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A NOTE ON THE TOTALLY TRANSITIVE GRAPH MAPS

LL. ALSEDA*
Departament de Matematiques, Universitat Autonoma de Barcelona,
08913 Cerdanyola del Vallés, Barcelona, Spain

M. A. DEL RIOf
Departamento de Andlise Matemdtica, Universidade de Santiago de Compostela,
15706 Santiago de Compostela, Spain

J. A. RODRIGUEZ!
Departamento de Matemdticas, Universidad de Oviedo, 33007 Oviedo, Spain

Received February 17, 2000; Revised June 1, 2000

We study the totally transitive graph maps which have periodic points. In particular we show
that the cofiniteness of the set of periods characterizes these maps among transitive graph

maps.

1. Introduction

The aim of this paper is to generalize the main re-
sult of [Alseda et al., 1999b] to transitive graph
maps. To this end we have to introduce some
notation.

Let X be a topological space. A continuous
map f: X — X is called (topologically) transitive
if for every nonempty open subsets U, V' C X there
exists n > 1 such that f*(U)NV # 0. In a con-
nected compact metric space a map is transitive if
and only if has a dense orbit. A transitive map
is called totally transitive if f* is transitive for all
s > 1. Also, f is said to be topologically mixing if
for every nonempty open subsets U, V' C X there
exists N € N such that f(U) NV # ( for each
n > N.

The study of transitive maps on compact
spaces is widely motivated. For example, the
asymptotic dynamics of dissipative systems are the
dynamics inherent in the attractors. Here, at-
tractor means a compact invariant set containing
a dense orbit (transitivity) and whose stable set
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(attracting basin) has a nonempty interior or, at
least, positive Lebesgue measure. Due to the dis-
sipation, the attractors have lower dimension than
the phase space. Their dynamics often reduce to
a one-dimensional one and, despite the low dimen-
sion, interesting questions arise. One-dimensional
dynamics also appear when the system has an in-
variant foliation of codimension one. In this way, as
it has been shown in [Williams, 1977], the iteration
of a map on a graph imitates the behavior of a flow
in a neighborhood of a hyperbolic attractor.

It is important to know if for a transitive map
there exists some iterate which is not transitive as
the following example shows. Let ¢ be the map
defined on the interval [0, 1] in the following way:
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