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ABSTRACT. We provide necessary and sufficient conditions for both integrability and linearizability
of a three dimensional vector field with quadratic nonlinearities. For our investigation we consider
the case of (1 : —2 : 1)-resonance at the origin and in general non of the axes planes is invariant.
Hence, we deal with a nine parametric family of quadratic systems. Some techniques like Dar-
boux method are used to prove the sufficiency of the obtained conditions. For a particular three
parametric subfamily we provide conditions to guarantee the non existence of a polynomial first

integral.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The problem of integrability is one of the most difficult problems in the qualitative theory of
differential equations. For a three dimensional system, two independent first integrals are required
in order the system to be completely integrable. In this case the trajectories of the system are
completely determined by the two first integrals. To prove the existence or non existence of a first
integral in general is a very hard problem, especially when the system depends on parameters. So,
during the years many technics have been developed relating to first integrals, like Lie symmetries
[32], Darboux theory of integrability [13, 14], Painlevé analysis [8], Differential Galois Theory
[28, 35], among many others.

In this work we deal with the local integrability and linearizability problem at the origin of the

three dimensional systems
T=P=MAx+azxy+brz+ cyz,
J=Q = py+dry+exz+ fyz, (1)
z=R=vz+ gry + hxz + kyz,
with A = 1,4 = —2 and v = 1 and the nine parameters a, b, c,d, e, f, g, h and k are real.
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In the particular case where the axes planes © = 0, y = 0 and z = 0 are invariants of system (1)
then we obtain a three dimensional Lotka—Volterra system. Such systems have been invistigated by
several authors like Bobienski and Zotadek [5], Aziz [1], Aziz and Christopher [3], Cairo and Llibre
[10, 11], Buzzi et al. [9], Murza and Teruel [31], Basov and Romanovski [4], Christodoulides and
Damianou [12], Gao and Liu, [19], Gonzalez and Peralta[20], Moulin-Ollagnier [30]) among others.

There is a big challenge to understand the mechanisms of integrability of non Lotka—Volterra
systems. Some authors have been studied some non Lotka—Volterra systems: Dukarié et al. [16]
gave necessary and sufficient conditions for integrability and linearizability for a family of three di-
mensional quadratic systems. They used mainly Darboux theory of integrability and other methods
to prove the sufficiency of their conditions. Romanovski and collaborators in [17, 18] investigated
the integrability problem with (0 : —1 : 1) resonance at the origin. Local integrability and lin-
earizability of a quadratic three dimensional family with (1 : —1 : 1) resonance is considered in
[2]. All these works aim to understand the underlying mechanism of the general problem of local
integrability. Our goal is to contribute in this direction.

The main result of the paper is the following theorem.

Theorem 1.1. Consider the three dimensional system (1) with (A, p,v) = (1,—2,1). The origin

1s integrable if and only if one of the following conditions are satisfied:

1) 26> —4bf —ce+2f*=k=h=g=d=a=0

Ng=f=e=d=c=b=0
Nh=g=f=d=c=b=a+k=0

Nk=g=f= th=b=a=0

SYh=g=f=e= =0

6)g=f=e=d=c=a—k=

Nk=g=c=a=0

8) bd + 2bh + fh =af —2bk — fk =ad+2ah—dk=g=e=c=0
9)2d* —4dh —eg+2h?> =k=f=c=b=a=0

0 h=f=e=d=b=0

INk=h=e=d=c=b+f=a=0

Moreover, the system is linearizable if and only if conditions above holds except condition (8).

In general, for parametric families of polynomial differential systems the problem of existence or
non-existence of polynomial first integrals is a very difficult problem. In this direction there are
some works for three dimensional Lotka—Volterra systems, see for example [22, 26, 29, 23]. Some
other investigations on polynomial first integrals of general three dimensional systems can be found
n [10, 25, 27].



We now consider the particular systems (1) where c = e =g = f =d = 0 and kK = a. Then

system (1) becomes the Lotka—Volterra system
& =x(1 + ay + bz),
2 =z(1+ hx + ay).

Note that system (2) corresponds to case 6) of Theorem 1.1. Our result about polynomial first

integrals is the following theorem.

Theorem 1.2. If (i) h =0 and a # 0 or (i) ha # 0 then the three parametric family (2) has no

polynomial first integrals.

Remark 1. (i) System (1) under the condition 6) of Theorem 1.1 has no polynomial first integrals.
The same holds for cases 2) and 5) when k = a.

(ii) If a = h = 0, then yz? is a polynomial first integral of family (2). The same holds for cases 4)
and 6) of Theorem 1.1.

The paper is organized as follows: In Section 2, some basic definitions and known results are
given. Additionally, we explain some mechanisms to find necessary conditions for both integrability
and linearizability. The proofs of Theorems 1.1 and 1.2 are given in Section 3. At the end, in

Section 4 we present the conclusions of this work.

2. KNOWN RESULTS

Here we present the basic definitions and theorems that we use in order to understand the proofs

and the results of the papers. Our purpose is to present a self contained paper.

2.1. Basic definitions. We say that the eigenvalue A is a resonant eigenvalue at the origin of

system (1) if satisfies the following arithmetic condition
Ang 4+ png +vnz3 — A =0, |n|=n1+n2+ng>2 (3)

for some non-negative integers n; € Ng = {0, 1,2, ...}. The natural number |n| = nj +ng+ns is the
order of the resonance and the monomial X™ = z™y"22"3¢; is a resonant monomial. The coeflicient
of the monomial X" in the system (1) is called a resonant coefficient and the corresponding term
is called a resonant term. If condition (3) does not hold then the eigenvalue \ is said to be non-
resonant.

The Poincaré domain is the convex hull of the eigenvalues that does not contain the origin inside
or on the boundary. The Siegel domain is the complement of the Poincaré domain.

We choose the eigenvalues A, © and v to be in the Siegel domain and having two independent
resonances. So, without loss of generality, (maybe considering a scaling of time) we can assume
A, 1, v € Z such that ged(\, p,v) =1, and A, v > 0 and p < 0. In this case we say that the origin

has (A : u : v)-resonance.



Now for system (1) we consider its associated vector field

0 0
X =P— —
o +Q +R8z

We denote by U an open neighborhood of the origin of C3. The non-constant analytic function
H : U — C is a local first integral of system (1) if it is constant on all solutions of the system

contained in U. Hence, in all the points of U we have

8H OH  OH
X(H) = PG5+ Q7+ R =

Consider that the two local first integrals H; and Hy are defined in U. We say that are independent
if their gradients are linear independent in C? except perhaps in a set of measure zero.

A function M : U — C is a Jacobi multiplier of X if it satisfies the equation
X (M) =—-Mdiv(X) in U,

where div(X) = 0P/0z+0Q/0y+0R/0z.If M : U — C is a Jacobi multiplier then 1/M : U\{M =
0} — C is the inverse Jacobi multiplier.
Given a polynomial F' € Clx,y, z], a surface F' = 0 is called an invariant algebraic surface of

system (1), if the polynomial F satisfies the partial differential equation

F=X(F)= aF QQF R%F = CpF, (4)

for some polynomial Cr € Clz,y, z]. Such a polynomial Cr is called the cofactor of the invariant
algebraic surface F' = 0 and for system (1) has at most degree one.

To complete the study of the first integrals of parametric families, we will need to consider
the exponential factors which appears when invariant algebraic surfaces collide. Let E(x,y,z) =

exp(f(z,y,2)/9(z,y,z)) where f,g € C[z,y, z] and gcd(f,g) = 1, then E in an exponential factor if
X(E) = CpE, (5)

for some polynomial C'r of degree at most one. The polynomial CFg is called the cofactor of the
exponential factor E.

A Darbouz function is a function of the form,

i Hj
[1# 11 E
where the F; are invariant algebraic surfaces of the system, and E; = exp(f;/g;) are exponential

factors. Given a Darboux function, we can compute

(TTRTIEY) = (S A0+ [T 7 TT 2

Clearly, the Darboux function is a non—trivial first integral of the vector field X if and only if the

cofactors Cr, and Cf, are linearly dependent. This is a classical result due to Darboux [13].
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Sometimes it is extremely hard to calculate explicitly the expressions of the first integrals of
system (1). Alternatively, we say that system (1) is integrable at the origin if there exists a change

of coordinates of the form
X =2(14+0(z,y,2)), Y=y(1+0(z,y,2)), Z=2z(1+0(x,y,z)),

transforming system (1) to

X=XXm, Y=uYm, Z=vZm, (6)

with m =m(X,Y,Z) =1+ O(X,Y, Z), [6, 7]. Note that system (1) is orbitally equivalent to the
linear system (6). Some times we can choose m = 1 and then we say the system (1) is linearizable.

It is clear that system (6) admits the analytic first integrals
¢=X""Y* and ¢ =Y"Z7H (7)
which pull back to the first integrals of system(1)
¢1 =2 +O0(x,y,2), and ¢y =y 27"+ O(x,y, 2). (8)

Conversely, given two such first integrals, it is easy to construct a change of coordinates such that
¢ and 1 expressed in these new coordinates satisfy (7), and hence the transformed system is of the

form (6) for some m.

2.2. Known theorems. In some cases it is easy to deduce the linearizability of a singularity using

the integrability.

Theorem 2.1. [3] Assume that system (1) is a Lotka—Volterra system. Consider that it is integrable
and there exists a function & = z®yP27(1 + O(z,y, 2)) such that X (&) = k& for some constant
k= a\+ Bu + v, then the system is linearizable.

Additionally, we will use the following theorem.

Theorem 2.2. [2] Consider the system

where \, v € Z". The system is linearizable if there exist functions o and v such that &+~ B =
—pa and Y+~yA=0, where A(X,Z) and B(X,Z) are functions of X and Z.

The following result establish the importance of the Jacobi multipliers, see [21, 24].

Theorem 2.3. [21, 24] Consider the differential system
d
@ P(x), x=(x1,...,Xn) € RY,
dt
with P(z) = (P(x),...,Py(x)) and P; € Rzy,...,xy) fori = 1,...,n. Assume that it admits
a Jacobi multiplier and n — 2 first integrals functionally independent. Then the system admits an

additional first integral functionally independent with the previous n — 2 first integrals.
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2.3. Mechanisms for integrability and linearizability. In this subsection, we present a com-
plete classification of integrability and linearizability conditions of the three dimensional system

(1) with (1: —2:1) resonant critical point at the origin. Hence, we consider the system

T=P=ux+azy+brz+ cyz,
y=0Q=-2y+dzy+exz+ fyz, 9)
z2=R=24 gxy+ hxz + kyz.

Our main objective along this section is to find conditions on the parameters such that system (1)

possesses the two independent first integrals
¢1 =2’y +O0(z,y,2) and ¢y = yz* + O(x,y, 2). (10)

In general, even thought the necessary conditions of integrability are obtained, their sufficiency is
very difficult to be proved. We have used mainly the Darboux theory of integrability and also some
properties of linearizable nodes of two dimensional systems. In the particular cases where system

(1) becomes Lotka—Volterra we apply specific results like Theorem 2.1.

Linearizable node. Sometimes, we can choose a coordinate system so that two of the variables
decouple to give a linearizable node at the origin or can be brought to normal form via an analytic
change of coordinates. In particular, a node with two analytic separatrices can have no resonant
terms in its normal form and so must be analytically linearizable. If this is so, it just remains to
find a linearizing transformation for the third variable via some simple power series arguments.
Since this new system is linearizable, we can find two first integrals which we can pull back to first
integrals of the original system.

Integrability and linearizability conditions of system (3). We will first seek necessary
conditions for integrability and linearizability at the origin of system (9). So we consider ¢; and ¢2
in the form (10) and we write them as power series up to degree 15. In order to find the necessary
conditions we compute the obstructions to form first integrals which are known as resonant focus
quantity, for more details see [16]. Then, a factorized Grobner basis was found using the Computer
Algebra system Reduce. Finally, the minAssGTZ algorithm of the Computer Algebra system Sin-
gular [15, 33] was used to check that the conditions found were irreducible. To prove the sufficiency
of the conditions, we exhibit first integrals of the form (10).

For linearizability, we proceeded similarly: In order to find necessary conditions we compute the
conditions for the existence of a linearizing change of coordinates up to order 13. Then by exhibiting
a linearizing change of coordinates we prove the sufficiency. In this case, the first integrals of system
(9) can be obtained easily by pulling back the first integrals of the linearized system (10). For more

detail, one can consult [2, 3].



3. PROOFS OF THEOREMS 1.1 AND 1.2
Proof of Theorem 1.1. Case 1: System (9) becomes
T =brz+cyz +z, y=—2y+exz+ fyz, Z =z, (11)
and ec = 2(b — f)%

Subcase-1 b # f. In this subcase system (11) has the invariant algebraic surfaces ¢; = z = 0,
by = 22+2(b— f)rz+cyz = 0 and €3 = 2z+cyz+4(f —b)zz+3c(f —b)yz2+ (36> —6bf +3f)z2? = 0
and an exponential factor ¢4 = exp(z) with respective cofactors 1, 1+ (2b— f)z, 1+ (2f — b)z and
z. System (11) has the two independent Darboux first integrals

Hi(z,y,2) = 6 007", Hy(wy,2) = 6 0077

Additionally, the change of coordinates (X, Y, Z) = (62&{7%, 636272]0, ¢1) yields to the linear
system

X=X, Y=Y  Z=2Z, (12)
and the origin of system (12) is in the Poincaré domain. Then, we can pull back the first integrals
®= XY !and ¥ =YZ ! of system (12) to the first integrals of system (11) of the desired form
¢1 = a%y(1+ O(z,y, 2)) and ¢2 = yz*(1 + O(z,y, 2)).
Subcase-2 b = f. Then condition 2b®> — 4bf — ce + 2f? = 0 yields to ce = 0.
First consider ¢ # 0 and e = 0. Then system (11) has the two independent Darboux first integrals
2z + cyz
zexp(fz)
The change of coordinates (X, Y, Z) = ((cyz + 2z)exp(—fz), yexp(—fz), z) linearizes the

Hl(fL‘,y,Z) :yzzexp(_fz)v Hg(x,y,Z) =

system.
Now consider ¢ = 0 and e # 0. Then system (11) has the Jacobi multipliers M; = 1/(exp(z))?/ and
M, = 2%/2%. Additionally, has the first integral H(z,y,z) = \/M2/M; = zexp(fz)/x.

The change of coordinates (X, Y, Z) = (xexp(—fz), (—4y+ exz)exp(—fz), z) linearizes
the system.
At the end consider ¢ = e = 0. Then system (11) is a Lotka—Volterra system and has the two

independent Darboux first integrals

3
zZex z z
Hl(xay)z):i(f)a Hg(a:,y,z)zy?.

The change of coordinates (X, Y, Z) = (2zexp(—fz), wyexp(—fz), =z) linearizes the system.
Case 2: In this case system (9) reduces to the Lotka—Volterra system

t=xz(1+ay), y=-2y, 2z=z(1+hx+ky). (13)

System (13) has the invariant surfaces x = 0 and y = 0 with cofactors K; = ay + 1 and Ky = —2,
respectively. Additionally, system (13) admits the exponential factor exp(y) with cofactor K3 =

—2y.



For a # 0 system (13) has the Darboux first integral H(x,y,z) = 2?y(exp(y))® and the Darboux
Jacobi multiplier M; = (zyz)~!. According to Theorem 2.3, system (13) admits an additional first

integral.

The transformation (X, Y) = (zexp(5y), y) linearizes the first two equations of system (13)

and can be written as

X =X, Y = —2V.
Now, a change of coordinates Z = z exp(—¢) with ¢ an analytic function of the variables X and
Y will give Z = Z if and only if

; - o9
HXY) =X o0 —2Y o5 =

hx(X,Y) + ky(Y). (14)
We have

o () = b ()

and note that  contains no terms of the form (X?2Y)". This guarantees that the solution of relation
(14) is analytic.
For a = 0 system (11) has the two independent Darboux first integrals

Hl(xa Y, Z) = .73‘2:(], H2(x7y7 Z) = ZdeXp (—th‘ + ky) :

The change of coordinates (X, Y, Z) = (a:, Y, Zexp (—hat + %y)) linearizes the last equation.

Case 3: System (9) becomes
t=x(l—-ky), y=-2y+texrz, 2z=z(1+ky). (15)

System (15) is a divergence free system and has the Darboux first integral

2
x°explexz — 2
Hl(xayvz): p( y)

22

The change of variables X = zexp(£(exz —2y)), Z = zexp(—E£(exz — 2y)) will gives X =X,
Z = Z. Note that the linear equation 1y = —2y + eXZ has a particular solution

1
Y1 = ZeX Z.
The substitution y = Y +1; gives Y = —2Y. Hence, system (15) is linearizable and so has the two
independent first integrals ¢ = X2Y and ) = Y Z2.
Case 4: In this case system (9) can be written

t=x+4+cyz, y=y(-2—hx), Z=z(1+hx). (16)
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System (16) is a divergence free system.
For h # 0 has the two independent first integrals
yz> z

H x,Y,z) = ’ H2 x,Y,z) = :
i ) z + exp(z + cyz)h ( ) (22 + cyz) (exp (z + cyz))"

The change of coordinates
(X, Y, Z) = (& +cyz/2, yexp(h(x + cyz)), zexp(—h(z + cyz)).

linearizes system (16).

For h = 0 system (16) has the two independent first integrals

Hl(xvyaz) :yZQ, HQ(.%,:I/,Z) = exXp (\/@(2x+cyz))

The change of coordinates (X,Y,Z) = (z + cyz/2, y, z) linearizes the system.

Case 5: System (9) takes the form
t=z(14+ay+0bz), y=-2y, 2=2z(1+ky).

This case is dual with Case 2 under the transformations = — z, a — k, and b +— h.

Case 6: The new subsystem is a Lotka—Volterra system and takes the form
t=x(l+ky+bdz), y=-2y, 2z=z(1+hx+ky), (17)

System (17) has the first integral Hy(x,vy,2) = y(hx — bz)?exp(ky) and the Jacobi multiplier
M = (zyz)~!. Now Thoerem 2.3, guarantee the existence of another first integral independent of
Hi.

Since ¢ = y satisfy £ = —2¢, then by Theorem 2.1, system (17) is linearizable.

Case T: System (9) becomes
t=x(14+bz), y=-2y+dry+exz+ fyz, 2z==z(1+ hzx). (18)

System (18) has the Darboux first integral

zexp(bz — hx
Hy(z,y,2) = zexplbs = ho)
T
Note that the first and third equation correspond to a linearizable node. Hence, there exists a
change of coordinates of the form X = z(1+ O(z,z2)) and Z = z(1+ O(z, z)) such that the system

becomes
X=X, yg=y(-24de(X,2)+ fo(X,2)) +ex(X,2) 2(X, Z), Z=7Z. (19)

Consider A(X,Z) = dx(X,Z) + fz(X,Z) and B(X,Z) = ex(X,Z)2(X,Z). In order to apply
Theorem 2.2 we should prove that the system ¢ +vB = —2a and 4+ v A = 0, has solutions.

Consider v = exp(—(¢) with ( = Zi+j>0 (ijX'Z3. Then from relation 4 ++v A = 0 we have that
9



Gij = a;j/(i + j) with ¢ + 7 > 0 and the convergence of A guarantees the convergence of (. Now
i+5>0 i X'Y7 and 7B = 2 igj>0
that a;; = —d;;/(¢ + j + 2). So, the convergence of 7B guarantees the convergence of «. Hence,

consider o = ) 6;;X'Z7. From relation & + v B = —2a we have

according to Theorem 2.2 system (19) is linearizable.

Case 8: System (9) is a Lotka—Volterra system and can be written as
t=z(l+ay+bz), y=y(—2+dx+ fz), 2Z==z(1+hx+ky). (20)

If b # 0 and f # 0, then due to Theorem 1.1(8) we have that a = k(20+f)/f and d = —(2b+f)h/b
and the exponential factor E = exp(hx + %y — bz) has cofactor Ly = ha — %y — bz. So we can

construct the two independent Darboux first integrals
i i
(Zsl(xayvz) :nyEQJrE and (Z)Q(xay?Z) :y22E3'

When b # 0 and f = 0, then due to Theorem 1.1(8) it must be k¥ = 0 and d = —2h. The
exponential factor £ = exp(hz + %ay — bz) has cofactor Ly = hx — ay — bz and we obtain the

Darboux first integrals

¢1($,y,2) = .’E2yE2 and qbg(ﬂ?,y,Z) = yZ2.

If b = 0 and f # 0, then it must be h = 0 and £ = a and the exponential factor F =
exp(ay — dx — fz) has cofactor Lg = —dx — 2ay — fz. The two independent first integrals are

¢ =2*yE and ¢y = y2 F.

If b= f = 0, then we can assume d # 0 since otherwise we are in Case 2 of Theorem 1.1. Then it
must be k = a(d+2h)/d and the exponential factor E = exp(ay—dx) has cofactor Ly = —dz—2ay.
Then we obtain the two independent first integrals

k
a .

o1 =2*yE and ¢y = y2*F

Case 9: System (9) becomes
T =um, y = —2y +dzy + exz, 2 =z+ gxy + hxz. (21)

Consider first that g = 0. Then by relation 2d? — 4dh — eg + 2h? = 0 we have d = h. In this case

system (21) becomes
=, y = —2y + exz + hzy, z=2z(1+ hx),

and has the two independent first integrals

—h
Hl(m7y72) = Zexpix)v H2(:1:7y72) = .CEZ(—GJEZ + 4y) exp(—hx).

Additionally, the algebraic surface ¢ = 4y — exz = 0 is invariant with cofactor K = —2 + hx. The

change of coordinates (X, Y, Z) = (x, Lexp(—hz), zexp(—hx)) linearizes the system.
10



Now consider that g # 0. Then using relation 2d? — 4dh — eg + 2h? = 0, system (21) becomes

2(d — h)?

i =ux, y=—2y+dry+ (g)xz, z=2z+gry+ hzz, (22)
and for d # h has the two surfaces fi = 2(d—h)zz —gry—22 =0, fo=2z+gry+4(d—h)zz+
39(d — h)z%y + 3(d — h)?z%2 = 0 and f3 = x = 0 invariants with cofactors K; = 1 + (2h — d)z,
Ky = 1+ (2d — h)x and K3 = 1 respectively. Additionally, system (22) admits the exponential
factor E' = exp(x) with cofactor K = x.

Moreover, system (22) is integrable with the two independent Darboux first integrals
Hl(xa Y, Z) = ff1f3E2h_d7 Hg(l’, Y, Z) = ff1f2E3(h_d)'
Additionally, system (22) admits the Jacobi multiplier M = E~"=?¢ A linearizing change of
coordinates is given by
(X, Y, 2) = (&, LB, fE02D),

For d = h and since g # 0 we have that e = 0. System (22) admits the two independent first

integrals

(yx?g + 2zx) exp(—hzx)
5 :

Hl(l’,y,Z) :nyQXp(_hx)v Hg(l',y,Z) =
T

The change of coordinates

(X,Y,2) = (37, > (ef?’hx> z(gry+22), y2a? (ef?’}””) (gzy + 22’)) ,

linearizes the system.
Case 10: In this case system (9) becomes

T =z+ary+ cyz, Y= —2y, z2=z+gry+ kyz, (23)

and has the surfaces fi = y = 0 and fo = c2? + (a — k)zz — g2 = 0 invariants with cofactors
Ky = =2 and Ky = ay + ky + 2, respectively. Additionally, system (23) admits the exponential
factor F = exp(y) with cofactor K = —2y.

For a # —k system (23) has the first integral H; = f2f2E*"* and the Jacobi multiplier M =
E(@+k)/2  Hence, by Theorem 2.3 admits an additional first integral.

For a = —Fk system (23) is a divergence free system and has the first integral H = fi fo.

For both cases the system will linearize under the transformation

(vava) = (glE%ﬂU:gQE%)a
11



where ¢1 = rix + ¢z and £9 = rox + cz such that

rlzé(a—k—i—\/a2—2ak+4cg+k2),
rgzé(a—k:—\/a2—2ak+4cg+k2>,
a1=%<a+k‘+\/a2—2ak:+4cg+k:2),
agzé(cH—k‘—\/a2—2ak:+4cg+l<:2).

Case 11: System (9) becomes
T =ux(bz+1), y=—y(bz+2), Z = gry + z, (24)

and is a divergence free system. System (24) has the surfaces f; = z = 0, fo = y = 0 and
f3 = z+ Sxy = 0 invariants with cofactors Ky = bz + 1, Ko = —bz — 2 and K3 = 1 respectively.
Additionally, admits the exponential factor E = exp(z + gzry) with cofactor K = z. System (24)
has the Darboux first integrals Hy = f1 fof3 and Hy = E®f3/f1.

The transformation
(X,Y,2) = (HLE, f2E, f3)

linearizes the system. g

Proof of Theorem 1.2. We assume that H = H(z,y, z) is a polynomial first integral of system (2).
Then it must satisfy

OH OH OH
x(1+ay+bz)% —2ya—y+z(1+h:ﬂ+ay)a =0. (25)

We can write H = Y., H;(y, z)a", where for each i, H;(y,z) is a polynomial in the variables y
and z. Note that H is of degree n € NU {0} in the variable x. From (25) the terms in 2! satisfy

OHyu(y, 2)
hz—————= = 0. 26
i, (26)
We distinguish the following two cases.
(i) h=0and a # 0. First consider the case where the polynomial first integral does not depend

on the variable z, so n = 0 and H = Hy(y, z). From relation (25) we have

aHO(yv Z)
dy

aHO(yv Z)

~2 0z

+2(1 + ay) =0,

and the solution is

Hy (y,z) = Cy (z Y exp (a—z‘y)) ,

with Cp an arbitrary function in the variable z,/yexp (“—Qy) . Since the first integral is a polynomial

and a # 0 we have that Cyp must be zero and this means that H = Hy(y, z) = 0, a contradiction.
12



Now we consider that the first integral is of degree n > 0 in the variable x and so H,, # 0. The

terms of 2™ in (25) satisfy

n(l+ ay + bz)Hy(y, z) — 2y(‘m7:9(5"2)

0ty (y, 2)

0z =0

+ 2(1 4+ ay)

The solution of the last linear partial differential equation is
n V2
H, (y,z) = Cy, (z Y exp <(12—y>> Y2 exp [Z <— exp (%) erf (;y) \2amy — 2) bz + n;y]

and (), is an arbitrary function in the variable z,/yexp (%) Note that erf denotes the Error
function which is not an elementary function, see for example [34]. Since H,, is a polynomial and
a # 0, then from the last expression of H,, it must be C,, = 0 and therefore H,, = 0. This is a
contradiction.

Note that for b = 0 the solution of the partial linear differential equation is

= (5o () oo ()

and for a # 0 can never be a polynomial.

(ii) ha # 0. Then from (26) we have H,(y,z) = Hy(y). First consider that the polynomial first
integral H does not depend on the variable z, so consider that n = 0. We have that H = Hy(y, z) =
Hy(y). Then from equation (25) we obtain that %y(y) = 0 and so the first integral H = Hp must
be a constant. This is a contradiction.

Now we consider the case where the first integral H is of degree n > 0 in the variable x and so
H,, # 0. Note that the terms of 2™ for n > 0 in relation (25) satisfy

dHn(y) ZaHn—l(yv Z)

1 bz)H,(y) — 2 h =0. 27
n(l+ay +b2)Hnly) = 2y—0 = + 5 (27)
It is easy to see that equation (27) has the solution
[~n(1 + ay)Ha(y) + 2y %21 n(2) b
Hya(y, 2) = . — ——2Hy(y) + Cu(y),

h h

where C), is an arbitrary function of y. Since H,_1(y,z) is a polynomial and additionally the

function C,, does not depend on the variable z, it must be
d
—n(1+ ay)Hn(y) + 2y@Hn(y) =0,

and so Hy, (y) = Ciexp (%)y%, where C is an arbitrary constant. But H,, is a polynomial and

since n > 0 and a # 0 it must be C7 = 0. This mean that H, = 0 and this is a contradiction

because the first integral H is of degree n in the variable x.

Hence system (2) for cases (i) and (ii) has no polynomial first integrals. O
13



4. CONCLUSION

The problems of local integrability and linearizability are considered for the quadratic polynomial
system (1) which depends on nine parameters. Complete quadratic system are not considered as the
computation of resonant focus quantities is extremely complicated. We found necessary conditions
for both integrability and linearizability at the origin via factorized Grobner basis using Reduce
and minAssGTZ algorithm in Singular [15, 33]. We use some special transformations and some
techniques like Darboux method to prove the sufficiency of the obtained conditions. These results
appears in the main Theorem 1.1. We also proved that for some of the cases of Theorem 1.1 system

(1) has no polynomial first integrals, see Theorem 1.2.
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