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ABsTrACT. The goal of this paper is to study the family of singular per-
turbations of Blaschke products given by Bga(z) = 2° == + z% We
focus on the study of these rational maps for parameters a in the punc-
tured disk D* and |A| small. We prove that, under certain conditions,
all Fatou components of a singularly perturbed Blaschke product Bg,
have finite connectivity but there are components of arbitrarily large
connectivity within its dynamical plane. Under the same conditions we
prove that the Julia set is the union of countably many Cantor sets of
quasicircles and uncountably many point components.

1. Introduction. Given a Rational map f : C— @, where C denotes the Riemann
sphere, the Fatou set F(f) is defined as the set of points z € C such that the family
of iterates {f(z), f2(z) = f(f(2)),...} is normal in some open neighbourhood of
z. Its complement, the Julia set J(f), corresponds to the set of points where the
dynamics is chaotic. The Fatou and the Julia sets are totally invariant under f(z).
The Fatou set is open and its connected components, known as Fatou components,
map among themselves. The celebrated result of Sullivan [I8] states that all Fatou
components of rational maps are either periodic or preperiodic. Moreover, any
cycle of periodic Fatou components has at least a critical point, i.e. a zero of f/(z),
somehow related to it (see [11]).

The aim of this paper is to study singular perturbations of a family of Blaschke
products and analyse the structure of their dynamical plane. We focus on the
special case for which Fatou components of arbitrarily large connectivity appear.
The study of singular perturbations of rational maps is a very active research field
in holomorphic dynamics. They were used by McMullen to show the existence of
buried Julia components for rational maps, i.e. connected components of the Julia
set which do not intersect the boundary of any Fatou component. He described

2010 Mathematics Subject Classification. Primary: 37F45; Secondary: 37F10, 37F50, 30D05.

Key words and phrases. Holomorphic dynamics, Blaschke products, McMullen-like Julia sets,
singular perturbations, connectivity of Fatou components.

The author was partially supported by the grant 346300 for IMPAN from the Simons Founda-
tion and the matching 2015-2019 Polish MNiSW fund, by RedIlUM and MINECO (Spain) through
the research network MTM2014-55580-REDT, and by the mathematics institute IMAC.

3567


https://xpv.uab.cat/10.3934/,DanaInfo=.adyBgsnFvzp+dcds.2017153

