STRUCTURALLY UNSTABLE QUADRATIC VECTOR FIELDS OF
CODIMENSION TWO: FAMILIES POSSESSING A FINITE SADDLE-NODE
AND AN INFINITE SADDLE-NODE

JoaN C. ARTES

Departament de Matematiques, Universitat Autonoma de Barcelona
08193, Bellaterra, Barcelona, Spain

MARrcos C. Mota

Departamento de Matematica, Instituto de Ciéncias Matematicas e de Computagao
Universidade de Sao Paulo
Avenida Trabalhador Sao—carlense, 400, Centro
13.566—-590, Sao Carlos, SP, Brazil

ALEX C. REZENDE

Departamento de Matematica, Universidade Federal de Sao Carlos
Rodovia Washington Luis, Km 235, Jardim Guanabara
13.565-905, Sao Carlos, Sao Paulo, Brazil

ABSTRACT. In this paper we contribute to the classification of phase portraits in the Poincaré disc of
planar quadratic differential systems according to their structural stability. Artés, Kooij and Llibre
(1998) proved that there exist 44 structurally stable topologically distinct phase portraits modulo
limit cycles, and Artés, Llibre and Rezende (2018) showed the existence of at least 204 (at most
211) structurally unstable topologically distinct phase portraits of codimension—one, modulo limit
cycles. Artés, Oliveira and Rezende (2020) started the study of the codimension-two systems, by
considering the set (AA) of all quadratic systems possessing either a triple saddle, or a triple node, or
a cusp point, or two saddlenodes. They got 34 topologically distinct phase portraits modulo limit
cycles. Moreover, they proved the impossibility of one phase portrait among the 204 phase portraits
presented in Artés, Llibre and Rezende (2018). Here we consider the sets (AB) and (AC). The
set (AB) contains all quadratic systems possessing a finite saddle-node and an infinite saddle-node

(g)SN obtained by the coalescence of an infinite saddle with an infinite node. The set (AC) describes

all quadratic systems possessing a finite saddlenode and an infinite saddle-node G) SN, obtained
by the coalescence of a finite saddle (respectively, finite node) with an infinite node (respectively,
infinite saddle). We obtain all the potential topological phase portraits of these sets and we prove
their realization. From the set (AB) we got 71 topologically distinct phase portraits modulo limit
cycles and from the set (AC) we got 40 ones.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Mathematicians are fascinated in closing problems. Having a question solved or even sign with a
“q.e.d” a question asked in the past is a pleasure which is directly proportional to the time elapsed
between the formulation of the question and the moment of the answer.

The advent of the differential calculus opened the possibility of solving many questions that medieval
mathematicians asked, but at the same time it opened the possibility of formulating many new other
questions. The search for primitive functions that could not be expressed algebraically or with a finite
number of analytic terms complicated the future research lines, and even new areas of Mathematics
were created to give answers to these questions. And beside the problem of finding a primitive to a
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differential equation in a single dimension, if we add the possibility of more dimensions, the problem
becomes much more difficult.

Therefore, it took almost 200 years between the appearance of the first system of linear differential
equations and its complete resolution by Laplace in 1812. After the resolution of linear differential
systems, for any dimension, it seemed natural to address the classification of quadratic differential
systems. However, it was found that the problem would not have an easy and fast solution. Unlike
the linear systems that can be solved analytically, quadratic systems (or higher degree systems) do
not generically admit a solution of that kind, calculable in a finite number of terms.

Therefore, for the resolution of non—linear differential systems, another strategy was chosen and it
allowed the creation of a new area of knowledge in Mathematics: the Qualitative Theory of Ordinary
Differential Equations [28]. Since we are not able to give a concrete mathematical expression to the
solution of a system of differential equations, this theory intends to express by means of a complete
and precise drawing the behavior of any particle located in a vector field governed by such a differential
equation, i.e. its phase portrait.

Even with all the reductions made to the problem until now, there are still difficulties. The most
expressive difficulty is that the phase portraits of differential systems may have invariant sets as
limit cycles and graphics. A linear system cannot generate limit cycles; at most they can present a
completely circular phase portrait where all the orbits are periodic. But a differential system in the
plane, polynomial or not, and starting with the quadratic ones, may present several limit cycles. It
is natural to find an infinite number of these cycles in non—polynomial problems, but the intuition
seems to indicate that a polynomial system should not have an infinite number of limit cycles in a
similar way as it cannot have an infinite number of isolated singular points. And because the number
of singular points is linked to the degree of the polynomial system, it also seems logical to think that
the number of limit cycles could also have a similar link, either directly as the number of singular
points, or even in an indirect way from the number the parameters of such systems.

In 1900, David Hilbert [21, 22] proposed a set of 23 problems to be solved in the 20th century,
and among them, the second part of his well-known 16th problem asks for the maximum number of
limit cycles that a polynomial differential system in the plane with degree n may have. More than
one hundred years after, we do not have an uniform upper bound for this generic problem, only for
specific families of such a system.

During discussions, in 1966 Coppel [16] expressed the belief that we could obtain the classification
of phase portraits of quadratic systems by purely algebraic means. That is, by means of algebraic
equalities and inequalities, it should be possible to determine the phase portrait of a quadratic system.
This claim was not easy to refute at that time, since the isolated finite singular points of a quadratic
system can be found by means of the resultant that is of fourth degree, and its solutions can be
calculated algebraically, like those of infinity. Moreover, at that time it was known how to generate
limit cycles by a Hopf bifurcation, whose conditions are also determined algebraically.

On the other hand, in 1991, Dumortier and Fiddelears [17] showed that, starting with the quadratic
systems (and following all the higher—degree systems), there exist geometric and topological phenom-
ena in phase portraits of such a system whose determination cannot be fixed by means of algebraic
expressions. More specifically, most part of the connections among separatrices and the occurrence of
double or semi—stable limit cycles cannot be algebraically determined.

Therefore, the complete classification of quadratic systems is a very difficult task at the moment
and it depends on the solution of the second part of Hilbert’s 16th problem, even at least partially for
the quadratic case.

Even so, a lot of problems have been appearing related to quadratic systems to which it has been
possible to give an answer. In fact, there are more than one thousand articles published that are
directly related to quadratic systems. John Reyn, from Delft University (Netherlands), prepared a
bibliography that was published several times until his retirement (see [29, 31, 32, 33, 34]). It is
worth mentioning that in the last two decades many other articles related to quadratic systems have
appeared, so that the number of one thousand published papers on the subject may have been widely
exceeded.



TOPOLOGICAL CLASSIFICATION OF THE SETS (AB) AND (AC) 3

Many of the questions proposed and the problems solved have dealt with subclassifications of
quadratic systems, that is, classifications of systems that shared some characteristic in common. For
instance, we have systems with a center [27, 36, 37, 39], with a weak focus of third order [3, 25], with
a nilpotent singularity [23], without real singular points [20], with two invariant lines [29] and so on,
up to a thousand articles. In some of them complete answers could be given, including the problem
of limit cycles (the existence and the number of limit cycles), but in other cases, the classification
was done modulo limit cycles, that is, all the possible phase portraits without taking into account the
presence and number of cycles. Since in quadratic systems a limit cycle can only surround a single
finite singular point, which must necessarily be a focus [16], then it is enough to identify the outermost
limit cycle of a nesting of cycles with a point, and interpret the stability of that point as the outer
stability of this cycle, and study everything that can happen to the phase portrait in the rest of the
space.

Within the families of quadratic systems that were studied in the 20th century, we would highlight
the study of the structurally stable quadratic systems, modulo limit cycles. That is, the goal was to
determine how many and which phase portraits of a quadratic system cannot be modified by small
perturbations in their coefficients. To obtain a structurally stable system modulo limits cycles we
need a few conditions: we do not allow the existence of multiple singular points and the existence of
connections of separatrices. Centers, weak foci, semi-stable cycles, and all other unstable elements
belong to the quotient modulo limit cycles. This systematic analysis [2] showed that the structurally
stable quadratic systems have a total of 44 topologically distinct phase portraits.

From this scenario we observe that if we intent to work with classification of phase portraits of
quadratic systems before the solution of the second part of Hilbert’s 16th problem, this will have to
be done modulo limit cycles.

Additionally, the entire family of quadratic systems by definition depends on twelve parameters,
but due to the action of the group of the real affine transformations and time rescaling, this family
ultimately depends on five parameters, but this is still a large number.

There are two ways to carry out a systematic study of all the phase portraits of the quadratic
systems. One of them is the one initiated by Reyn in which he began by studying the phase portraits
of all the quadratic systems in which all the finite singular points have coalesced with infinite singular
points [30]. Later, he studied those in which exactly three finite singular points have coalesced with
points of infinity, so there remains one real finite singularity. And then he completed the study of
the cases in which two finite singular points have coalesced with points of infinity, originating two
real points, or one double point, or two complex points. His work on finite multiplicity three was
incomplete and the one on finite multiplicity four was inaccessible.

In another approach, instead of working from the highest degrees of degeneracy to the lower ones,
is going to reverse direction. We already know that the structurally stable quadratic systems produce
44 topologically distinct phase portrait, as already mentioned before. In [6] the authors classified the
structurally unstable quadratic systems of codimension one modulo limit cycles, which are systems
having one and only one of the simplest structurally unstable objects: a saddle-node of multiplicity
two (finite or infinite), a separatrix from one saddle point to another, or a separatrix forming a loop
for a saddle point with its divergence nonzero. All the phase portraits of codimension one are split into
four sets according to the possession of a structurally unstable element: (A) possessing a finite semi—

elemental saddlenode, (B) possessing an infinite semi—elemental saddle-node (g) SN, (C) possessing

an infinite semi—elemental saddle-node G)S’N , and (D) possessing a separatrix connection. This last
set is split into five subsets according to the type of the connection: (a) finitefinite (heteroclinic
orbit), (b) loop (homoclinic orbit), (c¢) finite-infinite, (d) infinite-infinite between symmetric points,
and (e) infinite-infinite between adjacent points. The study of the codimension—one systems was done
in approximately 20 years and finally it was obtained at least 204 (and at most 211) topologically
distinct phase portraits of codimension one modulo limit cycles.

The next step is to study the structurally unstable quadratic systems of codimension two (see [12]),
modulo limit cycles. Up to now, we have mentioned many times the word “codimension” and this is
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a clear concept in Geometry. However, in this classification we want to obtain topologically distinct
phase portraits, and we want to group them according to their level of degeneracy. So, what was clear
for structurally stable phase portraits and for codimension—one phase portraits (modulo limit cycles)
may become a little weird if we continue in this same way, so we must give a definition of codimension
adapted to this specific set that we want to classify.

Definition 1.1. We say that a phase portrait of a quadratic vector field is structurally stable if any
sufficiently small perturbation in the parameter space leaves the phase portrait topologically equivalent
to the previous one.

Definition 1.2. We say that a phase portrait of a quadratic vector field is structurally unstable of
codimension k € N if any sufficiently small perturbation in the parameter space either leaves the phase
portrait topologically equivalent the previous one or it moves it to a lower codimension one, and there
is at least one perturbation that moves it to the codimension k — 1.

Remark 1. (1) When applying these definitions, modulo limit cycles, to phase portraits with
centers, it would say that some phase portraits with centers would be of codimension as low
as two, while geometrically they occupy a much smaller region in R'2. So, the best way to
avoid inconsistencies in the definitions is to tear apart the phase portraits with centers, that
we know they are in number 31 [37], and just work with systems without centers.

(2) Starting in cubic systems, the definition of topologically equivalence, modulo limit cycles,
becomes more complicated since we can have limit cycles having only one singularity in its
interior or more than one. So we cannot collapse the limit cycle because its interior is also
relevant for the phase portrait.

(3) Moreover, our definition of codimension needs also more precision starting with cubic systems
due to new phenomena that may happen there.

Let P, (R?) be the set of all polynomial vector fields on R? of the form X (z,y) = (P(x,v), Q(z,v)),
with P and @ polynomials in the variables x and y of degree at most n (with n € N). In this
set we consider the coefficient topology by identifying each vector field X € P, (R?) with a point of
R +1D("+2) (see more details in [6]). According to the previous definition concerning codimension
two, and also according to the previously known results of codimension one, we have the result.

Theorem 1.3. A polynomial vector field in Po(R?) is structurally unstable of codimension two modulo
limit cycles if and only if all its objects are stable except for the break of exactly two stable objects. In
other words, we allow the presence of two unstable objects of codimension one or one of codimension
two.

In what follows, instead of talking about codimension one modulo limit cycles, we will simply
say codimension one*. Analogously we will simply say codimension two* instead of talking about
codimension two modulo limit cycles.

Combining the classes of codimension one* quadratic vector fields one to each other, we obtain 10
new classes, where one of them is split into 15 subsets, according to Tables 1 and 2.

TABLE 1. Sets of structurally unstable quadratic vector fields of codimension two consid-
ered from combinations of the classes of codimension one*: (A), (B), (C), and (D) (which
in turn is split into (a), (b), (c), (d), and (e))

| (A4) (B) (©) (D)
(4) (A4) - - -
(B) (AB) (BB) - -
(©) (AC (BCO) (CO) -
(D) | (AD) (5 cases) (BD) (5 cases) (CD) (5 cases) see Table 2

Geometrically, the codimension two* classes can be described as follows. Let X be a codimension
one* quadratic vector field. We have the following classes:
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TABLE 2. Sets of structurally unstable quadratic vector fields of codimension two* in the
class (DD) (see Table 1)

@ () (o (d (o)
(a) | (aa)
(b) | (ab)  (bb)
(¢) | (ac) (bc)  (cc)
(d) | (ad) (bd) (cd) (dd)
(e) | (ae) (be) (ce) (de) (ee)

(AA) When X already has a finite saddle—node and either a finite saddle (respectively a finite node)
of X coalesces with the finite saddle-node, giving birth to a semi-elemental triple saddle: (3,
(respectively a triple node: 7)), or when both separatrices of the saddle-node limiting its
parabolic sector coalesce, giving birth to a cusp of multiplicity two: @(2), or when another
finite saddle-node is formed, having then two finite saddle-nodes: 573 +35n(2). Since the
phase portraits with 53y and with 72(3) would be topologically equivalent to structurally stable
phase portraits and we are mainly interested in new phase portraits, we will skip them in this
classification. Anyway, we may find them in the papers [11] and [13].

(AB) When X already has a finite saddle-node and an infinite saddle, and an infinite node of X

coalesce with a finite saddle-node: 372 +(g) SN.
(AC) When X already has a finite saddle-node and a finite saddle (respectively node), and an

infinite node (respectively saddle) of X coalesce: 57 2) —&—(}) SN.

(AD) When X has already a finite saddlenode and a separatrix connection is formed, considering
all five types of class (D).

(BB) When an infinite saddle (respectively an infinite node) of X coalesces with an existing infinite

saddle-node (g) SN of X, leading to a triple saddle: (g)S (respectively a triple node: (g) N).
This case is irrelevant to the production of new phase portraits since all the possible phase
portraits that may produce are topologically equivalent to an structurally stable one.

(BC) When a finite antisaddle (respectively finite saddle) of X coalesces with an existing infinite

saddle-node (g)S N of X, leading to a nilpotent elliptic saddle (;)E — H (respectively nilpotent
saddle (é)HHH — H). Or it may also happen that a finite saddle (respectively node) coalesces

with an elemental node (respectively saddle) in a phase portrait having already an (g) SN,

having then in total G) SN + @) SN.
(BD) When we have an infinite saddle—node (g)SN plus a separatrix connection, considering all five
types of class (D).
(CC) This case has several possibilities:
i) a finite saddle (respectively finite node) of X coalesces with an existing infinite saddle—

node (}) SN, leading to an semi-elemental triple saddle (f) S (respectively an semi-

elemental triple node (?) N),

ii) a finite saddle (respectively node) and an infinite node (respectively saddle) of X coalesce

plus an another existing infinite saddle-node (})SN , leading to two infinite saddle-nodes

(sN-+{)sx.
iii) two finite saddles (respectively nodes) coalesce with an infinite node (respectively saddle)
leading to a nilpotent saddle (respectively elliptic saddle).
The first case is irrelevant to the production of new phase portraits since all the possible
phase portraits that may produce are topologically equivalent to an structurally stable one.
(CD) When we have an infinite saddle-node G)SN plus a saddle to saddle connection, considering
all five types of class (D).
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(DD) When we have two saddle to saddle connections, which are grouped as follows:
(aa) two finite-finite heteroclinic connections;
(ab) a finite—finite heteroclinic connection and a loop;
(ac) a finite—finite heteroclinic connection and a finite-infinite connection;
(ad) a finitefinite heteroclinic connection and an infinite-infinite connection between sym-
metric points;
(ae) a finite—finite heteroclinic connection and an infinite-infinite connection between adjacent
points;
(bb) two loops;
(be) aloop and a finite-infinite connection;
(bd) a loop and an infinite-infinite connection between symmetric points;
(be) a loop and an infinite-infinite connection between adjacent points;
(cc) two finite—infinite connections;
(cd) a finite—infinite connection and an infinite—infinite connection between symmetric points;
(ce) a finite—infinite connection and an infinite—infinite connection between adjacent points;
(dd) two infinite-infinite connections between symmetric points;
(de) an infinite-infinite connection between symmetric points and an infinite-infinite connec-
tion between adjacent points;
(ee) two infinite—infinite connections between adjacent points.

Some of these cases have also been proved to be empty in a course paper [8].

In [12] the authors begin the study of codimension-two quadratic systems. The approach is the
same used in the previous two works [2, 6]. One must start by looking for all the potential topological
phase portraits (i.e. phase portraits that can be drawn on paper) of codimension two modulo limit
cycles, and then try to realize all of them (i.e. to find examples of quadratic differential systems whose
phase portraits are exactly those phase portraits obtained previously) or to show that some of them
are non-realizable or impossible (i.e. in case of absence of examples for the realization of a phase
portrait, say W, it is necessary to prove that there is no quadratic differential system whose phase
portrait is topologically equivalent to ¥).

In [12] the authors have considered the set (AA) obtained by the coalescence of two finite singular
points, yielding either a triple saddle, or a triple node, or a cusp point, or two saddlenodes. They
obtained all the potential topological phase portraits modulo limit cycles of the set (AA) and proved
their realization. In their study they got 34 new topologically distinct phase portraits (of codimension
two) in the Poincaré disc modulo limit cycles. Moreover, they also proved the impossibility of one
phase portrait among the 204 phase portraits from [6]. Therefore, in [6] they actually have at least
203 (and at most 210) topologically distinct phase portraits of codimension one modulo limit cycles.
Additionally, more recent studies (in a preprint level) have shown the impossibility of another phase
portrait among the 203 cited above. In that study it was also verified that, in fact, there exist at least
202 (and at most 209) topologically distinct phase portraits of codimension one modulo limit cycles.

In this paper we intend to contribute to the classification of the phase portraits of planar quadratic
differential systems of codimension two, modulo limit cycles. According to what was explained before,
since there are more than 10 cases of codimension two to be analyzed, it is impracticable to write a
single paper with all the results. So, in [12] the authors have decided to split this study in several
papers and this present article is the second one of this series. We indicate [2, 6, 12] for more details
of the context of this study as well for all related definitions.

Here we present all the global phase portraits of the vector fields X € P»(R?) belonging to sets (AB)
and (AC) and we study their realization. The set (AB) contains all quadratic systems possessing a
finite saddle-node sm(3) and an infinite saddle-node of type (g) SN obtained by the coalescence of an
infinite saddle with an infinite node. The set (AC) describes all quadratic systems possessing a finite
saddle-node sm(5) and an infinite saddle-node of type (1)SN , obtained by the coalescence of a finite
saddle (respectively, a finite node) with an infinite node (respectively, an infinite saddle). Notice that
the finite singularity that coalesces with an infinite singularity cannot be the finite saddle-node since
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then what we would obtain at infinity would not be a saddle-node of type (}) SN but a multiplicity
three singularity. Even this is also a codimension two* case and somehow can be considered inside the
set (AC'), we have preferred to put it into the set (C'C'), which will be studied in a future paper.

We point out that in each picture representing a phase portrait we only draw the skeleton of
separatrices, according to the next definition.

Definition 1.4. Let p(X) € P,,(S?) (respectively X € P, (R?)). A separatrix of p(X) (respectively of
X) is an orbit which is either a singular point (respectively a finite singular point), or a limit cycle, or
a trajectory which lies in the boundary of a hyperbolic sector at a singular point (respectively a finite
singular point). In [26] the author proved that the set formed by all separatrices of p(X), denoted by
S(p(X)), is closed. The open connected components of S? \ S(p(X)) are called canonical regions of
p(X). We define a separatrix configuration as the union of S(p(X)) plus one representative solution
chosen from each canonical region. Two separatrix configurations S; and S5 of vector fields of Pn(S2)
(respectively P, (R?)) are said to be topologically equivalent if there exists an orientation—preserving
homeomorphism of S? (respectively R?) which maps the trajectories of S; onto the trajectories of
Sy. The skeleton of separatrices is defined as the union of S(p(X)) without the representative solu-
tion of each canonical region. Thus, a skeleton of separatrices can still produce different separatrix
configurations.

Let 2(2) denote the set of all planar structurally stable vector fields and Zf(S) denote the set of
all structurally unstable vector fields X € P5(R?) of codimension i, modulo limit cycles belonging to
the set S, where S is a set of vector fields with the same type of instability modulo orientation. For
instance, in this paper we consider the sets Zg(AB ) and Zg(AC), which denote, respectively, the set
of all structurally unstable vector fields X € P»(R?) of codimension two* belonging to the sets (AB)
and (AC).

The main goal of this paper is to prove the following two theorems.

Theorem 1.5. If X € ZE(AB), then its phase portrait on the Poincaré disc is topologically equivalent
modulo orientation and modulo limit cycles to one of the T1 phase portraits of Figures 1 to 3.
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Theorem 1.6. If X € Zg (AC), then its phase portrait on the Poincaré disc is topologically equivalent
modulo orientation and modulo limit cycles to one of the 40 phase portraits of Figures 4 and 5.
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This paper is organized as follows. In Section 2 we make a brief description of phase portraits of
codimensions zero and one that are needed in this paper.

In Section 3 we prove Theorem 1.5 and in Section 4 we prove Theorem 1.6. We point out that in
order to verify the realization of the corresponding phase portraits we compute each one of them with
the numerical program P4 [1, 18].

Once again, remember that by modulo limit cycles we mean all eyes with limit cycles are assimilated
with the unique singular point (a focus) within such an eye, i.e. we may say that the phase portraits
are blind to limit cycles. Additionally, the phase portraits are also blind with respect to distinguishing
if a singular point is a focus or a node, because these are not topological properties. But as the phase
portraits are not blind to detecting other important features like various types of graphics, in Section 5
we discuss about the existence of graphics and also limit cycles in this study.

2. QUADRATIC VECTOR FIELDS OF CODIMENSION ZERO AND ONE

In this section we summarize all the needed results from the book of Artés, Llibre and Rezende
[6]. The following three results are the restriction of Theorem 1.1 from book [6] to the sets (A4), (B),
and (C), respectively (see page 3). We denote by Zf(A) (respectively, Z?(B), and Z?(C)) the set
of all structurally unstable vector fields X € P»(R?) of codimension one* belonging to the set (A)
(respectively, (B), and (C)).
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Theorem 2.1. [f X € ZT(A), then its phase portrait on the Poincaré disc is topologically equivalent
modulo orientation and modulo limit cycles to one of the 69 phase portraits of Figures 6 to 8, and all

of them are realizable.
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finite saddle-node 37 2))
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FIGURE 7. (Cont.) Unstable quadratic systems of codimension one* of the set (A) (cases
with a finite saddle-node 37 (2))
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FIGURE 8. (Cont.) Unstable quadratic systems of codimension one® of the set (A) (cases
with a finite saddle-node 57y))

Remark 2. In [12] the authors proved that the phase portrait U’y ;4 from Figure 1.4 of [6] is actually
impossible. Therefore, in our Figures 6 to 8 we have simply “skipped” this phase portrait, since all
of the remaining ones are proved to be realizable in [6]. We present this impossible phase portrait in
Figure 13 and there we denote it by ]U,14’7I49-
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Theorem 2.2. If X € E? (B), then its phase portrait on the Poincaré disc is topologically equivalent
modulo orientation and modulo limit cycles to one of the 40 phase portraits of Figures 9 and 10, and

all of them are realizable.
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FIGURE 9. Unstable quadratic systems of codimension one* of the set (B) (cases with an

infinite saddle—node of type (g) SN)
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FI1GURE 10. (Cont.) Unstable quadratic systems of codimension one® of the set (B) (cases

with an infinite saddle—node of type (g) SN)

Theorem 2.3. If X € Z? (C), then its phase portrait on the Poincaré disc is topologically equivalent
modulo orientation and modulo limit cycles to one of the 32 phase portraits of Figures 11 and 12, and
all of them are realizable.
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FIGURE 11. Unstable quadratic systems of codimension one™ of the set (C) (cases with
an infinite saddle-node of type (;)SN)
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FIGURE 12. (Cont.) Unstable quadratic systems of codimension one” of the set (C) (cases
with an infinite saddle-node of type (})SN)

Before we state our next theorem, consider the following remark.

Remark 3. Consider all the impossible phase portraits from the book [6]. In that book these phase
portraits are described with a specific notation. However, in this paper we changed a little bit their
notation in order to associate each impossible phase portrait with the set in which such a phase
portrait is proved to be impossible, but we keep the respective indexes. For instance, in that book
we have the presence of the impossible phase portrait U}’105, which is a non-realizable case from the

set (A). Such a phase portrait is denoted in this paper by U,la{,l105~ We also use this new notation for
phase portraits which are proved to be impossible in the sets (B) and (C).

The next result describes which phase portraits were discarded in the set (A) in [6] because they
were not realizable, but their role now is important in the process of discarding impossible phase
portraits of codimension two*.

Theorem 2.4. In order to obtain a phase portrait of a structurally unstable quadratic vector field of
codimension one* from the set (A) it is necessary and sufficient to coalesce a finite saddle and a finite
node from a structurally stable quadratic vector field, which leads to a finite saddle-node, and after
some small perturbation it disappears. For the vector fields in the set (A), the following statements
hold.

(a) In Table 3 we see in the first and fifth columns the structurally stable quadratic vector fields
(following the notation present in [2, 6]) which, after the coalescence of singularities cited
above, lead to at least one phase portrait of codimension one* from the set (A).

(b) Inside this set (A), we have a total of 77 topologically distinct phase portraits according to
the different a—limit or w-limit of the separatrices of their saddles, 7 of which are proved
non-realizable in [6] and another one is proved non-realizable in [12] (all of these eight non—
realizable phase portraits are given in Table /). These numbers are given in the second and
sizth columns of Table 3.

(¢) From these potential phase portraits, most of them are realizable. That is, even though there is
the topological possibility of their existence, some of them break some analytical property which
makes them not realizable inside quadratic vector fields. We have a total of 69 realizable phase
portraits. In the third and seventh columns of Table 3 we present the number of realizable
cases coming from the bifurcation of each structurally stable phase portrait, and in the fourth
and eighth columns we present the bifurcated phase portraits of codimension one* associated
to each one.
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(d) There are then 8 non-realizable cases from the set (A) which we now collect in a single picture
(see Figure 13) and denote by U}L{’Ik, where Ukl stands for Impossible of codimension one*
from the set (A) and k € {1,2,3,49,103,104, 105,106}, sece Remark 3. These phase portraits
are all drawn in [6]. Anyway, we provide Table /4 in order to relate easily (giving also the page

where they appear first and the page they are proved to be impossible).

TABLE 3. Potential and realizable bifurcated phase portraits for a given structurally
stable quadratic vector field. In this table, SSQVF stands for structurally stable
quadratic vector fields, #p (respectively #,) for the number of topologically poten-
tial (respectively realizable) phase portraits of codimension one* bifurcated from the
respective SSQVF, and SU1 for the respective phase portraits of codimension one*

SSQ\;F 2] #p #: SU11 [6] SSQ2VF 2] #p #rx 1SU1 [?]
S3.1 1 1 Ui, STo,6 2 2 Ui 34, U 35
S§,1 3 3 U}472,U}473,U£74 S%0,7 4 3 U}4,36aU}4,37vUi1,38
Sg,z 1 1 U}A,s S?o,s 1 1 U114,39
Sg,s 1 1 U,l4,6 S%0,9 2 2 U,l4,40’ U}4,41
83,4 1 1 U,l4,7 S%0,10 4 2 U,l4,42’ U}4,43
83,5 3 3 Uh,sth,ngh,m S%o,u 1 1 [U}4744
S§,1 3 3 Uh,11vU}4,127U}4,13 S%0,12 2 2 U}4,45’U,14,46
85,1 1 1 Uix,m S%0,13 4 4 U,l4,47a U114,487 U}4,50
Sg,z 2 2 U}4,15’[U114,16 S%o,m 4 3 U}4,51=U£1,527U,14,53
Sg,s 1 1 U,14,17 S%o,m 1 1 Ui1,54
S$,4 1 1 U,14,18 S%o,m 1 1 Uit,55
53,1 1 1 U,14,19 S%2,1 2 2 U}4,56’U}4,57
Sg,z 1 1 U,lal,zo STa,2 3 3 U114,587U114,597U,14,60
53,3 1 1 U,l4,21 Sta.3 2 2 U,14,61,U,14,62
S%O,l 3 3 U}4,227 U114,237 U,14,24 S%2,4 3 2 U,l4,63, U,lq,64
S%0,2 2 2 U,14,25a [U,l4,26 S%2,5 2 2 U,l4,657 U}4,66
S?o,:’) 3 2 U,14,27a [U,l4,28 8%2,6 2 2 U,14,677 U}4,68
S%0,4 2 2 U}4,29a [U,l4,30 S?z,? 3 2 U,14,697 U}4,7o
S?o 5 3 3 [U}A,Slv U,14,327 U,14,33
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TABLE 4. Non-realizable phase portraits from the set (A) which could bifurcate
(if existed) from structurally stable quadratic vector fields. The first and fourth
columns indicate the structurally stable quadratic vector field (SSQVF) which suffers
a bifurcation, the second and fifth columns indicate the pages where they appear in [6]
and the third and sixth columns present the corresponding impossible phase portraits
(remember that phase portrait Uk 19 from Figure 1.4 of [6] is proved to be impossible
in [12])

SSQVF [2] Page [6] Impossible [6] SSQVF [2] Page [6] Impossible [6]

ST0.3 70 U STo.14 77 U’
S%OJ (73) 190 U,14f103 8%2,4 (80) 191 U,la{,l1o5
S?o,lo 75; 191 U,ld,g?U,la{ﬁM S%2,7 (82) 188 U,la{,lwﬁ
S%0,13 76 Uzlaf,lz;g (see [12])

@4% @45 @

I 1,1

; ; A3 UA,49

§ %; 1,1 @1 @1 1.1
UA,103 UA,104 UA,105 UA,106

FIGURE 13. Phase portraits of the non-realizable structurally unstable quadratic vector
fields of codimension one® from the set (A)

In what follows we present an analogous theorem regarding discarded phase portraits from the set
(B) in [6].

Theorem 2.5. In order to obtain a phase portrait of a structurally unstable quadratic vector field of
codimension one* from the set (B) it is necessary and sufficient to coalesce an infinite saddle with an
infinite node from a structurally stable quadratic vector field, which leads to an infinite saddle—node
of type (g) SN, and after some small perturbation it disappears. For the vector fields in set (B), the
following statements hold.

(a) In Table 5 we see in the first and fifth columns the structurally stable quadratic vector fields
(following the notation present in [2, 6]) which, after the coalescence of singularities cited
above, lead to at least one phase portrait of codimension one* from the set (B).

(b) Inside this set (B), we have a total of 55 topologically distinct phase portraits according to the
different a—limit or w-limit of the separatrices of their saddles, 15 of which are non—realizable
(they are given in Table 6). These numbers are given in the second and sizth columns of
Table 5.

(¢) From these potential phase portraits, most of them are realizable. That is, even though there is
the topological possibility of their existence, some of them break some analytical property which
makes them not realizable inside quadratic vector fields. We have a total of 40 realizable phase
portraits. In the third and seventh columns of Table 5 we present the number of realizable
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cases coming from the bifurcation of each structurally stable phase portrait, and in the fourth
and eighth columns we present the bifurcated phase portraits of codimension one* associated
to each one.

There are then 15 non-realizable cases from the set (B) which we now collect in a single
picture (see Figure 1/) and denote by U}ilk, where Ugl stands for Impossible of codimension
one* from the set (B) and k € {4,5,6,7,107,108,109,110,111,112,113,114, 115,116, 117},
see Remark 3. These phase portraits are all drawn in [6]. Anyway, we provide Table 6 in
order to relate easily (giving also the page where they appear first and the page they are proved
to be impossible).

TABLE 5. Potential and realizable bifurcated phase portraits for a given structurally
stable quadratic vector field. In this table, SSQVF stands for structurally stable
quadratic vector fields, #p (respectively #,) for the number of topologically poten-
tial (respectively realizable) phase portraits of codimension one* bifurcated from the
respective SSQVEF, and SU1 for the respective phase portraits of codimension one*

SSQ\Q/'F 2] #p F# SU1 [6] SSQQVF 2] #p F# SU1 [6]

S 2 2 UL ., Uk S 2 1 Ul

5.1 113,1 1}372 10,12 B,22
88,1 2 2 Ug3:Up.4 S%0713 2 2 Upos,Upos
Sg,z 2 2 U}B,m ]UJIB,G S%0,14 2 2 Upos5 Upos
829,3 2 2 Ul}s,% Ujls,s S%0,15 2 1 Uis,z?
Sto.1 2 2 Ugp, UlB,lO Sto,16 1 1 Up 28
S%O,Q 2 1 UlB,ll S%1,1 1 1 UIB,ZQ
Szo,:’) 2 1 U}z,u S21,2 2 2 U}3,307 Ug 31
8%074 2 1 U?B 85173 1 1 U%m
8%0,5 2 1 U?M 85271 2 1 U?’&g
S%O,G 2 1 Ug.15 S%2,2 1 1 Up 34
S%0,7 2 2 UlB,lG’ UJIB,N S%2,3 1 1 U}3,35
Sto,s 2 1 UlB,lS ST2.4 2 1 UIB,36
S?o,g 2 1 U}3,19 S%Q,{") 2 1 U}B,37
S20,10 2 1 UiB,QO 822,6 2 2 Up 3817 Uk 30
SY0,11 2 1 Ug 21 Sia,7 2 1 Up 40
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TABLE 6. Non-tealizable phase portraits from the set (B) which could bifurcate
(if existed) from structurally stable quadratic vector fields. The first and fourth
columns indicate the structurally stable quadratic vector field (SSQVF) which suffers
a bifurcation, the second and fifth columuns indicate the pages where they appear in [6]
and the third and sixth columns present the corresponding impossible phase portraits

SSQVF [2] Page [6] Impossible [6] SSQVF [2] Page [6] Impossible [6]

S%o,z 86; 200 U}B’ﬁm S?o,n 90; 200 U}é,lus
8%0,3 86; 203 U}g’ﬁos S§0712 91; 200 U}éﬁ 16
S?o,z; 87200 U}B’,Img S%0,15 92;200 U}%’,Ilw
Sto.5 87;207 U110 St 94 Ugh
S%O,G 88;200 U}B’ﬁu S%2,4 96 UB{&;
STo.s 89; 200 Us'iis Sty.5 96 Ugpls
Sto.0 89; 200 Up'iis Stan 97 Uy’
S%O,IO 90; 203 U}S; 114

)

@I z :E 1,1 @11 1,1
B,107 UB,108 UB,lOQ UB,110
Ez i 1,1 @1 @I 1,1
UB,111 UB,112 UB,HS UB,114
g é 1,1 §Z ; 1,1 ;5 ; 1,1
UB,115 UB,116 UB,H?

FIGURE 14. Phase portraits of the non-realizable structurally unstable quadratic vector
fields of codimension one™ from the set (B)

23
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Remark 4. Regarding the phase portraits of the non-realizable structurally unstable quadratic vector
fields of codimension one* from the set (B), we point out that in page 91 from [6], phase portrait
U}B’,Inﬁ (which corresponds to Bs; from such a book) is wrongly drawn. In fact, it possesses an extra
infinite node and such a phase portrait should be drawn exactly as we present in our Figure 14.

Finally we present an analogous theorem regarding discarded phase portraits from the set (C') in
[6].
Theorem 2.6. In order to obtain a phase portrait of a structurally unstable quadratic vector field

of codimension one* from the set (C) it is necessary and sufficient to coalesce a finite node (respec-
tively, a finite saddle) with an infinite saddle (respectively, an infinite node) from a structurally stable

quadratic vector field, which leads to an infinite saddle-node of type (}) SN, and after some small
perturbation, this saddle—node is split into a finite saddle (respectively, a finite node) and an infinite
node (respectively, an infinite saddle). For the vector fields in the set (C), the following statements
hold.

(a) In Table 7 we see in the first and fifth columns the structurally stable quadratic vector fields
(following the notation present in [2, 6]) which, after the coalescence of singularities cited
above, lead to at least one phase portrait of codimension one* from the set (C).

(b) Inside this set (C'), we have a total of 34 topologically distinct phase portraits according to the
different a—limit or w—limit of the separatrices of their saddles, two of which are non—realizable
(they are given in Table 8). These numbers are given in the second and sizth columns of
Table 7.

(¢) From these potential phase portraits, only two of them are not realizable. That is, even though
there is the topological possibility of their existence, two of them break some analytical property
which makes them not realizable inside quadratic vector fields. We have a total of 32 realizable
phase portraits. In the third and seventh columns of Table 7 we present the number of realizable
cases coming from the bifurcation of each structurally stable phase portrait, and in the fourth
and eighth columns we present the bifurcated phase portraits of codimension one* associated
to each one.

(d) There are then two non-realizable cases from the set (C') which we present in Figure 15 and
denote by Ulc’fk, where Ugl stands for Impossible of codimension one* from the set (C') and
k € {8,9}, see Remark 3. These phase portraits are drawn in [6]. Anyway, we provide Table
8 in order to relate easily (giving also the page where they appear first and the page they are
proved to be impossible).

1,1 1,1
UC,S Uc,g
FIGURE 15. Phase portraits of the non-realizable structurally unstable quadratic vector
fields of codimension one* from the set (C)

An important result to study the impossibility of some phase portraits is Corollary 3.29 of [6].

Corollary 1. If one of the structurally stable vector fields that bifurcates from a potential struc-
turally unstable vector field of codimension one* is not realizable, then this unstable system is also not
realizable.

Our aim is to prove the following result, which is the analogous of the previous corollary for the
sets (AB) and (AC).
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TABLE 7. Potential and realizable bifurcated phase portraits for a given structurally
stable quadratic vector field. In this table, SSQVF stands for structurally stable
quadratic vector fields, #p (respectively #,) for the number of topologically poten-
tial (respectively realizable) phase portraits of codimension one* bifurcated from the
respective SSQVF, and SU1 for the respective phase portraits of codimension one*

SSQVF [2] #p #. SUL[G]  SSQVF[J #, #  SUL[]
Sy 1 1 U}m S1o,16 1 1 Ulc,14
Sg,l 2 2 UlC,Qv Ué‘,?, S21,1 1 1 U}J,15
S2971 1 1 IU%JA S%LQ 1 1 U%},w
S10,2 2 1 Ue s St13 1 1 Ue 7
S%o,s 1 1 IUIc 6 S%z,l 2 2 Ulc,wv UlC,lQ
S?o,s 1 1 Ulc.,7 S%2,2 2 2 Ulc,207 Ulc,zl
S?O,G 1 1 U%},s S%z 3 2 2 U%J,227 Ulc,zs
S%0,9 2 1 Ulc,g S%z 4 2 2 Ulc,zzp U}),%
Sio,lo 1 1 Ulc,w S%z 5 2 2 Ulc,%'v Ulc,27
Sio,m 1 1 U}J,u S22,6 3 3 Ulc,zsa Ulc7297 Uso
S%0714 1 1 ]Uic,m Sta,7 2 2 UlC’,317U16’,32
SY0,15 1 1 Ucs

TABLE 8. Non-realizable phase portraits from the set (C') which could bifurcate (if
existed) from structurally stable quadratic vector fields. The first column indicates
the structurally stable quadratic vector field (SSQVF) which suffers a bifurcation,
the second column indicates the pages where they appear in [6] and the third column
present the corresponding impossible phase portrait

SSQVF [2] Page [6] Impossible [6]
I
Szm 101 U%f
S10.9 103 Uy

Theorem 2.7. If one of the phase portraits of codimension one* that bifurcates from a potential
codimension two* phase portrait from the sets (AB) and (AC) is not realizable, then this latter phase
portrait is also not realizable.

Proof. In what follows we prove the equivalent statement: If a potential codimension two* phase
portrait X from the sets (AB) and (AC) is realizable, then the phase portraits of codimension one*
that bifurcates from X are also realizable.

We start from the set (AB). We already know that a realizable phase portrait belongs to the set (AB)

if and only if it has a finite saddle-node s7(3) and an infinite saddle-node of type (g) SN obtained by
the coalescence of an infinite saddle with an infinite node. In [14] the authors classified the set of all
real quadratic polynomial differential systems with a finite semi-elemental saddle-node 57m(3) located

at the origin of the plane and an infinite saddle-node of type @) SN located in the bisector of first
and third quadrants. Such a classification was done with respect to the normal form

) i = gx? + 2hxy + (n — g — 2h)y?,

U=y +12% + (29 +2h — 21l —n)zy + (I — 29 — 2h + 2n)y?,

where g, h, [, and n are real parameters. The parameter space of this normal form is a four—dimensional
space, which can be projectivized, as it was done in [14] and the authors proved that all generic
phenomena occur for ¢ = 1. In the paper under discussion the authors used the Invariant Theory
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(developed in Sibirsky School — Moldova, see a very nice summary of this theory in Sec. 7 of [7]) in
order to construct and study their bifurcation diagram. In Lemma 5.5 from the book [9] the authors
proved that a necessary and sufficient condition for a generic quadratic system to possess an infinite

saddle-node of type (g) SN and another simple infinite singularity is that the comitants 7 and M
verify the conditions

n=0, M#0,

for all the possible values of the parameters of the system. Additionally, in Table 5.1 from that book
the authors present the invariant polynomials which are responsible for the number, kinds (real or /and
complex), and multiplicities of finite singularities of a generic quadratic system. In particular, they
show that if the invariant polynomial D verifies the condition

D =0,

then we have a finite singularity of multiplicity at least two. In fact, for systems (1) calculations show
that these systems verify such conditions, since for that normal form (with g = 1) we obtain

n=0, M=-81+2h+1-n)*(xz—y)>#0, D=0.
Now, for g = 1, consider the perturbation of systems (1)
i = (1—e)x?® +2hxy + (n — 1 — 2h)y?%,

® =y +1(1—e)a®+ ((2+2h —n)(1 —¢) = 2)zy + (I — 2 — 2h + 2n)y?,

where |¢| is small enough. For these systems, calculations show that
n=4s((1+2h+1—n)® — (=1 —2h+n)%)2 40, D=0.

So, according to Lemma 5.5 from the mentioned book, we have three distinct infinite singularities (all
of them are real if ¢ > 0 and, if ¢ < 0, we have one real infinite singularity and two complex ones).
Additionally, as D = 0, perturbation (2) leaves unperturbed the finite saddle-node.

On the other hand, for g = 1 consider the perturbation of systems (1)

&= —e+ 2%+ 2hxy + (n — 1 — 2h)y>%,

3
) g =—el+y+lx?+ (2+2h — 20 —n)zy + (I — 2 — 2h + 2n)y?,

where |e| is small enough. For systems (3) we have
n=0, M=-81+2h+1—n)*(z—y)?+£0,
and
D = —768¢(—1+ (2(1 + h)(=1+1) + n)%e)*(1 + 2h + h* —n+n?((=1 + 1)(1 + 2h + 1) + n)e).

According to Lemma 5.5 mentioned before, the perturbation (3) has not affected the infinite singular
points and, according to Table 5.1 from the mentioned book, we no longer have finite multiple singu-
larities, i.e. the perturbation splits the origin into two points (which are real or complex, depending
on the sign of ).

Therefore the result holds for the set (AB).

Now, consider the set (AC). A realizable phase portrait belongs to the set (AC) if and only if it has

a finite saddle-node 37 5) and an infinite saddle-node of type G)S N, obtained by the coalescence of a
finite saddle (respectively, finite node) with an infinite node (respectively, infinite saddle). Remember
that, as we discussed in page 6, the case in which the finite saddlenode is the finite singularity
that coalesces with an infinite singularity will be considered in the future during the study of the set
(CC). With the Invariant Theory as the main tool, in [10] we classified the set of all real quadratic
polynomial differential systems with a finite semi-elemental saddle-node 57 () located at the origin
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of the plane and an infinite saddle-—node of type E) SN. Such a classification was done with respect
to the normal form

(4)

& = cx + cy — cx® + 2hay,
U= ex + ey — ex® + 2may,

where ¢, h, e, and m are real parameters, with the (nondegeneracity) condition eh # em. The
parameter space of this normal form is a four-dimensional space, which can be projectivized, as it
was done in that paper where we proved that all generic phenomena occur for h = 1. In Lemma 5.2
from the book [9] the authors proved that a necessary and sufficient condition for a generic quadratic

system to possess an infinite saddle-node of type (}) SN is that the comitants pg and pp verify the
conditions

Mo = Oa H1 # 07
for all the possible values of the parameters of the system. Additionally, as in the previous case, from
Table 5.1 it is possible to conclude that if the invariant polynomial D verifies the condition
D=0,

then we have a finite singularity of multiplicity at least two. Indeed, for systems (4) with h = 1
calculations show that such conditions are fulfilled, since

o =0, p1=—8ee—cm)*x#0, D=0.
Now, for h = 1, consider the perturbation of systems (4)

& = cx 4 cy — cx® + 2xy + €y,

(5)

§ = ex + ey — ex? + 2may + ey?,
where |e| is small enough, calculations show that for systems (5) the comitant j is given by

po = £(—=4(1 —m)(e — em) + (c — e)%e).

So the perturbation under consideration splits the infinite saddle-node G) SN. Additionally, we
conclude that the perturbation maintains the finite saddle-node, since for systems (5) calculations
show that the invariant polynomial D vanishes.

Finally, for h = 1 (as we did for the set (AB)), consider the perturbation of systems (4)

&= —e+cx+cy — cx? + 2y,

(6)

= —ce+ex + ey — ex? + 2may,
where |¢] is small enough. For systems (6) we have
o =0, 1 = —4(e—cm)’x #0,

wd D =768¢(e — cm)® (16%(e — m)® — 8(c — 1)e(e — cm)?)

+ 768 (e — em)* ((9¢(3c — 2) — 13)e? + 4(11 — 9c)em — 4m?) .
According to the results (from the book [9]) presented before, we conclude that systems (6) have the
infinite saddle-node G) SN and do not have the finite saddle node 575y, i.e. the perturbation (6) of
systems (4) keeps the infinite saddle—node and splits the finite saddle—node.

Then the theorem also holds for the set (AC), as we wanted to prove.
O

As at the moment we are not interested in giving a proof for a general case of the previous theorem,
in what follows we present a conjecture.

Conjecture 1. If one of the phase portraits of codimension k that bifurcates from a potential codi-
mension k + 1 phase portrait is not realizable, then this latter phase portrait is also not realizable.
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Remark 5. In Qualitative Theory of Ordinary Differential Equations is quite common to use the
term “perturbation” to denote an infinitesimal modification of the parameters of a system such that
a different phase portrait bifurcates from it. In this paper we use the term “evolution” in order to
say that we “move a codimension one* phase portrait to its border and detect which phase portraits
are in the other side of this border”, so with an evolution of a codimension one* phase portrait we
produce a codimension two* phase portrait. In this sense we mean that we modify (in a continuous
way) the first system inside the region of parameters in which it is defined up to the other side of
the border of this region where we obtain a system having one codimension more. In a certain way,
with this modification we are provoking an “evolution” of the first system. Note that we contrast
“perturbation” with “evolution”.

3. PROOF OF THEOREM 1.5

In this section we present the proof of Theorem 1.5. More precisely, in Subsection 3.1 we obtain
all the topologically potential phase portraits belonging to the set (AB) (we have 110 topologically
distinct phase portraits) and we prove that 39 of them are impossible. In Subsection 3.2 we show the
realization of each one of the remaining 71 phase portraits.

3.1. The topologically potential phase portraits. The main goal of this subsection is to obtain
all the topologically potential phase portraits from the set (AB).
We already know that in the set (AB), the unstable objects of codimension two* belong to the

set of saddle—nodes {ﬁ(g) +(g) SN } Considering all the different ways of obtaining phase portraits

belonging to the set (AB) of codimension two*, we have to consider all the possible ways of coalescing
specific singular points in both sets (4) and (B). However, as the sets (AB) and (BA) are the same
(i.e. their elements are obtained independently of the order of the evolution in the elements of the sets
(A) or (B)), it is necessary to consider only all the possible ways of obtaining an infinite saddle-node

of type (g)SN in each element from the set (A) (phase portraits possessing a finite saddle-node 57)).
Anyway, in order to make things clear, in page 52 we discuss briefly how should we perform if we start
by considering the set (B).

In order to obtain phase portraits from the set (AB) by starting our study from the set (A), we
have to consider Theorem 2.5 and also Lemma 3.25 from [6] (regarding phase portraits from the set
(B)) which we state as follows.

Lemma 3.1. Suppose that a polynomial vector field X of codimension one® has an infinite saddle—
node p of multiplicity two with py = (0P/0x + 0Q/dy), # 0 and first eigenvalue equal to zero.
(a) Any perturbation of X in a sufficiently small neighborhood of this point will produce a struc-
turally stable system (with one infinite saddle and one infinite node, or with no singular points
in the neighborhood) or a system topologically equivalent to X .
(b) Both possibilities of structurally stable system (with one saddle and one node at infinity, or
with no singular points in the neighborhood) are realizable.

Here we consider all the 69 realizable structurally unstable quadratic vector fields of codimension
one* from the set (A). In order to obtain a phase portrait of codimension two* belonging to the set
(AB) starting from a phase portrait of codimension one* of the set (A), we keep the existing finite

saddle-node and using Lemma 3.1 we build an infinite saddle-node of type (g) SN by the coalescence
of an infinite saddle with an infinite node. On the other hand, from the phase portraits of codimension
two* from the set (AB), one can obtain phase portraits of codimension one* belonging to the set (A)

after perturbation of the infinite saddle-node (g) SN into an infinite saddle and an infinite node, or
into complex singularities.
In what follows we denote by U% B,k» Where U?% 5 stands for structurally unstable quadratic vector

field of codimension two* from the set (AB) and k € {1,...,71} (note that the notation U2 is
simpler than IU% 4 B)). The impossible phase portraits will be denoted by Ui{j]& B where Ui’fg stands
for Impossible of codimension two* from the set (AB) and j € N. We need to enumerate also the
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impossible phase portraits, not for the completeness of this paper, but for the future papers in which
someone will study codimension three* families. Just in the same way as impossible codimension one*
phase portraits are a crucial tool for the study of our families.

Note that phase portraits U}M to U}4713 cannot have a phase portrait possessing an infinite saddle—

node of type (g) SN as an evolution, since each one of them has only one infinite singularity. Analo-
gously, phase portraits IU}LL1 4, to U,14,18 cannot have a phase portrait possessing an infinite saddle—node

of type (g)S N as an evolution, since each one of them has three infinite singularities (which are nodes).

Phase portrait Ui},w has phase portraits U% p,1 and U p.2 as evolution (see Figure 16, where the
arrows starting from the phase portrait U,l4,19 and pointing towards the phase portraits U% p,1 and
U% p,2 indicate that these last two phase portraits are evolution of the phase portrait TU114719). After

bifurcation we get phase portrait Ui,l, in both cases, by making the infinite saddle-node (g) SN
disappear (split into two complex singularities). In Figure 16 we present the corresponding unfoldings
on the right—hand side of the codimension two* phase portraits.

2 1
UiBa Uan

1
Ui g

2 1
Uig,2 Ui

FIGURE 16. Unstable systems U%p , and U 5

Note that Ul | possesses two pairs of infinite nodes and only one pair of infinite saddles, so from
U}4719 there are only two ways of obtaining a phase portrait possessing an infinite saddle-node of type

(g) SN, and these cases are represented exactly by the phase portraits U% p,1 and U4 p,2 from Figure
16. From now on, we will always omit the proof of the nonexistence of other cases apart from those
ones that we discuss by words or by presenting in figures, since the argument of nonexistence is in
general quite simple.

Before we continue with the study of the remaining codimension one* phase portraits, we highlight
that it is very important to have the “structure” of all the figures very well understood, since the
proofs of Theorems 1.5 and 1.6 require and are done based on several figures. So, in this paragraph we
discuss about it. In the next cases, when from a codimension one* phase portrait we have more than
one codimension two* phase portraits which are evolution of the codimension one® phase portrait,
we will present figures with the same “structure” of Figure 16. More precisely, all the arrows that
appear starting from an unstable phase portrait of codimension one* will have the same meaning
as explained for Figure 16, i.e., they will point towards the phase portraits of codimension two*
which are evolution of the respective codimension one* phase portrait. Moreover, we will present the
corresponding unfoldings on the right—-hand side of the codimension two* phase portraits. On the
other hand, when from a codimension one* phase portrait we have only one codimension two* phase
portrait which is an evolution of the codimension one* phase portrait, we will present figures like
Figure 22, for instance, where on the left-hand side we have a codimension one* phase portrait, on
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the center we have the corresponding codimension two* phase portrait and on the right—hand side we
have the respective unfolding of the codimension two* phase portrait.
Phase portrait U,l4,20 has phase portraits U% p,3 and U?% 5 4 as evolution (see Figure 17). After

bifurcation we get phase portrait U,l4_,1, in both cases, by making the infinite saddlenode (g) SN

disappear.
@ Ui UL,
U

1
A,20

%

Uip.a Uan

FIGURE 17. Unstable systems U%p 5 and U% 5 4

Phase portrait U} ,, has phase portraits U 5 5 and U%p 4 as evolution (see Figure 18). After

bifurcation we get phase portrait U}M, in both cases, by making the infinite saddle-node (g) SN

disappear.
@ Ul s Ula
Ul

A,21

=
O

v

2 1
Uise Uan

&

FIGURE 18. Unstable systems U%p 5 and U5 6

Phase portrait U}4,22 has phase portraits U% p,7 and U?% 5 5 as evolution (see Figure 19). After

bifurcation we get phase portrait U}L‘_’Q, in both cases, by making the infinite saddle—node (g) SN
disappear.
Phase portrait U,lcx,zg has phase portraits ]U,ZqB,g and U% B.10 a8 evolution (see Figure 20). After

bifurcation we get phase portrait Uim, in both cases, by making the infinite saddle-node (g) SN
disappear.
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FIGURE 19. Unstable systems UiBJ and U?AB,S
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FIGURE 20. Unstable systems U%p ¢ and U% 10

Phase portrait U,lq,24 has phase portraits U% 5 ;; and U% 5 |, as evolution (see Figure 21). After

bifurcation we get phase portrait Uzl4.,4’ in both cases, by making the infinite saddlenode (g) SN
disappear.
Phase portrait U,lcx,zs has phase portrait U% .13 as an evolution (see Figure 22). After bifurcation

we get phase portrait Ul 5, by making the infinite saddle-node (9) SN disappear. Moreover, U 25

has the impossible phase portrait Ui’é,l as an evolution. By Theorem 2.7 such a phase portrait is
impossible because by splitting the original finite saddle—node into a saddle and a node we obtain the

impossible phase portrait U}B’Ilm of codimension one*, see Figure 23. We observe that, in the set (A),

2,1 . 1
Ui p 1 unfolds in Uy 5.

Phase portrait Uh’% has phase portrait U% p.14 as an evolution (see Figure 24). After bifurcation

we get phase portrait U114,5’ by making the infinite saddle-node (g) SN disappear. Moreover, Ui‘,%
has the impossible phase portrait Ui’fg 5 as an evolution. By Theorem 2.7 such a phase portrait is
impossible because by splitting the original finite saddle-node into a saddle and a node we obtain the
impossible phase portrait Ugflm of codimension one*, see Figure 25. We observe that, in the set (A),

2,1 . 1
Ui o unfolds in Uy 5.
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AB 11

g1

AB 12

FIGURE 21. Unstable systems U%p 1, and U%p 15

1 2 1
Ui o5 UsB1s Uas

FIGURE 22. Unstable system U%p 15

1 1,1
Ui o5 UAB 1 UB,lO?

. o2
FIGURE 23. Impossible unstable phase portrait Uy

o &) @)

AB 14

FIGURE 24. Unstable system TU3,3714

Phase portrait U,14,27 has phase portrait U% p.15 as an evolution (see Figure 26). After bifurcation
we get phase portrait Uh 9, by making the infinite saddle—node (0) SN disappear. Moreover, qu o7

has the impossible phase portrait U% A B 5 as an evolution. By Theorem 2.7 such a phase portrait is
impossible because by splitting the orlgmal finite saddle-node into a saddle and a node we obtain the
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FIGURE 25. Impossible unstable phase portrait Uy ,

impossible phase portrait U}B’Iwg of codimension one*, see Figure 27. We observe that, in the set (A),

9 )

1
Ua o7 Uag 15

[UAB 5 unfolds in Ull4,2.

FIGURE 26. Unstable system UixBJs

@2[ @11
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B 108

. N
FIGURE 27. Impossible unstable phase portrait Usp 4

Phase portrait U,l4,28 has phase portrait U% p.16 as an evolution (see Figure 28). After bifurcation

we get phase portrait Uhﬁ, by making the infinite saddlenode @) SN disappear. Moreover, U}4,28

has the impossible phase portrait Ui’é’ 4 as an evolution. By Theorem 2.7 such a phase portrait is
impossible because by splitting the original finite saddle-node into a saddle and a node we obtain the
impossible phase portrait UE{IOS of codimension one*, see Figure 29. We observe that, in the set (A),

) &)

1
UA,QS AB 16

21 .
Uip,4 unfolds in U}413.

FIGURE 28. Unstable system UixB,m



34 J. C. ARTES, M. C. MOTA AND A. C. REZENDE

©9€9.0)

B 108

. o2
FIGURE 29. Impossible unstable phase portrait Uy ,

Phase portrait U114)29 has phase portrait U% p,17 s an evolutiOIL (see Figure 30). After bifurcation
we get phase portrait Ul 5 by making the infinite saddle-node (0) SN disappear. Moreover, U} 29

has the impossible phase portrait U% A B 5 as an evolution. By Theorem 2.7 such a phase portrait is
impossible because by sphttlng the orlgmal finite saddlenode into a saddle and a node we obtain the
impossible phase portrait UB 109 Of codimension one*, see Figure 31. We observe that, in the set (A),

Ui{é,s unfolds in Ul .

1
U 29 AB 17

F1cUrE 30. Unstable system U?L,B’”

gl @Q

1
Ul 20 AB 5 B,109
FIcURE 31. Impossible unstable phase portrait Ui’éj

Phase portrait U}4’30 has phase portrait U% B.1s @S an evolutiOIL (see Figure 32). After bifurcation
we get phase portrait Ul 5, by making the infinite saddle-node (9) SN disappear. Moreover, U 30
has the impossible phase portrait Ui’éﬁ as an evolution. By Theorem 2.7 such a phase portrait is
impossible because by splitting the original finite saddle—node into a saddle and a node we obtain the
impossible phase portrait U}B’Iwg of codimension one*, see Figure 33. We observe that, in the set (A),
IUAB ¢ unfolds in Ull4,5.

Phase portrait Uzl4,31 has phase portrait U% B.19 (see Figure 34Las an evolution. After bifurcation
we get phase portrait U114,2’ by making the infinite saddle-node (g) SN disappear. Moreover, Url4,31
has the impossible phase portrait Ui’éj as an evolution. By Theorem 2.7 such a phase portrait is
impossible because by splitting the original finite saddle-node into a saddle and a node we obtain the
impossible phase portrait Ugfllo of codimension one*, see Figure 35. We observe that, in the set (A),

UAB -7 unfolds in U}4,2~
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FIGURE 32. Unstable system TU1243718
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FIGURE 33. TImpossible unstable phase portrait U g
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FIGURE 34. Unstable system U%p 19
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FIGURE 35. Impossible unstable phase portrait Uy ,

Phase portrait U}4,32 has phase portrait U% B.20 @ an evolution (see Figure 36). After bifurcation
we get phase portrait Ul 5, by making the infinite saddle-node (3) SN disappear. Moreover, U} 4,
has the impossible phase portrait U% A B s as an evolution. By Theorem 2.7 such a phase portrait is
impossible because by sphttmg the orlgmal finite saddle—node into a saddle and a node we obtain the
impossible phase portrait URHO of codimension one*, see Figure 37. We observe that, in the set (A),
UAB s unfolds in U}4,3.

Phase portrait U,14,33 has phase portrait U% p.o1 as an evolution (see Figure 38). After bifurcation
we get phase portrait Uh 4 by making the infinite saddle—node (0) SN disappear. Moreover, qu a3

has the impossible phase portrait U% A B ¢ as an evolution. By Theorem 2.7 such a phase portrait is
impossible because by splitting the orlgmal finite saddle-node into a saddle and a node we obtain the
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FIGURE 36. Unstable system U% 5 5
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FIGURE 37. Impossible unstable phase portrait Ulj g

impossible phase portrait U}B’IMO of codimension one*, see Figure 39. We observe that, in the set (A),

2.1
U,l4,33 U U114,4

U p o unfolds in Ull4,4.
2
AB,21
FIGURE 38. Unstable system U% 5,
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FIGURE 39. TImpossible unstable phase portrait U g

Phase portrait U}4,34 has phase portrait U% .22 as an evolution (see Figure 40). After bifurcation

we get phase portrait U}4,57 by making the infinite saddlenode (g) SN disappear. Moreover, U}4734
has the impossible phase portrait Ui’]; 10 @s an evolution. By Theorem 2.7 such a phase portrait is
impossible because by splitting the orig’inal finite saddlenode into a saddle and a node we obtain the
impossible phase portrait Ugflll of codimension one*, see Figure 41. We observe that, in the set (A),
U1247113,10 unfolds in U11475.

Phase portrait Uh,% has phase portrait U?% p.23 as an evolution (see Figure 42). After bifurcation

we get phase portrait Uhf), by making the infinite saddle-node (g) SN disappear. Moreover, U,l435
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FIGURE 40. Unstable system U?% 50
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FIGURE 41. Tmpossible unstable phase portrait Uy

has the impossible phase portrait Ui’é,n as an evolution. By Theorem 2.7 such a phase portrait is
impossible because by splitting the original finite saddle-node into a saddle and a node we obtain the
impossible phase portrait Uglnl of codimension one*, see Figure 43. We observe that, in the set (A),

o UL
UAB 11 unfolds in Uy 5.

&) )

A ,35 AB,23

FIGURE 42. Unstable system U% g o5

&) 8,8,

,35 AB,11 B 111
FIGURE 43. Impossible unstable phase portrait Uz{}[a,n

Phase portrait Uh,% has phase portraits U% 5,4 and U? 5 55 as evolution (see Figure 44). After

bifurcation we get phase portrait U}L‘_’g, in both cases, by making the infinite saddle—node @) SN
disappear.
Phase portrait U,l4,37 has phase portraits [U124 B26 and [U124 B .27 as evolution (see Figure 45). After

bifurcation we get phase portrait U}MO, in both cases, by making the infinite saddle-node (TQ)) SN
disappear.
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FIGURE 44. Unstable systems U%p 54 and U%p 05
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FIGURE 45. Unstable systems U% s 56 and U% 5 o7

Phase portrait U,lzl,ss has phase portraits U% 5 55 and U? 5 59 as evolution (see Figure 46). After

bifurcation we get phase portrait U}L‘_’S, in both cases, by making the infinite saddlenode (g) SN
disappear.
Phase portrait U}4’39 has phase portrait U% .30 s an evolution (see Figure 47). After bifurcation

we get phase portrait Ul ¢, by making the infinite saddle-node (9) SN disappear. Moreover, U 30
has the impossible phase portrait Ui’fg’m as an evolution. By Theorem 2.7 such a phase portrait is
impossible because by splitting the original finite saddle—node into a saddle and a node we obtain the
impossible phase portrait U}B’Ilu of codimension one*, see Figure 48. We observe that, in the set (A),
Ui’é’lz unfolds in Uzl‘\ﬁ'

Phase portrait Uh’ 10 has phase portrait U% p.31 as an evolution (see Figure 49). After bifurcation

we get phase portrait Uh)ﬁ, by making the infinite saddle-node (g) SN disappear. Moreover, U,lq,z;o
has the impossible phase portrait Ui’fg 13 as an evolution. By Theorem 2.7 such a phase portrait is
impossible because by splitting the orig’inal finite saddle-node into a saddle and a node we obtain the
impossible phase portrait Ugfllg of codimension one*, see Figure 50. We observe that, in the set (A),

2,1 . 1
Ui 15 unfolds in Uy ¢.
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FIGURE 46. Unstable systems U% g 55 and U% 99
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FIGURE 47. Unstable system U% 5 39
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FIGURE 48. Tmpossible unstable phase portrait Uy 1,
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FIGURE 49. Unstable system U%p 3,

Phase portrait Uh’ 41 has phase portrait U% p.32 as an evolution (see Figure 51). After bifurcation
we get phase portrait Uh)ﬁ, by making the infinite saddle-node (g) SN disappear. Moreover, U1A,41
has the impossible phase portrait Ui’fgjl 4, as an evolution. By Theorem 2.7 such a phase portrait is

impossible because by splitting the original finite saddle-node into a saddle and a node we obtain the
impossible phase portrait Ugfllg of codimension one*, see Figure 52. We observe that, in the set (A),

UAB 14 unfolds in U} ¢
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FIGURE 51. Unstable system U?43732
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FIGURE 52. Tmpossible unstable phase portrait Uy 1,

Phase portrait Uh’ 4o has phase portrait U% B33 as an evolution (see Figure 53). After bifurcation
we get phase portrait U 4, by making the infinite saddle-node (5) SN disappear. Moreover, U ,,
has the impossible phase portrait Ui’fg 15 as an evolution. By Theorem 2.7 such a phase portrait is

impossible because by splitting the original finite saddle-node into a saddle and a node we obtain the
impossible phase portrait Ugfu 4 of codimension one*, see Figure 54. We observe that, in the set (A),

UAB 15 unfolds in U}, 4

WO

A 42 AB ,33

FIGURE 53. Unstable system U%p 33

Phase portrait Uh’ 43 has phase portrait U% B34 @S an evolutiorL(see Figure 55). After bifurcation
we get phase portrait U}q 10+ by making the infinite saddle-node (O) SN disappear. Moreover, Uh 43

has the impossible phase portrait U% P B 16 @s an evolution. By Theorem 2.7 such a phase portrait is
impossible because by splitting the orlgmal finite saddle-node into a saddle and a node we obtain the
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FIGURE 54. Impossible unstable phase portrait Ui{g,m

impossible phase portrait Ujléln 4 of codimension one*, see Figure 56. We observe that, in the set (A),

2,1 . 1
Ul p 16 unfolds in Uy 4.
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UA,43 UAB ,34 A 10

FIGURE 55. Unstable system UixB,34
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FIGURE 56. Impossible unstable phase portrait Uy 14

Phase portrait Uzl4, 44 has phase portrait U% B35 as an evolution (see Figure 57). After bifurcation
we get phase portrait Ul 5, by making the infinite saddle-node (9) SN disappear. Moreover, U 44

has the impossible phase portrait Ui’g,” as an evolution. By Theorem 2.7 such a phase portrait is
impossible because by splitting the original finite saddle-node into a saddle and a node we obtain the
impossible phase portrait Ujlélns of codimension one*, see Figure 58. We observe that, in the set (A),

W
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FIGURE 57. Unstable system U?% s g5
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FIGURE 58. Tmpossible unstable phase portrait Uy ;-

Phase portrait U}L‘, 45 has phase portrait U% .36 as an evolution (see Figure 59). After bifurcation
we get phase portrait U,l4,67 by making the infinite saddlenode (g) SN disappear. Moreover, U}L" 45

has the impossible phase portrait Ui’é’lg as an evolution. By Theorem 2.7 such a phase portrait is
impossible because by splitting the original finite saddle-node into a saddle and a node we obtain the
impossible phase portrait Ujlé,lua of codimension one*, see Figure 60. We observe that, in the set (A),
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U’ p.1 unfolds in Ul 4.
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FIGURE 59. Unstable system U%p 36
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FIGURE 60. TImpossible unstable phase portrait Uy ;4

Phase portrait Uzl‘L 16 has phase portrait U% .37 as an evolution (see Figure 61). After bifurcation
we get phase portrait U,l4 6 DY making the infinite saddle—node (0) SN disappear. Moreover, U}L‘ 46
has the impossible phase portrait U% P B 19 as an evolution. By Theorem 2.7 such a phase portrait is
impossible because by sphttlng the orlglnal finite saddlenode into a saddle and a node we obtain the
impossible phase portrait Uk B7116 of codimension one*, see Figure 62. We observe that, in the set (A),
U% .19 unfolds in UY 4

Phase portrait le‘l, 47 has phase portraits U? g 35 and U?% 5 59 as evolution (see Figure 63). After

bifurcation we get phase portrait Uzl4-,7’ in both cases, by making the infinite saddle—node @) SN
disappear.
Phase portrait Uz14, 45 has phase portraits [U124 B.ao and [U124 p.41 as evolution (see Figure 64). After

bifurcation we get phase portrait in, in both cases, by making the infinite saddle-node @) SN
disappear.
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FIGURE 64. Unstable systems [UE;BAO and U?ABAI
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Phase portrait U} 5, has phase portraits U% p 4, and U%p 45 as evolution (see Figure 65). After

bifurcation we get phase portrait Uzl4,7’ in both cases, by making the infinite saddle-node (g) SN

disappear.
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FIGURE 65. Unstable systems U% g 45 and U% g 43

Phase portrait U}4751 has phase portraits U% 5,4 and U% 5 45 as evolution (see Figure 66). After

bifurcation we get phase portrait le4,7’ in both cases, by making the infinite saddlenode (g) SN

disappear.
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FIGURE 66. Unstable systems UiB#M and UZB’%

Phase portrait U}q,52 has phase portraits U% B.ac and U4 p.47 @s evolution (see Figure 67). After

bifurcation we get phase portrait Uzl4,7’ in both cases, by making the infinite saddle-node (g) SN
disappear.
Phase portrait U} 55 has phase portraits U% p 4 and U%p 49 as evolution (see Figure 68). After

bifurcation we get phase portrait U}‘!,?’ in both cases, by making the infinite saddle-node (g) SN
disappear.
Phase portrait Uh’54 has phase portrait U% B.50 as an evolution (see Figure 69). After bifurcation

we get phase portrait U}q)ﬁ, by making the infinite saddle-node ((2)) SN disappear. Moreover, Ullq,54

has the impossible phase portrait Ui’é,% as an evolution. By Theorem 2.7 such a phase portrait is
impossible because by splitting the original finite saddle-node into a saddle and a node we obtain the
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FIGURE 67. Unstable systems U%p 46 and U% g 47
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FIGURE 68. Unstable systems [UE;BAg and UZBAQ

impossible phase portrait U}é{u? of codimension one*, see Figure 70. We observe that, in the set (A),

21 )
Ui p .0 unfolds in U,14,6-
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FIGURE 69. Unstable system U% 5 50

Phase portrait Uzl4,55 has phase portraits U%B,E)l and U%B,m as evolution (see Figure 71). After

bifurcation we get phase portrait Uiu, in both cases, by making the infinite saddle-node (g) SN
disappear.
Phase portrait Uh,% has phase portrait U?% p.53 as an evolution (see Figure 72). After bifurcation

we get phase portrait U,14,117 modulo limit cycle, by making the infinite saddle—node (g) SN disappear.
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FIGURE 70. Tmpossible unstable phase portrait Uy o
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FIGURE 71. Unstable systems U% g 5, and U% g 50

Moreover, U}4756 has the impossible phase portrait Ui’lg 51 as an evolution. By Theorem 2.7 such a
phase portrait is impossible because by splitting the original finite saddlenode into a saddle and a
node we obtain the impossible phase portrait Ugﬁl of codimension one*, see Figure 73. We observe

that, in the set (A), Ui’ém also unfolds in an impossible phase portrait because after bifurcation we
would get a limit cycle surrounding more than one finite singular points, and this is not possible in
quadratic systems (see Lemma 3.14 from [6]).

@}456@2 Ul

AB,53 A11

FIGURE 72. Unstable system U% 3 53

Phase portrait U,l4,57 has phase portrait U% B.54 as an evolution (see Figure 74). After bifurcation

we get phase portrait U}4712, modulo limit cycle, by making the infinite saddle-node (g) SN disappear.

Moreover, U,l4,57 has the impossible phase portrait Ui’ém as an evolution. By Theorem 2.7 such a
phase portrait is impossible because by splitting the original finite saddle-node into a saddle and a
node we obtain the impossible phase portrait Ug’_{l of codimension one*, see Figure 75. We observe

that, in the set (A), Ui’fgﬂ also unfolds in an impossible phase portrait, as in Ui’][a,zr
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FIGURE 73. TImpossible unstable phase portrait Uy o
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FIGURE 74. Unstable system U%p 54
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FIGURE 75. Tmpossible unstable phase portrait Uy o,

Phase portrait U}4,58 has phase portrait U% B,55 s an evolution (see Figure 76). After bifurcation

we get phase portrait Uklw by making the infinite saddle—node @) SN disappear. Moreover, IU114758
has a second phase portrait which is not presented since it is topologically equivalent to U% B,55

s

A 58 AB,55 A 12

FIGURE 76. Unstable system U%p 55

Phase portrait [U}ng has phase portraits U% Bs6 and U4 p.57 as evolution (see Figure 77). After

bifurcation we get phase portrait U}4713, in both cases, by making the infinite saddle-node @) SN

disappear.
Phase portrait U}“}O has phase portrait U% B,58 s an evolution (see Figure 78). After bifurcation

we get phase portrait Uil,llv by making the infinite saddle—node @) SN disappear. Moreover, U,lax,ﬁo
has a second phase portrait which is not presented since it is topologically equivalent to U% B,58
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FIGURE 77. Unstable systems U% g 56 and U% 5 57
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FIGURE 78. Unstable system U% 5 55

Phase portrait U} 5, has phase portraits U%p 59 and U% g 4o as evolution (see Figure 79). After
bifurcation we get phase portraits U,l4,11 and ]U,l4,12, respectively, by making the infinite saddle—node

(g) SN disappear.
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FIGURE 79. Unstable systems U% g 59 and U% g 60

Phase portrait U}“}Q has phase portrait U% p.61 as an evolution (see Figure 80). After bifurcation

we get phase portrait Ukly by making the infinite saddle—node (g) SN disappear. Moreover, IU114762
has a second phase portrait which is not presented since it is topologically equivalent to U% B,61-
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FIGURE 80. Unstable system U%p ¢
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Phase portrait U,l4,63 has phase portrait U% B.62 @s an evolution (see Figure 81). After bifurcation
we get phase portrait Uh,n, modulo limit cycle, by making the infinite saddle-node (g) SN disappear.

Moreover, Uhﬁ?, has the impossible phase portrait Uif}é,z:& as an evolution. By Theorem 2.7 such a
phase portrait is impossible because by splitting the original finite saddle-node into a saddle and a
node we obtain the impossible phase portrait Ujlé.l5 of codimension one*, see Figure 82. We observe

that, in the set (A), UZ’JIB 53 also unfolds in an impossible phase portrait, as in UZ’IB 91

UA 63 U’ UA 11

AB,62

FIcURE 81. Unstable system Ui,Bﬁg
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FIGURE 82. Tmpossible unstable phase portrait Uy o4

Phase portrait U}4’64 has phase portrait U% B.63 s an evolution (see Figure 83). After bifurcation
we get phase portrait Uh,w, modulo limit cycle, by making the infinite saddle-node (g) SN disappear.
Moreover, Ui&,m has the impossible phase portrait Uié,% as an evolution. By Theorem 2.7 such a
phase portrait is impossible because by splitting the original finite saddle-node into a saddle and a
node we obtain the impossible phase portrait U}3J5 of codimension one*, see Figure 84. We observe
that, in the set (A), UAB 24 also unfolds in an impossible phase portrait, as in UAB 91

Phase portrait Ul 4,65 has phase portrait U B.64 as an evolution (see Figure 85). After bifurcation
we get phase portrait U} ;;, by making the infinite saddle-node (g) SN disappear. Moreover, Ul ¢
has the impossible phase portrait Ui’g,% as an evolution. By Theorem 2.7 such a phase portrait is
impossible because by splitting the original finite saddle-node into a saddle and a node we obtain the
impossible phase portrait Ung of codimension one*, see Figure 86. We observe that, in the set (A),

. . . . 2,
UAB 25 also unfolds in an impossible phase portrait, as in Uy 5.
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FIGURE 86. Impossible unstable phase portrait Uy o5

Phase portrait U,l4,66 has phase portrait U% B,65 &S an evolution (see Figure 87). After bifurcation

we get phase portrait Uh)lz, by making the infinite saddle-node (g) SN disappear. Moreover, U114,66

has the impossible phase portrait UQA’jIB 56 as an evolution. By Theorem 2.7 such a phase portrait is
impossible because by splitting the original finite saddle-node into a saddle and a node we obtain the

impossible phase portrait U}B’% of codimension one*, see Figure 83. We observe that, in the set (A),

Ui’é’% also unfolds in an impossible phase portrait, as in Ui}é’,m'

Phase portrait U,lq,m has phase portraits U% B.66 and U4 .67 as evolution (see Figure 89). After bi-
furcation we get phase portraits U114,11 and [U114’13 (being this last one modulo limit cycles), respectively,

by making the infinite saddle-node (5)SN disappear.
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FIGURE 87. Unstable system U%p 65
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FIGURE 88. Impossible unstable phase portrait Ui’g,%
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FIGURE 89. Unstable systems U% 5 46 and U% 5 7

Phase portrait U} 44 has phase portraits U% g 45 and U% g 49 as evolution (see Figure 90). After
bifurcation we get phase portraits U}L"H (modulo limit cycles) and U,lq,13a respectively, by making the

infinite saddle-node (g) SN disappear.
Phase portrait U}4,69 has phase portrait U% B.70 @8 an evolution (see Figure 91). After bifurcation

we get phase portrait Ul |;, by making the infinite saddle-node (5) SN disappear. Moreover, Ul ¢
has the impossible phase portrait Ui’gm as an evolution. By Theorem 2.7 such a phase portrait is
impossible because by splitting the original finite saddle-node into a saddle and a node we obtain the
impossible phase portrait U11§17 of codimension one*, see Figure 92. We observe that, in the set (A),
UZ’EW also unfolds in an impossible phase portrait, as in UZ’IB,zr

Phase portrait U,l4,70 has phase portrait U% p.71 as an evolution (see Figure 93). After bifurcation

we get phase portrait U} ;5, by making the infinite saddle-node (g) SN disappear. Moreover, U} 7

has the impossible phase portrait Ui’é,% as an evolution. By Theorem 2.7 such a phase portrait is
impossible because by splitting the original finite saddle-node into a saddle and a node we obtain the
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FIGURE 92. Tmpossible unstable phase portrait Uyj o

impossible phase portrait U}9’17 of codimension one*, see Figure 94. We observe that, in the set (A),

Ui’é’% also unfolds in an impossible phase portrait, as in Uié,m'

©

2 1
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FIGURE 93. Unstable system U% 5 7,

Therefore, we have just finished obtaining all the 71 topologically potential phase portraits of
codimension two* from the set (AB) presented in Figures 1 to 3.

Now we explain how one can obtain these 71 phase portraits by starting the study from the set
(B). Let us consider all the 40 realizable structurally unstable quadratic vector fields of codimension
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FIGURE 94. Tmpossible unstable phase portrait Uy o

one* from the set (B). In order to obtain a phase portrait of codimension two* belonging to the set
(AB) starting from a phase portrait of codimension one* of the set (B), we keep the existing infinite

saddle-node (g) SN and by using Theorem 2.4 we build a finite saddle-node 57(3) by the coalescence
of a finite saddle with a finite node. On the other hand, from the phase portraits of codimension
two* from the set (AB), there exist two ways of obtaining phase portraits of codimension one* also
belonging to the set (B) after perturbation: splitting 575 into a saddle and a node, or moving it to
complex singularities (see Remark 6).

Remark 6. We recall that, in quadratic differential systems, the finite singular points are zeroes of
a polynomial of degree four. Supposing that we have a singular point of multiplicity two, then the
remaining singular points are zeroes of a quadratic polynomial. Therefore, these other two points
can be two simple singular points, a double point (a saddle-node) or two complex conjugate singular
points.

According to these facts, if a phase portrait does not possess finite singularities (for instance, UlB,l
and Uj ,) or if it possesses only two finite antisaddles (as for instance U 54 to U 3,), it is not possible
to obtain a phase portrait from it which belongs to the set (AB).

The main goal of this section is to obtain all the topologically potential phase portraits from the set
(AB) and then prove their realization or show that they are not possible. So we have to be sure that
no other phase portrait can be found if one does some evolution in all elements of the set (B) in order
to obtain a phase portrait belonging to the set (AB). We point out that we have done this verification,
i.e. we have also considered each element from the set (B) and produced a coalescence (when it was
possible) of a finite saddle with a finite node and we also have obtained the 71 topologically potential
phase portraits of codimension two* from the set (AB) presented in Figures 1 to 3. In what follows
we show the result (modulo limit cycles) of this study. We point out that we will not give all the
details of this study. We will not even mention anything about why there are no more potential cases
to be considered an evolution of a codimension one® phase portrait, since we believe that this can
be easily verified by the reader. Additionally, we will present pictures only of the impossible phase
portraits obtained in order to explain their impossibility and we will not mention anything about
phase portraits which are topologically equivalent to phase portraits already obtained.

It is important to remark that the realizable phase portraits that we will obtain from the set (B)
to the set (AB) will coincide exactly with those ones previously found. However, the non-realizable
ones that we will find from (B) will be different from those ones coming from (A). The reason is
that the arguments used to prove the impossibility of those coming from (A) were precisely that they
would bifurcate in some impossible from (B) and now, they will be those ones that bifurcate in some
impossible from (A).

In Table 9 we present the study of phase portraits Ug 5 to U ;. In the first column we present
the corresponding phase portrait from the set (B), in the second column we indicate its corresponding
phase portrait belonging to the set (AB) i.e. after producing a finite saddle-node 575y, and in the
third column we show the corresponding phase portrait after we make this finite saddle-node s7(y)
disappear.

Phase portrait U}gﬂ has phase portraits UiBJE) and U2AB’16 as evolution. After bifurcation we
get phase portrait U}BB (for both cases) by making the finite saddle-node 575, disappear. Moreover,
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TABLE 9. Phase portraits from the set (AB) obtained from evolution of elements of

the set (B)
phase portrait from | phase portrait from | phase portrait from
the set (B) the set (AB) the set (B)

]UlB,?, U,QalB 1 U}B 1
U4 Ul U
U}3,5 U,243,3 U}B,l
Up. Ulpa Ug.
Ug.z Ulb.s Uk
Ub.s Ulp.s Uba

U,%IBJ
UJIB,Q U%lB,g UlB,s

U%B 11
UL 0 v U
, U,243,10 ,

AB,12
U}B 11 U;‘B’lg U%A
' UsB.14 Up s

Uk 15 has the impossible phase portrait Ui’égg as an evolution. By Theorem 2.7 such a phase portrait

is impossible because by splitting the original infinite saddle—node (g) SN into an infinite saddle and
an infinite node we obtain the impossible phase portrait Ui{ﬁ of codimension one*, see Figure 95. We
point out that, in the set (B), the corresponding unfolding of Uig 59 does not exist, since if such a

phase portrait does exist, it would be an evolution of the impossible phase portrait Iy, (see Figure
4.4 from [6]), which contradicts Theorem 2.7.

1 2,1 1,1
UB,12 UAB,29 UA 1

)

FIGURE 95. Impossible unstable phase portrait Ui’g,zg

In Table 10 we present the study of phase portraits UlBJS to U}a,w- In the first column we present
the corresponding phase portrait from the set (B), in the second column we indicate its corresponding
phase portrait belonging to the set (AB) i.e. after producing a finite saddle-node 37(2), and in the
third column we show the corresponding phase portrait after we make this finite saddle-node s7y)
disappear.

Phase portrait U |5 has phase portraits U% g 59, U% 5 55, and U% g o as evolution. After bifurcation
we get phase portraits Up 5, Up ¢ and Up ¢ (being this last one modulo limit cycle), respectively, by
making the finite saddle-node sn(,) disappear. Moreover, UlB,lG has the impossible phase portrait

Ui’éﬁo as an evolution. By Thegem 2.7 such a phase portrait is impossible because by splitting
the original infinite saddle-node (g) SN into an infinite saddle and an infinite node we obtain the
impossible phase portrait U,la{,lms of codimension one*, see Figure 96. We observe that, in the set (B),

U?&]é,so unfolds in Ug ¢ (modulo limit cycles).
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TABLE 10. Phase portraits from the set (AB) obtained from evolution of elements
of the set (B)

phase portrait from | phase portrait from | phase portrait from
the set (B) the set (AB) the set (B)
U2 Ul
U b
' U,243 18 Up.r
) U?B,w .
Ub 14 UlB,20 Ups
U2
AB.21 .
Uh o Gz ol
’ U g2 Ugs
@ @21 @11
UlB,lﬁ UdB.s0 U4 103

FIGURE 96. Impossible unstable phase portrait Uié,se

Phase portrait U}3’17 has phase portraits U%B,zsa UiB’M, and Ui}B,Z? as evolution. After bifurcation
we get phase portraits U}i,’ﬁ, UlBJ and IUlB’7 (being this last one modulo limit cycle), respectively, by
making the finite saddle-node sn sy disappear. Moreover, U}B’N has the impossible phase portrait

Ui’fg 37 as an evolution. By Theorem 2.7 such a phase portrait is impossible because by splitting

the original infinite saddle-node (g) SN into an infinite saddle and an infinite node we obtain the
impossible phase portrait U}4771103 of codimension one*, see Figure 97. We observe that, in the set (B),

Ui’ém unfolds in Ug , (modulo limit cycles).

@1 @21

1,1
BT AB,31 UA,lOB

FIGURE 97. Impossible unstable phase portrait Ui’fg,m

Phase portrait Up ;4 has phase portrait U% 5 5, as an evolution and after bifurcation we get phase
portrait UlB,?? by making the finite saddle-node 37,y disappear. Moreover, UIB,18 has a second phase
portrait as an evolution which is topologically equivalent to U% 3 -

Phase portrait U}3)19 has phase portraits U% p,32 and U .31 as evolution. After bifurcation we get
phase portraits U}B) 4, and U}Bﬁ, respective, by making the finite saddle-node sn,) disappear.

Phase portrait U}a,zo has phase portraits U% B33 and (051 .34 as evolution. After bifurcation we
get phase portrait U}Bﬁ, in both cases (being one of them modulo limit cycles), by making the finite
saddle-node 372y disappear. Moreover, U}a,zo has the impossible phase portraits UZ}%,& and Ui’fgm
as evolution. By Theorem 2.7 such phase portraits are impossible because by splitting the original
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infinite saddle-node (g) SN into an infinite saddle and an infinite node we obtain the impossible phase
portraits UZ’; and Ui’ﬁm, respectively, of codimension one*, see Figure 98. We point out that, in the
set (B), the corresponding unfolding of Ui’fgm does not exist (by the exactly same reason that we

have discussed in Ui{fe,zg) and the corresponding unfolding of UZ’JI3733 is Up 4 (modulo limit cycles).

2,1 1,1
UAB,32 Uss
1
Upg 20

2,1 11
Uipss Uiioa
FIGURE 98. Impossible unstable phase portraits U?L{g& and Ui’gﬁs

Phase portrait U}Bm has phase portrait U% B35 as an evolution and after bifurcation we get phase
portrait U}B,ﬁ, by making the finite saddle-node 572y disappear. Moreover, U}szl has a second phase
portrait as an evolution which is topologically equivalent to U% B35

Phase portrait U}3’22 has phase portraits U% B,36 and U2 p,37 as evolution. After bifurcation we get
phase portraits IU}373 and U}ls, respective, by making the finite saddle-node sm,) disappear.

Phase portrait U} »3 has phase portraits U% g 59, U 5 40, and U% g 45 as evolution. After bifurcation
we get phase portraits Up 5 (for the two first cases) and Up ¢ (for the third case), by making the
finite saddle-node sm sy disappear. Moreover, U1B,23 has the impossible phase portrait Ui’gm as an
evolution. By Theorem 2.7 such a phase portrait is impossible because by splitting the original infinite

saddle—node (g)SN into an infinite saddle and an infinite node we obtain the impossible phase portrait
U114’149 of codimension one*, see Figure 99. We observe that, in the set (B), Ui’g 34 unfolds in UlB,8'

1 2,1 1,1
Up 23 UAB734 UA,49
FIGURE 99. Impossible unstable phase portrait Ui’g’m

Phase portrait IUIB,24 has phase portraits UiBBS, U?ABAD and UiBAQ as evolution. After bifurcation
we get phase portraits U}Bﬁ (for the two first cases) and U}BJ (for the third case), by making the

finite saddle-node sm sy disappear. Moreover, U}3724 has the impossible phase portrait Ui’g% as an
evolution. By Theorem 2.7 such a phase portrait is impossible because by splitting the original infinite

saddle—node (g)SN into an infinite saddle and an infinite node we obtain the impossible phase portrait

U114’149 of codimension one*, see Figure 100. We observe that, in the set (B), UZ’JIB 35 unfolds in U}Bﬂ.
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FIGURE 100. Impossible unstable phase portrait U7y 45

Phase portrait UB o5 has phase portraits UiBAG, UiBAg, and U%B’M as evolution. After bifurcation
we get phase portraits Up 5 (for the two first cases) and Up g (for the third case), by making the

finite saddle-node s7n(y) disappear. Moreover, U}g’% has the impossible phase portrait U,QLIB,% as
an evolution. By Theorem 2.7 such a phase portrait is impossible because by splitting the original

infinite saddle-node (g) SN into an infinite saddle and an infinite node we obtain the impossible phase
portrait U}L"IB of codimension one*, see Figure 101. We point out that, in the set (B), the corresponding
unfolding of U%1, 36 does not exist (by the exactly same reason that we have discussed in U%% 29)

29 Q)

AB 36

. N
FIGURE 101. TImpossible unstable phase portrait Uy s

Phase portrait Uj ,4 has phase portraits U% 47, U% 5 45, and U% 5 as evolution. After bifurcation
we get phase portraits U}3,4 (for the two first cases) and U%j (for the third case), by making the

finite saddle-node 372y disappear. Moreover, U}i% has the impossible phase portrait U?&JIB,W as
an evolution. By Theorem 2.7 such a phase portrait is impossible because by splitting the original

infinite saddle-node (TQ)) SN into an infinite saddle and an infinite node we obtain the impossible phase
portrait [UIIL"I3 of codimension one*, see Figure 102. We point out that, in the set (B), the corresponding

unfolding of U% x B 37 does not exist (by the exactly same reason that we have discussed in U% AB. 29)

©Q Q)

AB 37

FIGURE 102. Impossible unstable phase portrait Ui’é,g?

In Table 11 we present the study (modulo limit cycles) of phase portraits Up 5y to Up 5. In the
first column we present the corresponding phase portrait from the set (B), in the second column
we indicate its corresponding phase portrait belonging to the set (AB) i.e. after producing a finite
saddle-node s7 5, and in the third column we show the corresponding phase portrait after we make
this finite saddle-node sn 5y disappear.
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TABLE 11. Phase portraits from the set (AB) obtained from evolution of elements
of the set (B)

phase portrait from | phase portrait from | phase portrait from
the set (B) the set (AB) the set (B)
U}3,27 Uzw,s)o U% 4
Ub.2s uis o
' Ulis .52 Up.4
1 U?L\B 53 1
UB,33 U2 ’ UB,QQ
,243,54
UAB,55
Ul U?AB,56 Ul
B,34 U2 B,32
1243,57
UéqB 58 .
. UJQL\B,GI [UB729
UB,35 UA3759 Ul
U2 B,32
‘AB.60

Phase portrait U}&% has phase portraits U%Bm and U2AB’63 as evolution. After bifurcation we
get phase portrait U}37297 for both cases (being one of them modulo limit cycles), by making the
finite saddle-node sm 5y disappear. Moreover, IU}3736 has the impossible phase portrait Ui’lja,ss as an
evolution. By Theorem 2.7 such a phase portrait is impossible because by splitting the original infinite

saddle-node (g)SN into an infinite saddle and an infinite node we obtain the impossible phase portrait
U,lafjws of codimension one*, see Figure 103. We observe that, in the set (B), Ui’lg 3¢ unfolds in U}?,QQ

(modulo limit cycles).

1 2,1 1,1
UB,?)G UAB 38 UA,105
FI1cURE 103. Impossible unstable phase portrait Ui’éﬁg

Phase portrait UIB,?,? has phase portraits U% B,64 and U3 B.65 as evolution. After bifurcation we get
phase portrait Ull?,fil’ for both cases, by making the finite saddle-node 37,y disappear.

Phase portrait U}3738 has phase portraits U% B,6s and U3 B.67 as evolution. After bifurcation we get
phase portraits U}ng and U}B,sov respective, by making the finite saddle-node sn ) disappear.

Phase portrait UIB,SQ has phase portraits U% B,60 and U3 B.66 as evolution. After bifurcation we get
phase portraits Uj »9 and U 5, respective, by making the finite saddle-node 375 disappear.

Phase portrait U}3740 has phase portraits U% B,70 and U3 p,71 as evolution. After bifurcation we
get phase portrait U}3,31, for both cases (being one of them modulo limit cycles), by making the
finite saddle-node sm sy disappear. Moreover, U}B, 40 has the impossible phase portrait Ui’fgﬁg as an
evolution. By Theorem 2.7 such a phase portrait is impossible because by splitting the original infinite

saddle—node (g)SN into an infinite saddle and an infinite node we obtain the impossible phase portrait
Ukjwﬁ of codimension one*, see Figure 104. We observe that, in the set (B), Ui’fg 39 unfolds in U113,31

(modulo limit cycles).
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FICURE 104. Impossible unstable phase portrait Ui’fz,sg

3.2. The realization of the potential phase portraits. In the previous subsection we have pro-
duced all the topologically potential phase portraits for structurally unstable quadratic systems of
codimension two* belonging to the set Zg (AB). And from them, we have discarded 33 which are not
realizable due to their respective unfoldings of codimension one* being impossible.

In this subsection we aim to give specific examples for the remaining 71 different topological classes
of structurally unstable quadratic systems of codimension two* belonging to the set Zg(AB) and
presented in Figures 1 to 3.

In [2] the authors showed that for each structurally stable phase portrait with limit cycles there
exists a realizable structurally stable phase portrait without limit cycles so that modulo limit cycles
they are equivalent. On the contrary, due to the large number of cases, in [6] the authors did not
follow the same procedure for the realizable structurally unstable phase portraits of codimension one*.
Since this present paper is directly derived from this second study, here we have found examples of
codimension two* phase portraits with no evidence of limit cycles, but we have not proved the absence
of the infinitesimal ones (i.e. the ones born by Hopf-bifurcation).

In [14] the authors classified, with respect to a specific normal form, the set of all real quadratic
polynomial differential systems with a finite semi-elemental saddle-node 57 ) located at the origin

of the plane and an infinite saddle-node of type (g) SN (obtained by the coalescence of an infinite
saddle with an infinite node) located in the bisector of first and third quadrants. In [10] the authors
show that phase portrait Vi7; from [14] is not topologically equivalent to Vi7o (i.e. the equivalence
presented in Table 65 from the mentioned paper is not correct) and in [10] the authors present the
correct picture of phase portrait Viz;.

Remark 7. The study of a bifurcation diagram of a certain family of quadratic systems produces not
only the class of phase portraits that we look for, but also all of those of their closure according to
the normal form that we consider. Even though the study is mainly algebraic, analytic and numerical
tools are also required. This implies that these studies may be not complete and subject to the
existence of possible “islands” which could contain an undetected phase portrait. The border of that
“island” could mean the connection of two separatrices, and its interior could contain a different phase
portrait from the ones stated in the main theorem. In [14] the authors studied a bifurcation diagram
in which the most generic phase portraits correspond to elements of the set (AB). In Section 7 of
that paper the authors said that the bifurcation diagram they obtained is completely coherent, i.e.
by taking any two points in the parameter space and joining them by a continuous curve, along
this curve the changes in phase portraits that occur when crossing the different bifurcation surfaces
could be completely explained. Nevertheless, at that moment, the authors could not be sure that the
bifurcation diagram was the complete bifurcation diagram for the family they consider in their paper,
due to the possibility of “islands” inside the bifurcation diagram. The topological study that we do
in this paper solves partially this problem, since we prove that all the realizable phase portraits of
class (AB) do really exist, and no other topological possibility does. However, the possible existence
of “islands” in the bifurcation diagram still persists since they can be related to double limit cycles,
as discussed in Section 7 of [14].
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By using the phase portraits of generic regions of the bifurcation diagram from [14] plus the correct
Vi71 presented in [10] we realize all the 71 unstable systems of codimension two* of the set (AB), i.e.
we can give concrete examples of all structurally unstable phase portraits from the set (AB).

Consider systems (1). Such a normal form was studied in [14] and it describes quadratic polynomial
differential systems which have a finite semi-elemental saddle-node s7;) and an infinite saddle-—node

of type (g) SN located in the endpoints of the bisector of the first and third quadrants.

In Tables 12 and 13 we present one representative from each generic region of the bifurcation
diagram of [14] (as described before) corresponding to each phase portrait of codimension two* from
the set (AB) and, therefore, we conclude the proof of Theorem 1.5.

TABLE 12. Correspondence between codimension two* phase portraits of the set
(AB) and phase portraits from generic regions of the bifurcation diagram presented
in [14]. In the first column we present the codimension two* phase portraits from the
set (AB) in the present paper, in the second column we show the corresponding phase
portraits from [14] given by normal form (1), and in the other columns we present
the values of the parameters g, h, £, and n of (1) which realizes such phase portrait
(remember that the correct phase portrait V71 is presented in [10])

Cod 2* [14] g h ‘ n
Uhp: Ves 1 0 1/2 10
Ui, Ve 1 91,/100 1 2304/625
Uips Var 1 0 9/10 10
Ulpa Ves 1 22/25 1 2304/625
Uips Ve 1 0 18 10
Uhpe Vo 1 -2 1 10
Uigr, W1 1 —21/5 18 10
Uhps Vo 1 -5 10 10
Uipo Vieo 1 3/5 —33/10 -1
Uipio Vier 1 3/5 -3 -1
U4pn Ves 1 173/80 6 10
Ulpiz Vo 1 112/25 6 30
Uip1s Vo 1 -5 11/10 10
U4p1y Vizr 1 —9999/100000 4/25 81/100
Ulpis Vir 1 —6/5 5 -1
UVipis Ves 1 5 ~15 10
UVip, Vi1 —9/2 13/5 10
U4p1s Vise 1 —59999/100000  7/10 4/25
Uipio Vs 1 11/5 —4 10
Ulpao Viss 1 —4/5 5 -1
Uipon Vis 1 -5 1/2 10
Uip, Ves 1 9201/10000 ~15 2304/625
Uipos Vo 1 -5 7/10 10
Ulpps Vim 1 —69/100 601/1000  9/100
U%pos Vi 1 —7999/10000  6397/10000  1/25
Uhpas Vire 1 ~1/10 -3 -1
Uipar Vin 1 —7/100 —31/20 -1
U4pas Va1 44773/10000 11/5 30
U455 Voo 1 11/5 6 10
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TABLE 13. Continuation of Table 12

Cod 2 [14] g h l n
IU2AB,30 Vis 1 —21/5 3 10
U4pa Vi 1 —211/2000  9549/50000 4/5
U4ps Viee 1 —41/400  99999/100000  4/5
U124B,33 Visa 1 —7/5 8/25 -1
Ulpas Viee 1 481/2000 -10 1
Uip3 Vize 1 —5499/10000 3/4 81,/400
Uspss Vies 1 —41/400 11/10 4/5
Uips  Ves 1 9201/10000 —50 2304/625
qpss  Vie 1 44777/10000  203/100 30
U?AB,?,Q Vir 1 223/100 6 10
Uips Vi 1 —9/50 -3 1
Uipa Vin 1 —3/40 —3/2 1
Uipu Viee 1 —69/100 6007/10000  9/100
U254 Viss 1 —7999/10000 27/50 1/25
Ulpa Via 1 573/1250 -8 19/10
Ulpas Vizs 1 —39/400 1/100 81,100
Ui Viss 1 —7/5 3/10 1
U4par Vies 1 —1/5 —13/10 -1
Uipas Var 1 3 11/10 10
Uipao Vi 1 22/5 2 10
Ulpso Vio 1 —41/400 9/10 4/5
U,Z43751 Vie 1 11/5 9/10 10
UiBg,g Vg 1 23/5 9/10 10
U?43753 Vo 1 -5 3 10
Vipsy Viss 1 37/50 —147/100 -1
Uipss Ve 1 4501/1000 -1 10
Ulpss Vs 1 6 —1/10000 10
Gpsr Vier 1 9/25 -1/2 41/25
U4pss Vise 1 —11/10 3/2 ~1
Ulpso Voo 1 3 -1 10
Apco  Vies 1 —2/5 11/10 -1
Uiper Vo 1 6 1/5 10
Ulpge Viss 1 ~3/5 7/10 9/100
Uipes Virr 1 3/100 —9/10 ~1
Uipes Vs 1 =5 6 10
Ulpes Viee 1 3/5 —123/50 1
U%4p66 Vizz 1 —39/400 31,1000 81,100
Uiua,m Vieos 1 -1/5 -7/10 -1
Ulpes Viis 1 —39/400 1/10 81/100
Ui&B,GQ Vies 1 —1/5 —53/50 -1
Ulpro Viso 1 —69/100 63/100 9/100
Uipn Via 1 —41/1000 —133/100 -1
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4. PROOF OF THEOREM 1.6

In this section we present the proof of Theorem 1.6. The procedure is the same as used in the
previous section. In Subsection 4.1 we obtain all the topologically potential phase portraits possessing

the saddle-nodes sn(2) and (}) SN (we have 45 phase portraits) and we prove that five of them are
impossible. In Subsection 4.2 we show the realization of each one of the remaining 40 phase portraits.

4.1. The topologically potential phase portraits. The main goal of this subsection is to obtain
all the topologically potential phase portraits from the set (AC).
As we said before, inside the set (AC), the unstable objects of codimension two* that we are

considering in this paper belong to the set of saddle-nodes {%(2) +G)SN } Considering all the
different ways of obtaining phase portraits belonging to the set (AC) of codimension two*, we have to
consider all the possible ways of coalescing specific singular points in both sets (A) and (C'). However,
as the sets (AC) and (C'A) are the same (i.e. their elements are obtained independently of the order
of evolution in elements of the sets (A) or (C)), it is necessary to consider only all the possible ways

of obtaining an infinite saddle-node of type (}) SN in each element from the set (A) (phase portraits
possessing a finite saddle-node 57m5)). Anyway, in order to make things clear, in page 74 we discuss
briefly how should we perform if we start by considering the set (C').

In order to obtain phase portraits from the set (AC) by starting our study from the set (A), we
have to consider Theorem 2.6 and also Lemma 3.26 from [6] (regarding phase portraits from the set
(C)) which we state as follows.

Lemma 4.1. Assume that a codimension one* polynomial vector field X has an infinite singular point
p being a saddle-node of multiplicity two with py = (OP/0x + 0Q/0y), # 0 and second eigenvalue
equal to zero.

(a) Any perturbation of X in a sufficiently small neighborhood of this point will produce a struc-
turally stable system (with one infinite saddle and one finite node, or vice versa) or a system
topologically equivalent to X .

(b) Both possibilities of structurally stable systems are realizable.

(c¢) If the saddle—node is the only unstable object in the region of definition and we consider the
perturbation which leaves a saddle and a node in a small neighborhood, then the node is w—limit
or a-limit (depending on its stability) of at least one of the separatrices of the saddle.

(d) In the case that after bifurcation the node remains at infinity and the saddle moves to the finite
plane, then the separatrices of this new saddle have their a— and w-limits fixed according to
next rule:

(1) The separatriz y that corresponds to the one of the saddle—node different from the infinity
line must maintain the same a— or w-limit set.

(2) The separatriz (belonging to the same eigenspace of ) which appears after bifurcation
must go to the node that remains at infinity, and this will be the only separatrixz which
can arrive to this node in this side of the infinity.

(3) The two separatrices which were the infinite line in the unstable phase portrait, and
that mow are two separatrices of the saddle drawn on the finite plane, must end at the
same infinite node where they ended before the bifurcation (if a node was adjacent to the
saddle—node) or in the same a— or w-limit point of the finite separatriz of the adjacent
infinite saddle. In case that the saddle—node is the only infinite singular point, then both
separatrices go to the symmetric point which will remain as a node.

Here we consider all 69 realizable structurally unstable quadratic vector fields of codimension one*
from the set (A). In order to obtain a phase portrait of codimension two* belonging to the set (AC)
starting from a phase portrait of codimension one* of the set (A), we keep the existing finite saddle—
node and using Lemma 4.1 we build an infinite saddle—node of type G) SN by the coalescence of a
finite node (respectively, finite saddle) with an infinite saddle (respectively, infinite node). As we said
before, we point out that the finite singularity that coalesces with an infinite singularity cannot be
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the finite saddle-node since then what we would obtain at infinity would not be a saddle—node of
type G)SN but a multiplicity three singularity. Even though this is also a codimension two* case and
somehow can be considered inside the set (AC'), we have preferred to put it into the set (C'C') where
two possibilities will be needed to be studied: either two finite singularities coalescing with different
infinite singularities, or two finite singularities coalescing with the same infinite singularity. On the
other hand, from the phase portraits of codimension two* from the set (AC), one can obtain phase
portraits of codimension one* also belonging to the set (A) after perturbation by splitting the infinite

saddle-node G) SN into a finite saddle (respectively, finite node) and an infinite node (respectively,
infinite saddle). More precisely, after bifurcation the point that has arrived to infinity remains there
with the same local behavior, and the one which was at infinity moves into the real plane at the other
side of the infinity line.

As in the previous section, in what follows we denote by Ui&c, &, where U%, stands for structurally
unstable quadratic vector field of codimension two* from the set (AC) and k € {1,...,40}. The
impossible phase portraits will be denoted by Ui’é ;» Where Ui’é stands for Impossible of codimension
two* from the set (AC) and j € N.

We point out that in this study we do not present phase portraits which are topologically equivalent
to phase portraits already obtained. Additionally, as we explained clearly about how we obtain an
infinite saddle—node of type (}) SN from a phase portrait from the set (A), we will not mention
anything about why we do not have no more possibilities (of obtaining an infinite saddle—node of type

(})SN ) beyond those ones that we will present.

Phase portrait Uh’l cannot have a phase portrait possessing an infinite saddle—node of type G)S N
as an evolution, since U}“ has only the finite saddle-node s75) and only the infinite node.
Phase portrait Uh,z has phase portrait U1240,1 as an evolution (see Figure 105). After bifurcation

we get phase portrait U}L"H by splitting the infinite saddle-node (}) SN.

Z 23[&2 @UQ @]Ul

AC,1 A1l

FIGURE 105. Unstable system U%

Phase portrait Ul 5 has phase portrait U%. , as an evolution (see Figure 106). After bifurcation

we get phase portrait Ui},u by splitting the infinite saddle-node (}) SN.

@43 @UQ @

AC,2 A,12

FIGURE 106. Unstable system U124072

Phase portrait le4, , cannot have a phase portrait possessing an infinite saddle-node of type (})SN
as an evolution. In fact, such a phase portrait possesses only an infinite node which receives four
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separatrices from finite singularities. Then by item (d)—(2) of Lemma 4.1 the finite saddle cannot
reach the infinite node. We point out that this same situation happens in many other phase portraits,
such as in U}475 to U11478. Because it is quite simple to detect this phenomena, when we deal again with

this situation we will skip all the details.
Phase portrait TU11479 has phase portrait UE&C,?) as an evolution (see Figure 107). After bifurcation

we get phase portrait U}L"H by splitting the infinite saddle-node (}) SN.

@9 @UQ @Ul

AC,3 A11

FIGURE 107. Unstable system U%¢ 3

Phase portrait 1U114,10 has phase portrait U%C, 4 as an evolution (see Figure 108). After bifurcation

we get phase portrait Uims by splitting the infinite saddle-node (})SN .

U,l4,1o U?Lxc,z; [U,lq,m

FIGURE 108. Unstable system U%¢ 4

It is quite common that a given phase portrait of a certain codimension K be an unfolding of
topologically distinct phase portraits of codimension K + 1 (modulo limit cycles). This situation
appears in this study. In the first column of Table 14 we present the phase portrait of the set (A),
in the second column we indicate the corresponding phase portrait belonging to the set (AC), and in
the third column we show the respective phase portrait after bifurcation. We point out that it is not
necessary to present any explanation for the phase portraits present in the first column, since their
corresponding elements from the third column already appeared and were explained before.

TABLE 14. Phase portraits from the set (AC) obtained from evolution of some ele-
ments of the set (A)

phase portrait from | phase portrait from | phase portrait from
the set (A) the set (AC) the set (A)
U? Ul
Ul 11 A0 A2
- e o
U,14,12 U,z40.2 U1A’3
Uiz Ulca U0

Phase portrait U,l4,14 has phase portrait Ui\cﬁ as an evolution (see Figure 109). After bifurcation

we get phase portrait U,l455 by splitting the infinite saddle-node G) SN.
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0K

ACQ

F1cure 109. Unstable system U?axc,s

Phase portrait U}4715 has phase portraits Uic_ﬁ and UE&C,? as evolution (see Figure 110). After
bifurcation we get phase portraits U}4732 and U}4753, respectively, by splitting the infinite saddlenode

(HsN.
@ < U124076 U}4132
A 15

2 1
Ui,z Ui 53

FIGURE 110. Unstable systems U%¢ ¢ and U%q 7

Phase portrait U} | has phase portraits U% ¢ g, U9, and U 1o as evolution (see Figure 111).
After bifurcation we get phase portraits Ul 55, Ul 55, and U} 5, respectively, by splitting the infinite
saddle-node G)S N.

Phase portrait U,14,17 has phase portraits Uic,ua Uixc,12a and Uic}m as evolution (see Figure 112).
After bifurcation we get phase portraits U}4’35, U}L" 41, and [U}él’ 49, Tespectively, by splitting the infinite
saddle-node (})S N.

Phase portrait [U114718 has phase portraits Uic,mv Uic,w’ and Uiaw as evolution (see Figure 113).
After bifurcation we get phase portraits U,14,257 U}4727, and U}q’ 45, respectively, by splitting the infinite
saddle-node G)SN .

Phase portraits U}A’lg, Uimo’ and Ul ,, cannot have a phase portrait possessing an infinite saddle—

node of type (T) SN as an evolution since each one of them has only the finite saddle-node 57(y).
Phase portrait Ul 5, has phase portrait U%, ,; as an evolution (see Figure 114). After bifurcation

we get phase portrait IU114765 by splitting the infinite saddle-node G) SN.

Phase portrait U ,4 has phase portrait Uiaw as an evolution (see Figure 115). After bifurcation
we get phase portrait U,l4,66 by splitting the infinite saddlenode G) SN.

Phase portrait U}4724 cannot have a phase portrait possessing an infinite saddle-node of type G)SN
as an evolution since the finite saddle cannot reach the infinite node (by item (d)—(2) of Lemma 4.1)

and the finite node cannot reach the infinite saddle (because this elemental antisaddle is surrounded
by the separatrices of the finite saddle).
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FIGURE 111. Unstable systems Uicyg, [[.]1240‘97 and [Uiac,lo
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FIGURE 112. Unstable systems U%¢ 11, Udc 12, and UZe s

Phase portrait U,l4,25 has three phase portraits as evolution.

(1) U%C’lw see Figure 116, and after bifurcation we get phase portrait Uh’%;
(2) U%e 14, and its study was done when we spoke about Ul 1;
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FIGURE 113. Unstable systems Uic,u, [U1246’,15, and Uiam

U,lax,22 U

FIGURE 114. Unstable system U%¢ 7
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FIGURE 115. Unstable system U% ¢ 15

(3) impossible phase portrait Ui{é 1- By Theorem 2.7 such a phase portrait is impossible because
by splitting the original finite saddle-node into a saddle and a node we obtain the impossible
phase portrait U}f,[s of codimension one*, see Figure 117. We point out that, in the set (A),
the corresponding unfolding of Ui’é,l does not exist, since if such a phase portrait does exist,
it would be an evolution of the impossible phase portrait I12 3 (see Figure 4.4 from [6]), which
contradicts Theorem 2.7.

Phase portrait Uk% has phase portrait [UI%\C’QO as an evolution (see Figure 118). After bifurcation

we get phase portrait IU}“W by splitting the infinite saddle-node G) SN.
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1 2 1
Ui o5 Ulco U s6

FIGURE 116. Unstable system U%¢ 19

1 § 2,1
Ul 25 U

1,1
AC,1 Ugs

FIGURE 117. Impossible unstable phase portrait Ui’é,l

LNEYGY

2 1
A,26 U 20 A,67

FIGURE 118. Unstable system U?% ¢ 5

Phase portrait Ul ,, has phase portraits U% ¢ 5, and U 5y as evolution (see Figure 119). After
bifurcation we get phase portraits [U114, 56 and Ui&,60’ respectively, by splitting the infinite saddle-node

(}) SN. Moreover, IU114727 also has U124C,15 as an evolution, and this last one was mentioned before
during the study of U} ;4.

@ Uic,m U}4,56
U

1
A27

2 1
Ul 22 U0

FIGURE 119. Unstable systems U?AC,Ql and Uiam
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Phase portrait Uh)% has phase portraits U?L‘CQ?’ and U,24034 as evolution (see Figure 120). After
bifurcation we get phase portraits Uh) 57 and U,14,58a respectively, by splitting the infinite saddle-node

(H)sN.
@ < .[U2Acy23 U}4’57
A 28

2 1
U 04 UA,58

FIGURE 120. Unstable systems U?% ¢ 3 and U% g 04

Phase portrait U114729 cannot have a phase portrait possessing an infinite saddle-node of type G)S N
as an evolution since the finite saddle cannot reach the infinite node (by item (d)—(2) of Lemma 4.1),
the finite node cannot reach the infinite saddle (because this elemental antisaddle is surrounded by the
separatrices of the finite saddle) and the finite saddle-node cannot go to infinity (as we have discussed
during the analysis of U , ).

Phase portrait U 30 has phase portrait U?AC o5 as an evolution (see Figure 121). After bifurcation

we get phase portrait U 4,60 Py splitting the infinite saddle-node 7} SN.

)9 ©

AC,25
FIGURE 121. Unstable system Uic,zs

Phase portrait U,14,31 has phase portrait Uia% as an evolution (see Figure 122). After bifurcation

we get phase portrait Ul ¢ by splitting the infinite saddle-node (})SN.
Phase portrait Ul 3, has phase portrait U%, ,; as an evolution (see Figure 123). After bifurcation

we get phase portrait Ukm by splitting the infinite saddle-node (}) SN. Moreover, TU114732 also has
Uicﬁ as an evolution, and this last one was mentioned before during the study of U114,15~

Phase portrait U}4733 has phase portrait U?qc,s as an evolution and this last one was mentioned
before during the study of U,l4,16-

Phase portrait U}A,34 cannot have a phase portrait possessing an infinite saddle—node of type G)S N
as an evolution, we can conclude this fact by using the same arguments as used for U}4729.

Phase portrait U}4735 has phase portrait U4 ;; as an evolution and this last one was mentioned
before during the study of Uh 17- ’
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FIGURE 122. Unstable system Ui\c,za

QL

AC 27 A 61

FIGURE 123. Unstable system U% ¢ o7

Phase portrait U,l4 56 has phase portrait Uic g as an evolution (see Figure 124). After bifurcation

we get phase portrait U 6o Py splitting the infinite saddle-node 7} SN.

SMOVIGY

A,36 AC 28 A ,69

FIGURE 124. Unstable system Uicgg

Phase portrait Ul .37 has phase portrait Ui\c o9 as an evolution (see Figure 125). After bifurcation

we get phase portrait Ul 70 Dy splitting the infinite saddle-node 7} SN.

)6} 6%

A,37 AC,29 [UA 70
FIGURE 125. Unstable system U% ¢ 29

Phase portrait U}A,BS cannot have a phase portrait possessing an infinite saddle-node of type G)S N
as an evolution.
Phase portrait ngg has phase portrait U?qc,so as an evolution (see Figure 126). After bifurcation

we get phase portrait U,14,65 by splitting the infinite saddle-node G) SN.

Phase portrait [leﬁl, 40 cannot have a phase portrait possessing an infinite saddle-node of type G)SN
as an evolution.
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Y 0

AC,30 UA ,65

FIGURE 126. Unstable system Uicyigo

Phase portrait [Uzl4, 41 has three phase portraits as evolution.

(1) U%¢ 31, see Figure 127, and after bifurcation we get phase portrait Ul gs;

e Eyly

A,41 AC 31 A ,63

FIGURE 127. Unstable system U?%¢ 3,

2) U? , and its study was done when we spoke about UY ;.
AC,12 AT
3) impossible phase portrait U%L .. By Theorem 2.7 such a phase portrait is impossible because
AC,2
by splitting the original finite saddlenode into a saddle and a node we obtain the impossible
phase portrait [Uld’lg of codimension one*, see Figure 128. We point out that, in the set (A),
the corresponding unfolding of Ui{éz does not exist, since if such a phase portrait does exist,
it would be an evolution of the impossible phase portrait I12 o (see Figure 4.4 from [6]), which
contradicts Theorem 2.7.

EMENEY

FIGURE 128. Impossible unstable phase portrait Ui{é,z

Phase portrait Uh’ 4o has phase portraits U%C’P,Q and Uicv&o’ as evolution (see Figure 129). After
bifurcation we get phase portraits UIA,GO and U}4763, respectively, by splitting the infinite saddlenode
(}) SN. Moreover, U} 4, also has U% ;3 as an evolution, and this last one was mentioned before
during the study of U,l4,17~

Phase portrait [U114, 43 has phase portraits U,240,34 and Uic,zzs as evolution (see Figure 130). After
bifurcation we get phase portraits U114, 59 and U}q,&p respectively, by splitting the infinite saddle-node
(1)SN.

Phase portrait [U}LL 44 cannot have a phase portrait possessing an infinite saddle-node of type G)SN
as an evolution.
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FIGURE 129. Unstable systems U%¢ 3o and U ¢ g3
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FIGURE 130. Unstable systems U% ¢ 34 and U% g5

Phase portrait le‘l, 45 has phase portrait Uiaw as an evolution, and this last one was mentioned
before during the study of U,l4,18'
Phase portraits TU}‘L 46 tO TU}‘L 45 and also TU114750 cannot have a phase portrait possessing an infinite

saddle—node of type G)SN as an evolution.
Phase portrait U}4751 has phase portrait Ui\c’% as an evolution (see Figure 131). After bifurcation

we get phase portrait IU114767 by splitting the infinite saddle-node G) SN.

©

1 2 1
Ui 51 Ul 36 Uae7

FIGURE 131. Unstable system Uicﬁgﬁ
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Phase portrait U114752 has phase portrait U,240,37 as an evolution (see Figure 132). After bifurcation

we get phase portrait U}4,68’ by splitting the infinite saddle-node G) SN. Moreover, Ui},52 also has
U124079 as an evolution, and this last one was mentioned before during the study of Uimﬁ.

W)

2 1
A52 Uc a7 Ui s

FIGURE 132. Unstable system Uicygﬁ

Phase portrait Uim?, has phase portrait 1U124C’7 as an evolution, and this last one was mentioned
before during the study of U}4,15-
Phase portrait [U,14’54 has phase portrait ]U124C,38 as an evolution (see Figure 133). After bifurcation

we get phase portrait le4,68’ by splitting the infinite saddle—node G) SN. Moreover, Uk754 also has
U%c.10 as an evolution, and this last one was mentioned before during the study of Ul ;4.

é U,l4,54 @468

2
U ss
FIGURE 133. Unstable system U% ¢ 35

Phase portrait Uh’% has phase portraits Uzzqc,sg and Uia 40 as evolution (see Figure 134). After
bifurcation we get phase portraits Uhm and U,l4,62a respectively, by splitting the infinite saddlenode

(})S N. Moreover, U} 5 also has U% 5 as an evolution, and this last one was mentioned before during
the study of U}4J4.

@ < Ugl(xsg U}4761
Ul

A,55

2 1
UACAO Ui 62

FIGURE 134. Unstable systems U%¢ 39 and U ¢ 40
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Phase portrait Ul 55 has phase portraits U%, o and U%, 5, as evolution. These two phase portraits
were obtained during the study of U}L"% and Uh,gw respectively.

Phase portrait U,14’57 has phase portrait U,QACQS as an evolution and this last one was obtained
during the study of U}L"QS.

Phase portrait U} ;¢ has phase portrait U% 5, as an evolution and this last one was obtained during
the study of U}428. Moreover, U,14,58 has a second phase portrait which is topologically equivalent to
U?AC,24-

Phase portrait U}L‘ 59 has phase portrait U,240 34 as an evolution and this last one was obtained
during the study of U, A.43- Moreover, UL 4,50 has the impossible phase portrait U% AC 5 as an evolution.
By Theorem 2.7 such a phase portrait is 1mposslble because by splitting the obtained infinite saddlef

node (1)S N into a finite saddle and an infinite node we obtain the impossible phase portrait Uy A 10 4, of

codimension one*, see Figure 135. We observe that, in the set (C), IUACS unfolds in IUla17 (modulo
limit cycles).

1 2.1
UA,sg UAc,g UA 104

. o2
FIGURE 135. Impossible unstable phase portrait Uy 4

In the first column of Table 15 we present the remaining phase portraits of the set (A), in the
second column we indicate its corresponding phase portrait belonging to the set (AC), and in the
third column we show the corresponding phase portrait after bifurcation. We point out that it is not
necessary to present any explanation for the phase portraits present in the first column, since their
corresponding elements from the third column already appeared and were explained before.

Therefore, we have just finished obtaining all the 40 topologically potential phase portraits of
codimension two* from the set (AC) presented in Figures 4 and 5.

Now we explain how one can obtain these 40 phase portraits by starting the study from the set
(C). Let us consider all the 32 realizable structurally unstable quadratic vector fields of codimension
one* from the set (C'). In order to obtain a phase portrait of codimension two* belonging to the set
(AC) starting from a phase portrait of codimension one* of the set (C), we keep the existing infinite

saddle—node G)SN and by using Theorem 2.4 we build a finite saddle-node 575y by the coalescence
of a finite node with a finite saddle. On the other hand, from the phase portraits of codimension
two* from the set (AC), there exist two ways of obtaining phase portraits of codimension one* also
belonging to the set (C) after perturbation: splitting 572 into a saddle and a node, or moving it to
complex singularities (remember Remark 6).

According to these facts, if a phase portrait possesses only a finite saddle-node, as Ulc,1 for instance,
it is not possible to obtain a phase portrait from it which belongs to the set (AC). Moreover, in some
cases when one makes the finite saddle-node disappear, it is possible to find a phase portrait possessing
a limit cycle, as happens for instance with phase portrait UéﬁB (see Figure 136). In such a figure we
present the two potential phase portraits which can be obtained by forming a finite saddle-node and
then by making it disappear. Indeed, phase portrait [Ula3 has phase portraits U?AC,S and U,%lc, 4 as
evolution, respectively, by the coalescence of the finite saddle with each one of the two finite nodes.
After bifurcation, by making the finite saddlenode disappear, from Ui&c,:& we get [Ulc’l and from
U2 “Ac.4 We obtain Uc 1, being this last one with a limit cycle. However, as our classification of phase
portraits is always done modulo limit cycles we simply say that in this case from Uia 4 We have Ulc,r
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TABLE 15. Phase portraits from the set (AC) obtained from evolution of some ele-
ments of the set (A)

phase portrait from | phase portrait from | phase portrait from
the set (A4) the set (AC) the set (A)

U,14,60 gzaxc,m g%m
AC.32 A42
- T ol
A,61 UAC,Z? UA,32
U1240,39 U114,55
U114,62 U?ﬁlc,zxo [U}4 55
U,l4,63 g;“c’?’l g%’“
AC,33 A42
U}4,64 [U124C,35 ]U,lax 43
U,14,65 320’17 g%\,m
AC,30 A,39
U,l4,66 U124€,18 U114,23
U,l4,67 ggxcgo g%’%
AC,36 A51
Uzl4,68 820,37 g%,w
AC,38 A54
U,14,69 gz‘c’% g,}mo
AC,28 A,36
U,l4,70 U,Zzlc,29 U}A 37

This situation also happens when we perform analogous studies of phase portraits U}J,207 Ulc’24, and
[Ulcﬁgl, as we will see in the sequence.

2 1
UAC,3 UC,I

1
UC,S

2 1
Ulcoa Uc
FIGURE 136. Unstable systems U% ¢ 3 and U%¢ 4 from phase portrait Ug 5

The main goal of this section is to obtain all the topologically potential phase portraits from the set
(AC) and then prove their realization or show that they are not possible. So we have to be sure that
no other phase portrait can be found if one does some evolution in all elements of the set (C') in order
to obtain a phase portrait belonging to the set (AC'). We point out that we have done this verification,
i.e. we have also considered each element from the set (C) and produced a coalescence (when it was
possible) of a finite node with a finite saddle and we also have obtained the 40 topologically potential
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phase portraits of codimension two* from the set (AC) presented in Figures 4 and 5. Moreover, doing
this verification we have not found the impossible phase portraits Ui’é,l and [Ui{é’2 (this was expected
since the corresponding unfoldings of codimension one* are impossible in the set (C')). In Table 16
we present the study of phase portraits UIQQ to Ulc,lg. In the first column of the mentioned table
we present the phase portrait of the set (C), in the second column we indicate its corresponding
phase portrait belonging to the set (AC) i.e. after producing a finite saddle-node 575, and in the
third column we show the corresponding phase portrait after we make this finite saddle-node s7y)
disappear. Note that the sequence of indexes in the first column is not consecutive since in some phase
portraits from the set (C) it is not possible to produce a finite saddle-node 572y and then it is not
possible to obtain a phase portrait belonging to the set (AC).

TABLE 16. Phase portraits from the set (AC) obtained from evolution of elements
of the set (C)

phase portrait from | phase portrait from | phase portrait from
the set (C) the set (AC) the set (C)
2
[Ul UAC,l ]Ul
C,2 UZ )1
AC.2
2
Ul UAC,3 Uk
c,3 U2 C,1
AC 4
T 2 T
Uc,s UAC,14 UCA
T 2 T
Uc,ﬁ UAC,ls Ug 4
2
]Ul UAC,G Ul
c,7 UQ 4
AC.8
I 2 T
UC,S UAC,H Ug s
T 2 I
UC,Q UAC,12 Up s
T 2 T
Uc,lo UAC,lS UCA
T 2 T
Ui UAC,lG Uc 4
2
[Ul UACJ Ul
C,12 U2 Ci4
AC,9
T 2 T
Ucis UAC,IO Ug s
I 2 I
Uc1a Uics Uca
2
[Ul UAC,QI Ul
C,18 U2 C,15
AC.23
T 2 T
Ut 1o IUAC,19 Uc.is

Phase portrait Ué‘,zo has phase portraits U2Ac,32 and U,za\c,34 as evolution. After bifurcation we
get phase portrait UlC,l? for both cases (being one of them modulo limit cycles), by making the
finite saddle-node sm5) disappear. Moreover, phase portrait UlC,QO also has a phase portrait which is
topologically equivalent to impossible phase portrait Ui"éﬁ, obtained before during the study of phase
portrait ngg. Again, by Theorem 2.7 such a phase portrait is impossible because by splitting the

original infinite saddle-node G)SN into a finite saddle and an infinite node we obtain the impossible
phase portrait U114’1104 of codimension one*, see Figure 137. Also, in the set (C), Ui{és unfolds in
U 17 (modulo limit cycles).

Phase portrait Ulc,21 has phase portraits UZ&C,QQ and Uicg 4, as evolution. After bifurcation we get
phase portrait U10117 for both cases, by making the finite saddle-node 37,y disappear.

Phase portrait U10722 has phase portraits UE‘C’ 40 and Uic,?)g as evolution. After bifurcation we get
phase portraits U10715 and [Ulcﬂ, respectively, by making the finite saddle-node s7,) disappear.
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@520@21 @11

AC,3 A,104

FIGURE 137. Impossible unstable phase portrait Ui{é,g (see again Figure 135)

Phase portrait Ua% has phase portraits Uia% and UZAQW as evolution. After bifurcation we get
phase portrait an for both cases, by making the finite saddle-node 7,y disappear.

Phase portrait Ug, 5, has phase portraits U% ¢ 33 and U%, 35 as evolution. After bifurcation we get
phase portrait an for both cases (being one of them modulo limit cycles), by making the finite
saddle-node s7 () disappear. Moreover, phase portrait Uam also has the impossible phase portrait

Ui’é 4, as an evolution. By Theorem 2.7 such a phase portrait is impossible because by splitting the

original infinite saddle—node G)S N into a finite saddle and an infinite node we obtain the impossible

phase portrait U1141104 of codimension one*, see Figure 138. We observe that, in the set (C), Ui’é 4

unfolds in Ug ;5 (modulo limit cycles).

3 Ul E%i U2,I Ul,]

C,24 AC,4 A,104

FIGURE 138. Impossible unstable phase portrait Ui’éA

In Table 17 we present the study of phase portraits Ulc,% to Ulc,go and we follow the same pattern
used in Table 16.

TABLE 17. Phase portraits from the set (AC) obtained from evolution of elements
of the set (C')

phase portrait from | phase portrait from | phase portrait from
the set (C) the set (AC) the set (C)
T ) I
Ut.2s Ulcs Ut.us
[Ul U?ﬁlC 17 Ul
C,26 U2 ’ C,16
T 540’18 I
U? 27 Uglc,so Ug} 16
U1C 28 U2Ac,38 U1C 15
Ut.29 U1240,20 U? 16
UIC 30 Uﬁlc’m Ulc’15
' Ulc.se Ut.16

Phase portrait Ulc,31 has phase portraits U?A&C,zs and U,zaxcgg as evolution. After bifurcation we get
phase portrait [U10716 for both cases (being one of them modulo limit cycles), by making the finite
saddle-node sn(y) disappear. Moreover, phase portrait I[ﬂa31 also has the impossible phase portrait
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Ui’éS as an evolution. By Theorem 2.7 such a phase portrait is impossible because by splitting the

original infinite saddle—node G)S’N into an infinite saddle and a finite node we obtain the impossible
phase portrait U,la{fms of codimension one*, see Figure 139. We observe that, in the set (C), Ui’éﬁ
unfolds in Ug, ;4 (modulo limit cycles).

1 2,1 1,1
Ue 31 UAC,S UA,IOG

FIGURE 139. Impossible unstable phase portrait Ui{é,s

4.2. The realization of the potential phase portraits. In the previous subsection we have pro-
duced all the 42 topologically potential phase portraits for structurally unstable quadratic systems
of codimension two* belonging to the set Zg(AC’) And from them, we have already discarded two
which are not realizable due to their respective unfoldings of codimension one* being impossible.

In this subsection we aim to give specific examples for the 40 different topological classes of struc-
turally unstable quadratic systems of codimension two* belonging to the set Zg (AC) and presented
in Figures 4 and 5. As in the previous section (see page 59), we point out that we have found examples
with no evidence of limit cycles, but we have not proved the absence of infinitesimal ones.

In [10] the authors classified, with respect to a specific normal form, the set of all real quadratic
polynomial differential systems with a finite semi-elemental saddle-node 57 (5) located at the origin of

the plane and an infinite saddle—node of type (1)SN obtained by the coalescence of a finite antisaddle
(respectively, finite saddle) with an infinite saddle (respectively, infinite node).

As we have discussed in the previous section, the study of a bifurcation diagram of a certain family
of quadratic systems, produces not only the class of phase portraits looked for, but also all those of
their closure according to the normal form used. Even though the study is mainly algebraic, often,
also analytic and numerical tools are required. This makes that these studies may be not complete and
subject to the existence of possible “islands” which contain an undetected phase portrait. The border
of that “island” could mean the connection of two separatrices, and the interior contain a different
phase portrait from the ones stated in the theorem. The topological study that we do in this paper
solves partially this problem, since we prove that all the realizable phase portraits of class (AC) do
really exist, and no other topological possibility does. However, the possible existence of “islands” in
the bifurcation diagram still persists since they can be related with double limit cycles, as discussed
in Section 6 of [10].

By using the phase portraits of generic regions of the bifurcation diagram of the mentioned paper
we realize all the 40 unstable systems of codimension two* of the set (AC), i.e. we can give concrete
examples of all structurally unstable phase portraits from the set (AC).

Consider systems (4). Such a normal form was studied in [10] and it describes quadratic polynomial
differential systems which have a finite semi—elemental saddle-node 573, a finite elemental singularity

and an infinite saddle-node of type (i)SN .

In Table 18 we present one representative from each generic region of the bifurcation diagram of
[10] corresponding to each phase portrait of codimension two* from the set (AC) and, therefore, we
conclude the proof of Theorem 1.6.
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TABLE 18. Correspondence between codimension two* phase portraits of the set
(AC) and phase portraits from Figures 1 and 2 in [10]. In the first column we present
the codimension two* phase portraits from the set (AC) in the present paper, in the
second column we show the corresponding phase portraits from Figures 1 and 2 in
[10] given by normal form (4), and in the other columns we present the values of the
parameters ¢, e, h, and m of (4) which realizes such phase portrait

Cod 2* [10] c e h m
Ulhca Vs —10 30 1 1
UVico Vi 6 81/2 1 4
Uhos  Vas -7 5/2 1 4
Ulca  Vas 2 47/50 1 37/100
Ulhes  Vis -1 —10 1 4
UVlos Va 7 15 1 4
U,Qalcy Vo1 -9/4 —10 1 4
Ulcs Voo -3 7/2 1 —6/5
Ulco  Vio 1/2 —11/2 1 4
Ulcio  Ves -2/5 1/50 1 —1/4
U?AC,M Vos -3 31/10 1 —6/5
Vicae Vi —19/10 17/20 1 —3/4
Vo Ve 3/2 —9/2 1 4
Ulcia Vo3 -1 11/10 1 —6/5
Ulcas Vo 24/5 —4/5 1 4
Uioie  Ves -3 2/5 1 —1/4
Uihoar Vo —25 30 1 4
Uic,w Vs 45/2 98 1 4
U4cte Va2 —1/40 1/50 1 —1/4
Wicny Veo  —6/5  1207/1000 1 -1
Uicor  Var  29/50 —3/5 1 —6/5
Ulhoo2 Vs -1 4 1 4
Ulhoos Vo3 —9/2 —17 1 4
Ulcos  Vire 1/2 42 1 -10
Uhcos Vir —5/4 620/500 1 —49/50
Ulcos Voo —9/5 881/400 1 —6/5
U,%\CQ? Vs 1 7 1 4
U4cos  Vas  —1747/50 30 1 4
Ulcao  Vao 10 5156/625 1 51/100
Ulcso  Ves  —23/50 1151/10000 1 —1/4

2es  Vso o —1/50 1/40 1 —1/4

Ulcsa Voo —-3/2 1/2 1 4

Vicss Ve 1341/2000 —3/5 1 —6/5
403 Vie  1/100 31/10 1 —5/2

U%css Ve —687/50 —17 1 4

U4cgs Veo  —21/10 415 1 4
Aot Vel 10 151/20 1 3/4

Ulcss Voo —1/10000 3/125 1 —1/4
Uicse  Via —3/2 —4 1 4
Ulcao  Vss  1/100 1/100 1 —1/4
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5. GRAPHICS AND LIMIT CYCLES

Even though the goal of this paper deals little with graphics and limit cycles, there is no doubt that
these are two of the most important elements in qualitative theory of ordinary differential equations.

Limit cycles are the most elusive phenomena in phase portraits. They may appear either by a
bifurcation of a weak focus (Hopf bifurcation), by a bifurcation of a graphic, or by a bifurcation of a
multiple limit cycle, and only the first case can be fully algebraically controlled. The other cases are
generically nonalgebraic. In fact, weak foci can be considered among graphics, since they can be seen
as graphics reduced to a single point.

Our goal to find all the topologically different phase portraits modulo limit cycles bypasses this
big problem, but it is not an irrelevant goal. Whenever the mathematical community finally gets the
complete set of phase portraits of quadratic systems (or whatever other family), the subset of the phase
portraits modulo limit cycles will be the base for such a classification. It is expected to obtain more
than one thousand (maybe even up to 2000) different phase portraits of quadratic systems modulo
limit cycles. For quite many of them it will be trivial to determine that they will not have limit
cycles (in the case they do not have a finite antisaddle). But for all the others, it will be necessary to
determine exactly how many different phase portraits can be obtained from that skeleton by adding
limit cycles. Up to now and up to our knowledge, there are very few nontrivial skeletons of phase
portraits which could theoretically have limit cycles, and for which the absence of limit cycles has
been proved. To be more precise, we are only completely sure of one of them, namely the structurally
stable phase portrait S%l. This phase portrait was obtained in [2] and was conjectured by statistical
tools to be incompatible with limit cycles in [4] and this conjecture was proved in [5]. Also in [4] some
other phase portraits are conjectured (by statistical data) to be incompatible with limit cycles, but
no proof is available yet. Apart from these last ones, other candidates can be found in Class I of [38].
In that paper the authors produce three normal forms (denoted by I, IT and III) and they prove that
any system with limit cycle can be transformed in an element of them. The three classes have no
intersection since they deal with the number of finite singularities that have gone to infinity (> 2, 1
and 0, respectively). And in [38] it is also proved that systems from Class I have at most one limit
cycle. There is still no conclusive study of phase portraits from Class I, but some phase portraits of
this class have already been found having one limit cycle and some others with no limit cycle (see
[15, 24, 35]). For the cases with limit cycle, it is closed the fact that such phase portraits can have at
most one limit cycle, and if a conclusive study is done and results are confirmed, the cases with no
limit cycle would add to the phase portrait S?_l as skeletons of phase portraits without limit cycles.
For all other skeletons of phase portraits found up to now, there is not a single proof determining
which is the maximum number of limit cycles that each one may have. There are many other papers
related to the maximum number of limit cycles, but they are mostly linked to a certain normal form.
Most of them simply prove that a specific normal form may have just one limit cycle. But this does
not imply that the skeletons of phase portraits obtained in that normal form may have more limit
cycles in the entire classification.

Up to now, it is known that there are examples of phase portraits of quadratic systems with four
limit cycles distributed into two nests around two foci, more precisely, three limit cycles in one nest and
the fourth limit cycle in the other nest. And even though it is conjectured that the effective maximum
is four with the distribution just mentioned, there is still no conclusive proof. The phase portraits for
which there are examples with four limit cycles belong to three skeletons of phase portraits, namely, the
structurally stables Sil and 8%1,2 from [2], and the codimension one* Ug 4 from [6]. The proof that
they may have at least four limit cycles appears in several papers since they appear in classifications
with a weak focus of order three, already having a limit cycle around a strong focus.

But not even if the maximum bound was four, we would not be close to obtain all the phase portraits
of quadratic systems. Any of the three skeletons mentioned before may have the topologically different
configurations (0, 0), (1,0), (2,0), (3,0), (1,1), (2,1), and (3,1). That is, seven different configurations.
But even that is not a criterion (that is, multiply the number of skeletons by 7) to obtain a simple
upper bound for the total number of phase portraits. There are phase portraits like S;l from [2]
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which has three finite antisaddles. One of them receives (or emits) a single separatrix, the second
one receives (or emits) exactly two separatrices, and the third one receives (or emits) exactly three
separatrices. So, the fact that a limit cycle could be surrounding any of the three antisaddles would
generate a topologically different phase portrait. And in case there were two nests of limit cycles, and
assuming that they could have up to four limit cycles, the number of cases would increase up to 25
possibilities. But from these 25 possibilities, up to now only six have been confirmed to exist. We are
collecting a large database and recording the maximum number of limit cycles found in each one of
the skeletons classified up to now.

With all these facts we want to remark that the topological classification of phase portraits modulo
limit cycles is important since it produces a complete set of skeletons from which all the complete
set of phase portraits must be located. For each particular skeleton, it must be studied if it contains
none, one, two or up to three antisaddles around which the limit cycles may be located. If there is
a complete collection of phase portraits modulo limit cycles, and if an upper bound of limit cycles is
found, it will give a quite rough upper bound for the number of different phase portraits. But the real
number will need a deeper study case by case. Nowadays, the moment that we could have a complete
topological classification is quite far away. However, the topological classification modulo limit cycles
is within reach, although they are not easily reachable yet.

Let us now talk about graphics. Graphics are also very important because they can become the
bifurcation edge which leads to the birth of limit cycles. There has been a lot of literature related to
graphics, and one of the most relevant papers is [19] where the authors list a set of 121 different graphics
whose finite cyclicity needs to be proved in order to prove the finiteness part of Hilbert 16th problem
for quadratic systems. The graphics in this list can be of different types. Many of them imply the
connection of one (or more) couple of separatrices, finite or infinite. Other graphics are formed simply
because a separatrix arrives to the nodal part of a saddlenode (finite or infinite) or an even more
degenerate singularity in coexistence with other properties of the phase portrait. Unfortunately, most
of these graphics cannot be detected by means of algebraic tools. In many studies of families of systems
where a complete bifurcation is given in the parameter space, after all the algebraic bifurcations are
given, the use of continuity and coherence arguments allows the detection of some other nonalgebraic
bifurcations where these graphics appear.

Our methodical study of phase portraits of quadratic systems modulo limit cycles started with
codimension zero (structurally stable) [2] and of course these phase portraits cannot have any graphic
at all. The second step was the classification of codimension—one phase portraits (modulo limit cycles),
and in that study we could start finding some graphics, but not too many. Precisely, we found graphic
(Fy) from [19] in U} 57, Ul 43, Ul 44, and Ul 7. This graphic is formed simply by one finite saddle-
node which sends its center manifold (separatrix of zero eigenvalue) to its own nodal part. We also
have graphic (I7,) from [19] in Ug 49, Up 49 (twice), Up 33, Up 35, and Uj g5. This graphic is formed
by one elemental infinite saddle which sends one of its separatrices to the nodal part of an infinite
adjacent saddle—node formed by the coalescence of two infinite singularities. There are no graphics in
the set (C') of codimension—one phase portraits (modulo limit cycles, see page 3). Finally, in the set
(D) (see again page 3) we found the graphics (F}), (H1), and (I?) from [19]. The first one is just a
loop of a finite elemental saddle, the second one is a separatrix connection between opposite infinite
elemental saddles, and the third one is a separatrix connection between adjacent infinite elemental
saddles. The loop is present in Up ;, Up g, Up 7, Upg, Up g, Up 19, Up g, Upaos Up gy Up as,
U1D7307 U}D,SD UlD,32’ U1D7467 U}DA?? UlDAS’ U}:)749> U}D,507 UlD,Sl’ U1D,52> U}D,537 and U}:),54- The second
graphic appears in Up, |, and Up, ;;. And the third one can be seen in Up o5, Up 59, Up 37, Up 35,
and U}jﬁg. No other graphic from these last five may appear, since all the remaining 116 imply higher
codimension.

Thus, in our current study of phase portraits of codimension two* with a finite saddlenode and
an infinite saddle—node, the only graphics that we can see will be those ones which are inherited from
the respective phase portraits of codimension one* already having a graphic. No new graphic may
appear from the consolidation of the two different instabilities we mix here. In the studies of the sets
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(AD), (BD), and (CD) we will start incorporating more graphics from [19], since we will find, for
example, saddlenodes forming a loop instead of an elemental saddle. Also the set (DD) will provide
graphics with two separatrix connections. Anyway, the graphics will appear in larger numbers when
codimension three* is studied.

There is another important fact, related to stability and graphics, to comment about the classi-
fication that we are working with. As mentioned in Section 1, in [6] it is claimed that there are at
least 204 structurally unstable phase portraits of codimension one® and at most 211. Two papers
have found two mistakes in that book and the newly proved numbers are 202 and 209, respectively.
The seven cases that have not been found correspond to cases which are conjectured as impossible
and some arguments are given to support that conjecture. We point out that all the seven cases
conjectured impossible contain a graphic, more precisely the polycycles (Fy) or (Hi). These phase
portraits consist in an skeleton of separatrices which depending on the stability of the focus inside
the polycycle (compared to other stabilities outside it) may lead or not to a realizable phase portrait.
That is, they lead to a phase portrait which is already known to exist, or lead to a phase portrait
which (up to our knowledge) never appeared before in any paper. The normal techniques which have
allowed us to prove the impossibility of hundreds of phase portraits are useless in these seven cases.
All we can say about these seven phase portraits is that in case they exist, some perturbations from
them would produce phase portraits with a limit cycle that we have not found anywhere. Using the
tools of perturbations related to stability that we use in this paper, we may claim that if one of those
phase portraits with a limit cycle could be proven impossible, then the related unstable phase portrait
with a polycycle would be also impossible. However, the opposite is not true. If the phase portrait
with a limit cycle does exist, it is not sure that the related unstable phase portrait with a polycycle
may exist. There is the possibility that by means of a rotated vector field one could pass from one to
the other, but it is not guaranteed.

So, we see once more the importance of graphics and limit cycles in the classification of phase
portraits. The fact that we talk so little about limit cycles is simply because we want to do the
classification modulo limit cycles in order to have a good base upon which we or others may add the
limit cycles. And the fact that we talk so little about graphics is because at the level of codimension
that we are in this stage, there appear very few of the 121 graphics described in [19].
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