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a b s t r a c t

An equilateral pentagon is a polygon in the plane with five sides of equal length. In this
paper we classify the central configurations of the 5-body problem having the five bodies
at the vertices of an equilateral pentagon with an axis of symmetry. We prove that there
are two unique classes of such equilateral pentagons providing central configurations,
one concave equilateral pentagon and one convex equilateral pentagon, the regular
one. A key point of our proof is the use of rational parameterizations to transform the
corresponding equations, which involve square roots, into polynomial equations.
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1. Introduction and statement of the result

The Newtonian planar 5-body problem describes the dynamics of five point particles of positive masses mi at positions
qi ∈ R2 moving according to the Newton’s laws under their mutual gravitational forces. The equations of motion of this
5-body problem are

miq̈i = −

5∑
j=1,j̸=i

Gmimj
qi − qj

r3ij
, 1 ≤ i ≤ 5,

where rij = |qi − qj| is the mutual distances between the masses mi and mj, and G is the gravitational constant. We take
conveniently the time unit so that G = 1.

The configuration space is defined by

E = {q = (q1, . . . , q5) ∈ (R2)5 : qi ̸= qj, i ̸= j}.

The configuration q = (q1, . . . , q5) is called central if the position vector of each body with respect to the center of mass
is proportional to the corresponding acceleration vector. In other words, if there exists a positive constant λ such that

q̈i = λ(qi − cm), i = 1, . . . , 5,

where cm = (m1q1 + · · · + m5q5)/M and M = m1 + · · · + m5, being cm and M the center of mass of the five bodies and
the total mass, respectively. Hence a given configuration (q1, . . . , q5) ∈ E of the 5-body problem with positive masses
m1, . . . ,m5, is central if there exists a λ such that (λ, q1, . . . , q5) is a solution of the system

5∑
j=1,j̸=i

mj
qi − qj

r3ij
= λ(qi − cm), 1 ≤ i ≤ 5. (1)
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