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HJELMSLEV QUADRILATERAL CENTRAL CONFIGURATIONS

MARTHA ALVAREZ-RAMIREZ! AND JAUME LLIBRE?2

ABSTRACT. A Hjelmslev quadrilateral is a quadrilateral with two right angles
at opposite vertices. We classify all planar four-body central configurations
where the four bodies are at the vertices of a Hjelmslev quadrilateral. We show
that in the positive mass space (m1,ma, ms3, m4), taking the unit of mass equal
to m1, the set of Hjelmslev quadrilateral central configurations of the four—
body problem is an open arc. When the masses tend to the endpoints of this
arc three of the masses of the Hjelmslev quadrilateral central configurations
tend to an equilateral central configuration of the three-body problem, and
the fourth remainder mass tends to zero.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The n—body problem, i.e. the description of the motion of n particles of positive
masses under their mutual Newtonian gravitational forces, is the main problem of
the classical Celestial Mechanics. Only the 2-body problem is completely solved,
and for n > 2 there are only few partial results on the dynamics of the n—body
problem.

In R? the equations of motion of the n-body problem are

n
. m;(z; — ;) ,
B= Z %, for i=1,...,n.
Jj=1, j#i K
where x; € R? are the position vectors of the bodies, ri; = |x; — ;| are their mutual
distances, and m; are their masses. Here the unit of time is taken in order that the

Newtonian gravitational constant be equal to one.

The configuration of the system formed by the n bodies is denoted by the vector
x = (x1,...,7,) € R*. The differential equations of motion are well-defined when
r;; 7 0 for ¢ # j, i.e. when there is no collisions between the masses.

The dimension of the smallest affine subspace of R? which contains all of the
points x; is called the dimension 6(x) of the configuration x. Then the configura-
tions with d(z) = 1,2 are called collinear and planar, respectively.

We define the total mass and the center of mass of the n bodies as

1
M=mi+...+my,, CZM(m1x1+--~+mnxn),

2010 Mathematics Subject Classification. Primary 70F07. Secondary 70F15.

Key words and phrases. convex central configuration, four—-body problem, Hjelmslev quadrilateral.
The second author is partially supported by MINECO grants MTM2013-40998-P and MTM2016-
77278-P (FEDER) and the AGAUR grant 2014 SGR568.

1



