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1

 

This papers studies the existence, uniqueness and
asymptotic stability of 

 

T

 

-periodic solutions for the sys-
tem

 

(1)

 

where 

 

ε

 

 > 0 is a small parameter and the function 

 

g

 

 

 

∈

 

C

 

0

 

(

 

�

 

 

 

×

 

 

 

�

 

k

 

 

 

×

 

 [0, 1], 

 

�

 

k

 

)

 

 is 

 

T

 

-periodic in the first variable
and locally Lipschitz with respect to the second vari-
able. As usual, a key role is played by the averaged
function

 

(2)

 

and we are interested in 

 

T

 

-periodic solutions of system
(1) that start near 

 

v

 

0

 

 

 

∈

 

 (

 

g

 

0

 

)

 

–1

 

(0)

 

.
In the case where 

 

g

 

 is continuously differentiable,
i.e., is of class 

 

C

 

1

 

(

 

R

 

 

 

×

 

 

 

�

 

k

 

, 

 

�

 

k

 

)

 

, the periodic case of
Bogolyubov’s second theorem ([2], Chapter 1, Section 5,
Theorem II) asserts that, 

 

for

 

 

 

small

 

 

 

ε

 

 > 0

 

, 

 

the

 

 

 

condition

 

det(

 

g

 

0

 

)'(

 

v

 

0

 

) 

 

≠

 

 0

 

 

 

ensures

 

 

 

the

 

 

 

existence and uniqueness of
T

 

-

 

periodic solution of system

 

 (1)

 

 in a neighborhood of

 

v

 

0

 

, 

 

and if all eigenvalues of the matrix

 

 (

 

g

 

0

 

)'(

 

v

 

0

 

) 

 

have
negative real part

 

,

 

 then these solutions are asymptoti-
cally stable

 

.

 

1

 

The article was translated by the authors.

ẋ εg t x ε, ,( ),=

g0 v( ) g τ v 0, ,( ) τ,d

0

T

∫=

 

In [9], Mitropol’skii noticed that some applications
require the generalization of Bogolyubov’s second the-
orem for perturbations 

 

g

 

 satisfying only the Lipschitz
conditions. For such functions 

 

g

 

, assuming that 

 

g

 

0

 

 

 

∈

 

C

 

3

 

(

 

�

 

k

 

, 

 

�

 

k

 

)

 

 and all eigenvalues of the matrix (

 

g

 

0

 

)'(

 

v

 

0

 

)
have negative real part, Mitropol’skii suggested an ana-
logue of Bogolyubov’s second theorem; namely, he
proved the existence and uniqueness of a 

 

T

 

-periodic
solution of system (1) in a neighborhood of 

 

v

 

0

 

. Later,
Mitropol’skii’s existence theorem was strongly gener-
alized (see [11, 8]), and analogues of his uniqueness
result for equations with monotone nonlinearities were
obtained (see [10, 12]). Nevertheless, the asymptotic
stability conclusion of Bogolyubov’s second theorem
in Mitropol’skii’s setting (for Lipschitz 

 

g

 

) has not been
generalized for a long time. It was generalized only
recently by Buica and Daniilidis in [3] for a class of
functions 

 

v

 

 

 

�

 

 

 

g

 

(

 

t

 

, 

 

v

 

, 0)

 

 differentiable at 

 

v

 

0

 

 for almost
all 

 

t

 

 

 

∈

 

 [0, 

 

T

 

]

 

, but it is assumed in [3] that the eigenvec-
tors of the matrix (

 

g

 

0

 

)'(

 

v

 

0

 

) are orthogonal and the func-
tion 

 

g

 

 has a continuous Clarke differential, which is not
easy to check in applications.

In the next section of this paper, assuming that 

 

g

 

 is
piecewise differentiable in the second variable, we
show that Mitropol’skii’s conditions imply not only the
uniqueness but also the asymptotic stability of a 

 

T

 

-peri-
odic solution of system (1) in a neighborhood of 

 

v

 

0

 

 (see
Theorem 2 below). In other words, we prove that
Bogolyubov’s theorem stated above is valid even for
nondifferentiable functions 

 

g

 

. Theorem 2 follows from
our even more general Theorem 1, which does not
assume neither 

 

g

 

 nor 

 

g

 

0

 

 to be differentiable.

1. Throughout the paper, 

 

Ω ⊂ �k is an open set and,
for any v ∈ �k, its δ-neighborhood is defined by Bδ(v0) =
{v ∈ �k: ||v – v0|| ≤ δ}. The following theorem is the
main result of this paper.
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ă

a Department of Applied Mathematics, 
Babes–Bolyai University, Cluj-Napoca, Romania

   e-mail: abuica@math.ubbcluj.ro
b Department of Mathematics, Autonomous University of 

Barcelona, 08193 Bellaterra, Barcelona, Spain
   e-mail: jllibre@mat.uab.cat
c Research Institute of Mathematics, Voronezh State 

University, pl. Universitetskaya 1, 
Voronezh, 394006 Russia

   e-mail: omakarenkov@math.vsu.ru


