No periodic orbits for the type A Bianchi’s systems
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Abstract We prove that all the type A Bianchi’s systems do not have periodic
solutions.
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1 Introduction

This paper deals with the Bianchi’s cosmological models. These models require
a three dimensional Lie algebra and Bianchi [1,2] was the first to solve the
problem of classifying three dimensional Lie algebras. There are nine types of
models according with the dimension n of the algebra.

a) n=0 Type [;

b) n=1 Type II, I11I;

c) n=2Type IV, V VI VII;
d) n=3Type VIII, IX.
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Let {X1, X2, X3} be an appropriate basis of the three dimensional Lie
Algebra. The classification depends on a scalar a € R and a vector (ni,na, n3)
with n; € {+1,—1,0} such that

(X1, Xo] =nsXs, [Xo, X3l =mXi —aXa, [X3,Xi]=n2X2+aXy,

where [, ] is the Lie bracket. In particular, for a = 0 we obtain models of type A
and for a # 0 we obtain models of type B. For more details see Bogoyavlensky
[3].

Typell 11 VIp VIl VIII IX
ni |01 1 1 1 1
nz |00 —1 1 1 1
ns 00 0 0 —1 1

Table 1 Cosmologies of types A

According with [3] all cases of type A are Hamiltonian systems in the phase
space p;, g; for i = 1,2, 3 with the Hamiltonian function

1 < 1
He— T+ —VG> ,
(q192q3) 2 4

with 0 < k <1 and where

3 3 3 3
T =2 pipjaiq; — »_pid;, and Vo =2 ninjqiq; — Y _niq;,
i<j i=1 i<j i=1

for 4,5,k =1,2,3.
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If we rescale the time by 7 defined by dr = (Q1QQQ3)_k/2dt then the system

becomes
21
Q1 = W(qu +P3qs — p1q1),

_ 2q2

= W(pz’)% +p1q1 — P2q2),
. 2g3
g3 = ———— =75 (P11 + P2g2 — P3g3),

(q192q3)(1—F)/2

) 1
= sy (2P (P + pses — P+

1 1-kH 1
—n1(n2gz + n3qs —niq1)) + ———, (1)
2 2 q1

) 1

P2 = SR (2p2(p3as + P11 — p2a2)+
1 1-kH
372(nags +migr — nagz)) + —5— P

) 1

Py = = (2p3(prq1 + p2g2 — P3q3)+

1 (ragr + )+ 1-kH
—nz(n Naga — M —_—
o3 101 2492 393 2 g3
with H = T + Ve /4. The constants ni,na,ns determine the type of the
model according with Table 1. Performing the change of coordinates ds =

(qlng?,)%dT and ¢; = x; and p; = x;43/24, @ = 1, 2,3, we obtain the system

&) = x1(—24 + x5 + T6),

&o = xa(xa — 5 + X6),

j33 = 1‘3(1’4 + x5 — IG), (2)
Ty = 7111‘1(”1.%1 — NoZo — TL3.’L'3) + i(k — l)FQ,

I.5 = n2I1(—7’Z1I1 + noxg — Tlgfl?g) + l(k‘ — 1)F2,

B = nawz(—n1x1 — nowe + nzw3) + 7(k — 1)Fy,

with

Fy = n22? + nda3 + ndxd — 2ninewize — 2ninszias — 2nonsraTs
+xi + x% + x% — 2x45 — 20506 — 2X42¢.

Note that system (2) is a homogeneous system of degree 2, and the first integral
given by the Hamiltonian H becomes

k—1
H = (v1m273) = (nix? + ndx3 + nizi — 2ninewie — 2nin3T1T3
—2nongxoxs3 + xi + x% + x% — 2425 — 2w516 — 2X4%6).

It is known that all the Bianchi class A models do not have periodic orbits.
This has been proved using evolutions equations associated to these models,
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Fig. 1 Phase portrait of the differential equation (4).

and showing that such equations always have some monotone function evalu-
ated on the orbits. Consequently these models cannot exhibit periodic motion.
For more details, see chapter 6 of the book by Wainwright and Ellis [4].

In this article we provide a direct and easier proof on the non-existence of
periodic orbit for the 6 models of Bianchi class A.

2 The Bianchi I system

In this section we consider the Bianchi I system. According with Table 1 we
have ny = ng = ng = 0. So system (2) becomes

I'l =X 7l‘4+$5+l‘6),

1(
&o = xa(x4 — x5 + T6),
&3 = x3(x4 + x5 — T6),
iy = 22 (a3 + 22 + 2 — 22425 — 20576 — 2T476), (3)
5 = %(xi + 22 + 22 — 22425 — 20506 — 27476),
Tg = %(xi + 22 + 22 — 22425 — 20506 — 27476).

Proposition 1 The Bianchi I system, given by (3), does not have periodic
solutions.

Proof System (3) has the first integrals F; = x4 —x5 and Fo = 24—26. Suppose
that I'(t) = (x1(t), z2(t), z3(t), z4(t), x5(t), z6(t)) is a periodic solution of (3).
So, there exist two constants a and b such that x5(t) = z4(t) + a and z4(t) =
x4(t) + b for all t. We have that x4(t) is a periodic solution of the equation

b2 = U803~ 20t by + (a - ), (4)

Observe that the discriminant of the equation —3x3 —2(a+b)z4+ (a—b)% =0
s A=4(a+b)%2+12(a —b)% So A > 0, if A > 0 then equation (4) has two
equilibrium points. One of them is an attractor and the other one is a repeller
(see Figure 1(a)). If A = 0 then we have just one equilibrium point which is
semi-stable (see Figure 1(b)). In both cases the unique possibility in order to
x4(t) be periodic is that x4(t) = ¢ constant for all ¢ being ¢ an equilibrium of
(4). Substituting x4(t) = ¢, x5(t) = a + ¢ and x¢(t) = b + ¢ in the first three
equations of (3), and using that x1(t), x2(t) and z3(t) are periodic, we get
that z1(¢), z2(t) and z3(t) must be constant for all ¢. So I'(¢) is constant, i.e.
I'(t) is an equilibrium point of (3), and (3) do not have periodic solutions.



No periodic orbits for the type A Bianchi’s systems 5

3 The Bianchi Il system

In this section we consider the Bianchi I1 system. According with Table 1 we
have ny = 1 and ng = nz = 0. So system (2) becomes

&1 = x1(—x4 + x5 + T6),
To = l‘2($4 — 5 + .2'6),
&3 = w3(ra + x5 — 26),

. _ )
x4:x%—|—k41F, ()
; k—1

Iy = TF7

: k—1

T = = F,

where F' = x% + xZ + xg + m% — 24x5 — 2T5T6 — 2X4T¢.

Proposition 2 The Bianchi II system, given by (5), does not have periodic
solutions.

Proof Suppose that I'(t) = (z1(t), z2(t), z3(t), z4(t), z5(t), z6(t)) is a periodic
solution of (5). The real function x4(t) — z5(¢) is periodic. So, it is bounded.
If it is not constant then there exists to such that &4(tg) — @'5(tg) < 0, but
from (5) we have that 24(tg) — @5(tg) = (21 (to))?. It implies that there exists
a constant a € R such that z5(t) = x4(t) + a and z1(¢) = 0 for all ¢. By
using the same argument we have that there exists another constant b € R
such that z6(t) = x4(t) + b for all t. Next step is substitute z1(t) =0, x5(t) =
z4(t) + a and z6(t) = z4(t) + b in the equation iy = 2% + 5L F, we get
i4 = =323 — (a+b)xs + (a — b)%. By using the same argument of the proof of
Proposition 1 we conclude the proof of this proposition.

4 The Bianchi V Iy system

In this section we consider the Bianchi V Iy system. According with Table 1
we have n; = 1, no = —1 and n3 = 0. So system (2) becomes

T = 1‘1(—1‘4 + x5 + :L'G),
2(xy — x5 + x6),
(

I'Q =T

i3 = w3(74 + 25 — 6),

1,4 — xl(xl +$2) + kle7 (6)
5 = x2(x1 + x2) + %F,

ig = ELF,

where F' = x% + x% + 2x129 + :vi + x% + x% — 2245 — 2056 — 204T¢.

Proposition 3 The Bianchi V1 system, given by (6), does not have periodic
solutions.
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Proof Suppose that I'(t) = (z1(t), z2(t), z3(t), x4(t), x5(t), 6 (t)) is a periodic
solution of (6). The real function x4(t) + x5(t) — 226(t) is periodic. So, it is
bounded. If it is not constant then there exists to such that z4(to) + #5(t0) —
2.’13:6(ﬁ0) < 0, but from (6) we have that .%"4(t0) + i‘5(t0) - 2$6(t0) = (xl(to) +
w2(to))?. Tt implies that d4(t) + @5(t) — 2@6(t) = 0 = (21(t) + 22(¢))? for all
t. Substituting x1(t) = —z2(t) in (6) we have that @4(t) — 5(t) = 0 and
&4(t) — @6(t) = 0 for all t. There exist constants a,b € R such that z5(t) =
x4(t)+a and zg(t) = x4(t) +b for all ¢. Next step is substitute z1 () = —za(t),
x5(t) = x4(t)+a and z6(t) = x4(t)+b in the equation &4 = x1 (z1+22)+ %F.
By using the same argument of the proof of Proposition 1 we conclude the proof
of this proposition.

5 The Bianchi VI, system

In this section we consider the Bianchi VI system. According with Table 1
we have n; =1 and no = 1 and nz = 0. So system (2) becomes

T = .171(—1'4 + x5 + 1'6)7

To = $2($4 — x5 + .%'6),

i3 = x3(xs + 25 — T6),

.i‘4 = Il(Il — Ig) + %F,
5 = x2(—x1 + x2) + %F,
i = E1F,

where F' = 22 + 23 — 22122 + 23 + 22 + 22 — 22425 — 22526 — 22476.

Proposition 4 The Bianchi V11 system, given by (7), does not have periodic
solutions.

Proof Suppose that I'(t) = (z1(t), z2(t), z3(t), z4(t), z5(t), z6(t)) is a periodic
solution of (7). The real function z4(t) + x5(t) — 2z6(t) is periodic. So, it is
bounded. If it is not constant then there exists to such that @4(tg) + &5(to) —
Zi‘ﬁ(to) < 0, but from (7) we have that .%"4(?50) + i‘{)(to) — 2$6(t0) = ($1 (t()) —
Z’Q(to))2. It implies that .’L’4(t) + $5(t) — 25[36(t) =0 = (acl(t) — l’z(t))Q for
all ¢. Substituting z1(¢) = x2(t) in (7) we have that @4(t) — ©5(¢t) = 0 and
%4(t) — 26(t) = 0 for all t. There exist constants a,b € R such that x5(t) =
x4(t) + a and x6(t) = z4(t) + b for all t. Next step is substitute z1(t) = z2(t),
z5(t) = z4(t)+a and z6(t) = z4(t)+b in the equation &4 = z1 (1 —22)+ 2L F.
By using the same argument of the proof of Proposition 1 we conclude the proof
of this proposition.
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6 The Bianchi VIII system

In this section we consider the Bianchi VIII system. According with Table 1
we have n; = 1 and ns = 1 and n3 = —1. So system (2) becomes

&1 = x1(—x4 + x5 + 26),

Zo = w2 (x4 — x5 + 26),

&3 = x3(x4 + 25 — T6), 8
iy =x1(v1 — 22 + x3) + EFLF, (8)
i5 = xo(—x1 + 22 + 73) + L F,

i6 = w3(x1 + @2 + 23) + ELF,

where
F = x% + x% + x% — 2r129 + 2x123 + 22023+
23 + 22 + 13 — 22475 — 22576 — 2T4T6.

9)

Lemma 1 The hyperplanes {x1 = 0}, {x2 = 0}, and {x3 = 0} are invariant
manifolds for system (8) and there is no periodic orbits in these hyperplanes.

Proof Clearly the hyperplanes {z1 = 0}, {x2 = 0}, and {x3 = 0} are invariant
manifolds for system (8), i.e. if a solution of (8) has a point in {z; = 0} then the
whole solution is contained in {z; = 0}. Now we prove that in the hyperplanes
{z1 = 0}, {z2 = 0}, and {x3 = 0} there are no periodic orbits. Let I'(t) =
(z1(t), w2 (t), z3(t), z4(t), x5(t), z6(t)) be a periodic solution of (8). Suppose
that I'(t) is in {z1 = 0}. From (8) we have i5 + i — 24 = (22 + 73)%. We get
that z1(t) = 0 and z2(t) = —x3(¢) for all t. Substituting these conditions in
the equations of (8) we have that &4 = @5 = &g, and so there exist constants
a and b such that z5(t) = z4(t) + a and z¢(t) = z4(t) + b for all ¢. Substituting
all these conditions in the fourth equation of (8) we obtain again the equation
(4). So, in order that I" be periodic, z4(t) is constant. Now from the second
and third equations of (8) we have that x5 (¢) and x3(¢) are constants, and I
is an equilibrium point instead of a periodic orbit. In the same way we can
prove that there are no periodic orbits in {z3 = 0} and in {3 = 0}.

Consider the three sets

Fr={zeR": F(z) >0},
FY'={z € R®: F(x) =0} and
F~={zeRS: F(z) <0},

where F' is given in (9).

Lemma 2 The sets F™, F and F~ are invariant by system (8) and there
are no periodic orbits in the set F'~.

Proof First of all observe that if we call X the vector field associated to the
system (8) then we have that

XFI(X,VF>:—%(k}—l)($4+I5+$6)F, (10)
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where (.,.) denotes the standard inner product in R® and VF is the gradient
of F. From (10) we get that F is an invariant set to (8), and consequently
F* and F~ also are invariant.

Now we prove that there are not periodic orbit in F'~. Suppose that I'(t) =
(x1(t), w2 (t), z3(t), za(t), z5(t), x6(t)) is a periodic orbit of (8) and that it is in
the set F'~. By Lemma 1 we have that 1 () # 0, z2(t) # 0 and z3(t) # 0 for
all t. Consider the function

T4+ x5 + T6
T1ToT3

h(z) =

Observe that h o I' is defined for all ¢ and it is a periodic function. So there
exists at least a point ¢ = to such that (ho I')(tg) = 0. We have

(ho I)(t) = (Vh,I'(t)) = Xh(I(t)).
By the other hand
Xh(z) = (14 3k)F(z) — 8(23 + 22 + x2), (11)

which is always negative in the set F'~. So the periodic orbit I'(¢) cannot be
contained in F'~.

Let U be a subset of R®. Let h : U — R be a C* function. By S(h) we
denote the set {z € RS : Xh(x) = 0}. Suppose that we are interested in the
localization of the periodic orbits of system & = X (z) located in the set U. We
define hjny = inf{h(z) :x € UNS(h)}, hsup = sup{h(z) : x € UNS(h)}. The
following two propositions are particular cases of results that can be found in

[5].

Proposition 5 All the periodic orbits of system & = X (z) located in U are
contained in the set {x € U : hiny < h(x) < hgup}-

Proof Let I'(t) be a periodic orbit of system & = X (x) contained in the set U.
Denote by v = {I'(t) : t € R}. The set v is compact and so the C* function h,
restricted to the set v, has a maximum M and a minimum m. In particular
v C{z e U:m < h(x) < M}. For all points ¢ = ¢ such that h(I'(t1)) = m we
have that I'(t1) € S(h). It implies that m = inf{h(z) : x € yNS(h)}. On the
other hand we have that v N S(h) C U N S(h) implies m > h;pr. Analogously
we have hgy, > M. So we have

yC{zeU:m<h(zx) <M} C{xeU: hing < h(zr) < houp}-

Proposition 6 Let U be a set in RS. If S(h) NU = () then system & = X (x)
has no periodic orbits contained in U.

Proof Suppose that I'(t) is a periodic orbit of system & = X (z) contained in
the set U. As we saw in the proof of Proposition 5, for all points t = ¢; such
that h(I'(t1)) = m we have that I'(¢t1) € S(h)NU. And so S(h)NU # 0, which

is a contradiction.
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Lemma 3 There are no periodic orbits of system (8) located in F°.

Proof Consider the set U = FON {x1 # 0} N {z2 # 0} N {z3 # 0} and the

function
Xq + Is + Te

h(x) - T1X2X3
Accordingly to (11) we have that S(h) = {x € R® : 24 = 25 = 26 = 0}. So
Rinf = hsyp = 0. From Proposition 5 all compact invariant sets of (8) located
on U are contained in B = {x4 + x5 + 26 = 0}.

Suppose that I'(t) = (x1(t), z2(t), z3(t), z4(t), x5(t), 26 (t)) is a periodic
orbit of (8) and it is in the set F°. By using the fact that this orbit is contained
in B we have that &4+ @5+ ¢ = 0. From system (8) and the fact that I" are in
FY we have that 3 + 23 + 23 — 22122 + 27123 + 22223 = 0, and consequently
xi + x% + x% — 2x475 — 23476 — 22526 = 0. Substituting r¢ = —z4 — x5 in the
last equation we get

2 + 205 + 2(wa + 25)” = 0,

and so z4(t) = x5(t) = z¢(t) = 0 for all t. Now substituting these values in
system (8) we get that z1(t), z2(t) and x3(t) are constant functions. So I is
not a periodic orbit.

Lemma 4 If there exists a periodic orbit for system (8), then it intersects the
set {v € RS : x4 + 5 + 16 = 0}.

Proof Consider theset B = {z € R®: 2y # 0,15 # 0,23 # 0 and x4+x5+76 #
0} and the function h(z) = z1z2x3. We have that

Xh(z) = z12023(xs + 5 + 6),

and so S(h)N B = 0. According with Proposition 6 system (8) has no periodic
orbits in B. If system (8) has a periodic orbit then it intersects {z € R® :
x4+ x5 + 26 = 0},

Lemma 5 There are no periodic orbits for system (8) located in FT.

Proof Suppose that I'(t) = (z1(t), z2(t), x3(t), 24 (¢), z5(t), x6(t)) is a periodic
orbit of system (8) and that it is in the set F'*. By Lemma 4 we have that I’
intersects the set {z4+x5+2x6 = 0}. Consider the function h(z) = z1x223(zs+
x5 + 26). By Lemma 1 we have that 1 (¢) # 0, 22(¢) # 0, and x3(t) # 0 for all
t. Observe that the zeroes of the function ho I" occur for the values ¢ such that
the orbit I" intersects the set {4 + x5 + 6 = 0}. Computing the derivative of

ho I we have (ho I')(t) = (Vh, I'(t)) = Xh(I'(t)) where
Xh(z) = (14 3k)F(x) + 16(x425 + T47T6 + T5T6)-

We observe that in the set {4+ x5+ 26 = 0} we have z425 + 2426 + 526 = 0.
We get that in all zeroes of the real periodic function h o I' its derivative
is positive. This is a contradiction, because we cannot have a periodic real
function with positive derivative in all of its zeroes.
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Proposition 7 The Bianchi VIII system, given by (8), does not have peri-
odic solutions.

Proof Tt follows from lemmas 2, 3, and 5.

7 The Bianchi I X system

In this section we consider the Bianchi X system. According with Table 1 we
have ny =1 and ng = 1 and ng = 1. So system (2) becomes

1 =x1(—24 + 5 + T6),
&g = wa (x4 — x5 + 26),
I'g = $3($4 + Ty — 1’6),

. _ 12
iy = mi (21 — 2 — a3) + ELF, (12)
g5 = xo(—x1 + 22 — 73) + L F,
l"@ = 1173(%1 + X2 — .1‘3) + %F,
where
F=2%+ 23+ 23 — 2v120 — 220123 — 22073+ (13)

23 + 22 + 13 — 22475 — 22576 — 2T4T6.

Lemma 6 The hyperplanes {x1 = 0}, {z2 = 0}, and {xs = 0} are invariant
manifolds for system (12) and there are no periodic orbits in these hyperplanes.

Proof The proof is very similar to the proof of Lemma 1.

Consider the three sets

Ft={zeRC: F(z) > 0},
FY={z€R%: F(z) =0} and
F~={2eR5: F(z) <0},

where F' is given in (13).

Lemma 7 The sets FT, F° and F~ are invariant by system (12) and there
are no periodic orbit in the set F'~.

Proof The proof is very similar to the proof of Lemma 2.
Lemma 8 There are no periodic orbits for system (12) located in F°.
Proof The proof is very similar to the proof of Lemma 3.

Lemma 9 If there exists a periodic orbit for system (12) then it intersects the
set {x € R® : 24 + x5 + 26 = 0}.

Proof It is the same proof of Lemma 4
Lemma 10 There are no periodic orbits for system (12) located in FT.

Proof The same construction in the proof of Lemma 5 works in this case.
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Proposition 8 The Bianchi I X system, given by (12), does not have periodic
solutions.

Proof Tt follows from lemmas 7, 8, and 10.
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