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ABSTRACT. The study of limit cycles of planar differential systems is one of
the main and difficult problems for understanding their dynamics. Thus the
objective of this paper is to study the limit cycles of continuous piecewise
differential systems in the plane separated by a non-regular line . More
precisely, we show that a class of continuous piecewise differential systems
formed by an arbitrary quadratic center, an arbitrary linear center and the
linear center £ = —y, y = x have at most two crossing limit cycles and we
find examples of such systems with one crossing limit cycle. So we have solved
the extension of the 16th Hilbert problem to this class of piecewise differential
systems providing an upper bound for its maximum number of limit cycles.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The study of the existence of the so-called limit cycles of a planar differential
system, i.e. existence of periodic orbits isolated in the set of all periodic orbits of
that system is one of the main difficulties for completely understanding (at least
qualitatively) its dynamics. In particular to find a limit cycle of a given class of
differential systems is very difficult and to provide an upper bound on the maximum
number of them is even harder. When such an upper bound exists, additional
difficulties arise when trying to prove that such upper bound is achieved.

In this paper we shall study the limit cycles of a class of piecewise differential
systems. These systems have been studied intensively these last decades due to
their applications, see for instance the books [1,4,19] and the papers [18,20].

For planar piecewise differential systems with separation curve ¥ = {h=1(0)}
where h : R? — R (being bivaluated on the separation curve for the vector fields
X and Y) a point p = (x,y) in X is a crossing point if Xh(p) - Yh(p) > 0, where -
denotes the inner product of two vectors, for more details see Filippov [5]. If there
exist a periodic orbit of that piecewise differential system such that all the points
of the orbit on ¥ are crossing points, then we call it a crossing periodic orbit. A
crossing limit cycle is an isolated periodic orbit in the set all crossing periodic orbits
of the differential system.
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The crossing limit cycles of different classes of piecewise differential systems have
been studied by many authors during these last years, see for instance [2,3,6,7,9,
11-17].

In this paper we study the maximum number of crossing limit cycles of the class
of planar continuous piecewise differential systems separated by the non-regular
line

S={(zy) eR*: (y=0)V(x=0Ay>0)}
The three components of R? \ ¥ are the positive or first quadrant
Ry ={(z,y) eR*: 2 > 0Ny >0},
the second quadrant
Ry ={(z,y) eR*: 2 <0Ay >0},

and the half-plane
Ry = {(z,y) € R* : y < 0}.

More precisely, in the region R; we consider an arbitrary quadratic differential
system

T =co+c1x+ coy + 03:102 + cyzy + C5y2,

(1) . 2 2
y =do+ dix + doy + dsx” + daxy + dsy”,

with ¢;,d; € R for i« = 0,...,5. In the region Ry we consider an arbitrary linear
center

T = ag + a1x + azy,

2 .
() y:bo—Fbl{E—Fbgy,

with a;,b; € R for i =0, 1,2, and in the region R3 we consider the linear center

r=-Y,
) = x.

(3)

Our main result is the following.

Theorem 1. Any continuous piecewise differential system in the plane formed
by systems (1) in Ry, systems (2) in Ry and systems (3) in R3 separated by the
non-reqular line ¥ has at most two crossing limit cycles. Moreover we provide an
example of such a system with one crossing limit cycle.

The proof of Theorem 1 is given in Section 2. Note that Theorem 1 provides
a positive answer to the extension of the 16th Hilbert problem [8] for the class
of continuous piecewise differential systems separated by a non-regular line ¥ and
formed by the above differential systems. Note that although two is the maximum
number of crossing limit cycles that the above mentioned system can have, we are
only able to find examples of these piecewise differential systems with one crossing
limit cycle. So it remains open if the upper bound of two is reached or not.
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2. PROOF OF THEOREM 1

Before proving Theorem 1 we recall that a set of functions { fo, f1,..., fn} is an
extended complete Chebyshev system on RT if and only if the Wronskians

W(fo,. ., f1)(s) = fol(S) fl'(S) fk(s) .

f6(s) fE(s) o fE(s)
on RT for k = 0,1,...,n. Moreover for an extended complete Chebyshev system
in RT we have the following well-known result, for a proof see for instance [10].

Theorem 2. Assume that the functions fo, f1,..., fn form an extended complete
Chebyshev system in RT. Then the mazimum number of zeros of the function

(4) apfo(x) +a1fi(z)+...+ anfu(x) =0

in RY is n. Moreover if the coefficients ag,aq,...,a, are independent there are
functions of the form in (4) having exactly n zeros in RY.

We separate the proof of Theorem 1 in two parts: the part concerning the upper
bound and the part providing an example with one crossing limit cycle.

First note that in Theorem 1 we are assuming that the piecewise differential
system must be continuous, and so systems (1) and (2) must coincide on {z =
0,y > 0}, systems (2) and (3) must coincide on {z < 0,y = 0}, and systems (3)
and (1) must coincide on {z > 0,y = 0}. Imposing these three conditions we obtain
that
a():al=b0200:cl:C3:C5:d0:d3:d5=0, blzdlzl, as = Cog, bgzdg.
and the continuous piecewise differential system to study is the one formed by the
following three differential systems

&= coy +cawy, Y= +doy+dyxy, in Ry with ¢F 4 dj #0.
(5) T =coy, Yy=x+dy, in Ry with ca # 0,

T=-y, y=w, Iin Rs.
Note that ¢ + d2 # 0, otherwise the first system in (5) will not be a quadratic
system. Moreover, if ¢ = 0 then in the second system in (5) we have & = 0, so its

solutions live on the straight lines « =constant and then the piecewise differential
system cannot have crossing periodic orbits. Hence we have that ca(c2 + d3) # 0.

The upper bound. We start imposing that the quadratic system in (1) has a

center. The equilibrium points of such a quadratic system are
Co Co
Ey = (0,0 d Ey=(-=2, — )
0=(0,0) an ! ( ¢y cads —Czd4>

Since ca(c + d%) # 0 we have ¢ + (cada — cady)? # 0. We consider different cases:

Case 1: ¢4(cqdy — cady) # 0. In this case we define
T =dyx+cyy+da, D= —cqx+ (cada — cody)y — ca,
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and
A= ciy2 + (2C4d2 — 4(C4d2 — 02d4))y + di$2 + (404 + 2d2d4)5[! + 2C4d4$y + dg + 402,

where T', D and A are, respectively, the trace, the determinant and the discriminant
associated to the linear part of the quadratic system in (5). Then at the equilibrium
point Fy we obtain

To=dy, Do=—co, Ag=4cy+d3,
and at the equilibrium point E; we have

T — cac? + c3d3 + c3d3 — 20204de47 Dy = e,
ca(cady — cady)

and

(—020421 + c3d3 + c3d3 — 20204d2d4)2
Ay = .
ca(cady — c2dy)

Observe that F; cannot be a center because A; > 0. On the other hand Ej is
either a weak focus or a center if and only if Dy > 0, Ay < 0 and Ty = 0. Thus,
c2 < 0 (that we can write as c; = —c? with ¢ > 0), do = 0 and c4dy # 0.

Hence the quadratic system in the region R; is
(6) &=ty +eary, §=x+day,
and the arbitrary linear system in the region R is
(7) i=—cy, y=um

Note that in system (6) we can assume without loss of generality that ¢4 < 0 and
dy > 0. Indeed, if originally ¢4 > 0 then doing the change of variables (z,y,t) —
(—z,y, —t), cs becomes negative, and if originally d4 < 0 then doing the change of
variables (x,y,t) — (x, —y, —t), d4 becomes positive.

The first integrals for systems (6), (7) and (3) are

2,42
_ctdg

Hy(z,y) = e”smtes) (1 4 dyy) = (2 —cy)” 0 in Ry,
Hy(x,y) = 22+ c?y® in Ry,
Hy(x,y) = 2> +y° in Rs,

as it is easy to check. The existence of the first integral H;(z,y) defined in the
point (0, 0) forces that the equilibrium (0, 0) of the quadratic system (6) is a center.

Now we study the limit cycles of these continuous piecewise differential systems
which intersect the non-regular line of discontinuity X in the points (z1,0), (0,41)
and (x2,0) with 21 > 0, y; > 0 and 22 < 0. These points must satisfy

e = Hl(Il,O) — H1(0,y1) = 0,
(8) €2 :H2($270)_H2(anl) :07
€3 = Hg(,’EQ,O) — H3({E1,0) = O,
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or equivalently

czdz
c -
e1 = e_di:“ (1 — —g (El) - €c4d4y1(1 + d4y1)—04 = 0,
c
2 = a3 — 3 =
e3 =3 — 23 = 0.
Solving e; = 0 and ez = 0 we obtain
x1
T2 = —T1, Y1 = —-
c
Substituting y; into e; = 0 we get
c2a3 d —c4
2 C iy cqd
e~ % (1 — —;1 3:1) T Tetm <—4:171 + 1) =0,
c c
which can be written as
c2d2
de 1 c = d
(9) ed411(c4 c) (1——3,@1) H ——4$1—1=0.
c c
We note that this last equation in the particular case ¢ = 1 and ¢4 = —dy,

assumes the form

(dyzy + 1) (e 2%%1 — 1) = 0.
Which does not vanish in RT = (0, 00) because 1 = —1/dy < 0 with dy > 0 and
the other is 1 = 0. So there is not limit cycle for the system (8) when ¢ =1 and
Cq4 = —d4.

We write the equation in (9) as
(10) ao fo(z1) + a1 fi(z1) + azfa(x1) = 0,

where

damy (24 _1 C 7
folw) =1, file1) =21, falzr) =€ (5 -4) (1 - C—;l 561) S
and
ap=—1, a1 =—dyfc, az=1
The functions fo, f1 and fo form an extended Chebyshev system on RT because
the Wronskians of these functions are

W(fo)(1) =1, W(fo, fi)(x1) =1,

and

c2d?

2 _24 2 d4x1(d—471
di(cdy — ca)xy ( - % xl) °i (20 + (edy — 04):1:1) e ea e

W (fo, f1, f2)(x1) =

¢ (1-% 1)’

which does not vanish in RT = (0,00) because from the three zeros of this last
Wronskian two are negative (namely ¢®/c4 and — dic_204) and the other is the 0. In
view of Theorem 2 the function (10) has at most two zeros and so the piecewise
differential system has at most two limit cycles in this case. The upper bound
provided by the theorem is proved in this case.

Note that from Theorem 2 we cannot say that that the equation (9) has values
of the parameters ¢, ¢4 and dy4 for which it has exactly two zeros, because the
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coefficients ag, a; and ao are not independent. Moreover we also do not know if
the possible zeros of the equation (9) are positive.

Case 2: ¢4 # 0 and cqdy — cody = 0. We write this condition as ¢4 # 0 and
dy = cadys/cq. In this case, system (5) becomes

. . cad .
T = Ccy +cury, Y= 20—4y +dyxy + 2, in Ry,
4

(11)

cod

&=coy, §=x+——y, inRy,
Cq

rT=-y, y=uwx, in R3.

Taking into account that co # 0, the quadratic system in (11) has a unique equilib-
rium Ey = (0,0). So, the trace and the determinant associated to the linear part of
the quadratic system in (11) at Ey are caodys/cq and —ca, respectively. In order that
Ey can be a weak focus or a center, we must have that dy = 0 and ¢co = —c? < 0
with ¢ > 0. Now system (11) is written as

T = —02y +cixy, y=wx, in Ry,
i=—cy, §=wx, inRy,
i:_ya y:Ia in R3;

with first integrals

—2 2
Hy(z,y) = (02—0496) feZ % in Ry,
(12) Ho(z,y) = 2* + *y* in Ry,

Hs(z,y) = 2*> + 9> in Rs.

The existence of the first integral H;(x,y) defined in the point (0, 0) forces that the
equilibrium (0, 0) of the quadratic system in (11) is a center.

Assume that this continuous piecewise differential system has some crossing limit
cycle with the points intersecting 3 being (x1,0), (0,y1) and (z2,0) with x; > 0,
y1 > 0, 9 < 0. Then the first integrals given in (12) must satisfy system (8), or
equivalently,

[
Sd%
N‘Sw

_ N —
e1=e ©a 1——23:1) —e2 =0,
c
2 2 2
62:I2—Cy1:0,
e3 = x5 — a7 = 0.
. € .
From equations eo = 0 and e3 = 0, we get xo = —x1 and y; = = Introducing zo
and y; in e; = 0 we obtain
2 2
_ T C4 T2 1
e 4 (1—— 171) 1 —e22 =0.
2
which can be written as
_ ‘4 Cq
(13) e~ Fleamita + a1 — 1=0.
c

Note that equation (13) can be written as (10), where

folm) =1, file) =z, fa(zy)=e Blamtban
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and

ap=—1, a; =cy/c?, az=1.
The functions fo, fi and fo form an extended Chebyshev system on Rt because
the Wronskians of these functions are

W(fo)(@1) =1, W(fo, f1)(z1) =1,

and
e
1 (camy + 26%) e 2 (camFhm

8

)

W (fo, f1, f2)(x1) =
2c2

which does not vanish in R because its two zeros are one negative (namely _E)

and the other is the 0. In view of Theorem 2 the function (13) has at most two
zeros. So the piecewise differential system has at most two limit cycles in this case.
Hence the upper bound provided by the theorem is proved in this case.

Case 3: ¢4 = 0 and —cady # 0. System (5) becomes
T=coy, Y=z+doy+dary, in Ry,
(14) T =coy, Y=uz+dy, in Ry,
Tr=-y, Y=z, in Rs.
The quadratic system in (14) has a unique equilibrium point Ey = (0,0). The trace

and the determinant associated to the linear part of the quadratic system in (14)

are do and —co, respectively. The point Ej is either a weak focus or a center if and

only if do = 0 and ¢» = —c? with ¢ > 0. So taking taking d» = 0 and ¢; = —c?,

system (14) is equivalently to
i=—cy, Y=ax+dry in Ry,
(15) i=—c’y, ¢y=ux in Ry,
T=-y, y=x in Rs,

with first integrals
—% i+i
Hi(z,y) = (day +1) “1eda "2 in Ry,
Hy(z,y) = 2* +c*y* in Ry,
H3(z,y) = 2*> +y* in Rs.

The existence of the first integral Hy(z,y) defined in the point (0, 0) forces that the
equilibrium (0, 0) of the quadratic system in (14) is a center.

Now repeating the same steps as the ones in the proof of Case 2, we get
(16) e = eBmt=gten 41, 4
c

where
fo(z1) =1, fa(z1) =21, fa3(w1) = e m-gtan)
and
aoz—l, a1=—d4/c, agzl.

The Wronskians of these functions are

W(fo)(@1) =1, W(fo, fi)(z1) =1
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and
1— %=1

d3zy (dyzy — 20)6%4( 5 )m
W(f07f17f2)(x1): A .

which does not vanish in R* because has two solutions, namely 2—2 and 0. So, by
Theorem 2 the function (16) has at most two zeros and we conclude that (15) has
at most two limit cycles which proves the upper bound in the theorem in this case.

The example. The planar continuous piecewise differential system separated by
Y and formed by the quadratic center and the two linear centers
12
T=—-36y+2zy, y=zx+ mmy, in Ry
(17) i=-36y, y== in Ry
T=-y, Y=z Iin Rj
with the first integrals
e % (Zy— %m)
Hl = 3 in Rl
(36 — 21)162/625 (L4 4 1)
Hy = 2° +36y> in Ry

Hg:a:2+y2 in R

has one crossing limit cycle. Indeed, for this differential system equation (9) is

—921/625 6172 21/25
€ 15625 © —0

(36 — 221 )162/625 (& +1)2

This equation has the approximated solution x; = 0.0000583439.. and then system
(17) has a unique solution

(21,91, 22) = (0.0000583439.., 0.00000972399.., —0.0000583439..),

which provides the limit cycle of Figure 1. This limit cycle is a crossing limit cycle
which is traveled in counterclockwise sense.
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