have to show that |fm,e(z) — fm—1,0(x)| < € for
every x € IW_ .. Since § € WIB, , by Definition 6.2 and Lemma 6.3(b), i < 0,
0 € WB_ and

Hi’g = {’ym(e)} C ]IWm,Q = He,g > T
with ¢ = b (0,led (0, m)) € WFD_. In this case we will consider the points
(0,x) € R(£*) and (v,mi(v)), (0,7,,(0)) € R™(i*) with v € Bd(B;[i*]) C EB.
By Lemma 6.1(b), Remark 3.2(2) and Lemma 3.6(f), || < |¢| and
dQ ((97 .’L‘), (V’ mi(y)) < dn((9> .1‘), (97 Y14l (9)) + dn((‘g"ym (0)>7 (V7 ml(”))
< |z =7, (0)] + diam (R7(i"))
< diam (R(£*)) + diam (R™(i*))
<27l 42,97l < 3. 07l <3.97em <5, (c/2).
Thus,
doy(Tro1(0,2), Tr—1 (v, mi(v)) < /2.
On the other hand, by Lemma 9.2(c), Definition 7.2 and (23),
do (Tn (0, ), T (v, mi(v)))
< do (Tn (6, 2), T (0,7, (0))) + do (T (8,7, (0)), Ton (v, mi (v)))
< |fmo(@) = fmo (0, (0))] + do (Gi(0,7,,,(0)), Gi(v, mi(v)))
=d,,(Gi(0,2), Gi(v,m;(v))) < diam (G; (R™(i*))) < 2271
<3-270m < g/2.

So, in a similar way as before, Lemma 9.4 gives

| fm,0(2) = fm—1,0(2)| = do (T (0, 2), Trn—1(8, )
< do (T (0, 2), Tn1 (v, mi(v))) +
do (Trn—1(v,mi(v)), Trn—1(0, )
<e.
O

Proof of Proposition 7.3 for m > 0. (a) We start by proving by induction on m
that T, is continuous for every m € Z7T.

By Proposition 7.3(a) for m = 0, Ty is continuous. So, we may assume that
T,n_1 is continuous for some m € N and prove that T}, is continuous.

Let € > 0 be fixed but arbitrary, and let (8, z), (v,y) € Q. We have to show that
there exists 0(g) > 0 such that

4o (T (0,2), Ton(v,y) <= when d, (6,2, (ny)) < 4.

We start by defining d(¢). To this end we need to introduce some more notation
and establish some facts about the maps T;, and T}, _1.
Since T,,,_1 is uniformly continuous, we know that

(24) there exists 0,1 = 0p—1(g) > 0 such that d,(T—1(0,2), Trn-1(v,y)) < €
provided that d,, ((0,z), (v,vy)) < Om—1.
On the other hand, Lemma 9.2(a) tells us that Tm|v.’ is uniformly continuous
for every i € ® . So, for every i € ®,_, '

95 there exists §,,; = 0pi(¢) > 0 such that d,(T,,(6,x), Tm(z/, y)) < e for
(25) every (0, ), (v,y) € V;o C V. verifying d, ((6,2), (v,y)) < Opm,i(€)-
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Then, by using the numbers 0,,_1(g/7) given by (24), d.,:(¢/7) given by (25)
and 9,,(¢/7) given by Lemma 9.6, we set

§=6(g) == min {8,—1(e/7), min{8,,i(e/7) : i €D, N Z,, (c/7)}} -

Clearly, 0 > 0 because the set ©, N Z, (. 7) is finite.
Now we will show that if d, ((0, z), (v,vy)) < 6, then d, (T, (0, z), T (v, y)) <
Assume first that (6, z), (v,y) € V. for some £ €D NZ, (/7 We have

do ((0,2), (v,y)) <0 <min{dp,i(e/7) : 1 €D, N Zg, e/} < dm.e(e/7).
Hence, by (25),

do, (T (0, 2), T (v,y)) < €/7 < e.

Next we assume that (0, z), (v,y) € V. for some £ € D such that [¢| > 0,,(g/7)
(in particular, 6, € B, [¢*]). In this situation we have

dQ((H, 3:)7 (I/, y)) <4< 5m—1(5/7)
and, by (24) and Lemma 9.6,

do,(Tin (0, 2), Tin (v, y)) < do (T (0, 2), Tr—1(0, 7)) + d (Trn—1(0,2), Tin—1(v, y)) +
do, (Tn—1(v,y), Tin(v,9))
= |fm,0(2) = fn—1,0(x)| + dg (Trn—1(0,2), Trn—1(v,y)) +
| frnw(y) = Fn—1.(y)]
<N fmo = fm—r0ll + do(Trn-1(0,2), Tr1(v, ) +
[ fmw = 1wl

<de<e
In summary, we have proved that
do (T (0,2), T (v, y)) < 3¢
when d,, (0, z), (v,y)) < ¢ and (0, z), (v,y) € V,. for some £ € D .

Next we assume that (0,z), (v,y) € V. but (0, ), (v,y) ¢ V. for every £ €D .
By Lemma 5.2(a,b), there exist i = b (6,m),k =b (v,m) € ®_, i # k, such that
0 € B [i*], (0,z) € V., v € B [k*] and (v,y) € V... Then, there exist

§c ANBd(B] [i*]) CEB. and e ANBd (B} [k*]) C EB_,
where A denotes the closed arc of S* such that
diam(A4) =d, (f,v) and Bd(A4)={6,v}.
Clearly we have, (6,x), (9 ) eVvy, (v,y), (ﬁ, y) € V.. and, by the previous case,
d ((6,2),(0.2)) =
d
do ((9), (7,9)) =

dg. (6, 9) <d,, (0,v) < dgo((6,2), (v,9)) <6,
(T (0 ;v)) < 2e

d, (v, ) <d, (0,v) <d,((0,2),(r,y)) <4, and
d, (Tm T (7,y)) < Ze.

2
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On the other hand, (5, z), (7,y) € TTEIB%* cvV cv
(24),

and, by Lemma 9.4 and

1

d ((6.2), (7,y)) = max{d,, (0.7). |z — 9l } < max {d,, (0, v), |0 — |}
0,2),(r,y) < < 6pi(e/7), and
do, (T (0, ), T (v, y)) < d,, (Tm(e,x),Tm(§, a:)) +d, (Tm(&x),Tm(ﬁ, y)) n
de (T (7,9), T (,9))
< 3e+d, (Tm,l(g, z), Trn-1 (7, y)) +3e=e.
If (0,2),(v,y) ¢ V then, by Definition 7.2 and (24) ,

d,(Tm(0,2), T (v,y)) = dg(Tin-1(0,2), Trn—1 (v, y)) < e/7T < ¢
because d,, ((6, ), (v,y)) < < 0pm—1(g/7).
Lastly, assume that (v,y) ¢ V. but (0,2) € V. C V_, for some i € D, (that is,
6 € B[i*]). In this situation, as before, there exists 6 € Bd (B][i*]) C EB  such
that, by Lemma 9.4 and Definition 7.2 ((5, z) € TT]EIB%T CV-cCV™ ), and (24),

d ((0,2),(8.2)) <56,
do ((6,2). (19)) <3 < buuma(e/7),
do (Ton(6,2), T (0, ) )
do, (T (0,2), T (v, y)) < d,, (Tm(e,x)jm(@ x)) +d, (Tm(é, z), T (v, y))
< 2e+d, (Tm—1(§7 ), T (v, y)) <e.

This ends the proof of the continuity of T}, and, hence, of (a).

(b) When 0 € B, the statement follows from Lemma 9.2(b). When 6 € S'\B_, it
follows from the part already proven and the continuity of T,.

(c¢) The first two statements follow from Lemma 9.2(c) and statement (a). On
the other hand, as in the proof of Proposition 7.3(c) for m = 0, Lemma 5.3(b)
implies that i* € B, but i* ¢ B for every k > m. Then, we get fi i = fm i+ from
Definition 7.2. ]

10. PROOF OF PROPOSITION 7.4

This section is devoted to prove Proposition 7.4. It is the third technical coun-
terpart of Section 7. In contrast to Lemma 9.6 the bound given by Proposition 7.4.
is valid for every € B .

Before starting the proof of this proposition we will state and prove a number of
very simple lemmas that will help in automating the proof of Proposition 7.4.

ke and

m? m—1

Lemma 10.1. Assume that B; [i*] C B |k*] for some i € D
m > 2, and assume that either

i<0and g€ B; [i*]\{i*} ori>0 and 0 € By, [i*] \Ba,,, (i*).
Then,
|’Y\i+1\ (Rw(e)) = Vet (Rw(a))| < 27|k|

Proof. The lemma holds trivially when |k + 1| = |¢ + 1|. Thus, we may assume that
|k 4+ 1| # |i + 1|. Then by Lemma 5.4, |k| < |¢|, |k + 1| < |i + 1] and

Vi1 (Rw(a)) = Vkt1)+1 (Rw(o)) = = Vg -1 (Rw(e))
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By assumption we have
0 Bq,[i*]\Ba,., (i*) when i > 0, and
B [i*]\{i*} = Ba,, ., [i*] \{i*} when i <0,
and, hence,
Ru(60) € B, [(i 4+ 1)*]\Ba,,,((i4+1)*) when i > 0, and
¢ Bayy [0+ 1)*1\{(i +1)*}  when i <0.
Thus, in the case ¢ > 0 we have
Ryy(0) ¢ Bayy (14 1)) UBZ(; 1y [(—(i +1))"TU Z,
by Definition 3.4(R.2) and Remark 3.5(R.2). So, by Definition 3.4,
Vizr (Bu(0)) =7, (Ru(0) = 7)1y (Rw(0)) -
This ends the proof of the lemma in this case.

Assume now that ¢ < 0. By Lemma 3.6(c,d,f) and Definition 3.4(R.2) and Re-
mark 3.5(R.2),

|’y|i+1| (Rw(e)) - ’y\k+1\ (Rw(e))| = "V\i+1\ (Rw(g)) - ’y|1:+1\71 (Rw(e))‘
< diam (R((i +1)*)) < 27 I+ < oIkl
(observe that |i 4+ 1| > |k + 1| > |k| — 1). O
Lemma 10.2. Let s,t € Z, s # t be such that 0 € B (s*)\By,, (s*), and either

t <0 and 0 € By, (t*) ort >0 and 0 € By, ,(t*). Then, the following statements
hold:

(¢) Ry(0) € B, ((s + 1)*) N Bay, ., ((E+1)7).
(b) Let u,v € Z be such that {u,v} = {s,t} and ju+ 1] < |v+1].
Then, Tyy1,r, ) C Lut1,R.,(6)-

(c)

|z —y| <2271
for every x € 11 g, 6) and y € Ly g, (6)-
Proof. By assumption we have
P {Bat+1(t*) when t > 0, and
By, (t*) C B (t*) = Ba,,,, (t*) whent <O0.
Hence, R, (0) € Ba,,,, ((t+1)*). Moreover, as in the proof of Lemma 10.1, s < 0

and Ry, (0) € Ba,,,, ((s +1)*). This proves (a).
Now we prove (b). From (a) we have

Ry(0) € Bay,,y (u+1)7) N Bay,,,, ((v+1)%)
C Baypy (u+ 1)) N By [(v+1)7].
Moreover, s # t implies u+ 1 # v+ 1 and we have |u + 1| < |v + 1| by assumption.
Consequently, by Lemma 3.6(g,d) and Definition 3.4(R.2) and Remark 3.5(R.2),
|u+1| < |v+1] and
R((v+1)*) C Int (’R((u F 1) N\ T (u+ 1)*})

which implies (b).
Thus, 2,y € L,41,r,, (s and, by Lemma 3.6(f),

|z —y| < diam (R((u+1)*)) < 27w < o= (ul=1) — 9. 9=lul,
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Now we are ready to start the proof of Proposition 7.4.

Proof of Proposition 7.4. We start by showing that {T},,}32 , is a Cauchy sequence,
assuming that the bound (16) holds for every m > 2 and 6 € S'.

We start by estimating d_ (Ty,, Tnt1) for every m € N. From (16) and the
definition of p,,

d_ (T, Trp1) = SUP || frno — Frnsroll < 2 sup 271P@m < 9. 9=pm,
6esSt feSt

By Lemma 5.3(a) {fm }5°_g is strictly increasing (and lim,, o0 ftm = 00). There-
fore, for every € > 0, there exists N > 2, such that 4 - 27#m < ¢ for every m > N.
Hence,

m+i—1 m+i—1
Ao (T Tgi) < Y do (To, Toqn) <2 ) 27m
{=m l=m

<227 N2 =4 2T < 4.2THN <
=0
for every m > N and i € N. So, {T,}72, is a Cauchy sequence.
Now we prove (16). That is,

”fm,@ - fm_179|| <2 2—||;(9,m—1)|

for every m > 2 and 6 € S*.
From Definition 7.2 and Lemma 9.4 we know that f,, 9 = fm—1, for every
0 € (S'\B_) UEB_ . Then, (16) holds in this case.
In the rest of the involved proof we assume that 6 € B:\EB;. Thus, by Lem-
mas 5.2(a,b), 3.6(g) and 5.4,
0 € B; (i*) C B, (k*)\ (Bd (Ba‘k‘[k*]) U {k*}) where
i=b (@,m)eD, ,k=b@,m-1)ecD
|k| < |i], and |k + 1| < |i +1].
Moreover, V. C V.. C V. Consequently, by Lemma 9.2(a,b), the maps f, o
and f,—1 are well defined, continuous, piecewise affine and non-increasing, and
fm,0(2) = fin—1,6(2) = =2 and fi,0(—2) = fr—1,0(—2) = 2 (see Figures 6, 7 and 8
for some examples in generic cases).
We split the proof into three cases according to whether € belongs to

By (i")\Bay (i), Ba, (i) C By (k") \Bay, [k"] or Bay, (i*) C Bay, (k7).

m—17

Case 1. 0 € B (i*) \By,, (i*) .

We have i < 0 because B; (i*) = By, (i*) for ¢ > 0. Moreover, by Definition 6.2,
0cWB .
To deal with this case we consider three subcases.
Subcase 1.1. § € (B (i*) \Bam(i*)) \WIB, .
By Lemmas 5.4, 9.3, 9.5 and 10.1,
]Ii,e = {ml(e)} = {%u (9)} = {’7\16\ (9)} C ]Ik,(%
fmo (mi(0)) = Vit (Rw(9))
fm—1,0 (mi(0)) = Yk (Rw(9)), and

Hfmﬂ - fmflﬁ

= |[fmols,, = Frvols,, || = 1Fmo (i0)) = finor0 (ma(6)

B |7"'“‘ (B (6)) = Vs, (wa))’ < 9= [p@m=1)]
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FIGURE 6. A symbolic representation of the maps fp, 9 and f,,—1,9
in Subcase 1.3 of Proposition 7.4 (6 € (B (i*) \Ba,, (i*)) NWIB,,
and B; (i*) C Ba,, (k*)\{k*}). The map f,,—1¢ and the corre-
sponding intervals I, g and I 1 r_(¢) are drawn in blue. The map
fim.0, the interval IW ~and the point 7, (R, (0)) are drawn in
red.

m,0

Subcase 1.2. 0 € (B] (i*)\Ba,, (i*)) "WIB,, and B; (i*) C By (k*) \Ba,,, [k*].
In this subcase, by Definition 6.2 we have
0 € By (k*)\Ba,,, [F] C WB~ |

(recall that ¢ < 0). Then, by Lemmas 5.4 and 6.3(b,c), Definition 7.2 and Lem-
mas 9.5 and 10.1,

Hiﬁ = {’YM (9>} = {fY\m (9)} - HWm,s = me—l,e’
fm.o(x) = Vi) (R.(0)) for every z € IW_ |
fm-10(z) = Yk, (R (0)) for every x € IW _ ,, and

,0

Vo — Frnroll = Hfm,ahw ol
m, m

= [ (Ra0)) =7 (Ru6)] < 275000,
Observe that since B; (i*) is connected and
By (i) € By (k") \ (Bd (Bay, [k°]) U{k"}),
B7 (i*) ¢ By, (k*) \Ba,,, [k*] implies B} (i*) C Ba,, (k*) \{k*}.

k|

Subcase 1.3. § € (B (i*) \Bam(i*)) NWIB,, and By (i*) C Ba,,, (k") \{k*} (see
Figure 6 for a symbolic representation of this case).
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By Lemmas 5.4 and 6.3(b) and Definition 7.2,
Lio = {7,0)} ={7,,(0)} CIW, ,, and
fmo(x) = Vi) (R, (0)) for every x € IW _ .
On the other hand, by Definition 6.2 and Lemma 6.1(a,b), § € WIB_ C WDB_,
and
0 € Ba, [€*] C B} (i*)\Ba,, [i*] C Ba,,, (k") \{k"}
with £ = b (0, led (0, m)) € WFD_ and |¢| > |i| > |k|. Then, by Lemma 3.6(g) and
Definition 6.2, R(£*) C Int (R(k*)\ TTk:*) and
W, , =Tpp C Ip.
Moreover, since 6 € By, (k") C B,,, Definition 7.2, Lemmas 4.3(b) and 4.5(b), and
the definition of the maps g, , for i > 0 (Definition 4.2) give
fm—1.0 (MW, ) C fm—1,0 (Tx,0)
Tpi1,R.(0) if k<Oork>0and#fcB,,,, k),
{{fyk+1 (R,(0))} if k>0 and 6 € By, [F*] \Ba,,, (k*).

Now, as before, we will use Lemma 9.5 to bound || fr.0 — fm—1,6] . We start with
the simplest case: k> 0 and 0 € By, [k*] \Bq,,,(k*). By Lemma 10.1,

Hfm,@ - fmfl,GH - Hfm,@‘]lw - fmfl,G‘HW H
m,0 m,0

= ”Y|1+1| (Rw<9)) - ’Y\k+1\ (Rw(e))‘ S 2_|b(9,m_1)|'

Now we assume that k < 0or k > 0 and § € B,,_,(k*). In this case Lemma 10.2
applies. By Lemmas 10.2, 3.6(d) and Definition 3.4(R.2) and Remark 3.5(R.2), and
Lemma 9.5 we have

Yyisr (Bu(9)) € Lita r,0) € Tkt1,r,(0)
Jm-1,0(x) € Iy11,r 9 forevery z € IW .

and

Hfm,@ - fmfl,GH = Sup ‘fmﬁ(m) - fmflﬁ(x”

z€IW_

—sup |7, (Ru(6) = fno10(2)]

<2.271k = 9. o~ b (8,;m—1)|
This ends the proof of the proposition in this case.

Case 2. 0 € B, (i*) C By (k*) \Ba,,, [k*] (see Figure 7 for a symbolic representa-
tion of this case).

In this case we will use Lemma 9.5 with [; 4. Thus, we need to compare the maps
fm,6|]li6 and fm—1,9|li,9-

Directly from the definitions we get k < 0, By, [i*] CB,, and B, [k*] C B
Consequently, by Lemma 5.2(b) and Definition 6.2,

6cB, and 6cB. \B, , CWDB, , C WB_ .

m—1"

m—1
Moreover, led (§,m —1) =m, i =b (§,m) =b (0,led (f,m — 1)) € WFD__, and,
by Definition 6.2, § € WIB, _,, and
W, =Ty
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Miy1(Ro(6)) (f------- /3 T - — - — ===

| |
| |
fm—1,9 I |

Lit1, R (0) | | Tit1, R, (6)
| |
| |

mip1(Ru(0) Vfp--------J--mmmmm e - N - -

) (Ra @)

m;(0) = Apm—1(0) Lig = H‘{Wm—l,e
FIGURE 7. A symbolic representation of the maps fr, ¢ and fi—10
in Case 2 (0 € B, (i*) C By (k*)\Ba,,[k*]) of Proposition 7.4.
The map f,,—16 and the corresponding intervals IW __, , and
Ix+1,R., (6) are drawn in blue. The map f,, ¢ and the corresponding
intervals I; g = TW, __, , and I;; r_(s) are drawn in red.

Furthermore, since k < 0, as in the proof of Lemma 10.1, R, (0) € Ba,, ., ((k+1)*).
Thus, Definition 7.2, Lemma 3.6(d) and Definition 3.4(R.2) and Remark 3.5(R.2),
give

fm—1,0(z) = Vkt1) (Rw(0)) € Txy1,r,(0)

for every x € I; o =IW__, ..
Now we will use Lemma 9.5 to bound the norm || f,.0 — fi—1,6//. By Defini-
tion 6.2 and Lemma 9.5, 0 € B, C B \WIB, , and

[fm.o = fm—1.0ll = sup | fm.0(2) = fm—1.0(2)]
CL‘GH{,,G

= sup }fm,@(x) = Vi1 (RW(H))‘ '

z€l; 0

Next we will compute fp, 0(I;0). We start with the simplest case: i > 0 and
0 € By, (1*) \Ba,,,(i*) . By Definition 7.2, the definition of the maps g, , for i > 0
(Definition 4.2) and Lemma 10.1,

1 fmo — fm—v.6l =sup | fm.o(z) — 7,1, (Ru(0))]
z€l; 9

= Vi (Ru(9)) = Vet (wa))’ < 2_|g(9’m_1)‘.
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2 | ] | !
| | | |
| | | |
| | | |
| | | |
Mk+1(Rw(0))' 77777777 4‘ ——————— ‘k 777777 :77774‘ ,,,,,,,,,
\ | | |
‘ Ii.0 | | |
Trt1,re (0) 4 fmo ‘ i i !
,,,,,,,,, S N o S .V Y 0 W)\
k,,,,,,,,,:,,,,,,,yi-@,,, — }I"'+1-Rw<*’>
Mmpp1 (Ro(0)) V- ------ ——: ——————— ‘L —————— :— = B miy1 (Rw(0))

l | | l
| | | |

| | | P\ fm—1,0
| | | |
| | | |
| | | |
l | | l
| | | |
_2 ! 1 ! |

-2 } mi(0) Y M, (0) } 2
I v |
- ~ _
my () Ty My (8)

FIGURE 8. A symbolic representation of the maps fp, 9 and f,,—1,9
in Subcase 3.1 from the proof of Proposition 7.4 (6 € By, (i*) and
I;p C I and either £ < 0 or & > 0 and i* € By, ,[k*]). The
map fp,—1,¢ and the corresponding intervals I g and I 1 r_ (9) are
drawn in blue. The map [, s and the corresponding intervals I; ¢
and ;1 g (p) are drawn in red.

Assume that ¢ < 0 or 4 > 0 and 0 € B,,,,(i*). Then, again by Definition 7.2
and Lemmas 4.3(b), 4.5(b) and 10.2,

fm.o(®) € Lit1 R, 0) Clps1,r,0) forevery € lip,

and

”fm,@ - fm71,0|| = sup ’fm,e(x) = Vikt1 (Rw(e)){

IGL’)Q
<2.97 Ikl — 9.9~ [F@m-1)]
This ends the proof of the proposition in Case 2.
Case 3. 0 € B, (i*) C Ba,, (k*).

In this case we have B, (i) C B, and B, (k*) C B, _, sothat,0 € B, NB
Moreover, by Lemma 3.6(g), R(i*) C Int (R(k*)\ ﬂk*) and, hence,

m—1"

]Iiﬁ C ]Ikﬂ.
Since 6 € B, ,, by Definition 6.2 and Lemma 9.5, 0 € B_\WIB,_ , and

1o = Fmvol = | fmaly,, = Fm-valy,, | =500 |fmo(@) = frro(@)].

z€ll; 0



60 LL. ALSEDA, F. MANOSAS, AND L. MORALES

Thus, we need to compare the maps f, ¢ ’]1- , and fo—10 |11- . To do this we consider
i, T,
two subcases.

Subcase 3.1. Either k <0 or k>0 and 0 € By, ., (k)
(see Figure 8 for a symbolic representation of this case).

In this situation we aim at proving that

Jm—1,0 Lio) s frm,0 (Lio) C Tig1 R (0)-

We start with fr,,—1,0 (Ii,9) - By Definition 7.2 and Lemmas 4.3(b) and 4.5(b) we
obtain

Jm—1,0 (Li,0) C frn—1,0 Ir0) = 9,6 (I,0) C L1, mo(0)-

Next we show that fi, 9 (Ii,0) C Ixt1,R,(0)-
Since k <0 or k>0 and 6 € B,,,,(k*), by Definition 3.4(R.1) we obtain

R (Bayy () = Bay, (k+1)%) C Ba,,.,, (k+1)*) if k <0,

(26) Rw(a) © {Rw (Bozk+1 (k*)) = Bozk-+1((k + 1)*) if k Z 0and 6 € Bak+1(k*)'

Assume that ¢ <0 or i >0 and 6 € B,,,,(¢*). By (26) with k replaced by i,
Rw<9> € Ba|i+1| ((7’ + 1)*) N Bak+1 ((k + 1)*) C B;LI [(Z + 1)*] N B‘l;rl [(k + 1)*] .

Therefore, since |k + 1| < |i 4+ 1| and k+ 1 # i+ 1, from Lemma 3.6(g) we obtain
|k +1] < |i+ 1],

Bo‘|i+1| [(Z + 1)*] - Bllwpru ((k + 1)*) \{(k + 1)*}7 and
R((i+ 1)) C Int (R((k—i— DN\ T (k + 1)*) .
Thus, by Definition 7.2 and Lemmas 4.3(b) and 4.5(b),

Jmo (o) = 9, (Lio) C Liva,r(0) C kg1, R (0)-

Now we will consider the case i > 0 and 6 € B,,(i*) \Ba,,,(i*). The fact that
|k| < |i| =4 implies |k + 1] < |k| + 1 < i. We claim that

Ba, (i +1)%) C Bayyy (K +1)")\{(k+1)7}.
To prove the claim note that, by (26),
Ry, (0) € Ry (Ba, (i) N Bayyyy, (k+1)") € Ba, ((i +1)") N By [(k+1)7].

Moreover, the interval By, ((i + 1)*) is disjoint from B; [¢*] and B~ ,[(—%)*] by Def-
inition 3.4(R.2). Thus, ¢ # k + 1,—(k + 1) and, hence, |k+ 1] < i (that is,
k+1 € Z;1). So, there exists ¢ € Z; 1 such that B, [(i+1)*] N B [¢*] # 0
and |q| > |k + 1| is maximal verifying these conditions. By Definition 3.4(R.4),

Ba, ((i+1)") € By (¢")\ (Bd (Bay, [a"]) U{a"}) -
So, the claim holds when ¢ = k 4+ 1. Assume that g # k + 1. Then,
Ry(0) € Ba, ((i +1)%) N Bay,y, (k+1)7) € By (q%) N Bay,,y (K+1)7).
Hence, by Lemma 3.6(g), |¢| > |k + 1| and
Ba, ((i+1)") € By [47] € Bay,py ((k+ 1)) \{(k +1)7}.

This ends the proof of the claim.
On the other hand, by Definition 3.4(R.2) and Remark 3.5(R.2),

(Bai [(’L + 1>*] \Bai+1 ((l + 1)*)) N Zi+1 = @
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Thus, by the claim,
Ru(0) € Ry (Ba, (") \Bayy, (i*)) = Ba, (i + 1)) \Bays, (i +1)7)
- Ba\k+1\ ((k + 1)*) \Zi-i-l-

By Definition 7.2, the definition of the maps g,,, for i > 0 (Definition 4.2) and
Lemma 3.6(d) (with £ =k + 1 and n =i+ 1),

fimo @io) = 9.0 W) = {751 (Bo(9)} C Tivi,ro()-
Summarizing, we have proved that
Jm—1,0{Li0) s fin,0 (Lio) C Tig1 R (0)-
So, by Lemma 3.6(f) (and the fact that |k + 1| > |k| — 1),
[ fmo = fm—1,0

=sup |fm0(z) — fr-1,0(z)| < diam (11, (0))
z€l; 0

< diam (R((k + 1)) < 2= "+11 < 9. 9= Ikl — 9. o= [B(@:m—1)]
This ends the proof of the proposition in this subcase.
Subcase 3.2. k£ >0 and 0 € B,, (k*) \Ba,_, (k).

We start by computing fi,—1, (I;9). By Definition 7.2 and the definition of the
maps g, , for £ > 0 (Definition 4.2),

fm=1,0 Lio) C fin—1,0 (T,0) = gy, Tk0) = {Vips (Ru(0))}
Analogously, if i > 0 and 0 € By, (i*) \Ba,, (i) ,
fm,9 (Hiﬁ) =G0 (Hiﬁ) = {'yi+1 (Rw(a))}
Then, by Lemma 10.1,

| frm0 — fm—10ll = Hfm,ehiﬂ - fm—1,9|]11_'9

— i1 (Ru(8)) = 7,y (Ru(8))] < 270 @m=D],

Assume now that ¢ < 0 or i > 0 and 6 € By, ,(i*). By (26), Definition 7.2 and
Lemmas 4.3(b) and 4.5(b)

R, (0) € By, ((i +1)7), and

fmo W) = 9,4 (L) Clita,R,(0)-

Moreover, if k + 1 < |i + 1|, by Lemmas 5.4(a) and 3.6(c),

fm—l,@ (Hiﬂ) = {7k+1 (Rw(g))} = {P)/u+1\71 (Rw(e))} C Hi+1,Rw(9)'
Therefore, by Lemma 3.6(f),

we have

| frmo — fm—1,0ll = sup | fm,0(z) = fm—1,0(2)|
mE]ILg

= sup |fm79(l‘) - ’7\1‘4_1\_1 (Rw(e))|

z€l;0
< diam (Liy1,m,(9)) < diam (R((i +1)7)) < 2711
< 2—(k+1) < 2—|b’(9,m—1)|.

So, to end the proof of the proposition we have to show that, in this subcase,
k+1 < |i 4 1|. To prove this, notice that when i > 0, k+1 = |k|+1 < |i|+1 = |i + 1].
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So, assume by way of contradiction that ¢ < 0 and k£ + 1 = |i + 1| (recall that
k+1<]i+1]|). Then, k+ 1= —(i+ 1) and, hence,

R,(0) € R, (Bg, (k%)) = Ba, ((k+1)*), and
Rw(a) € Bau+1\ ((Z + 1)*) = Bak+1 ((_(k + 1))*) - B‘:(}c+1) ((_(k + 1))*) )
which is a contradiction by Definition 3.4(R.2). O
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