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ABsTRACT. The Hamiltonian system associated to the Hamiltonian
1 1
H= S (PP+P+P)+ 5 (QF+ Q5+ Q3
+e (Q1+ Q3+ Qf +a (Q1Q3 + Q103 +Q3Q3)) .
where € and a are parameters and ¢ is small, describes the local motion in the

central area of a galaxy. Its dynamics have been study by many authors. Here
we find analytically new families of periodic orbits of this Hamiltonian system.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

In this paper we study the families of periodic orbits of a 3-dimensional (or simply
3D) isotropic harmonic oscillator perturbed by a polynomial potential

1 1
where ¢ is a small parameter. The polynomial potential is
(2) P(Q1,Q2,Q3) = Q1 + Q3 + Q3 +a (QTQ3 + QTQF + Q3Q3)

where a € R is a parameter.

The potential here studied

IT= 5 (QF+ @3 +Q3) + (@) + Q3+ Q4+ (Q1Q3 + Q103 + Q3Q3)

is a galactic potential which describes the local motion in the central area of a galaxy.
This potential has been studied by many authors, see for instance Deprit and Elipe [4],
Caranicolas [3], Elipe and Deprit [5], Elipe [6], Arribas et al. [2], Zotos [10, 11, 12, 13],
Zotos and Caranicolas [14], Zotos and Carpintero [15], ...

In the paper of [9] the authors studied analytically the families of periodic orbits of
the Hamiltonian (1) with (2) using the averaging theory, and they find several families
of periodic orbits. Here we improve the results of [9] finding new families of periodic
orbits, also using a result based in the averaging theory. The key point for obtaining
these new families of periodic orbits is to work with the Lissajous variables instead of
working directly with the cartesian variables (Q1, Q2, Qs, P1, Py, P3) as in [9].

The 3D Lissajous variables (L,l, G, g, N,n) are defined through the transformation
L : (QlaQQaQ37P17P23P3) = (L’G’Nal7g7n) : RG — 2 x Y
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given by
Q1 =VG + Nsin(l+ g +n), P =G+ Ncos(l+ g +n),
Q2 =VL = Gsin(l—g+n), Py =+VL —Gcos(l — g+n),
Qs = VL — Nsin(l+g—n), Py =+/L—Ncos(l+g—n),
where

Q={(L,G,N)eR® : L>0, |G|<L, [N|[<L}
and + is the torus
{t,g.n) € R / (1 g.m) € 0,2)°} .

The 3D Lissajous transformation is a canonical transformation, i.e. the symplectic
structure remains the standard one. In the new coordinates the Hamiltonian (1)
becomes
(3) H=L+eP(L,1,G,g,N,n).
where P1(L,l,G, g, N,n) is the pullback of the 3D Lissajous transformation with the
perturbed polynomial P.

Theorem 1. For ¢ # 0 sufficiently small in the invariant set H = h > 0, the
Hamiltonian system defined by the Hamiltonian (3) with the perturbation given by (2)
has the following new families of 2w—periodic solutions in the variable [.
If a € (—6,6) \ {0,2} we have the families
I): v/(1) = (L(,¢),G(l,¢),9(l,€),N(l,¢),n(l,€)) such that
. a+6)h kr 3(2—a)h ®™ mm
Jim 7 (0) = <h’ (18—2 T (18—(1) ’ 4+2)
for k,m =0,1,2,3. See Figure 1.
I1): v/1(l) = (L(l,¢),G(l,¢€),9(l,¢), N(l,¢),n(l,€)) such that
) 32—a)h ™ krm (a+6)h mn
HW£®:(M(BS’4 2’&;1’2)
for k,m =0,1,2,3. See Figure 2.
IID): ~/14(1) = (L(l,€),G(l,¢),9(l,¢), N(l,€),n(l,€)) such that
. a+6)h m kr (a+6)h m™ mm
i%ﬁ”@(m%&l’4+272&l>4+2>
for k,m =0,1,2,3. See Figure 3.
If a € R\ {0,2} we have the families
IV): ~I(l) = (L(l,¢),G(l,¢€),9(l,¢), N(I,¢),n(l,€)) such that

limnyI(O):(h h km h m)

e—0 "3 273 2
for k,m =0,1,2,3. See Figure 4.

Theorem 1 is proved in section 2.

If we write the periodic orbits described in Theorem 1 in Lissajous coordinates
(L,l,G, g,N,n) in cartesian coordinates (Q1, @2, Qs, P1, P2, P;) we obtain Table 1.

From Table 1 is easily to obtain the implicit equations of two of the periodic orbits
of the family I for e = 0, which are given by the intersection of the elliptic cylinder
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Qu(t,e) }Fllsf;n(gt _1%):03 5
Q)| T & jg ! 88
Quite) | Tl 00
@t | Tamie i) ton
Families | IT | Q2(t,¢) igz ziﬁ g i_ %; i 8%3
Qo) | Thmt 1) 00
Qo) | et 8((3
IIT | Qa2(t,¢€) I;ll iif;i i g((i;
Gite)| Tl ow
Qae)|  ho ol
A
Qi) | IOl

TABLE 1. The orbits of Theorem 1 in cartesian coordinates where

r— /%,Flz 2(a—6)handr2: 2(a+6)h.
3 a—18 18 —a

2
?2 % = 1 with the planes Q1 = +Q2. Similarly for the other periodic orbits of

the farnlly I, see Figure 1.

Again from Table 1 it follows that the family II comes from the intersection of the
2
elliptic cylinder % + % = 1 with the planes @1 = £@Q3. Similarly for the other
periodic orbits of the famlly see Figure 2.

The implicit equations of two perlodlc orbits of the family III are glven by the

Qi , @3 Q3

intersection of the elliptic cylinder I‘2 + = r2 = 1 with the elliptic cylinder =

T3 A rz
1. Similarly for the other periodic orblts of this family, see Figure 3.

The implicit equation for the orbits of the family IV are Q7 = £Q2 = £Q3, see
Figure 4.

We must mention that in the paper [9] three more additional families of periodic
orbits of the Hamiltonian system defined by the Hamiltonian (3) with the perturbation
given by (2) were found in our notation they are:

If a € R\ {0, 2} we have the families
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V): 92 (1) = (L(l€), G(l€), g(I.€), N(I,¢),n(l,)) such that
s

h © kr h mm

lim ~72(0) = non i

20 = (b 5 5+ 5 5 5+ )
for k,m =0,1,2,3.

VI): A (1) = (L(l,¢),G(1,¢), 9(1,€), N(l,¢),n

lim v/71(0) = (h,

e—0
for k,m =0,1,2,3.

If a € (—o0, —6] U [3,4+00) we have the families
VII): AYILE(1) = (L(l,¢),G(l, ), 9(l,e), N(I,€),n*(l,€)) such that

k 1 _
lim 7Y 71%(0) = (h 0, —, hy, £= 5 arctan( 2(aa+63))>

e—0
for k=0,1,2,3.

We remark that the periodic orbits corresponding to the families V, VI and VII
found in [9] are rectilinear or circular.

In short, from Theorem 1 and the mentioned results of [9] it follows the next result.

Corollary 2. For € # 0 sufficiently small in the invariant set H = h > 0, the
Hamiltonian system defined by the Hamiltonian (3) with the perturbation given by (2)
has the following periodic orbits

IV,V,VI,VII ifa € (—o0,—6),
IV,V,VI if a = —6,
IIIIIT,IV,V,VI if a € (—6,3)
LILIILIV.V,VLVII ifac [3,
IV,V,VI,VII if a € [6,00).

\{0,2},
6)

’

The linear stability or instability of the families of periodic solutions described in
Corollary 2 are given in the next result.

Theorem 3. The stability or instability of the families of periodic orbits v (1) with
T e {I,I1,II1,1IV,V,VI,VII} is described in what follows.

(1) The families v1 (1), vI1(1) and (1) are unstable if a € (—6,6) \ {0,2}.

(2) The family vIV (1) is linearly stable if a € (—00,0) U (2, +00) and unstable if

€ (0,2).
(3) The families vY (1) and vY1(l) are linearly stable if a € (0,2) U (2,4) and
unstable if a € (—o0,0) U (4, +00).
(4) The family vY11(1) is unstable.

Theorem 3 is proved in section 3.

Proposition 4. For a = 0 and a = 2 the Hamiltonian system associated to the
Hamiltonian (1) with potential (2) is separable in cartesian and symplectic spherical
coordinates.

The proof of Proposition 4 is given in section 2.
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FIGURE 3. Elliptic periodic orbits of the families III.

2. PROOF OF MAIN RESULT
First we shall prove Proposition 4.
Proof of Proposition 4. Clearly if a = 0 the Hamiltonian system associated to the

Hamiltonian (1) with potential (2) splits into three separated differential systems in
the coordinates (Q;, P;) for i = 1,2, 3.

For a = 2 the Hamiltonian H becomes

1 1
H=5 (PP+ P+ Py)+ 5 (QF+ Q5+ Q3) +(Q1 + Q5+ Q3)
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R

FIGURE 4. Rectilinear periodic orbits of the families IV.

and using symplectic spherical coordinates it writes

1 2 v 1
H=z (p,%—kp‘g—f— 2 + =1 +ert

2 r2 " r2sin%0 2

Note that H, pg and p, are integrals in involution and consequently the Hamiltonian
system associated to the Hamiltonian H with a = 2 is completely integrable. (I

We define the averaged function of P with respect to the angle [, i.e.

1 27
- N
P) =5 [ PLLGg N
and the functions
_ 0P __o(P)
f1(G,g9,N,n) = Tg’ f3(G,g,N,n) = on
_ 9(P) _ 9P
fg(G,Q,N,ﬂ)— Wa f4(GagaNan)* 87N
We denote by po = (Go, go, No, no) a solution of the system
(4) fi(Gyg,Nyn) =0 fori=1,2,3,4,
satisfying that
I(f1, fa, f3, fa)
(5) A = det ( £ 0.
a(G’ g7 N7 n) p:po

The next result follows directly from Theorem 1 of [7].

Theorem 5. For ¢ # 0 sufficiently small and for each solution (Gy, go, No,no) of
system (4) satisfying (5), the Hamiltonian system defined by the Hamiltonian (3) in
the invariant set H = h > 0, has a 2m—periodic solution

’YE(Z) = (L(Z,E), G(l,é‘),g(l,é‘), N(l,s),n(l,a))

in the variable | such that
lim 7. (0) = (h, Go, go, No, no) -
e—0

Moreover, the linear stability or instability of the Poincaré map associated to the
periodic solution ~:(1) is given by the stability or instability of the equilibrium point



NEW FAMILIES OF PERIODIC ORBITS FOR A GALACTIC POTENTIAL 7

(Go, 90, No, no) of the differential system

dG dN
T _5.f1(Gvng7n)v T —€f3(G,g,N,n),
dl dl
(6) dg dn
E = 5f2(Gag’N’n)7 a = 5f4(G797N7n)~

The condition that the determinant A # 0 in Theorem 5 implies that the averaging
theory only can detect periodic orbits which are isolated in the set of all periodic orbits
of the differential system. This is the reason that we restrict our study of the periodic
orbits of the Hamiltonian system associated to the Hamiltonian (1) with (2) to each
level H = h > 0. We recall that generically the periodic orbits of a non completely
integrable Hamiltonian system form cylinders parameterized by h, this is the reason
that we can find periodic orbits in the levels H = h > 0 of our Hamiltonian system
using the averaging theory, when the Hamiltonian system is not completely integrable,
because in this situation the periodic orbits in each level H = h are isolated in the
set of all periodic orbits of contained in that level. On the other hand, the fact that
we cannot find periodic orbits when a € {0,2} using the averaging theory indicates
that for these values of the parameter a the Hamiltonian system can be completely
integrable, and consequently their periodic solutions are not isolated in the set of all
periodic solutions by the Liouville-Arnold Theorem, and this is the case as it is proved
in Proposition 4. For more details on the results stated in these paragraph see the
books [1] and [8], the first for the results on Hamiltonian systems and the second for
the results on averaging theory.

Solving H = h with respect to the variable L, where H is given in (3) and (2), we
get L = h+O(e). Since we shall study the periodic orbits of the Hamiltonian system,
associated to the Hamiltonian (3) with (2), in the level H = h we substitute in what
follows L by h + O(e).

Applying the 3D-Lissajous transformation to the function P(Q1, Q2,Q3) given in
(2), it becomes P = P(l,G, g, N,n) equal to

P = —a(G — h)(G + N)sin®(g — 1 — n)sin®(g +1 +n) + (h — N)sin®(g + 1 —n)

+a(G + N)(h — N)sin*(g +1 —n)sin®(g +1 +n) + (G — h)?sin* (g — | —n)
+(G + N)?sin* (g + 14+ n) + (h — N)?sin*(g +1 — n).
Therefore the averaged function (P) = (P) (G, g, N,n), is
(P) = é(a((h — G)(h— N)(cos(4(g — n)) 4+ 2)(cos(4g) + 2)(h — G)(G+ N)
+(G + N)(h — N)(cos(4n) +2)) + 3(G — h)? + 3(G + N)? + 3(h — N)2.
The functions f; = f;(G, g, N,n) for i = 1,2, 3,4 of the differential system (6) are

f= _%a(g — B)[(G + N)sin(4g) + (h — N)sin(4(g — n))],

fo= é[(h —2G — N)(2a — 6 + acos(4g)) + 2a(h — N) sin(2g) sin(2g — 4n)],

oo %a(h ~ N)[(G — h)sin(4(g — n)) + (G + N) sin(4n)),

1
f4=§

We need the following technical proposition for proving Theorem 1.

[(h—G —2N)(2a — 6 4+ acos(4n)) + 2a(G — h) sin(2n) sin(4g — 2n)].
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Proposition 6. Assume that h > 0. Then we have the following solutions (Go, go, No, no)
of the system f;(G,g,N,n) =0 fori=1,2,3,4 satisfying that A # 0.
If a € (—6,6) \ {0,2} we have the solutions:

Go 9o No no A
I (a+6)h km 32—a)h | & 4 mr a?(a—2)%(a®>—36)(a+6)h*
18—a 2 18—a 4 2 18—a)3
3(2—a)h | = km (a+6)h mm a®(a—2)%(a®>—36)(a+6)h*
1T 18—a it5 18—a 2 2 2(18;1)3 .
(a+6)h | 7 | kxr | (a+6)h | 7 | m=n | a°(a—2)*(a®—36)(a+6)h
111 18—a it3 18—a 1Tt % (18—a)3

If a € R\ {0,2} we have the solutions

Go | No | go | no A
h h k a’®(a—2)%h?
WV s |ls | 5% | —Fa—

where k and m vary in the set {0,1,2,3}.

Proof. If we do at the equations (7) the change of variables « = G+ N, 5 =L — N
and v = L — G, we can rewrite these equations as a quasi-linear system of equations
for the unknowns «, 3,7, i.e.

fi = asin(4g) + Bsin(4g — 4n) =0,

fo= a(6—2a—acos(4g)) + 2a8sin(2g) sin(2g — 4n)
(7) +7(—6 + 2a + acos(4g)) =0,

f3 B(asin(4n) — vsin(4g — 4n)) =0,

fa a(6 — 2a — acos(4n)) + B(—6 + 2a + acos(4n))
—2aysin(2n) sin(4g — 2n) = 0.

The only equation that it is nonlinear is the third. But it vanishes if and only if either
B =0 or asin(4n) — ysin(4g — 4n) = 0. In the first case, we obtain a linear system
fi = 0,i =1,2,4. In the second, dividing f3 by 3, we have another linear system,
always in the variables «;, £,7y. So, the problem of finding the solutions of the system
fi(G,g,N,n) =0 for i = 1,2, 3,4 has turned on the problem of finding the solutions
of two different linear systems. Now we study the solutions of these two systems.

If p =0, the linear system writes

sin(4g) 0 o 0
6 — 2a — acos(4g) —6 4 2a + acos(4g) =10
6 — 2a — acos(4g) —2asin(2n)sin(4g — 2n) o 0

This system has nontrivial solutions when all the minors of second order vanish, that
is
(cos(4g)a + 2a — 6)(acos(4n) 4+ 2(sin(4g — 2n) sin(2n)a 4+ a — 3)) = 0,
sin(4g)(cos(4g)a + 2a — 6) = 0,
sin(2n) sin(4g — 2n) = 0.
Only four of the eight real solutions of this system satisty f;(G,g,N,n) = 0 for
1=1,2,3,4, namely

km 1 2(a —3)
N, = —, L, +— _ =0,1,2
(G07907 Oano) <Oa 2 ) ) 2 arctan ( a+6 >> ) k 0) y 73a

when a ¢ [—6, 3). These solution corresponds to the solutions (VII) already found in
19]-
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We assume now that § # 0. If we interchange the functions f2 y f3, we obtain the
homogeneous linear system

e 0
0
AlB] = ol
v 0
where A is the matrix
sin(4g) sin(4g — 4n) 0
sin(4n) 0 —sin(4g — 4n)
6 —2a —acos(4dg) —a(cos(4n) — cos(4g — 4n)) —6 + 2a + a cos(4g)
6 — 2a + acos(4n) —6+ 2a + acos(4n) a(cos(4g) — cos(4g — 4n))

This system has nontrivial solution when all the minors of third order vanish. In this
case, we obtain the following solutions (G, go, No, no) satisfying (7)

Go No 90 no
LS
o | S [ SEE iy
For I,IT and III the value of the Jacobian A is a(a (1)8 (_aa); 30)L* and is not zero
for a # —6 and 6.
For 8 # 0 there are also the solutions (V) and (VI) already studied in [9]. O

The restrictions on the parameter a in the statement of Proposition 6 are clear
when we compute the periodic orbits associated to the solutions of system (7) using
Theorem 5, see the caption of Table 1.

Finally the proof of Theorem 1 follows directly from Proposition 6 and Theorem
5.

3. PROOF OF THEOREM 3

By Theorem 5 the stability or instability of the periodic solution ~Z(I) with Z
e{I,II,III,IV,V,VI,VII} is given by the stability or instability of the correspond-
ing equilibrium point pg = (Go, go, No,no) of system (6) which provides the initial
condition of the periodic solution.

The matrix M, z¢) = <(JE1Gf; ]{,315)4)

) is given by

P=Po
20 avp2 ala— 2
0 161(1(18118;2}1 0 = Ea—lggigh
_3(a4—2) 0 _3(a8—2) 0
Mvé(l) = 0 _ 8a(a®—36)h? 0 16a(a2—36)h? J
5 ) (a—18)2 (a—18)2
_ (ag ) 0 Gza 0
0 16a(a21—83€;)h2 0 _8a(a2—1§62h2
6jTa (a*O )  3a2) (aa )
Moy = 0 8a(a®—36)h> 08 16a2(a—6)h> )
~ (a—18)2 (a—18)2
_3((18—2) 0 _3(a4—2) 0



10 M.T. DE BUSTOS, J.L.G. GUIRAO, J. LLIBRE, J.A. VERA

16a2(a—6)h> 8a(a—6)*h’
0 @m0 ——(mr
630 0 @& 0
Mgy = 0 Sa(a=6)h? ) 16a(a—6)n? |
T (a—18)% T (@187
a+6 $—qa 0
8 4
0 16ah? 0 _M
_3(a=2) 8 _3@=2) o9
Mivy = 04 _ 8ah? 08 16ah> )
9 9
3(a—2) 3(a—2)
len g e
_ah_ _8ah2 ah M
9 9
ety _an _sliw
8 16
Moyvay = _ah o Cah R |
V3 9 2V3 9
_3a—4) _ah 304 ah
16 V3 8 2V3
_ah_ 8ah? _ah 4ah®
2V/3 9 V3 9
_3(a—4) ah _3a—4)  _ah
Moyray = ah i ah s |
73 9 2v3 o
733{74) ah 73({74) _ _ah
16 V3 8 2v/3
0 2ah? — Ve atOL 0
_3(a=2) _3a=2)
M,YVII(Z) = : ! 3(a—2;8(a+6)h ’
3(a—2)  \/3(@=2)(at6)h _3(a=2) _ V/3a=2)(at6)h
8 4 8 2

The characteristic polynomial P,z (X) of the matrix M,z is a biquadratic
polynomial of the form

(8) Pozy(X) = X* + Cz(a)X? + Dz(a).

If the polynomial (8) has purely imaginary roots the equilibrium point pg is linearly
stable. A necessary and sufficient condition for the existence of roots iwy, —iwy, iws,
—iwg with w1, we > 0 and wy # ws, is that the following inequalities are verified

(9) Cz(a) >0, Dz(a) >0, Cz(a)* —4Dz(a) > 0.

If w; = wy (i.e. when Cz(a)? — 4Dz(a) = 0) then pg is linearly stable if the matrix
M.z is diagonalizable. In the table below, we present the expressions involved

[ Family Z | Cz(a) { Dz(a) { Cz(a)? —4Dz(a)
I 2h2a(5a + 6)(a — 6)% | 9h*(a — 6)a’(a — 2)%(a® — 36) | 64h%a?(a — 6)2((a® — 3a + 18)2L%

Y (a —18)2 (a —18)3 (a —18)4

v 2h2%a (a — 2) h1a? (a — 2)? 0

h*a? (a —2)°

V,VI 2h2q % hia3(4 — a)

VI 3h2(a — 6)(a — 2) _ 9h*a(a+6)(a —2)2 81h4 (a2 —4)°

4 8 16

For vV (l) the roots of Pyry(X) are +iw = +iy/a(a — 2)h with multiplicity two,
and the matrix M. v (;) is diagonalizable.
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The remaining statements of Theorem 3 are obtained by studying the inequalities
(9). This completes the proof of Theorem 3.
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