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ABSTRACT. We show that discontinuous planar piecewise differential systems
formed by linear centers and separated by two concentric circles can have at
most three limit cycles. Usually is a difficult problem to provide the exact
upper bound that a class of differential systems can exhibit. Here we also
provide examples of such systems with zero, one, two, or three limit cycles.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

In the qualitative theory of the differential systems in R? one of the main difficult
objects to study are the limit cycles. Recall that a limit cycle is an isolated periodic
solution in the set of all periodic solutions of the differential systems, see for instance
the second part of the famous 16th Hilbert problem [5,7,9].

The study of piecewise linear discontinuous differential systems started with
Andronov, Vitt and Khaikin in [1]. Due to the fact that these systems model many
real phenomena and different modern devices, they have became a topic of great
interest these last twenty years. For more details see for instance the books [2,19]
and the references therein.

In recent years many authors have been widely interested in solving the second
part of the 16-th Hilbert’s problem for continuous and discontinuous piecewise linear
differential systems in R2, that is to determine an upper bound for the maximum
number of limit cycles for these class of differential systems.

The easiest continuous piecewise linear differential systems are formed by two
linear differential systems separated by a straight line. It is known that such systems
have at most one limit cycle, see [4,13,17,18]. But if both linear differential systems
are linear centers, then it is known that the continuous piecewise linear differential
systems have no limit cycles, see [11,15].

Also the easiest discontinuous piecewise linear differential systems are formed
by two linear differential systems separated by a straight line. It is known that
this class of differential systems can have three limit cycles, but at this moment
it is unknown if three is the maximum number of limit cycles that this class can
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exhibit, see for instante [8,10,14]. Other works on the limit cycles of discontinuous
piecewise linear differential systems can be found in [6,12].

A natural further step is to know which is the maximum number of limit cycles
of continuous or discontinuous piecewise linear differential systems separated by
other objects rather than a straight line and in particular if these linear systems
are centers. This is the goal of this paper.

More precisely, in this paper we deal with discontinuous piecewise differential
systems formed by two linear centers separated by two concentric circles. Without
loss of generality we can assume that these circles are

Si={(z,y) eR?:2? +y* =1}, and Sy = {(x,y) € R?:2* +y* = s},

with s > 1. We use the Filippov conventions for defining the discontinuous piece-
wise differential system on S; and on S, see [3]. We denote by (C) the class of
planar discontinuous piecewise differential systems formed by three linear centers
and separated by two circles S; and Ss.

We note that if we try to obtain continuous piecewise differential systems formed
by three linear centers separated by the circles S; and Ss, then we obtain a global
linear center in the plane, and consequently we do not have limit cycles. Therefore
the interesting piecewise differential systems formed by three linear centers sepa-
rated by the circles S; and Sy are the discontinuous ones, the ones that we shall
study.

Here a crossing periodic orbit for a system in (C) is a periodic orbit which has
exactly four points of discontinuity, that is, two points in the circle S; and the other
two points in the circle So. A crossing limit cycle for a system in (C) is a crossing
periodic orbit isolated in the set of all crossing periodic orbits of the system.

We remark that we are not interested in studying the crossing limit cycles for
the systems in (C) having only two intersection points with either the circle S; or
the circle Sg, because in [16] it was proved that such systems can have at most two
crossing limit cycles intersecting a circle in two points, and that there are examples
exhibiting two such crossing limit cycles.

The objective of this paper is to study the number of crossing limit cycles that
systems in the class (C) can have intersecting in two points each of the circles Sy
and S».

In what follows when we talk about a crossing limit cycle, it will be a crossing
limit cycle that intersects in two points each of the circles S1 and Ss.

Our main result is the following.

Theorem 1. The following statements hold.

(a) Ewvery system in (C) has at most three crossing limit cycles.

(b) There are systems in (C) having three crossing limit cycles.

(¢) There are systems in (C) having exactly two crossing limit cycles.
(d) There are systems in (C) having exactly one crossing limit cycle.
) There are system in (C) without crossing limit cycles.

(e

The proof of Theorem 1 is given in the next section.
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2. PROOF OF THEOREM 1

To prove Theorem 1 we fist recall the following lemma, proved in [15] which
provides a normal form for an arbitrary linear differential system having a center.

Lemma 2. A linear differential system having a center can be written as

46 + w?

1 r — —
(1) T bx 10

y+d, y=axr+by+ec,
with a > 0 and w > 0.

We prove each statement of Theorem 1 separately.

Proof of statement (a) of Theorem 1. In the bounded region Ry limited by the cir-
cle S; we consider the arbitrary linear differential center (1), which has the first
integral

H,y(z,y) = 4(ax + by)? + 8a(cx — dy) + w?y>.

In the bounded region R limited by the circles S; and So we consider the arbitrary
linear differential center

4B? + Q2
4A
with A > 0 and Q > 0. This system has the first integral

(2) i#=—Bz y+ D, = Az+ By+C,

Hy(z,y) = 4(Az + By)? + 8A(Cz — Dy) + Q%>

Finally in the region Rj3 outside the circle S we consider the arbitrary linear dif-
ferential center

462 + w?

) &=—pz- 4o

y+9, y=oar+pPy+,
with a > 0 and w > 0, that has first integral

Hs(z,y) = 4(ax + By)* + 8a(yx — dy) + wy>.

Take the scaling of the times o = at in Ry, 7 = At in Ry and v = at in Rs.
These three scalings change the velocity in which the orbits of system (1), (2) and
(3) are traveled, but they do not change the orbits, and consequently they do not
change the crossing limit cycles that the discontinuous piecewise linear differential
systems may have. Note that after these scalings of the time we can always assume,
without loss of generality, that a = A = o = 1, with the dot in the systems denoting
derivative with respect to the new times o, 7 and v.

The proof of statement (a) will be done by contradiction. We thus assume that
the discontinuous piecewise linear differential system formed by the three linear
centers (1), (2) and (3) have four crossing periodic orbits that intersect the circle
S1 in the points (z;,y;) for ¢ = 2,3 and the circle Sq in the points (x;,y;) fori = 1,4,



4 M.E. ANACLETO, J. LLIBRE, C. VALLS AND C. VIDAL

so these points must satisfy the system

fi = Ha(z1,91) — Ha(w2,y2) = 0,
fo = Hi(22,y2) — Hi(z3,y3) =0,
fs = Ha(xs,y3) — Ha(24,y4) = 0,
@) fa = H3(z4,y4) — Hz(z1,51) =0,

fs=al+yi —s*=0, fo=ai+yi—s"=0,
fr=ai+y3—1=0, fs=a3+y5 —1=0,
or equivalently
(5)
fi =4(Byy + 21)* = 4(Byz + 22)* + 8C (1 — 22) — 8D(y1 + y2) + L*(yf —43) =0,
fo =4(bys + x9)* — 4(bys + x3)* + 8c(xo — x3) — 8d(y2 + y3) + W (y5 —y3) =0,
fs =A(Bys + x3)* — 4(Bys + 24)* + 8C (x5 — x4) — 8D (ys + ya) + X (y3 — v3) =0,
fa =4(Bya + 4)” = 4(By1 + 21)? + 8y(wa — 1) — 80(ya + v1) + W (yf — vi) =0,
f5=0, fo =0, fr=0, fs =0.

Assume that the four solutions of this system are (p1, p2, p3,p4), (q1,92,93,44),
(t1,t2,t3,ts) and (w1, ws, w3, ws) with p;, gi, tr, wi € R%, p # pj, @i # g5, ti # 1,
and w; # w; for ¢ # j and 4, j = 1,2, 3,4. We rewrite these points in the following
way

(6) pi = (i, yi), @i = (ki li), ti = (mi,ni), wi = (hg, Ji),
fori=1,2,3,4.

Substituting the solutions (p1,p2, ps, pa) and (q1, g2, g3, qs), With p;, g; given in
(6) inside (5) we can determine the parameters d, 4, ¢ and ~ in function of the
coordinates of the points p;, ¢; as follows

(7)
g = A0 +w?) (Y3 — y3) + 8o (bys + ) — Bus(bys + ) + 4aj — 4aj
8(y2 — ys3) ,
5 487+ w?) (ui —yi) + 4t + 8xa(y + Byr) — 4o — 8za(v + Bya)
8(y1 — ya) 7
1
c= (4 (12 (b2y§ + Qby3($3 — kz) + Qbkgyg

~ 8(la — I3) (w2 — x3) — 8(k2 — k3)(y2 — y3)
—(by2 + 22)* + 23) + V13 (y2 — y3) — b2 I35 + y3 ((bls + k3)® — 2bls2s — k3)
+13 (—by2(bls + 2k3)) + (by2 + x2)* — 23) + dyz (ks — ks) (ka2 + ks3)
+w?(ly = I3)(y2 — y3)(l2 + I3 — y2 — ¥3)) ,

1
V8l =)@ — w0 — 80k — Ry (g — g P Unha(on ) + kalalys 1)

— (I = L) (@11 — zaya)) + 4(k1 — ka) (k1 + ka) (Y1 — ya)
+ (=) (W1 —ya) (L + Ly — y1 — ya) — 42 + 423)
+4B% (1 — 1a) (1 —ya) (b +la —y1 — va)) -
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We assume that the points (¢1, ta, 3, t4), (w1, we, w3, wy) with ¢;, w; as in (6) satisfies
system (5), then we can obtain the remaining parameters, namely, w? and w2. In
fact, from equation f, we obtain w? = S/T, where

S = 4(—(ka — k3)(y3(—=b*n3 — 2bmang + (bng +m3)? + 2bxz(ny — n3) — m3) + b*n3ys
+ Y3 (n2 — n3) — bnoys — b°n3ys + b*nsys + 2bmanays — 2bmsnsys — 2bnaways
+ 2bnzz2ys + ka2 ((n2 — n3)(x2 — x3) — (M2 — m3)(y2 — y3)) + k3((n2 — n3)(z2 — 3)
— (m2 — m3)(y2 — y3)) + y2(ma — m3)(ma + m3) — naxy + noa3 + nawy — nax3)
+ Lo (ma(b* (Y3 — y3) + 2b(kays — kays + naws — noxs — Tays + T3y3) — 5 + 23)
+ ma(b*(y2 — y3) (Y2 + y3) + 2b(—kayz + kays — naxs + nats + Tays — T3ys)
+ (29 — 23) (22 + x3)) + b(ng — n3) (w2 — 23)(b(ng 4+ n3) — 2k2) + M3 (22 — 23)
+m3 (s — x2)) + l3(ma(b*(y2 — y3) (Y2 + y3) + 2b(—ksy2 + kays + na(ws — x2)
+ @ays — 3y3) + (22 — 23)(v2 + x3)) + ma(b*(¥3 — v3) + 2b(ksy2 — ksys + na(z2 — 3)
— Zoyp + T3y3) — 25 + 23) + b(ng — n3) (x5 — ) (b(ng + n3) — 2k3) + mi (w3 — x2)
+m3(z2 — 23)) + Bb*((m2 — m3) (y2 — y3) + (n3 — n2) (22 — x3)) + 130%((n2 — ng) (z2 — x3)
— (m2 —ms3)(y2 — y3))),
and
T = (k2 — k3)(n2 —n3)(y2 — y3)(n2 + n3 — y2 — y3) + l%((n2 —n3)(r2 — 73)
— (m2 —m3)(y2 — y3)) + l2((m2 — m3)(y2 — y3)(y2 + y3) + (n3 — n2)(n2 + n3) (v2 — 73))
+ 15 ((ma — ma)(y2 — y3) + (n3 — na) (w2 — x3)) + l3((na — n3)(n2 + n3)(x2 — x3)
— (m2 —m3)(y2 — y3)(y2 + ¥3))-
Analogously from equation f; we obtain w? = R/U, where
R =4(—(k1 — ka)(k1((n1 — na)(z1 — 24) — (M1 — ma)(y1 — ya)) — ka(my — ma)(y1 — ya)
+ ka(n1 — ng) (21 — 24) + 28(mani (Y1 — ya) + mana(ys — y1) — (N1 — na) (2191 — T4vs))
+ (m1 — ma)(m1 4+ ma)(y1 — ya) — (n1 — na) (21 — 24) (21 + 24) + B2 (N1 — 1) (Y1 — ya)
X (n1 +ng4 —y1 —ya)) + 1 (2B(k1(m1 — ma)(y1 — ya) — k1(n1 — na) (21 — 24)
+my(n1 (21 — 24) — 2191 + Taya) + ma(na(zs — 1) + 2191 — Taya)) + B2 (N1 — n4)
X (n1 +n4)(x1 — 24) — (M1 —ma) (Y1 — ya) (1 +ya)) + (M1 — ma) (21 — 14)
x (m1+my — 21 — 24)) + 14(2B(—ka(m1 — ma)(y1 — ya) + ka(n1 — na)(z1 — 24)
+mi(ni(ra — 1) + 211 — Taya) + ma(na(v1 — T4) — T1Y1 + T4Ys))
+ B2((m1 — ma) (Y1 — ya) (Y1 + ya) + (g — n1)(ny + na) (21 — 34))
+ (m1 — my)(z1 — 24)(—m1 — ma + 21 + 24)) + BE((m1 — ma) (Y1 — ya)
+ (na = na) (21 — 24)) + B2 (01 = na) (21 — 2a) — (M1 — ma)(y1 — va))),
and
U =(k1 — ka)(n1 — na)(y1 — ya)(n1 4+ na — y1 — ya) + 13((n1 — na) (z1 — 24)
= (m1 —ma)(yr — ya)) + li((m1 — ma)(y1 — ya) (Y1 + ya) + (na — n1)(n1 + na) (21 — 24))
+ 13 ((m1 = ma)(y1 = ya) + (na — m) (@1 — 24)) + la((n1 — na) (1 + na) (21 — 24)
— (m1 —ma)(y1 — ya) (Y1 + ya))-
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Substituting p;, g;, t;, w; as in (6) in equations fo and f4, we obtain the expressions
for b and £. In order to simplify these expressions, we use the relations

2 2 2 12 .2 2 2_ 2 2 22 _ 2 .2
z si =Y, ki =s; =17, mj =s; —n;, hi =s; — j;

with s; =1 for i = 2,3 and s; = r for ¢ = 1,4. Doing this we get

b= (h3+ 3 — 1) (= (ko = k3)(=ka(ma — m3)(y2 — y3) + ka(na — n3)(w2 — 3)
— k3(ma —m3)(y2 — y3) + k3(n2 — n3) (w2 — x3) + (M2 — m3)(ma + m3)(y2 — y3)
— (ng —n3) (w2 + x3)(x2 — 13)) + l2(M2 — m3)(v2 — x3)(M2 + M3 — T2 — 3)

—l3(mg — m3)(z2 — x3)(M2 + Mg — x2 — x3)),

B=(hi+ji—r?) (—(k1 — ka)(—k1(m1 — ma)(y1 — ya) + k1(n1 — na) (21 — 24)
— ka(my —ma)(y1 — ya) + ka(ny — na) (@1 — 24) + (M1 —ma)(my + ma)(yr — ya)
— (1 —na) (@1 + 24) (21 — 24)) + 11 (M1 — my) (21 — 24) (M1 + Mg — T1 — T4)

—lg(my — myg)(x1 — z4) (M1 + My — 21 — T4)).

Since h% +j3 —1 =0 and h?+ ji —r? = 0 (because they are points on the circles
of radius 1 and r, respectively), we obtain that b = 0 and 8 = 0. Therefore we
get that the piecewise linear differential center is formed by the linear differential
centers

T=-y, y=u,
in the regions R; and Rs. This is a contradiction because in the region R; inside
the circle of radius 1 we have the first integral H;(x,y) = 2% + y?. Then using this
first integral it is not possible to generate crossing limit cycles. Therefore there is
no discontinuous piecewise linear differential systems (1), (2) and (3) having more
than three crossing limit cycles. O

Proof of statement (b) of Theorem 1. We construct a system in (C) having three
crossing limit cycles. In the bounded region R limited by the circle S; we consider
the linear differential center

(8) T = 4z — 11.9153y + 2.59286, y = 8x — 4y — 7.70389,

with the first integral
Hy(x,y) = — 7.7038888630588262 — 2.59286097618567y + 42* — 4zy
+ 5.957636997088071y°.

In the bounded region R, limited by the circles S; and So with s = 2 we consider
the linear differential center

(9) &= 248171z — 3.50967y + 5.2645, 3 = Sz + 2.48171y — 12.2078,

with the first integral
Hs(z,y) = — 12.207843699316152z — 5.264498126903808y + 42
4 2.481708216718382zy + 1.7548327089679396y>.

Finally in the region R3 outside the circle S we consider the linear differential
center

(10) i = —8x + 4y +12.2222, = 8z — dy — 12.2222,
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with the first integral
Hs(x,y) = — 12.2221575538272932 — 3.9748620974752176y + 4a* — 4ay
+ 6.1431435538396661°.

The discontinuous piecewise differential system formed by the previous three
linear differential centers has three crossing limit cycles (p1, p2, p3,p4), (¢1, 92, g3, q4)
and (t1,t2,t3,t4) with p;, ¢, t;

pi = (T4, yi) = (sic0s p, sisinp;), ¢ = (ki l;) = (sicos vy, sisiny;),
t; = (my,n;) = (s; cosuy, s;sinu;),
where p;,v;,u; € [0,27), ¢ = 1,2,3,4, s;, = 1 for i = 2,3 and s; = 2 for i = 1,4.
Moreover, p1 = ps = 7/4, p3 = ps = 1/10, v1 = v = 7/2, v3 = vy = —7/4,
up = 2, up = 2.2778851991902505, uz = 4 and uy = 4.760510529471427. See the
three crossing limit cycles of this system in Figure 1. O

Figure 1: The three crossing limit cycles of the discontinuous piecewise differential
systems formed by the linear centers (8), (9) and (10).

Proof of statement (c¢) of Theorem 1. We construct a system in (C) having exactly
two crossing limit cycles. In the bounded region R; limited by the circle S; we
consider the linear differential center
2
(11) 5625—217 y=x—1,
with the first integral
2y

Hy(z,y) = 42 +8 (—x - 5) + 4y?.

In the bounded region R, limited by the circles S; and So with s = 2 we consider
the linear differential center

. 11z 18292y . 192 1ly
(12) T=9 Tessg Y 2 19 ’

with the first integral




8 M.E. ANACLETO, J. LLIBRE, C. VALLS AND C. VIDAL

And in the region R3 outside the circle Sy we consider the linear differential center

1 T
13 P=16y+ -, g=1-"-
(13) @ yte T

with the first integral

2

Hs(xz,y) = % -2 (x — %) + 169>

This discontinuous piecewise differential system formed by the previous linear
centers (11), (12) and (13) has two crossing limit cycles, which are the unique
two real solutions (p{,pg,pg,pi) with j = 1,2 satisfying (4). Since we want to
use Groebner bases, we use the rational parametrization of the circle for obtain
polynomial equations, so we write the points p; = (z;,y;) as

(14) (21,51) = (R(l —t2) 2Rt )

L+t2 "1+¢2

with ¢; # ¢, ¢ # j for i = 1,2,3,4. Doing this system (4) reduces to the polynomial
system
(15)

f1 =116603t1t; — 566048t1t5 — 169146t1t7 — 311904t 1t4 + 12140437 + 251256t5 ¢

+ 5025126515 + 251256¢5 + 5943445 t; — 113209615 t; — 6858361515 — 623808t1t4
+ 225431487 4 187720t1t; + 375440t1t; + 187720t; — 432117t; — 566048t;
— 1266586t; — 3119044 + 665323,

f2 =2t1ty + 5ty + 5ty — 2,

f3 = — 116603t5t5 + 566048tats + 169146t5t5 + 311904t5ts — 1214043t5 — 251256¢5t5
— 502512t5¢3 — 251256t5 — 59434t5t5 + 1132096t5¢5 + 685836t5t5 + 623808t5ts
— 2254314t3 — 187720t2t5 — 375440t5t2 — 1877208, + 432117¢5 + 566048¢5
+ 1266586t3 4 311904t3 — 665323,

fa =2t5t5 + 3055t + 2t5ts — 10t5 + 305t565 — 2t3t3 — 10t5ts — 23 + 2tsts — 10tsts
+ 2tsts — 325t — 1085 — 263 — 325¢4 — 2,

f5=0, fo=0, fr=0, fs=0.

Doing the Groebner basis using Mathematica we can eliminate the variables to, %4
using the equations (fa, f3) and (f1, f4), respectively. Moreover we get two poly-
nomials: p; of degree 8 and py of degree 24 with respect to variables t; and t3.
Solving the system obtained for these two polynomials we obtain the following six
real solutions

(t1,t8) = (3.113683889, —3.345831873), (t3,t3) = (—1.208512958, 3.444180431),
(t3,43) = (—0.07918973421, —2.003557002), (t1,t3) = (0.7258741121, —0.9412890517),
(t9,13) = (—0.2525471397,0.8580640103), (£$,t5) = (0.4948650262, 0.5345302181).
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Therefore (15) has the next six solutions

1
ty,ty, 13, 1)) =
2 2
t15t27t37t )

3.113684, —1.208513, —3.345832, 3.444180),
1.208513, 3.113684, 3.444180, —3.345832),

0.7258741, —0.2525471, —0.941289, 0.8580640),
0.2525472,0.7258742,0.8580642, —0.941289),
0.07919058, 0.4948659, —2.003559, 0.5345301),

0.4948641, —0.07918876, 0.5345306, —2.003555).

th
tllla t27 t37 t4
ts

t2,t3,

( (
( (=
(t5,13,13,3) = (
( )= (-
(t7 )=(—
(t9, 15,5, 15) = (
The solutions (t{, t%, t?,;, ti) for j = 2,4, 6, define the same solutions as for j = 1, 3, 4.
Therefore the solutions of system (4) in the variables (z;,y;) are
(pl, p3, i, ph) =(0.880088, —0.474811,0.309849, 0.950786, 0.303784, 1.97679,
0.120863, —1.99634),
(p?, p2,p3, p3) =(—0.187158, —0.98233, —0.812997,0.582268, —1.68902, 1.07109,
— 1.67199, —1.09748),
(p, p3, s, p3) =(0.987536, —0.157392, 0.606566, 0.795033, —1.20227, —1.59829,
1.11109, 1.66297).

The third solution does not define a crossing limit cycle. See the two crossing limit
cycles in Figure 2. O

Figure 2: The two crossing limit cycles of the discontinuous piecewise differential
systems formed by the linear centers (11), (12) and (13).

Proof of statement (d) of Theorem 1. We construct a system in (C) having exactly
one crossing limit cycle. In the bounded region R; limited by the circle S; we
consider the linear differential center

. T 2849y 34 . 213z y
16 =-Z =" 1,
(16) T="3 9017 T Y 7 tath
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with the first integral

2
213 1704 34
Hl(x,y)=4<y— x) —(x—y)+16y2.

3 7 7 25

In the bounded region R, limited by the circles S; and Se with s = 2 we consider
the linear differential center

. 11z 18292y . 192 1ly
17 = — —4 =———__2_10
(a7 Y719 T essg Y 2 19 ’
with the first integral
192 11y\°
Hy(z,y) = 4 (—; - 199) — 76(dy — 10z) + 100y>.

Finally in the region Rs outside the circle Sy we consider the linear differential
center
. 23z 9117y 2 . 1lz 23y 131
18 = — = — - - —_— =
(18) T T Ty VT T T s

with the first integral

11z 23y\°> 88/ 131z 2y )
H SN (e DI (e e D TS
3(9) ( 9 22) 9 ( &8 5) "W

This discontinuous piecewise differential system formed by the linear centers
(16), (17) and (18) has exactly one crossing limit cycle, coming from the unique
real solution (p1,p2,ps,pa) with p; = (x;,v;), p; # pj for i # jand i,j =1,2,3,4
that satisfies system (4). Again since we want to use Groebner bases we use the
rational parametrization (14) and system (4) reduces to the polynomial system
(19)
f1 =116603t1t; — 566048t1t5 — 169146t1t3 — 311904t 1ts + 1214043¢7 + 2512565 ¢;

+ 5025126515 + 25125615 + 59434t5t; — 1132096t7t; — 6858361;t5 — 6238081514
+ 2254314t7 + 187720t 5 4 37544081t + 187720t; — 432117t; — 566048t}
— 1266586t; — 311904t + 665323,
fo =6248781t5¢3 — 8413925¢5t5 + 3788631t5 ¢, — 3690225t — 8413925435 — 8708931t7¢3
— 3690225ty — 6248781t7 + 3788631t1t5 — 3690225t t5 + 1328481¢1t + 1033475t
— 3690225t5 — 6248781t5 + 1033475t — 3788631,
f3 = — 116603t5t5 4+ 566048t3t5 4+ 169146t5t5 + 311904t5ts — 1214043t — 251256¢5t5
— 502512t5t5 — 2512565 — 594341515 + 113209615t + 6858361515 + 623808t5t3
— 2254314135 — 187720t2t5 — 375440t2t5 — 187720t + 4321173 + 566048t5
+ 126658613 + 311904t3 — 665323,
f1 =810216¢5t5 — 243515¢t5t5 — 1193544t5ts — 71329585 — 243515t2t5 — 2813976¢2t2
— 713295t3t4 — 8102165 — 1193544t5t5 — 713295t5t; — 3197304t3ts — 1183075¢3
— 713295t5 — 810216t5 — 1183075t + 1193544,
f5=0, f6 =0, fr=0, fs =0.

Doing the Groebner basis using Mathematica we can eliminate the variables to, %4
using the equations (fo, f3) and (f1, f4), respectively. Moreover, we get two poly-
nomials p3 and p4 both of degree 24 with respect to variables t; and t3. Solving the
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system formed by these two polynomials we obtain its two unique real solutions
(t1,t3) = (—0.2761369370, —5.638072382), (12,13) = (—1.456914010, —0.9512182090).
Therefore system (19) has the two solutions
(t1,t4,t5,t5) = (—1.4576899, —0.27613694, —0.95176617, —5.6380724),
(2,135, t2 17) = (—0.27613694, —1.4576899, —5.6380724, —0.95176617),
From these two solutions we obtain the solutions of system (4) in the variables
(xia yz)v ie.
(pl, p3, 3, p5) =(—0.359971, —0.932963, 0.858302, —0.513146, 0.0987913, —1.99756,
— 1.878, -0.687824),
(p?, p3,p3,p3) =(0.858302, —0.513146, —0.359971, —0.932963, —1.878, —0.687824,
0.0987913, —1.99756).

But the both solution define the same crossing limit cycle. See this crossing limit
cycle of the piecewise differential system in Figure 3. (]

(1N

Figure 3: The crossing limit cycle of the discontinuous piecewise differential system
formed by the linear centers (16), (17) and (18).

Proof of statement (e) of Theorem 1. To prove statement (e) it is sufficient con-
sider the discontinuous piecewise linear differential system having the linear center
& = —y, ¥y = x in the region Ry limited by the circles S; and S, with first integral
H(x,y) = 2% + 92, and two arbitrary different centers in the region R; limited by
the circle S; and in the region R3 outside the circle So. Then it is impossible to
connect orbits of the region R; with orbits of the region Rg3, so they do not exist
crossing limit cycle for this discontinuous piecewise differential system. Il

3. APPENDIX

The polynomials p1, pa, p3 and py of the proofs of statements (c) and (d),
p1 =aitits + agtts + aztits + agtits + ast] + agtits + artits + agt} + agtits
+ alot%tg —+ ant%t% —+ a12t§t3 —+ algt% —+ a14t1t§ + a15t1t§ + alﬁtl —+ a17t§

+ aists + arots + asots + am
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where the coefficients a; are

as = —16415392

a3 = — 11558994

as = —9045216

as = —10198280

a7 = —20396560

ag = —10198280

a1 = 54607
as = 31880367
ag = —4653694

ao = —32830784

a1 = —32643804

a1z = —18090432

a13 = 58997826

a1qg = —20969016

a15 = —41938032

a1 = —20969016

a7 = —7078753

a1g = —16415392

a9 = —25825714

asp = —9045216

a1 — 24747007

P2 =b1 13212 + bot i 12 + bstiOt1?  batStl? + bstSti? 4+ betiti? + brtSti? + betiti?
+ botatl? + biotati? + bi1t2ti? 4 biotsti® 4 bisti® 4 brats*t' + bystitti!
+ byttt bigtatt 4 bistitt + biotstit + baotStt + borthtt + bootiti!
+ bostat! 4 boat3tt 4 boststit + bogty" + bart 320 4 bogts 10 + boot10t1°
+ b3ot 310 4+ by t5H0 + baat i1 + bast§ti0 + baatiti® + baststi® + bagtatr”
+ byrt3t 0 4 bagtsti? + bagti® + baot3*t] + barta ] 4+ baot3 1] 4 bystit]
+ baat§t] + bastit] + bagt§t] + bartit] + bastst] + bagt3t] + bsot3t) + bsitst]
+ bsot] + bssti?t] + bsat 3 5 + bssti0tS 4 bsatts + bsrtst] + bsstats 4 bsotSth
+ beotit] + be1tat] + beat3t] + bestit] + beatst] + best] + bests’t] + berts't]
+ best30t] + beotaty + brotst] + britat] 4 byotSt] + bystat] + bratst] + brstat]
+ brgtat] + byrtst] + brgt] + brots2tS + beot3t9 + be1t30t0 + beot 1S + best5ts
+ bgat 518 + bestStS + bgattS + bertats + beststS 4 bgot2tS + bootsts + b1 tS
+ boot 3%t} + bozts 5 + boatiOt] + bostats + boststs + bortit] + bostSts + boot5ts
+ bioot5t] + bio1t3t] + bioat3t] + biostst] + bioat] + brosts t] + biosth't]
+ bro7ta’t] + biostat] + brootsty + biiotit] + biiitst] + biiatst] + biystst]
+ bi1atst] + biist3t] + buietst] + biirt] + biists*ts + briots s + biaot'ts
+ Do t5ts + bioot5ts + biogt it + bioatSts + biostSts + biagtsts + biortats
+ biost3ts + bisgtsts + bisot; + bigits> t; + bisats't] + bizats't; + bisstati
+ biaetst] + bizrtatt + bizststs + bizotsts + biaotsts + biatat] + braott]
+ b143t3t% + b144t% + b145t:1»,2t1 + b146t;131t1 + b147t§0t1 + b14st§t1 + 5149tgt1
+ bisotits + bis1tSts + bisatits + bisstats + bisatats + bisstits + bisetsts
+ bisrts + bissty? + bisots' + bisots” + bieot] + bisits + bigats + biests
+ b1eats + biests + bists + bisrts + biests + bigo,
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where the coefficients b; are

b1 = 303991592446001788228938487

by = 1408045233262894200409887264

bs = —610348310045438609985979526

by = 150794822399721357288599264

bs = 3175292247340716691173055833

be = —320740208014163780149933504

by = —17048997639478497073 77573908

bg = —405573064211186754732584256

by = 62276987629682561558117113

bio = —175671366937609682473351264

b1 = —909165874719067126843100166

b1z = 8410996908736764862587488

b1z = 67790690035723395857234967

bia = 769919768775604394983693704

b1s = 608614820298158930816555520

bis = 1006338413132290284840738864

b1z = 1431321555103103515287098880

bis = 1106920085504028821353449720

b9 = 1051042237498193081988510720

bao = 1785102108481388009724969120

ba1 = 274182185151143817728302080

bao = 598987412480135128015248120

bag = 77449776729327796556689920

boy = —141824611475603542032144336

bas = 31603094271432476346355200

bag = 173788643378306408181172104

ba7 = 1588372403382159061063149654

bag = 8092975591745815633602116544

bag = —3248693041709167069185540444

bso = 211406878520421069494121024

b31 = 19938833981071197564188426058

bsa = —2121423179067511352527553664

b3z = —10009180546277357760027249288

bss = —2156318684700125763185882496

bss = 1048296922418733508883452938

bss = —905812191897963002200866624

b3y = —4698504379735191229617889884

bsgs = 62646607676949750357457728

bsg = 470711522393073093178291734

bao = 3275446737045079891833146776

ba1 = 2798389897743457301579527680

bso = 3430073858498420097704336016

bys = 6384456051429072119840709120

bas = 3437215685906732064733269480

bas = 4256413077567038680571489280

by = 7086432988050350508983168480

bs7 = 655959555828558576937681920

byg = 1805773207367510400930991080

bag = 88554595955003083626094080

bso = —1396578676010723603677244784

bs1 = 102941964007868368998720000

bso = 601492540218724645512852376

bsz = 1863185952562665535144523113

bsa = 18368537004625498191672760800

bss = —10118633311500150875666933562

bsg = —3645531639364227160097798880

bs7 = 47742911997329850459275889735

bss = —7908940207973105675684819520

bsg = —29927104493544736358479363180

bso = —5586703187951216642169113280

be1 = 1322636002702229535320877735

be2 = —2216882120199644964482927520

bez = —10708672793085961168931909562

bsa = 104935955560450798251925920

bes = 823337441741604282540503113

bes = 4610181176067349319811463504

ber = 4934488104553140293973765120

bss = 673222061320160933366852064

beg = 10443232592303538229139911680

bro = —1826353774138329805781401680

b71 = 5118958520150359554781009920

bre = 6459378942855282670710355520

b7z = —1347774333705502370068101120

bra = —1787454240730479998434739280

brs = —951934381413631957788410880

br¢ = —5963483656776835980091631136

b77 = 6053984691832031894553600

brg = 172744186200068108390253904

brg = —1621708105402125393637763148

bgo = 20878158753803570951808551040

bg1 = —17588058999912760831475813128

bga = —12899199805848832415420900480

bgz = 58653267579916511026612363020

bga = —15440556721247650813313611520

bss = —50934444886457453503292294000

bse = —7665732406157195645450753280

bgy = —1867587215720614217259928180

bgs = —2791367357827462082945909120

bgg = —12614307807012810344397195528

boo = 51148822457498709060684160

bg1 = 374525371112801525600025652

b922312913197949713418835292976

bos = 4148805890329529288800711680

bos = —6389500990001080093169282784

bgs = 7559997156913701546733317120

bos = —10609352208188163894569321520

bo7 = 728772418724086020836321280

bog = 43899111766812611810796480

bgg = —4884992862282772005446830080

bioo = —6208792316160131100545359920

bio1 = —2460343804730642330472913920

bio2 = —9161706662669674635942223584

b103 = —257769790307956562122368000

bi104 = —1002077214505360541021321424
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bios = —3971430621041392996112889447

bios = 12374289928344354025078994400

bio7 = —12344000458594114924782416922

bios = —16330806431518499543110022880

biog = 46437110133303585391251181335

bi110 = —14124913545548867479214291520

bi11 = —42477362711277341585174494380

b112 = —3946994294230016748826649280

b113 = —33305509685054214583510665

b114 = —1059408107241328466289647520

b115 = —4873852326922304202721184922

b116 = 97755453094933815991727520

bi17 = 378892493096299322127122553

bi1s = 200730767420231523311578024

b119 = 1644632956482672247915461120

b120 = —5190506023107083703857888016

bi21 = 2171512967117559308974241280

bi22 = —5226483846546228429709648680

b12s = —2128889600225717310326983680

b124 = 3195078713173340252023634720

bias = —4473735425890521681580139520

bias = —528169211751130452219818280

bi27 = —2097914965047015435859668480

b12s = —4390595229150387720190227216

bi29 = —279949150017098125665292800

bizo = —832100248207003813406591576

biz1 = —1962737440728361463430634346

bis2 = 3571645054628274995872119744

bizs = —1135972992384322472318023644

bi34 = —8698405461151187684087549376

biss = 23946171151847913614553237258

biss = —4881243111994631139488859264

biz7 = —16439941847018161873601156488

biss = 1104550916440195157556415104

bizg = 2661394009267641937515912138

b140 = 862790136065306374490947776

b141 = 1979063068004556038527706916

b1a2 = 199041204126846535197342528

b143 = 760913305201756890114011734

b144 = —59789326956919740039496520

b145 = 240540093260984882325542400

b14s = —865085042503842495052102320

b147 = 101613906181427386827225600

b1as = 442302423721227403531571400

b149 = —944074338868289374965273600

bis0 = 3264005580186614462109154400

bis1 = —1318294267990666805410790400

bis2 = 1902466505411470364808179400

b153 = —600610360955680350244569600

bis4 = —251184784074299007561286320

biss = —87464244753745424300736000

bise = —137243848567305068804488520

bis7 = —286675820524507063672675993

b15s = 391907233944915164121144864

bisg = 531122523280024395014816794

biso = —1560655139996593684095106336

bis1 = 3760122027727895557551059433

bie2 = —88629050773656370280979904

bies = —5171315387161144294026388308

bi6a = 1221770371975293894648126144

bies = —932340071814670759258887287

bies = 617572180718464402590098336

bi67 = 588807353130457320567680154

bies = 101734228697173615509243488

b1y = 241273820025099567960612487

p3 =C1t12t5% 4 cot 12t 4 cstiPt? + catfti? 4 extiti? + cotati? + crtSti® 4 cgtity?
+ cotati? + crotati® + crititi? 4 cratsti? + ci3ti? + crati ! 4 csty it
+ c16ta’ it  cprtdtit + cigtStit + crot sttt + caotStit + cartitt + cootaty!
+ CostStit + coat3tih + costst]t + costlt + corta?ti0 + cogti 0 + cogti 20
+ c30t9t 10 4 311510 4 caatit 0 4 c33t$t0 + c3at5t0 + ca5t5t1° + captati®
+ cart3t0 4 eaststi® + ez0ti® + caoti?t] + carti't] + cantiOt] 4 cystit)
+ caatSt] + castit] + captSt] + cartit] + castat] + caolst] + csotst] + csitst]
+ csot] + cx3tith + csat3 S 4 cssti0tS 4 csetats + crtsts + csstats 4 csototh

+ Cgotgt§ + Cﬁlt§t§ + 062t§t213 + 663t§t§ + Cﬁ4t3t§ + C(,‘5t§15 + ngt?tz + 067t:1>,1tI
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+ costsOt] + cootSt] 4 crotSty + crititt + cratSt] 4 cratst] + cratst] + crstat]
+ Crptat] + crrtstt + crgtl + crotstS + cot 39 + c1t30tS + caatytS + costSts
+ cgatotS + castSts + captits + cartsts + cssttS + caotats + cootsts + cot?

+ Coat 3%t} + cozts T + coati 1] + costat] + coptsts + cortit] + costSts + cootsts
+ C100t§t‘i’ + C1o1t§ti’ + Cloztgf‘i’ + cro3tst] + croat] + 01051%%41l + ClOGtélt%

+ c107t5°t] + crostit] + crootht] + criotst] + c11tSt] 4 ciiatit] + ciistits

+ cr1atit] + cist3t] 4 crietst] + ciirt] + sty + ci19ts' ] + c120t5t

+ c1o1t3t] + c12215t5 + cra3t§t] + 1241587 + 10585 + cro6t5t] + cro7tTH]

+ c1a8t3t] + crootst] + crsot] + crsitst] + cisaty' ] + cissti’t] + cizatit]

+ crg5t5t; + cisetst] + crsrt§t; + cisstst] + cisotst] + craotit] + craitit;

+ 0142t3t% + 0143t% + 0144t§2t1 + 0145%1751 + 0146t:150t1 + 0147t§t1 + 0148t§t1

+ craotits + c1sot§ty + cisitity + cisatsty + cisstity + cisatity + cisstits

+ c1s6t1 + 157y’ + cissts + cisots’ + cieoti + cro1ts + creat] + cie3ts

5 4 3 2
+ c1e4t3 + C165t3 + C1e6t3 + C167t5 + C168t3 + Ci69,

where the coefficients ¢; are

c1

492827014259845915299608227319536637731419

coy = —2438080869483823805524125927423327101760864

c3

—583967369729745691407332725982065481194222

cq = —14030753213599793266190916869868749229728928

C5

—2112398880888992440649575226736629098193739

ce = —20704537678061895220347710778183777494702272

c7 = 16314059677623217238964322331384947587760444 cg = —2952515995403178561164076745475852546919488
cg = 31162658776998996833900763726327531493653461 c1o = 2995100914173664161345254044563304380156448
c11 = 8694194157488590194646535078660583863610258 c12 = 252497957065961189248293575799739160341728

c13 = 1082715163783039276166468232443383736985339 c14 = 3492602981916068139510311697321894896336160
ci5 = —1086772216910382971847827935580184122246400 cig = 19104079234490622993495661251498388385943360
c17 = —6479921110772705738680288056214355877292800 cig = 47513651424426686589606400322923368008940000
c1g = —8645153532208056857462556794504613480307200 coo = 71743869842303927706128932848762131389449600
co1 = —490954940952138178301360594813097836428800 coo = 61443705627491408447388292352607012026700000
co3 = 4467727356180986120302936646931141870124800 coq4 = 23145629144821074004398951377060529369111360
co5 = 1706677658787390207974200567873797981292800 cog = 1543618187781461527518541104468774212528160
co7 = —2323816561894020815291862412380876186228962 cog = —15221232929930773458456472178578407675326784
cog = —34262923829620036787064124222157609493388588 c30 = —84967373635139092702075928473474253572696768
c31 = —87563593152089934929362358545649791350450174 c3p = —129428210040115971570675908069145369017890432
c33 = —3289163113523431857186036315376701628705256 c3q4 = —31343870431795582756934128868875937872224128
c35 = 113595081364525278063153886360041182910873026 c3e = 6148329632500583640777991728611485795069888
cz7 = 31478112592247655368997669319792092455630292 c3g = —1689390982001220570825035447768473853226432
c39 = 7427447651187831461330285031989406759342558 cqo = 13383012203227907917824621303121452747105648
cq1 = —1421559284855548360829961693156575825875200 cq2 = 74294378073956355629576991136310304510349088
cq3 = —13568022171936691683662440860954055825350400 cqq = 181447380215363356673809177074365638872101520
cy5 = —10409412470586033575120823305984180370649600 cq6 = 263823724112907293601299014675982880399028160
cq7 = 24084297326297726275359823584854414717401600 cag = 210938020177403305017237463430401479109381520
caq9 = 32232539800884528345582162109628026374726400 cs0 = 65020571727123825284877363267494066440973088
cs51 = 9885292891081911817933994386586911286150400 cso = —2629738682007095093117892728101319378238352
cs3 = —8585634321747039597044812015468889237484059 c54 = —38138639261621573185878772093209972833203360
c55 = —99459097371239746361552224007534640828174994 cs6 = —208662958402028599241398852262553107190714720
cs7 = —250110400612387426498394945973529777602342645 | cs58 = —325004178824310003530726853593163716251753280
c59 = —58308874505884115504607589998842526587829820 ceo = —99112247874103864818271271760567769256669120
ce1 = 244442364943242843598877630775076244637925355 ce2 = —6383670908668405183963835675976378354920480
ce3 = 77409215265931032806019933596610819345940206 cea = —10500086996941854444601098016745126992493280
ces = 26917647511261211074128350933511426131836741 ces = 19094043267862933710085655825380950597913792
ce7 = 2772610408987514284138792210269974004083200 ceg = 107352615889938001273408807761836539829959552
ceo = —435715139505203306977082946120434998233600 c7o = 255794639028007854636979038401682749241718080
c71 = 25051281408735678347817878192373970590233600 c72 = 356024253763926654472363257956615418049552640

c73 = 83647205771681762950064507358973292712934400

c74 = 257807992454289979345818756939808912045238080

c75 = 76534654714198106208073087304993063641817600

c76 = 48522959886319009715933789759605571346375552

c77 = 21147055899744739196942333294784150521433600

c7g = —20796845209977102231177595688815082658982208
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c79 = —9849593356850675629057265912349452548668636 cgo = —49076228308296251339217265678542819154922880

cg1 = —118477440137686412135260416080073153484440936 cgo = —265467476778339568055632356837203309190789760
cgz = —296055099828644208169001933424649463930059620 cgq = —419598797741386963273170324312105825561834240
cgs = —46194302401357875971815524917860928049905840 cgg = —141858835155420258253205093148770087801544960

cg7 = 335802656231088162646087412919754618878724380 cgg = —27027475103068849017876051450881071906131840
cgg = 116934505413169408583611402486349874317120664 cop = —20041261590291352793028539025577567630554240
cg1 = 46395112003948398478782053411467226382777764 cgo = 13074535060747681538889606780253951477429088
cg3 = 6376784916240002535742343118761989697036800 cgq = 74601482244135768710184485014226207152977728
cogs = 17109988613179601769992721432844435088473600 cge = 171662240237361494428105915501401410658345120
cg7 = 54418430666371151454317072290336175287526400 cogg = 224471342258156540611335495031295585356184960
cgg = 104429153609590278533044694929123115854105600 ci1o0 = 136207429899252139163881906944016285022825120
c101 = 82159045091585497104397343124805497714342400 ci1o2 = —8910406882712120111403793589855870289838272
c103 = 21415118451426770791419342171936111756326400 c104 = —30781787577781125920761242770005724939274912

c1o5 = —b082172265702464585247355603705187123392459 ci06 = —34122512559156973906757888417258486428403360
cio7 = —71107324421539628081805956301982089608425394 cio8 = —184021892951246111748373441843811156181114720
cipo9 = —177778722876474358884925292729102608494168645 | c110 = —293178985563079241017830172614709547461353280

c111 = 5630357503192470717671281385280068729202180 ci12 = —100671692955629954960193684385262770495069120
c113 = 263758420017792989370778900707430135626099355 c114 = —26494512564605919430001480565518515188520480
c115 = 92812247919220694808917872229478948389689806 c116 = —17851229058440404249724176045928558402093280
c117 = 39460490256819789181883049067509939501928341 c118 = 4321739489821064172804252764526646351858592
c119 = 4183362550647183634987602511988674689555200 c120 = 25116824553329108660182684756403623031756352
ci121 = 13654639510991575419668368541305731256710400 ci22 = 54948306158767587465505621794879169295242080
c123 = 35271134885231417852010000752136784723289600 ci124 = 65160775836306878710834209738570954892576640
c125 = 56708653914086864208841965094809501621158400 ci126 = 26310914036538686895342134341455570473962080
cio7 = 41305648463209858365389389538488200651513600 ci128 = —22720960628492070743883780548143283596467648
c129 = 10396852474010020223876659166498427186489600 c130 = —18024319923983421906518894954030091793197408

c131 = —1125002969761079454640643743261266930181922 c132 = —12093217807160562080241462843376330958782784
c133 = —21265579686952485525535597460059392318450348 c134 = —65640840281491212382211081078066041067608768
c135 = —53834367995688054524441882263226165499440574 c136 = —104664469067029119807763510989132303122978432

c137 = 16079375481294603024166020357060126186891544 ci13g = —33211615754855752016170992494961780532576128
c139 = 105734685200422480615509581760981255520282626 ci1a0 = —10212326132139845778048583857976930772738112
c141 = 34774765944655369305599473438282827293288532 ci142 = —7617078681372297909152188388464117654314432
c143 = 16022341156649107222885282232531878871069598 c144 = 546974052057527699345306472081444121573808
c145 = 913975111339860772366185361073050700230400 c146 = 3254472818263915389281563228566178584332448
c147 = 3197036819470756287680716967080561118060800 c148 = 6589009804973044595065681967128584515453520
c149 = 7668244565973921463169073165654146916339200 c150 = 6556544600134649349878176201217168576365760
ci151 = 11351453808928484172200593344992165926156800 ci52 = —140804311839602487680472717135922086306480
c153 = 7916445641118925243785908255978882074387200 ci54 = —6585722983165385395068723479751240032115552
c155 = 1950174690033467019439856470633352646739200 ci56 = —3769885109957790462639499772041999422138192

ci157 = —68684423999952508585735482541688566934421 c158 = —1691446355125215979754414262605771425664864
ci159 = —2527061143852823572625761565219155128485262 c160 = —9360086128095368883956155412510591229536928
c161 = —6630305236928942947664202400225894960245339 ci162 = —14803774783080914882705006384326456494894272

c163 = 4055345117805025211365989277907354279147644 ci164 = —3677864516934594686681181621301413907687488
c165 = 16590212427743568372365743735873656177201861 ci66 = —1208389043607450702526581383314927720515552
cig7 = 4600219955329106189093067501246646716799218 cie8 = —1248913155348573767928782374936212903850272

ci169 = 2438796771237462754231229636119130017439499

pa =dit37 1% + dot3 57 + dat30t}? + datiti? + dstit? + detst® + detSt? + dstiti? + dotsti? + diotsty?
+ dyt3t? + diotsty? + dasty® + diatz?t)' + dists ) + daetd’tt + digtytyt + distty + diotity!
+ dootSti + dor 5t + doot3ti! + dost3ti 4 dogt2tt + doststi! + dogti! + dortd?t10 + dogti!t10
+ dogt3 0110 + dsotyti® 4+ dsit5t10 + daotiti0 + dastSt® + daatiti® 4 dsstat]? + daetiti® + dartiti°
+ dagtzti® 4 daot1? + daoti®t] + darti't] + duoti®t] + dustyt] + daatit] + dastst] + dastst] + durtst]
+ dugtst] + daotst] + dsotat] + dsitst] + dsat] + dsst3*ts + dsat 35 + dsst 305 + dsetits + dsrtSts
+ dssttS + dsotSts + deotats + de1t5ts + deatat? + destats + deatsts + destS + destst] + derti't]
+ dest 30T 4 deott] + drotSt] + dpitit] + deotSt] + drstit] + dyatst] + drstat] + deatsts + dortat]
+ drgt] + drot3*t5 + dsot3 15 + dgi 305 + dsot 3t + dest5tS + dsatitS + dgstS$tS + dsetits + dgrt5ts
+ dgststS + dgot3t$ + dootstt + doitS + doatd*t] + dosti ] + dosti't] + dostit] + dostst] + dortit]
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+ dogtSt + doot5ts + diootsts + dioitsts + dioatats + diostst] + dioat] + diosts*t]

+ diosth't] + diortst] + diostt] + diootst] + diiotit] + diiitst] + diatit] + diistst]
+ dn@%ﬁ1 + d115f§til + dyietst] + diirt] + dnstézt? + dllgtélt? + d120t§0t§ + d121t§t?
+ d12ot3t; + diostit] + di2atSt] + diastit] + dioetsty + diortsts + diastat] + dizotst;
+ dizots + di31t3%2 + dyizot i3 4 dizstiOt? + disatyt? + dizstst? + disetats + dyzrtsts
+ dizst3t; + disotat] + diaotst; + diartit] + diastst] + diast? + diaati*ts + diasty't
+ d146t§0t1 + d147t§t1 + d148t§t1 + d149t§t1 + d150t§f1 + disitits + dlsztgtl + d153t§t1
+ disatits + disstats + disets + disrts® + dissts' + disets’ + digots + dieits + dieat
+ digstS + dieati + diests + diests + dierts + diests + digo,

where the coefficients d; are

dy = 9658413369501255163276163798755600773 dy = 35317295585910647321645419281661863456

d3 = 15882166700089440555049128988946135766 dy = —105388392832058172214709783809655818464
ds = —350325349443127055311977332321980548393 dg = —428381522780610943179781647065840260416
d7 = —15809160534680777659466556344143159372 dg = 147223860351680840789833153696442108096

dog = —6615219861428775459196868998657919693 dio = —130457607152598424884258075670839593696
di1 = —66028157665812914294761894112469629034 di2 = —18827813456539996093060500369404280288
dy3 = —4438557146599625422697512301083785327 di4 = —18862342571408613262814141417644415424
dys = —27098581623582545267174529043905218880 dig = —164348132527117286631607204863806542344
dy7 = —108963336738218450613804747575390174400 dig = —302829116835585602363956236127401975960
dig = —206842844152946337723563587261549468800 dog = —273865734699193772482856811909138308880
doy = —231398698055413101271840354030223548800 doo = —214120289749485949651766944724108262960
doz = —142629302486948265492336291357833294400 dog = —109393235536598237729637222417243283944
dos = —36208693469845596597429306057674258880 dog = —11795353606429131565563916921033480824
do7 = 57729284157066353866155204954743858226 dog = 234656987160644447922639514794924595296
dog = 121820635321241028646077092132716546224 d3o = —559506549687102693511196488061990037984
d3; = —2118567476935918029212416222051124573838 | dz> = —2477495357417913260398615281171412696896
d33 = —203625537106801792577927445360122094672 d34 = 947931986191336347426324901057572154176
d3s = —102183554730617865953018442800748720138 d3s = —754420171555262600826706436279072729376
dz7 = —395268568494608310922992670905533033376 dsg = —106507047854476707871067577816742947168
dzg = —28645092258199231344060934367609146074 dao = —73970283591967734228551806698844431876
ds1 = —134189170000435600917229454708240589120 dso = —676324943209845484012609069384477401456
ds3 = —513753920087134271811361522644923025600 dss = —1166568377609732222391110648329955513540
dys = —912386100447926698984152962989285251200 dse = —943207740013608747433032966943709157120
dy7 = —966450443162048947134195117857859491200 dyg = —766862279563437264907714826444795926540
dyg = —579812415326676879975230163786352385600 dso = —432571835027556162389038838648966019856
ds1 = —146183322525855960931055940981095709120 dsa = —44703577485873172307303593503556706476
ds3 = 191315042643624893059513334646493610352 dsqg = 679843111749526518876465654522124399680
dss = 740250951786465306163790653404374475432 dse = —1051495204182701241337520378923832357760
ds7 = —4567298913320431082807614362880426101740 | dsgs = —5601443897393791581320665217099419427840
dsg = 49378570712444040552799773994988051760 deo = 2974683728903811939898123617369472019840
de1 = 210689382944802130009482394572683194760 dez = —1530144929589544094017213291483429106240
de3 = —711268829965776415000812749116172887768 des = —176991913799198956655158497920363796480
des = —42828243453612253016847113385061063948 des = —71403228819803075647235037594292987164
de7 = —276340325428861805181413653270972231680 deg = —826830748066137855145509801288955145784
deo = —958698623616697982429997693878013158400 d7o = —1028876778950424268929788905061289143060
d71 = —1448686586234176482148961046779916876800 | d72 = —230538758872980450035127216361479577680
d73 = —1300323422737240100069148907901297996800 | d74 = —357915239475244484172345572739976525060
d7s = —707679954094433657504337184620036838400 d76 = —433986950721373872114326335761653083384
d77 = —173684819403533862335565282891614791680 d7s = —33161210415020348545593838016529151564
drg = 350871651626256743176411109116152088858 dgo = 1089714202226686546548282214306454394880
dg1 = 1859003338875912157376044120131439040308 dga = —725364496690152082851904149676874420480
dgz = —4615250140408917891828870452214289122690 | dgas = —6330834902933215056529571936973326750720
dgs = 1225792967970035594750060525069677451320 dge = 5112490037263997374490230331701725099520
dg7 = 1247826542758169314920002701108756600310 dgg = —1370741153366541356303913048202579205120
dgg = —381782134472456115772808601958238312492 dog = —68397626439287293434385493446302240000
do1 = 4254886772984477457428118126258612658 doo = 12133046104963011972623401053615565724

do3 = —291844218340594690554353431215560197120 doy = —244846173890652927950500933729293270856
dos = —885120217451118186476551063313792665600 dos = 431235518431186969261268616512628765460
do7 = —978105138303039807026880710070743731200 dog = 1627071619724896597197103977159274604880

—488292671827481256785879223370613171200

dipo = 944651435641691915646022513671241027460
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dip1 = —123529706847342385625553413706364825600 dip2 = 30059231916484628334052636883333050744
dip3 = —20066174212377439944357268308262917120 dipa = 24264677572886400700741149075829026124
dios = 298947609281456947471060011296941304352 dios = 1015571184479274887945888415901154623680
dio7 = 1870011388733431021645249868715687489432 dios = 113151275426306775770268615262777482240
dio9 = —3004180338976207791453575875424774221740 | dy10 = —3841787582529920346766663371050306307840
dy11 = 747067120340221896655180543948731311760 dy12 = 4553872354179739072488325653565854579840
dy13 = 958780374827108496447812202232516424760 di14 = —670791068842013309414772587386715106240
di15 = —58684982615440335953157510489007593768 di1e = 33911229657016281872715783221501147520
di17 = 18362457607105685410733138741227700052 di18 = 23269440792038131824508691360632637556
di19 = —155931232278433642897511076231639961280 di20 = 25419288014496715869287060255471171536
di21 = —404343560709587259839531397696287086400 di22 = 592419701955607140632641978191485710740
dy123 = —225480698930525274925672195451130492800 di24 = 1269518902180883447935607718727406758720
dyi25 = 215576642185627504458109575682347427200 di26 = 761647174705759245502456606068942163740
di27 = 269877299716650008822665528091137793600 di28 = 96936655371041921329274815608046861936
dy129 = 77232287031650846380904078422306998720 dy130 = 14538528113017567174562318969864280156
di31 = 99404931705960888059481036045796059546 di132 = 519991046988837856069467748686791865696
di33 = 727569019673169628475399569098135618144 di34 = 361617615635429269013891901312864074016
di35 = —1647514051751930093065880066470931466038 | di3¢ = —1279658395429461206312885276116288152896
di37 = —671248897741124756602582618684246756272 dyi3s = 1812692743336137088705829198395213818176
di39 = —218528322121937423421642457624993652338 di40 = —360583181081856471158675468729082937376
di41 = —119562357104602583186787956541658633456 di42 = —15383958031757819775071058032257116768
di43 = —11198162492150780674426888209440712754 di44 = —508747876203552493948483304158608880
di4s = —33336750989847701874516372622716625600 di4e = —16687604062468319930738350572016104280
dia7 = —73131383526251234595421253190974728000 di48 = 65798843887621757503692849348880689800
di49 = 9481109433318411212836843567432144000 diso = 174253433616727022366824654279569224400
di51 = 138597636382504507037194654979298544000 dis52 = 81574667942253395974990381907171624800
dis53 = 122910165309287351426775629605984872000 di54 = —16030056360066960445720948593712796280
dy1s55 = 33588270896504788323322698762376574400 dis6 = —5328990759479858994369392838053381880
dyis57 = 16524980377249508600570472543143773653 dis8 = 113630644561456796396389988083229969056
di59 = 132889555745628761287666923265136799046 diso = 120478890846627130432752811044710309536
dig1 = —332924394618770796648409687579530053193 dig2 = —216375653076266651973962259045461604416
dig3 = —260914433744903730131510657201421953772 diga = 197334823356238957446102006522742364096
digs = —109137199266638537567166444593893234493 diss = —154350900419504599973050998669751065696
die7 = —9990020729345629479621282675926173754 diss = —28380134726799150205020914227035374688
dieo = 1756153198289277660124414662768185553
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