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ABSTRACT. This paper is devoted to study the limit cycles of planar discon-
tinuous piecewise linear Hamiltonian systems without equilibrium points sep-
arated by irreducible cubics. We study the limit cycles that intersect the cubic
in two or four points. We provide lower bounds for the maximum number of
limit cycles intersecting the cubic either in two points, or in four points, or
in both classes simultaneously. All the computations of this paper has been
verified with the algebraic manipulator mathematica.

1. INTRODUCTION

We recall that a limit cycle of a differential system is an isolated periodic orbit
in the set of all periodic orbits of this system. It is well-known that among the
many problems of the differential systems in the plane one of the most difficult
is to finding the best upper bound for the maximum number of limit cycles that
a given differential system or a class of differential systems can exhibit, see for
instance the 16th Hilbert problem [12, 14, 16]. Here we consider this problem for
the planar discontinuous piecewise linear Hamiltonian systems without equilibrium
points and separated by irreducible cubics.

Recently an increasing interest appeared for the piecewise differential systems,
mainly due to its applications in engineering, mechanics, electric circuits, ... see for
instance the books of [1, 3, 25] and the hundreds of references therein. A good deal
of that interest is placed in studying the limit cycles of these piecewise differential
systems. See for instance the papers dedicated to study the limit cycles of the
piecewise linear differential systems separated by a straight line or by other kind of
curves. See, without trying to be exhaustive, for instance [2, 6, 7, 8, 9, 10, 11, 17,
18, 19, 20, 24].

In particular in the papers [4, 15, 21] the authors studied the maximum number
of limit cycles of piecewise linear centers separated by algebraic curves of the form
y = 2", or by a conic, or by a reducible or irreducible cubic curve.

In this paper we consider planar discontinuous piecewise linear Hamiltonian sys-
tems without equilibrium points separated by an irreducible cubic. It is known
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and easy to prove that the Hamiltonian vector fields of such piecewise differential
systems in each piece can be written into the form

Xi(z,y) = (= Nibiw + by + i, —AZbix + Nibiy + 6:),

where 6; # A\y; and b; # 0 for i = 1...4, see for details [8]. The Hamiltonian
function associated to the Hamiltonian vector field X; is

Hi(z,y) = (=A?b;/2)2? + Nibiwy — (b:/2)y* + v — Yy.

1.1. Classification of the irreducible cubics. An algebraic cubic curve or sim-
ple a cubic is the set of points (z,y) € R? satisfying P(z,y) = 0 for some polynomial
P(z,y) of degree three. This real cubic is irreducible (respectively reducible) if the
polynomial P(z,y) is irreducible (respectively reducible) in the ring of all real poly-
nomials in the variables x and y.

A point (zg,yo) of a cubic P(x,y) = 0 is singular if P,(xo,yo) = Py(xo,yo) = 0.
A cubic curve is singular if it has some singular point.

A flex of an algebraic curve C' is a point p of C' such that C' is nonsingular at p
and the tangent at p of the curve C intersects C' at least three times.

Theorem 1. The following statements classify all the irreducible cubic algebraic
curves.

(a) A cubic is nonsingular and irreducible if and only if it can be transformed
with an affine transformation into one of the following two curves

co=ci(z,y)=y?> —x(@®>+br+1)=0 withb e (-2,2), or
ca=cz,y) =y —z(x—1)(z—r)=0 withr > 1.

(b) A cubic is singular and irreducible if and only if it can be transformed with
an affine transformation into one of the following three curves:

C3:C3($,y):y2—l‘3:07 or

ca=cy(z,y)=y> —2%(x—-1)=0, or
0

s =cs(zy) =y* —2*(x +1)

Statement (a) of Theorem 1 is proved in Theorem 8.3 of the book [5] under the
additional assumption that the cubic has a flex, but in section 12 of that book it is
shown that every nonsingular irreducible cubic curve has a flex. While statement
(b) of Theorem 1 follows directly from Theorem 8.4 of [5].

1.2. Statement of the main results. We denote by C}, the class of planar discon-
tinuous piecewise linear Hamiltonian systems without equilibrium points separated
by the irreducible cubic ¢y, =0 for k=1,...,5

Our first objective is to provide the maximum number of limit cycles with two
points on the cubic for the discontinuous piecewise linear Hamiltonian systems
separated by a cubic ¢y = 0, with £ = 1,...,5. We note that such limit cycles
are contained only in two pieces of the discontinuous piecewise linear Hamiltonian
system.



Theorem 2. For k =1,...,5 the maximum number of limit cycles of the discon-
tinuous piecewise linear Hamiltonian systems intersecting the cubic ¢ = 0 in two
points is three.

This mazimum is reached in Figures 1, 2 and 3 for the classes Cy, C5 and Cy
respectively; and in Figures 4, 5 and 6 for the class Cy; and in Figure 7 for the
class Cs.

Theorem 2 is proved in section 2.

The second objective of this work is to give the maximum number of simultaneous
limit cycles with two or four points on the cubic for the discontinuous piecewise
linear Hamiltonian systems which intersect the cubics co = 0 or ¢5 = 0. We note
that such limit cycles are contained in three pieces of the discontinuous piecewise
linear Hamiltonian system.

Theorem 3. The following statements hold.

(a) The mazimum number of limit cycles of the discontinuous piecewise linear
Hamiltonian systems intersecting in four points the cubics co or cs is three.
See Figures 8 and 9 for the classes Cy and C', respectively.

(b) The mazimum number of limit cycles of the discontinuous piecewise lin-
ear Hamiltonian systems intersecting simultaneously in four points and two
points the cubics co or cs is three.

This mazimum is reached in Figures 10 and 11 for the class Cs, and in
Figure 12 for the class C5 where there are examples of systems exhibiting
simultaneously one limit cycle with four intersection points and two limit
cycles with two intersection points with the cubic.

The mazimum is also reached in Figures 13 and 14 for the class Ca, and
in Figure 15 for the class Cs where there are examples of systems exhibiting
simultaneously two limit cycle with four intersection points and one limit
cycles with two intersection points with the cubic.

Theorem 3 is proved in section 3.

E)

F1GURE 1. The three limit cycles of the discontinuous piecewise
differential systems (4)—(5).

2. PROOF OF THEOREM 2

We shall prove that the maximum number of limit cycles of the discontinuous
piecewise linear Hamiltonian systems intersecting the cubic c3 = 0 in two points is
three. For the other four cubics the proof is completely similar.
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FIGURE 2. The three limit cycles of the discontinuous piecewise
differential systems (7)—(8).

FIGURE 3. The three limit cycles of the discontinuous piecewise
differential systems (9)—(10).

FIGURE 4. The three limit cycles of the discontinuous piecewise
differential systems (12)—(13).

FIGURE 5. The three limit cycles of the discontinuous piecewise
differential systems (14)—(15).

We consider the discontinuous piecewise linear Hamiltonian system such that in
the region Ry = {(z,y) : y*> — 23 > 0} is defined as

(1) i=-Mbiz+biy+p, §=-Abz+\by+oi,



FIGURE 6. The three limit cycles of the discontinuous piecewise
differential systems (16)—(17).

FIGURE 7. The three limit cycles of the discontinuous piecewise
differential systems (19)—(20).

with by # 0 and o1 # A1p1. This system has the first integral
Hy(z,y) = —(N2b1/2)x? + by — (b1/2)y? + 012 — p1y.
In the region Ry = {(x,y) : y* — 23 < 0} we consider the linear Hamiltonian system
(2) &= —Xobox 4 boy + o, Y = —Nabox + Aaboy + 09,
with by # 0 and o9 # Asps. Its corresponding Hamiltonian first integral is
Hy(z,y) = —(\2ba/2)x? + Xobozy — (by/2)y? + ooz — pioy.

In order to have a limit cycle which intersects the cubic 3?2 — 23 = 0 in the points
(z4,y;) and (zk,yr), these points must satisfy the system

Hl(xivyi) - Hl(xlmyk) = Oa
(3) -HQZ(miv3yi) - HQ(xkvyk‘) = 07

Yy, —T; = 07

yi — 3 =0.

Suppose that the piecewise differential system formed by the systems (1) and (2)
has four limit cycles. Then system (3) must have four pairs of points of solutions
of the form p; = (r?,r?) and ¢; = (s?,s3) for i = 1,...4. Due to the fact that these

points must satisfy the first two equations of system (3), from these two equations
and for ¢ = 1 we get that

_ blr? — 2b1)\17‘% + bl)\%’l“éll — bls? + 2b1)\18? — bl)\%s‘f + 2#17‘% - 2/1,18‘;’
2(rf — s1) ’

01

and o9 has the same expression than o7 changing (b1, A1, 1) by (ba, A, p2).
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Since the points ps = (r3,73) and ¢z = (53, 53) also satisfy system (3), we obtain
that parameters p; and pe must be p; = A/B, where

A= —(b1(r3(ro + s2) +ri(re + 82) (51 — 2X1) + 73 (ro + 82) (51 — A)% +1ris1(ro
+52) (51— A1)% — 11 (r5 + 13 (s2 — 2X\1) + 713 (s2 — A\1)? + 1r352(s2 — A\1)% + 1o

(—s] +83(s2 — A1)2 4+ 25301 — 89A2) + s2(—s7 + 83(52 — A\1)? + 255\ — s70?)
+51(=15 —15(s0 — 2X1) — 73 (52 — A\1)% — r2s9(52 — A1)? + 1a(sf — s2(s2 — A1)

—283A1 + 52A2) + 5o (st — s2(s2 — A1)? — 255 + 5202))),
B = 2(r3(ro + s2) + s1(—73 + ra(s1 — s2) + (51 — 82)82) — 71(r5 + ro(—51 + 52)
+59(—s1 + 52)))-

And ps has the same expression than py changing (b1, A1) by (b2, A2).

Again the points p3 = (r3,r3) and gz = (s3,s3) satisfy system (3), then we

obtain two values of A\; we name them )\gl) and )\§2) and two values of Ay we name
them /\gl) and /\g"). The first value of \; is given by )\gl) = (C - (1/2)v/D)/E and
the second one is )\(12) = (C + (1/2)vV/D)/E, where the values of C, D and E are

given in the appendix. We get the expression of )\g) and Aém by changing by by bs

in the expression of )\51) and /\52), respectively.

We replace p1, /\gi) and o7 in the expression of Hy(x,y), and us, /\g) and o5 in
the expression of Hs(x,y) and we obtain Hi(x,y) = Ha(z,y), for i = 1,2. Hence
the discontinuous piecewise linear differential system becomes a linear differential
system, and consequently the system has no limit cycles. So the maximum number

of limit cycles in this case is two.

Now we consider the pairs either )\§2) and /\gl), or )\gl) and )\52). By replacing
the expressions of o1, 1 and )\52) (resp. /\gl)) in the expression of Hi(z,y), and
02, i and )\él) (resp. )\éz)) in the expression of Hy(z,y) and we obtain that
Hy(z,y) # Ha(w,y). Since the points py = (r3,73) and q4 = (s3, s3) satisfy system
(3), then we obtain by = 0 and by = 0. This is a contradiction because by the
assumptions they are not zero. In summary, we proved that the maximum number
of limit cycles for PHS separated by a irreducible cubic curve c3 = 0 is at most
three.

In order to complete the proof of the theorem we shall provide discontinuous
piecewise linear Hamiltonian systems without equilibrium points separated by the
cubic ¢ = 0 with three limit cycles for £k =1,...,5.

Example with three limit cycles when the cubic of separation is ¢; = 0.
In the region Ry = {(z,y) : y*> — #(2® + = + 1) > 0}, we consider the linear
Hamiltonian system

(4) (cﬁ,y)—(gx+3y+,++1).

It has the Hamiltonian function H;(x,y) = —272%/50 4+ 92y/5 — 3y*/2 — y/5. Now
we consider the second linear Hamiltonian system

(5)  (d,9) = (5.54426..2 — 2y — 9.52503..,15.3694..2 — 5.54426..y — 38.5097..)

in the region Ry = {(x,y) : y*—x(2*+x+1) < 0}. This Hamiltonian system has the
Hamiltonian function Ho(z,y) = 7.6847122 — 5.544262y — 38.5097x + 3% +9.52503y.

:
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The discontinuous piecewise differential system (4)—(5) has exactly three limit
cycles, because the system of equations

Hl(aﬂﬂ)_Hl(’Yaé) :07
(6) HQ(aaB) _H2(7a6) =0,

¢i(a, B) =0,

01(775) 207

when ¢ = 1, has only three real solutions

(a1, B1,71,61) = (0.393342.., —0.780303..,0.908209.., 1.5755..),
(a2, B2, Y2, 62) = (0.558506.., —1.02208.., 1.19256.., 2.07625..),
(a3, B3, 73, 03) = (0.680997, —1.20854.., 1.3862.., 2.44365..),

see Figure 1.

Example with three limit cycles when the cubic of separation is c3 = 0.
In the region Ry = {(z,y) : 2° — y?> < 0} we consider the Hamiltonian system

Lo x 1 =z y 4
(7) (:c,y)< 2+5y+5, 20+2+5>.
It has the Hamiltonian function H;(x,y) = —2%/40 + 2y/2 + 4x/5 — 5y*/2 — y /5.
Now we consider the second Hamiltonian system

51
(8)  (&,7) = (2.8254..x + Wg — 9.47986.., —15.6528..: — 2.8254..y — 132.539..)

in the region Ry = {(z,y) : 2® — y*> > 0}. This Hamiltonian system has the

1 2
Hamiltonian function Ha(z,y) — —7.82638..2% — 2.8254..ay — 132.539..z — L

9.47986..y. The discontinuous piecewise differential system (7)—(8) has exactly three
limit cycles, because the system of equations (6) when ¢ = 3 has only three real
solutions

(a1, B1,71,01) = (0.700707.., —0.58655.., 0.765078.., 0.669204..),
(a2, Ba, V2, 02) = (0.969795.., —0.955036.., 1.06038.., 1.09192..),
(as, B3, 73, 03) = (1.13263.., —1.2054..,1.23647..,1.37492..),

see Figure 2.

Example with three limit cycles when the cubic of separation is ¢4 = 0.
We consider the Hamiltonian system

4x 3 4dr 4y 3
9 )=~ ay e Y0
(9) (#,9) ( R Tt 25+5+5>,
in the region Ry = {(z,y) : ¥> — 2%(z — 1) < 0}. This Hamiltonian system has the
Hamiltonian function Hi(z,y) = —22%/25 + 4xy/5 + 3z/5 — 2y* — 3y/10. In the
region Ry = {(z,9) : y*> — 2%(x — 1) > 0} we consider the Hamiltonian system
(10)
(z,9) = (—4.28711..z + 9y/100 — 13.3828.., —204.215..2: + 4.28711..y + 151.777..),

which has the Hamiltonian function Hy(z,y) = —102.107..224+4.28711..2y+151.777..x—
992 /200 + 13.3828..y.
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The discontinuous piecewise differential system (9)—(10) has exactly three limit
cycles, because the system of equations (6) when ¢ = 4 has only three real solutions

(a1, B1,71,61) = (1.05134.., —0.238211.., 1.24153..,0.610155..),
(s, B2, Y2, 62) = (1.21453.., —0.562538.., 1.46092..,0.991826..),
(as, B3, 73, 65) = (1.33077.., —0.765367.., 1.59962.., 1.23867..),

see Figure 3.

Three examples with three limit cycles when the cubic of separation
is ¢ = 0. We define the following regions associated to the curve c; = 0

Ry ={(2,y) 1 y* —x(x - 1)(x — 3) > 0},
(11) Ry ={(x,y) 1 y* —x(z — 1)(z — 3) < 0,2 > 3},
Ry ={(x,y) v —z(z —1)(z —3)<0,0<z < 1}.

For the first configuration of limit cycles separated by the curve co = 0 we consider
the Hamiltonian system

13z 7 169x 13y 19
12 i) = [~ 4 Byt — e o
(12) (9) ( 20 7Y 10 2000 T 20 +10)’
in the region R;. It has the Hamiltonian function Hi(x,y) = —16922/4000 +

132y/20 + 192/10 — 542 /2 — Ty/10. In the region Ry we consider the Hamiltonian
system

(13) (&) = (44.7429..2 — 3y/10 + 289.458.., 6673.09..2: — 44.7429..yy — 15544.3..),

which has the Hamiltonian function Hs(z,y) = 3336.54..22—44.7429..2y—15544.3..2+
3y?/20 — 289.458..y.

The discontinuous piecewise differential system (12)—(13) has exactly three limit
cycles, because the system of equations (6) when ¢ = 2, has only the three real
solutions

(a1, Br, 71, 01) = (3.00602.., —0.190529..,3.09131..,0.768297..),
(a2, Ba, 72, 02) = (3.04571.., —0.533662..,3.18176..,1.12329..),
(a3, B3, 73, 65) = (3.09077.., —0.765857.., 3.25463.., 1.36691..),

see Figure 4.
For the second configuration we consider the Hamiltonian system

Lo 14z 163 28x 14y 2
14 = _—— _—, — _— —
(14) (&,9) ( T 00 s s +5>,

in the region R;. It has the Hamiltonian function Hi(z,y) = 142%/25 + 14xy/5 +
22/5 + Ty?/2 — 163y/100. Now we consider the second Hamiltonian system

(15)

(#,9) = (—0.860462..7 + 3y/10 + 0.4357.., —2.46798..z + 0.860462..y + 0.115128..),

in the region R3. This Hamiltonian system has the Hamiltonian function Hy(z,y) =
—1.23399..22 + 0.860462..zy + 0.115128..0 — 3y%/20 — 0.4357..4.

The discontinuous piecewise differential sysem (14)—(15) has exactly three limit
cycles, because the system of equations (6) when ¢ = 2, has only the three real



solutions
(a1, B1,71,01) = (0.605489.., —0.756295..,0.748414..,0.651116..),
(a2, B2, 72, 82) = (0.747078.., —0.652453..,0.911161..,0.4112..),
(as, PB3,73,03) = (0.87431.., —0.483319..,0.988069..,0.154006..),

see Figure 5.

To obtain the third configuration we consider in the region R; the Hamiltonian
system

.. 23z 23y 1 232z 23y
1 — (22 D 2 2y
(16) (,9) (100+ 10 5 1000 100 T )
which has the Hamiltonian function Hi(z,y) = —232%/2000 — 232y/100 + = —

23y2/20 4+ y/5. In the region Ry we consider the Hamiltonian system
(17)
(Z,9) = (0.0984281..z + 0.000233032..y + 2, —41.574..2 — 0.0984281..y + 96.8899..),

This differential system has the Hamiltonian function H(x,y) = —20.787z2 —
0.0984281xy + 96.8899z — 0.000116516y2 — 2y.

When ¢ = 2 in the system of equations (6) the discontinuous piecewise differential
system (16)—(17) has exactly three limit cycles intersecting the cubic curve ca = 0
in the points

(a1, B1,71,01) = (3.54594.., —2.22005.., 3.35042.., 1.66118..),

(a2, B2, 2, 02) = (3.63153.., —2.45666.., 3.42694.., 1.88438..),
(as, B3, V3, 63) = (3.70911.., —2.66935.., 3.49745.., 2.08449..),

see Figure 6.

Example with three limit cycles when the cubic of separation is c5 = 0.
We define the following three regions associated to the curve c¢5 =0

Rl = {(mvy) : y2 —$2($+ 1) < va > 0}7
(18) Ry ={(z,y) :y* —2*(x + 1) = 0},
Rz ={(x,y) :y* —2*(x+1) <0,-1 <2 <0}

For the class C5 and in the region R; we consider the Hamiltonian system

. 9z 1 27z 9y
(19) (&, 9) ( TR 100+10+),
which has the Hamiltonian function H;(x,y) = —272%/200 + 92y/10 +x — 3y? /2 —
y/5. Now we consider the Hamiltonian system
(20)
(,9) = (—0.192471..2 + y/1000 — 6.61081.., —37.0449..2 4+ 0.192471..y — 26.7945..),

in the region Rs,. This differential system has the Hamiltonian function Hy(z,y) =
—18.5225..22 4+ 0.192471..zy — 26.7945.. — y*/2000 + 6.61081..y.

The discontinuous piecewise differential system (19)—(20) has exactly three limit
cycles, because the system of equations (6) when i = 5, has the three real solutions

(a1, B1,71,01) = (0.863262.., —1.17836..,1.16993..,1.72339..),
(a2, B, 72, 62) = (0.986378.., —1.39019.., 1.32103.., 2.01258..),
(a3, B3, 73, 03) = (1.0876.., —1.57142.., 1.44408.., 2.25761..),

see Figure 7.
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This completes the proof of Theorem 2.

FIGURE 8. The three limit cycles of the discontinuous piecewise
differential system (24).

FIGURE 9. The three limit cycles of the discontinuous piecewise
differential systems (26).

FIGURE 10. The three limit cycles of the discontinuous piecewise
differential system (27).

FIGURE 11. The three limit cycles of the discontinuous piecewise
differential systems (28).
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FIGURE 12. The three limit cycles of the discontinuous piecewise
differential systems (29).

FIGURE 13. The three limit cycles of the discontinuous piecewise
differential systems (30).

FIGURE 14. The three limit cycles of the discontinuous piecewise
differential systems (31).

FIGURE 15. The three limit cycles of the discontinuous piecewise
differential systems (32).

3. PROOF OF THEOREM 3

We give the proof for the maximum number of limit cycles for the statements
(a) and (b) of the class Cs, and the proof for the class Cy is similar.
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We consider the Hamiltonian systems

&= —Mb1x + b1y +p1, §=-Abix+ A\biy + o1, in the region Ry,
(21) T = —Angl‘ + bgy + Mo, y = —)\ngI + )\ngy + g9, in the region RQ,
T = —Aszbsx + b3y + 3, Y= *)\%bgl’ + A3b3y + o3, in the region Rg,

with b; # 0 and o; # Ay, when ¢ = 1,2,3. The regions R; for i = 1,2,3 are
defined in (18). Their corresponding Hamiltonian first integrals are

Hi(z,y) = —(A\ib1/2)a* + Mibizy — (b1/2)y> + o1x — puy,
(22) Hy(z,y) = —(M3b2/2)2? + Aoboxy — (ba/2)y? + 022 — oy,
Hy(x,y) = —(A3b3/2)2% + Asbszy — (b3/2)y? + 032 — psy.

In order that the discontinuous piecewise differential system (21) has limit cycles
which intersect the cubic ¢; = 0 in the points p(z) = (r = 1,ri(r2 = 1)), pg) =
(57 = Lisi(s? = 1), p” = (f7 = L fi(f7 = 1)) and p) = (b — 1L ha(h? — 1)) they
must satisfy the following system

Hi(r? —1,7(r2 = 1)) — Hy(s? — 1,51(5 — 1)) 0,
Hz(?”?*l»ri(rffl)) H2(fz2 17fi(fi2 )):0
H3(f} =1, fi(f? = 1)) — H3(h} — 1, hi(hi — 1)) =

Now we consider the first and the last equations of system (23), by solving the first
equation for ¢ = 1,2,3 we get the expressions of A1, 1 and o1, and we get A3, us
and o3 by solving the last equation. If we suppose that these two equations have
a fourth solution, then from the first we get by = 0 and from the last one we get
bs = 0. This is a contradiction because by the assumptions they are not zero. Then
we proved that the maximum number of limit cycles intersecting the cubic ¢5 = 0
in four points is at most three.

Example with three limit cycles intersecting the curve c; = 0 in four
points. We consider the Hamiltonian systems

i = —91/25—18y/5 +1/10,§ = 92/250 + 9y/25 — 19/10, in Ry,

&= —409.623..z — 3y/25 — 91053.6.., 57 = 1.39826 x 10z + 409.623..y
(24) —3.35682 x 109, in Ry,

i= —23.0405.z —y — 49.2425...§ = 530.865..7 + 23.0405..y

—2056.81.., in Rs,

where the regions R; for ¢« = 1,2,3 are defined in (11). The Hamiltonian first
integrals of the Hamiltonian systems (24) are

Hi(z,y) = 922/500 + 9zy/25 — 192/10 + 9y* /5 — /10
Hy(z,y) = 699130..22 + 409.623..7y — 3.35682 x 10%z + 3y2 /50 + 91053.6..y,
Hs(x,y) = 265.432..22 + 23.0405..20y — 2056.81..x + y?/2 + 49.2425..y,

In order that discontinuous piecewise differential system (24) has limit cycles which
intersect the cubic ¢ = 0 in the points p = (a4, B4), p (Z) = (74,0:), p3° = (fi, 9:)
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and py) = (hy, k;) these points must satisfy the system

(@i, Bi) — Hi(7i,0;) = 0,
2(az; )) HZ(aubz) = 07
2(’71 ) H2(czadz) 0
3la;, ) Hg(Cz,d ) = O
2(as, b)) = ca(ei, d;) =0,
Q(O‘zvﬁz) - 62(7175 ) =0.

(25)

T T E

Q0

For the discontinuos piecewise differential system (24) all the real solutions of
the system of equations (25) are

(0&1, ,81, Y1, 51, ay, b1, Ci, dl) = (3229967 128698, 345846, —1.97435..7
0.960385..,0.278564..,0.931044.., —0.364457..),

(a2, B2, 72, 02, a2, ba, ca,d2) = (3.28571..,1.46483..,3.52436.., —2.15987..,
0.763003..,0.636015..,0.710476.., —0.686261..),

(0437 53, Y3, (53, as, b3, C3, d3) = (3.33822.., 1.62479.., 3.58465.., —2.3274..,
0.400766..,0.790071..,0.351882.., —0.777131..),

Then the discontinuous piecewise linear differential system (24) has exactly three
limit cycles, see Figure 8.

Example with three limit cycles intersecting the curve c¢; = 0 in four
points. We consider the following Hamiltonian systems

i= —82.0596.x —y— 176.297..,7 = 6733.77z + 82.0596y
+333.127, in Ry,
(26) i = —92/25— 18y/5+ 1/10,¢ = 92/250 + 9y/25 — 19/10, in Ry,
i = —138.156..z + 2y + 550.05.., ) = —9543.6.. + 138.156..y

~9983.81.., in Rs.

The regions R; for i = 1,2,3 are defined in (18). The Hamiltonian first integrals of
the Hamiltonian systems (26) are

Hy(z,y) = 3366.89..22 + 82.0596..xy + 333.127..x + y?/2 + 176.297..y,
Hy(z,y) = 922 /500 + 92y /25 — 192/10 + 9y /5 — y/10,
Hs(x,y) = —4771.8..2% + 138.156..2y — 9983.81..x — 3% — 550.05..1,

respectively. For the discontinuos piecewise linear differential system (26) the real
solutions of the system of equations (23) are

(al, 61, Y1, (517 ai, bl, C1, dl) = (0.744242.., 0.982918.., 0.834499..7 —1.13028..,
—0.241407..,0.210259.., —0.211795.., —0.188034..),

(g, B, 2, 02, a2, by, ca,da) = (0.842745..,1.14401..,0.939388.., —1.30821..,
—0.462869..,0.339233.., —0.395867.., —0.307691..),

(0[3, 537 Y3, 53, as, b37 C3, dg) = (092187, 1278, 102368, —1.4‘:5624‘:..7
—0.718929..,0.381148.., —0.589074.., —0.377617..),

where oy = 7?2 — 1, B; = ri(r? = 1), v = 82 — 1, 6; = si(s? — 1), a; = f? — 1,
bi = fi(f2=1), c; = h? — 1, d; = hy(h? — 1) Then the discontinuous piecewise
linear differential system (26) has exactly three limit cycles, see Figure 9. This
completes the proof of statement (a) of Theorem 3.

Now we start the proof of statement (b) of Theorem 3.
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We consider the discontinuous piecewise differential system (21) with their cor-
responding first integrals (22). Assume that there are piecewise differential systems
(21) having two limit cycles intersecting the cubic ¢z = 0 in four points and two
limit cycles intersecingt co = 0 in two points. Then such systems must have two so-
lutions in system (25), and two solutions in system (6) with ¢ = 2 where eventually
H; can be permuted with Hs. From the fourth first equations of these two systems
related with the first integral H; and the fourth mentioned solutions, we obtain the
expressions of the parameters A1, p1, o1 and by, and it results that b = 0, which
is a contradiction.

Now assume that the discontinuous piecewise differential system (21) has one
(resp. three) limit cycle intersecting the cubic co = 0 in four points and three
(resp. one) limit cycles intersecingt ¢ = 0 in two points, we get in the region Rs,
defined in (11), four equations on Hj from which we obtain the expressions of the
parameters Asz, u3, 03 and a zero value for bz, which is again a contradiction.

In summary, we conclude that the maximum number of simultaneous limit cycles
intersecting the cubic ¢y = 0 in four points and two points is three.

Examples with one limit cycle with four points on ¢; = 0 and two limit
cycles with two points on c; = 0. As usual we consider the regions defined
n (11). For the first possible configuration we consider the following Hamiltonian
systems separated by the cubic co = 0

i = 308.837z —1y/10 — 67017.8,7 = 953806.2 — 308.837y
—2.2674 x 10%, in Ry,

i= —Tz/10— Ty +1/10,y = 72/100 + 7y/10 — 3, in Ry,

i = —dx+2y+3.55037,9 = —8z + 4y +3, in Rs.

The Hamiltonian systems in (27) have the Hamiltonian first integrals

Hi(z,y) = 476903..2% — 308.837..xy — 2.2674 x 1052 + y2/20 + 67017.8..y,
Hy(x,y) = 722/200 + 7T2y/10 — 3z + Ty% /2 — y/10,
Hj(z,y) = —42 + 4oy + 3z — y? — 3.55037..y.

The discontinuos piecewise differential system (27) has one limit cycle intersecting
the cubic ¢co = 0 in four points satisfying system (25) and two limit cycles inter-
secting the cubic ¢o = 0 in two points satisfying system (6) with ¢ = 2, because all
the real solutions of these two systems are

(0417 51, Y1, (51, ay, b1, Ci, dl) = (3.12267..7 0.901721.., 3.3261.., —1.58839..7
0.949883..,0.312404..,0.907114.., —0.419931..),

(g, B, 2, 02) = (3.15388..,1.0224.., 3.36809.., —1.71344..),

(s, B3,73,03) = (3.18433..,1.1323..,3.40728.., —1.82772..).

Then the discontinuous piecewise differential system (27) has exactly three limit
cycles, see Figure 10.
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For the second possible configuration we consider the following Hamiltonian sys-
tems separated by the cubic co =0

(28)
i = —1.02031.z+ 12y — 3/10,4 = —0.0867522..z + 1.02031..y — 2, in Ry,
i = —132/5+ 26y +7/10,9 = —13z/50 + 13y/5 — 11/5, in Ra,
i= —2.71966..x —y/5 + 1.64749..,) = 36.9826..2 + 2.71966..y

—23.1126.., in Rs.
The Hamiltonian first integrals of the Hamltonian systemsn (28) are

Hi(z,y) = —0.0433761..22 + 1.02031..0y — 2z — 6y> + 3y/10,
Hy(x,y) = —132%/100 + 13zy/5 — 11x/5 — 13y* — 7y /10,
H3(z,y) = 18.4913..2% + 2.71966..2y — 23.1126..x + y*/10 — 1.64749..y,

respectively. The discontinuos piecewise differential system (28) has one limit cycle
intersecting the cubic c; = 0 in four points satisfying system (25) and two limit
cycles intersecting the cubic ca = 0 in two points satisfying system (6) with ¢ = 2
and Hj instead of Hj, because all the real solutions of these two systems are

(a1, B1, 71,01, a1,b,c1,dy) = (3.03932..,0.493657.., 3.00028.., 0.04126..,
0.806003..,0.585712..., 0.889093.., —0.456234..),
(a2, B2, 72, 82) = (0.743027..,0.656462.,0.840689.., —0.537772...),
(a3, B3, ys,03) = (0.668452..,0.718837..,0.78419.., —0.612369..).

Then the discontinuous piecewise differential system (28) has exactly three limit
cycles, see Figure 11.

Example with one limit cycle with four points on c¢5 = 0 and two limit
cycles with two points on ¢5; = 0. As usual we consider the regions defined in
(18). We consider the following Hamiltonian systems

i = —12z— 4y — 3.26985.., = 36z + 12y + 2, in Ry,
(20) i = —16x — 40y — 41/5, 3 = 32x/5 + 16y + 699/100, in Ry,
i= —17.5227.2 4+ 20y — 2.73401.., 5 = —15.3522..%

+17.5227..y — 2.04797.., in R3.
The Hamiltonian first integrals of these Hamiltonian systems are

Hy(z,y) = 1822 + 122y + 2z + 2y? + 3.26985..y,
Hy(x,y) = 162%/5 + 162y + 699x/100 + 20y? + 41y/5,
Hs(z,y) = —7.67611..2% 4+ 17.5227..0y — 2.04797..2 — 10y> + 2.73401..y,

respectively. The discontinuos piecewise differential system (29) has one limit cycle
intersecting the cubic ¢; = 0 in four points satisfying system (23) and two limit
cycles intersecting the cubic ¢5 = 0 in two points satisfying system (6) with i = 5
and Hj instead of Hj, because all the real solutions of these two systems are

(011, ﬂl, Y1, 51, ai, b17 Ci, dl) = (001270297 00127834, 0280458, 703173597
—0.14376..,0.133026.., —0.571076.., —0.374011..),

(a2, Ba2,7v2,02) = (—0.028627.., —0.028214.., —0.480257.., —0.346233..),

(s, B3,73,03) = (—0.085601.., —0.081855.., —0.386674.., —0.302824..),

where a; =72 — 1, By = ri(rf — 1), 1 = 87— 1, 61 = s1(s3 — 1), a1 = f2 — 1,
by = fi(f2 —1), ¢y = h3 — 1, dy = hy(h? — 1). Then the discontinuous piecewise
differential system (29) has exactly three limit cycles, see Figure 12.
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Examples with two limit cycles with four points on ¢; = 0 and one
limit cycle with two points on ¢; = 0. We consider the regions defined in (11).
For the first configuration of the class Cy we consider the following Hamiltonian
systems

i = 1937.84..x — Ty/10 — 377775..,5) = 5.36462 x 105z — 1937.84..y
—1.27506 x 107, in Ry,

i= —Tx/10—Ty+1/10,9 = 72/100 + 7y/10 — 3, in Ry,

i = —6x+3y—11.0527...9 = —122 + 6y — 275.389.., in Rs,

with the Hamiltonian first integrals

Hy(z,y) = 2.68231 x 10522 — 1937.84..2y — 1.27506 x 107z + 7y%/20 + 377775..4,
Hy(z,y) = 722 /200 + Tzy/10 — 3z + 7y*/2 — y/10,
Hj(z,y) = —62% + 62y — 275.389..0 — 3y /2 + 11.0527..y,

(30)

respectively. The discontinuos piecewise differential system (30) has two limit cycles
intersecting the cubic co = 0 in four points satisfying system (25) and one limit
cycle intersecting the cubic ¢; = 0 in two points satisfying system (6) with i = 2
and Hj instead of Hy, because all the real solutions of these two systems are

(o1, B1,71,01,a1,b1,¢1,d1) = (3.14459..,0.987464.., 3.35582.., —1.67719..,
0.975858..,0.218376..,0.943351.., —0.331522..),
(042, Bg, Y2, (52, as, bg, Co, d2) = (3.17528.., 1.1003.., 339578, —1.79441..,
0.881547..,0.470332..,0.822573.., —0.563727..),
(a3, B3, 7y, 03) = (3.20514..,1.20413.., 3.4333.., —1.9026..).

Then the discontinuous piecewise differential system (30) has exactly three limit
cycles, see Figure 13.

For the second possible configuration of the class Cy we consider the following
Hamiltonian systems

i= 10y — 1.05447 .z, = —0.11119..z + 1.05447..y — 0.426696.., in Ry

i= —292/10+ 29y — 3/5,4 = —292/100 + 29y/10 — 5/2, in R,

i= —1.11707.z — y/10 + 0.370838..,§ = 12.4785..z + 1.11707..y
—6.64471.., in Rs,

which have the Hamiltonian first integrals

Hy(z,y) = —0.0555949..22 + 1.05447..2y — 0.426696..2 — 512,
Hy(z,y) = —2922/200 + 292y /10 — 52/2 — 29y2/2 + 3y/5,
Hs(z,y) = 6.23927..2% + 1.11707..2y — 6.64471..x + y2/20 — 0.370838..y,

(31)

respectively. The discontinuos piecewise differential system (31) has two limit cycles
intersecting the cubic co = 0 in four points satisfying system (25) and one limit
cycle intersecting the cubic co = 0 in two points satisfying system (6) with ¢ = 2
and Hj instead of Hj, because all the real solutions of these two systems are

(a1, B1, 71,01, a1,b1,c1,d1) = (3.03545..,0.468004.., 3.00426..,0.160123..,
0.72123..,0.676877..,0.892948.., —0.448796..),
(a2, B2, Y2, 02, az, ba, o, do) = (3.06074..,0.618961.., 3.00002.., 0.0115046..,
3.00002..,0.0115046.., 0.854489.., —0.516495..),
(a3, B3, 73, 05) =  (0.508698..,0.789074..,0.810902.., —0.579376..).

Then the discontinuous piecewise differential system (31) has exactly three limit
cycles, see Figure 14.
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Example with two limit cycles with four points on ¢; = 0 and one limit
cycle with two points on ¢; = 0. Here we consider the regions defined in (18).
We consider the Hamiltonian systems

(32)
i= —3x/10 —y/10 — 0.0118645..,§ = 92/10 + 3y/10 — 0.049529.., in Ry,
i= —203z/25— 29y — 5,9 = 14212/625 + 203y/25 + 5/2, in Ro,
i = —13.0887z — 2y — 23.1224.., § = 85.6566..2 + 13.0887..y

+1.62877.., in Rs.
The Hamiltonian systems in (24) have the Hamiltonian first integrals

Hi(z,y) = 922/20 + 3zy/10 — 0.049529..7 + y*/20 + 0.0118645..3,
Hy(x,y) = 142122 /1250 + 203zy/25 + 5x/2 + 29y* /2 + 5y,
Hy(z,y) = 42.8283..22 + 13.0887..xy + 1.62877..x + y2 + 23.1224..y.

The discontinuos piecewise differential system (32) has two limit cycles intersecting
the cubic ¢5 = 0 in four points satisfying system (23) and one limit cycle intersecting
the cubic ¢5 = 0 in two points satisfying system (6) with ¢ = 5 and Hs instead of
Hy, because all the real solutions of these two systems are

(a1, B1,71,01,a1,b1,¢1,d1) = (0.0457703..,0.0468061..,0.380929.., —0.44764..,
—0.0477081.., —0.0465562.., —0.322071.., —0.265182..),
(()(2, ﬁQ, Y2, 52, as, bQ, Ca, dg) = (0105172, 0110564, 0.468911.., —0.568314..,
—0.134399..,0.125042.., —0.476399.., —0.344724..),
(as, B3,73,03) = (—0.388977..,0.304056.., —0.647556.., —0.384435..),

where «; = ’)”‘Z-2 -1, B; = Ti(rf —-1), v = Sf -1,9 = 51(35 -1), a; = fzz -1

bi = fi(f? = 1), c; = h? — 1, d; = hi(h? — 1) for i = 1,2. Then the discontinuous
piecewise differential system (32) has exactly three limit cycles, see Figure 15.

This completes the proof of statement (b) of Theorem 3.

4. THE APPENDIX

Here we provide the values of C, D and E that appear in the proof of Theorem
2.

C = ririrs —ririrs — riror? + rirgr2 + rirors — rirdrs + r3rirss; — rirarss;
frifrgr%sl + r%r%sl + ’I"1T27’§81 — r%r%sl + ’I’%T%’I’gS% — TélT‘gS% — 7’%7’27‘%8%
—H@rés% + rlrgrgsi’ — rlrgrgs‘;’ + 7‘%7"35‘1l — rgrgs‘ll + r‘llrgrgsg - T%T%TgSg
—r‘fr%sz + 7“17‘%7“%82 + r%r§sz - r1r2r§52 + r?rgr;;slsg - 7‘17“%7"35152 - r:frgslsg
—H“Srgslsg + r17“§3152 - r2r§8182 + T‘%’I“g?“gS%SQ — r%’ms%sz — 7“%7“%5%52 + r§s%32

+r17‘2r35§52 — rlrgs;fsQ + 7"27"33‘1132 — 7‘?2,8‘1132 + r‘frgsg — 7‘%7"%7‘35% + T1r§r§s§
—rirsd 4 rirgsiss — rirdrasiss +13r3s1sh — risis3 + rirgsis] — rdrastss
+r1rgsifs§ + 7'33‘1*33 — 7*%7"27'353 + 7*17"27'%5% - 7*17"27'33133 + rgrgslsg — rgrgs%sg’

2 4 2.4 4 2 4 2.4 4,.2 2.4 4
—Trir3Ss + 17389 — 11735159 + 38159 — 135715y + T{Tr383 — T1TreS83 — I'{T2Tr3s3

+7’1T§’I"3$3 + r%rgrg’s;), — r1r3r3;553 + Tfrgslsg — 7“17“‘215153 — ’I“?’I“Q?"gSng + r§r33153
+T17‘2T§)5133 — r§r§5153 + r%r%s%s;), — T%S%Sg — 7‘%7“27”38?83 + 7“27“%3%33 + 7”17“%5‘;’53
—1"17'27“35:%53 + r%s‘lls;g — 7‘27“35‘1153 + 1"‘1‘7‘25253 — T%T;’SQ.Sg — 7"111"35283 + 7‘17”:237"38283
+r%r33233 — r1r2r§5253 + ri{’mslst;; — 7’17":2”513253 — 7“%7"3315253 —+ rgrgslsgsg
+7’17"§8182$3 — T2T§’818283 + 7’%7‘28%8283 — ’I"S’S%SQS{; — 7’%’1"38%8283 =+ T§8%8283
+T1T25i’3233 - 7“17"38?3233 + T25%3233 - 7“35‘118253 + 7"118%83 — T%T%S%Sg + Tﬂ“%?‘gS%Sg



18

A. BELFAR, R. BENTERKI AND J. LLIBRE

—rlrg’s%s;), + T%Slsgsig — r1r5313333 + r%rgsls%s;; — r3315353 + r%s%s%s;; — r%s%s%si:,

+T18%8353 + 5‘115353 — 7“%7“28%83 + 7“17“27“38%83 — Tlrgslsg’s;), + 7“27“3515%53 — 7"23%3%’33

—7’%5353 + 1"17'33‘2133 — r1515353 + 1"3513‘2133 — 5%3‘2133 — r‘llrgsg + r1r§s§ + r%mr%sg
frlrgrgsg — 7’?7"2515% + r%slsg + 7’17"27'%815% - r%r%slsg - 7’%7’28%8% + 7’27”%5%5%

—7”17’28?8:25 — 7"28%8% — 7"%828% + 7’17"3828% + 7"%7’%828% — 7"17’27”%828% — ri”slsgsg

—H"g’slsgs% + r1r331525§ — 7“27“32,515233 — r%s%szsg + r%s%szsg — rlszfs}s% — s%szsg
+r1r§s%s§ — 7“17“%5%5% + r%slsgsg — r%slsgsg + 7“17“23%53 + rgslsgsg + rlsgsg
+818%8§ + T%TQT?,S% - T1T§7‘38g + 7“17“27’3818% — T%’I"gslsg + 7’27"38%5% + 7"%7‘3828%
77’11"27"35253 + 7‘17"351525% — T27‘351525g + r35%525§ — Tlrgsgsg — 7‘3515353 + rfrgsg
—r1r§s§ + rlrgslsg — r%sw% + 7"28%8% + r%szsg — r1r2525§ + Tlslsgs§ — r251823§

2. 44 2.4 2.4
+578283 — 118583 — §155S3,

D= 4(r{(r3(rs + s3) + sa(—12 +1r3(s2 — s3) + (s2 — 83)83) — ro(r3 + r3(—s2 + s3) + s3(—
+53))) + r3s1(r3(r3 + 83) + s2(—13 + 13(52 — 83) + (52 — 83)83) — r2(r? + r3(—s2 + 33)
+s3(— 52+ 53))) + 17 (— 7”2(7“3 + 53) — r389(r3 + 53) + Tz(Sf — 55)(r3 + 53) +12(r3 +T383
+r3(— 51 +53) + 73(—s3 + 57(52 — 83) + 83) + s3(—55 + 57(52 — 53) + 53)) + s2(r3 + 7353
+73(—5% + 53) +7r3(—s3 + 57 (52 — 83) + 53) + s3(—s3 + 57(s2 — 83) + 53))) + 1 (r3(r3
+r3(— s1+ 53) + s3(—s1 + 83)) + 1552(r5 + r3(—s1 + 53) + s3(—s1 + s3)) — 75(r3 + i3s3
+13(—53 + 83) +r3(—s] + 5185 — 8355 + 53) + s3(—sT + 8183 — 8355+ 53)) + ra(r3(s:

—S2) + r3(51 — S9)s3 + r%(—s? + 85+ slsg — szsg) +13(s3(s2 — 83) + s283(s3 — s?,)) + 51

(=83 +53)) + s3(s(s2 — s3) + s253(s3 — 53) + s1(—53 + 53))) + s2(r3(s1 — 82) +73(s51

—82)83 +13(—57 + 83 + 5153 — 5283) + 13(s7 (52 — 83) + s253(53 — 83) + s1(—53 + 53)) + 53

(57 (82 — s3) + s283(53 — 83) + 51(—53 + 53)))) + s1(r3(r +73(=51 + 83) + 83(—51 + 83))
+1382(r5 +r3(—s1 + 53) + 83(=s1 + 83)) — 13(r5 + 1355+ 13(—53 + 53) + r3(—s? + 5153
—s3s3 + s3) + s3(—s] + 5153 — 8383 + 53)) + ra(r5(s1 — s2) +13(s51 — 82)85 + r3(—s] + 53
+5153 — 8255) +73(s7(s2 — 83) + 5283(53 — 53) + s1(—53 + 53)) + s3(5 (52 — 83) + s253(53
—s3) + s1(=53 + 53))) + s2(r3(s1 — s2) +73(s1 — s2)s3 + r3(—s7 + 53 + 5153 — 5253) + 13(s}
(52— 83) + s053(53 — 83) + s1(—53 +53)) + 53(57 (52 — 83) + s283(3 — 53) + s1(—53 + 53)))))*
—4(r3(=r3(rs + s3) + 13(s1 — s2)(r3 + 83) + r2(ri + r3(s1 — s2 — s3)(52 — 83) + (51 — 82 — 83)
(so — 83)83 + 12(—51 + 83)) + s2(r5 + rg(sl — 89 — 83)(82 — s3) + (81 — 82 — 53) (82 — 53)83
+r3(=s1+83))) + r{(r3(rs + s3) + s2(—rF +73(s2 — 83) + (52 — 83)83) — 12(r5 + r3(—52 + 53)
+53(—82 + 83))) + 71(r2(s1 — 82)(r3 +r3(s1 — 83) (52 — 83) — r3(s51 + 82 — 83) + (51 — 83) (82
—53)83) + (81 — 82)82(r3 + r3(s1 — 83) (52 — 83) — r3(s1 + 52 — 83) + (51 — 83) (82 — 83)83)
+73(r?2 +r3(—s1+ s3) + s3(—s1 +83)) — 15(r3 +r3(—s2 + s3) — r3(s1 — 83)(s1 — S2 + 83)
—(s1 — 53)s3(51 — 82 + 83))) + s1(r2(s1 — 82) (73 + r3(s1 — 53) (52 — 53) — r2(51 + 82 — 53)
+(s1 — 83)(52 — 83)83) + (51 — 82)82(r5 + r3(s1 — 53)(82 — 83) — r2(s1 + 82 — 83) + (51 — 53)
(so — 83)83) +1r3(r3 +13(—s1 + 83) + 83(—51 + 83)) — r3(r3 + 13(—s2 + 53) — r3(51 — 83) (51
—s2 + 53) — (51— 53)s3(s1 — 52+ 53)))) (1] (r3(rs + s3) + s2(—75 + 13(s2 — 53) + (52 — 53)53)
—72(r3 + r3(—s2 + 83) + 83(—s2 + 83))) + ris1(r3(rs + s3) + s2(—73 + r3(s2 — s3) + (52 — 53)
s3) = r2(rf +73(—s2 + s3) + s3(—s2 + 53))) + 1151(r3(r3 + s3) + s2(—75 + r3(s2 — 53) + (52
—s3)s3) — 12(r§ +r3(—s2 + s3) + s3(—s2 + 53))) + r{(—r3(rs + 53) — r352(r3 + 53) — 1353 (3
+s53) +13(s3 = 53)(rs + 83) +7a(r5 + rysg 7383+ ri(—st +83) +ra(—sy + 51(52 — 53) +53)
+s3(—s3 + s3(s2 — s3) +53)) + 52(r3 + 1553 + ris3 + r3(—si + 53) + r3(—s3 + s{(s2 — s3)
+53) + 53(—s3 + si(s2 — 53) +55))) + r1(r3(r5 +r3(—s1 + 53) + s3(—s1 + 53)) +7552(r3
+73(—51 + 83) + s3(—51 + 53)) + 75352(r2 + r3(—s1 + 53) + s3(—51 + 83)) — r3(r§ +ris3 + 13
53+ 73(—s3 + s§) +r3(—s1 + 5153 — s3s3 + 55) + s3(—s] + 5153 — 353+ 53)) +72(r3(s1 — 52)
+r3(s1 — 52)83 + 13(51 — 82)8% + r3(—s] + 55 + 5155 — 8253) + r3(sT(s2 — 53) + s283(s5 — 53)
+s1(—s3 +53)) + s3(s1(s2 — 83) + 8255(53 — 53) + s1(—53 + 53))) + 52(r§(s1 — 52) + r3(51
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—82)83 +13(s1 — s2)s3 + r3(—s1 + 85 + 5155 — s253) + 73(s1(s2 — 83) + s283(s3 — s§) + s1(—53
+53)) + 53(s7 (52 — 53) + 52853(53 — 53) + 51(—53 4 53)))) + 51(r3(r3 + r3(—s1 + 53) + s3(—
+s3)) + 7”252(7“3 + 7”3( 51+ s53) + s53(—51 + 53)) + 1355(r3 + r3(—s1 + 53) + 53(—51 + 53))

r%(r3 + 7’353 + r353 + r3( 53+ sg) +r3(—s + 5185 — s3s3 + 5‘31) + 83(—s7 + 5155 — s3s3

+53)) + r2(r3(s1 — s2) + 7”3(81 — 59)83 + 13(51 — 52)85 + 13(—57 + 55 + 5155 — 5253) + 1r3(s7 (52
—83) + 5953(s3 — 53) + s1(—s3 + 53)) + s3(57 (52 — 53) + 5283(53 — 53) 4 s1(—s3 + 53))) + 52
(r3(s1 = s2) +15(s1 — s2)s3 + 13 (s1 — 52)83 + 13(—s] + 53 + 5153 — 5283) + r3(s1(s2 — 53)
+5253(53 — 53) + s1(—53 + 53)) + 53(51 (52 — 53) + s283(53 — 53) + 51(—53 + 53))))),

= 72(—r3(rs + s3) +r3(s1 — 82)(r3 + 83) + 12(r3 + r3(s1 — s2 — 53)(s2 — 83) + (51 — 52 — 53)

(so — 83)83 +13(—81 + 83)) + 52(r3 + 1r3(s1 — 82 — 83) (52 — 83) + (51 — 52 — 83)(52 — 83)83
+7r3(—s1+53))) + 17 (r3(rs + s3) + s2(—1F +r3(s2 — 83) + (52 — 83)53) — 12(r5 +73(—

+83) + s3(—s2 + 83))) + r1(r2(s1 — $2)(r3 + r3(s1 — s3)(s2 — 83) — r2(s1 + 52 — 83)

+(s1 — 83) (52 — 83)83) + (51 — 82)82(r3 + r3(s1 — 53)(s2 — 83) — 73(51 + 82 — 83) + (51 — 83)
(s2 = s3)83) +73(r5 +1r3(—s1+ 83) + s3(—s1 + 83)) = 13(r§ +13(=s2 + 83) — r3(s1 — 53)(s1
—89 4 83) — (81 — 83)83(81 — 82+ 83))) + 81(r2(s1 — 82)(r3 +73(51 — 83) (52 — 83) — 73 (81
+89 — 83) + (51 — 83)(52 — 83)83) + (51 — 82)82(r3 + r3(s1 — 83)(52 — 83) — r3(81 + 52 — 83)
+(s1 — 53)(82 — 83)83) + 13(r? +r3(—s1 + s3) + s3(—s1 +83)) —1r5(r3 +r3(—s2 +83) — 13
(81 — 83)(51 — SS9 + 83) — (Sl — 53)83(51 — SS9 + 83))).
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