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1. Introduction and Statement
of Our Main Result

The averaging theory is a classical method for
studying the solutions of the nonlinear dynamical
systems, and in particular, their periodic solutions.
For a general introduction to the averaging theory
see the book by |Sanders et al. HMI], and the refer-
ences quoted there. Recently many works extending
and improving the averaging method for computing
periodic solutions were presented, see for instance

|Buica _et_al 2012: [Llibre_et_all, 2014: Llibre &
Novaes, 2017; [Candido et _all, M] Most of these

results enhance the number of periodic solutions
that can be detected by averaging method. For
instance, |Candido et all [2017] formulated an aver-
aging method for detecting periodic orbits bifurcat-
ing from a manifold of periodic solutions or from a
continuum of zeros of the averaging function. For
the sake of completeness we reproduce this result
here, see Theorem [

The periodic orbits detected by this theorem
are nonhyperbolic. Thus its stability cannot be

directly determined. For this reason in [Candido &
Llibre, 2016] there is no discussion about the sta-
bility of the periodic solution found in the Lorenz
system. Furthermore, the stability of the periodic
solution found for the Maxwell-Block system by
\Candido et al) [2017] was studied using approxima-
tion to the related eigenvalues. This method does
not work in general (cf. [Murdock, [1988, Sec. 5])
however the results used here justify its use in that
case.

The first contribution in this work is to present
a result (see Theorem [2)) that can provide a com-
plete description of the stability of the nonhyper-
bolic solutions found by Theorem [Il. Then we apply
this result to study the stability of the periodic
solution of the Lorenz system that was found by
Candido and Llibre @é], doing this we answer
the question about its stability that was left open.
Finally, we apply Theorem [0 to give an analytic
proof of the existence of the periodic solutions in
the Thomas system. Some of these solutions were
known only by numerical methods. Therefore we use
Theorem P] to study the stability of such solutions.
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We consider differential systems of the form
% = Fo(t,x) + eFy(t,x) + *Fy(t,x)
+ 3F3(t, x) + ' Fy(t, x) + 2F(t,x,¢), (1)

with x in some open subset Q of R", ¢ € [0,00), € €
[—€0,€0]. We assume F; and F for all i = 1,2,3,4
are T-periodic in the variable ¢. Let x(¢,z,0) be the
solution of the unperturbed system

X = Fg(t,X),

such that x(0,z,0) = z. We define M(t,z) the fun-
damental matrix of the linear differential system

. aFO<t7X(t7Z7O>)
y = 8
X

Yy,

such that M (0, z) is the identity. The displacement
map of system () is defined as

d(z,e) =x(T,z,¢) — z. (2)|

vo(t,z) = x(t,2,0) — z,

In order to have d(z,¢) well defined we assume that
for |e| # 0 sufficiently small the next assumption
holds.

(H) there exists an open set U C € such that for all
z € U the unique solution x(t,z,¢) is defined
on the interval [0,¢(,.)) with ¢, o) > T

This hypothesis is always true when the unper-
turbed system has a manifold of T-periodic solu-
tions. The standard method of averaging for finding
periodic solutions consists in writing the displace-
ment map (2) as power series of ¢ in the following
way

d(z,¢) = go(z) + eg1(2) + *g2(2)
+eigy(z) + Y5z, ),
where for i = 0,1, 2, 3,4 we have

-1 yl(Ta Z)
7!

gi(z) = M(T,z2)

Y

with

vi(t,z) = M(t,z)/o M(r,2) " Fi(r,x(7,2,0))dr,

0F,

ya(t,z) = M(t,z)/o M (T, z)_1 [QFQ(T,X(T,Z,O)) + Qa—(T,x(T,X,O))yl (1,2)

9%F,
Ox2

(1,%(7,2,0))y1 (T, z)ﬂ dr,

X

OF 5

y3(t,z) = M(t,z)/o M (T, z)f1 [6F3(T,X(T,Z,O)) + 68—X(’T,X(T, z,0))y1(7,2)

9%*F,
ox2
0’F,
ox2

+3

+3

(7,%(7,2,0))y1(7,2)* + 3

OF
e (M X(1.2.0))y2(7,2)

3

(1,%(7,2,0))y1(7,2) © y2(T,2) + a730(7', x(7,2,0))y1 (7, z)3 dr,

yva(t,z) = ZM(t,z)/0 M(r, z)_1 [24F4(T,X(T, z,0)) + 24%(T,X(T,x,0))y1(7, z)

0?°Fy

F
+125 2 x(r, 2, 0)yi (7,2 + 1252 (1, x(7, 2,0y (7. 2)

0°F,

12—
+ 0z2 (

0F,

ox
63

7,%(7,2,0))y1(7,2) © ya2(7,2) + 4W31(7', x(7,2,0))y1 (7, 2)3

0‘F
+4——(1,%x(7,2,0))ys(7,2) + SW;(T, x(7,2,0))y2 (7, 2)?

ox
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0*F
Ozt

+4

The functions g1, g2, g3 and g4 will be called here
the averaged functions of orders 1-4 respectively of
system ().

We say that system ([Il) has a periodic solution
bifurcating from the point zg if there exists a branch
of solutions z(¢) for the displacement function such
that d(z(¢),e) = 0 and z(0) = zo.

Now we shall present our result on the existence
and stability of the periodic solutions of system ([I]).
The methodology used here was introduced for
studying differential systems such that the unper-
turbed part has a submanifold of T-periodic solu-
tions, see for instance [Buici et all, 2012: Llibre &
Novaes, [2015]. The main difference of this work with
the previous ones is that the first nonzero averaged
function vanishes over a graph.

Let 7 : R™ x R"™™ — R™ and 7t : R™ x
R*»™™ — R™ ™ denote the projections onto the
first m coordinates and onto the last n — m coor-
dinates, respectively. For a point z € U we also
consider z = (a,b) € R™ x R" ™. Consider the
graph

Z =120 =(a,p(a)):aeV}CU (3)

such that m < n, V is an open set of R™ and
fB:V — R"™is a C* function.

The next theorem provides sufficient conditions
for the existence of periodic solutions in the dif-
ferential system ([IJ). This theorem was proved by
Candido et all [2017]; here we also provide a scheme
of its proof. We need this theorem for the statement
of our main result in Theorem Bl

Theorem 1. Letr € {0,1,2} such that r is the first
subindex such that g, £ 0. In addition to hypothesis
(H) assume that

(i) the averaged function g, wvanishes on the
graph [3). That is g.(zo) = 0 for all a € V,
and

(ii) the Jacobian matriz

A, T4,
Dgr(za): B A

(T, X(T, Z, 0))y1 (77 z)4 dr.

Stability of Periodic Orbits in the Averaging Theory

3F0

(T, X(T7 z, 0))}’1 (T7 Z) © y3(T7 Z) + 6%? (T, X(T7 z, 0>)Y1 (T, Z>2 O y2 (T, Z)

where Ao = Damgr(za), Ta = Dpmgr(za),
By = Dot gr(24) and Ay = Dyntgr(24), sat-
isfies that det(Ay) # 0 for alla € V.

(i) We define the functions

fila) = _FaAglﬁLgr—&-l (Za) + T8r41(2a),

1 1 0%ng,
fa(a) = §Foﬁ2(a) + §W(Za)% ()?
Orgri1

0b

+ (Za)'ﬂ (a) + Tgry2 (Za)a

a! (a) - —A;lﬂLng (Za),

P rtg,

i) = =55 (T (o)

ortgi
ob

F2r o))

+2 (Zo)71 ()

(4)
Then the following statements hold.

(a) If there exists o € V' such that fi(a*) =0 and
det(Df1(a*)) # 0, for |e| # 0 sufficiently small
there is an initial condition z(e) € U such that
z(0) = zo+ and the solution x(t,z(e),e) of sys-
tem () is T-periodic.

(b) Assume that f1 = 0. If there exists o € V
such that fa(a*) =0 and det(Dfa(a*)) # 0, for
le| # 0 sufficiently small there is an initial con-
dition z(e) € U such that z(0) = z,+ and the
solution x(t,z(e),e) of system () is T-periodic.

Theorem [ shows that the functions f; and
f2 provide sufficient conditions for the existence of
periodic solutions of the differential system ().

For periodic solutions detected by statement
(a) of Theorem [0 the next result reveals how the
higher order function fo can be used for determin-
ing the stability of the periodic solution x(¢,z(¢), €).

Theorem 2. Consider r, I'o, Ay, f1 and fo as
defined in Theorem [ and the Jacobian matri-

ces Dg,(z) = (pij(z)) and Dgr+1(z) = (i(2)).
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Assume that there exists o € V' such that f1(a*) =
0 and det(Dfi(a*)) # 0. We define the matriz

function

A(e) = Ag + €Ay, (5)
where

Ao = Dgy(zar), (6)
Ay = (Dpij(za+) - 21 + Gij(2a+)), (7)

z1 = (~Dfi(a”) ™ fala®),
DB(a”)(=Dfr(a) ™ fa(@™) + m(a?)).  (8)

Then the periodic orbit x(t,z(e),e) has the same
type of hyperbolic stability as the matriz A(e) pro-
vided that:

(s1) Ao has no multiple eigenvalues on the imagi-
nary aris, and

(s2) there exists ¢ > 0 such that every eigenvalue
Ae) of A(e) satisfies |Re(A(g))| > ce for all
sufficiently small || > 0.

The same class of results can be obtained for
periodic orbits detected by statement (b) of Theo-
rem [[] using the bifurcation function of order 3. The
expressions of such functions are explicitly given by
Candido et _all [2017]. Theorem [ can provide the
stability of periodic solutions that bifurcate from a
family of periodic orbits of the unperturbed part of
the differential system ([Il). As shown in Sec. [3] this
result does not require smooth conditions. Thus we
believe that the ideas presented here can be used,
after some modifications, in the context of piecewise
continuous systems having periodic solutions bifur-
cating from families of periodic orbits as studied by

2. Applications
Lorenz differential system

Consider the differential system
i =a(x —y),
y=xz(b-2z)—y, 9)
z=uxy — cz,

with a, b, ¢ being real coefficients. In a recent publi-
cation, Candido and Llibre M] have found a peri-
odic orbit bifurcating from the origin of system ({),
see Fig. [ The next theorem completes this work

Fig. 1. Solution of system (@) starting at (0.05, —0.01, 0.05)
being attracted by the stable periodic orbit (dashed curve)
founded by Theorem [[I The parameters of the system are
ag=-2,b=2,¢; =1 and e = 1/100.

giving the stability characterization of that periodic
solution.

Theorem 3. Let a = —1 + ase? and ¢ = cje.
Assume that b > 1, a3 < 0, ¢; # 0 and |e] # 0
sufficiently small. Then the Lorenz differential sys-
tem ([4) has a periodic orbit bifurcating from the
origin. Furthermore for ¢cp > 0 this periodic orbit
1s an attractor, otherwise for ¢ < 0 the periodic
orbit has a stable manifold formed by two topolog-
ical cylinders and an unstable manifold formed by
two topological cylinders.

Theorem B]is proved in Sec.[3using Theorems[I]
and 21

Thomas systems

A circulant system is a differential system defined
by a function f(z,y,z) having the variables cycli-
cally symmetric according to

T = f(xvyvz)a
Y= f(yvzax)a
z= f(zaway)a
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where the function f(u,v,w) is fixed and the vari-
ables are rotated. In 1999, René Thomas proposed
two circulant systems having cyclic symmetry

T =siny — Bz,

y =sinz — By, (10)
Z=sinx — Bz,

&= —bx+ay — >,

Y= —by+az—z3, (11)

5= —bz+ax — 2°.
System ([I0) is defined by the function
f(u,v,w) = —au + sinv and system () is defined
by f(u,v,w) = —au + bv — v3. The chaotic behav-

ior generated by these systems was presented by
m |, this system was also studied by

[2007]. System (I0) is

sometimes called Thomas system, see for instance

, 2010, Chapter 3]. The next results give

-06 rd

-0.8 _ \

-1.0

-1.00 -0.95 —0.9)9 -0.85 -0.80

(a)
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sufficient conditions for the existence of periodic
solutions on these differential systems.

One can check that the origin is an equilibrium
point of system (), and that it has the eigenvalues
1-8,(-1-23—-1iv3)/2 and (-1 — 283 +i\/3)/2.
When 3 = —1/2 the origin has a pair of complex
eigenvalues on the imaginary axis and the bifurca-
tion of a periodic orbit occurs.

Theorem 4. Let 3 = —1/2 + Bie + [oe? where
Bi € R fori = 1,2. For ¢ > 0 sufficiently small
and By > 0 the differential system ([Id) has an iso-
lated periodic solution bifurcating from the origin.

Theorem M is proved in Sec. Bl using Theo-
rems [I] and 2 taking » = 0. System (II) has 27
steady states but we will be interested in the pair
of symmetric equilibrium points Py = +(v/a — b,
va—b,v/a—1b). Taking a = 5V3w/6 and b =
V3w/3 with w > 0, these equilibrium points have
the eigenvalues —v/3w and wi. The next theorems
show that periodic orbits originate at P_ and P.

-1.1
-1.0

-0,
-0.8

-06 %

-0.8

-1.0

-1.2

Fig. 2. Solution ¢_(t,e) for different values of e: (a) e = 1/250, (b) e = 1/50, (¢) e = 1/8, (d) e = 1/6, (e) ¢ = 1/5 and

(fye=1/4.

1830007-5



Int. J. Bifurcation Chaos 2018.28. Downloaded from www.worldscientific.com
by CITY UNIVERSITY OF HONG KONG on 04/12/18. For personal use only.

M. R. Candido & J. Llibre

0.0

-1.0

=05

05|

Fig. 2. (Continued)

Theorem 5. Let a = 5v/3w/6 + a1, b = v/3w/3 + eby with w > 0 and (5b1 — 2a1) < 0. Then for e > 0
sufficiently small the differential system (IA) has two periodic solutions

2V/371

bi(t,e) =Py + /e (262@75 cos(tw), ———€(3sin(tw) — V3 cos(tw)), —ée2\/§”§(3 sin(tw) + \/§cos(tw))>

+0(e), (12)
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such that ¢4 (t,e) bifurcates from Py and ¢_(t,¢)
bifurcates from P_. Here

5 o 71'(5[)1 — 2a1)
V) —3eVBr(\/3 — 5) + 61/3e2V3T — 33

The periodic orbit analytically found in Theo-
rem [0l was detected numerically by Thomag M],
he also showed for specific values of a and b that
these periodic solutions lead to strange attractors
after a cascade of period-doubling. The following
figures illustrate this phenomena. Here a; = 6,
by = 1 and w = 1 is the time interval from 0 to 1000.
Figure [2(a) shows the solution starting at (—0.8,
—0.8,—0.45) being attracted by the periodic orbit
¢_(t,e), see Eq. (I2). As we increase € the periodic
orbit grows in size and complexity, see Figs. 2|b)
and 2l ¢). The approximation to the periodic orbit
provided by ([2) can be seen as a dashed curve.
Figures B(d)-2(f) show the appearance of the
strange attractor as ¢ increases.

3. Proofs
Proof [Proof of Theorem[I]. For a detailed proof see

|Candido et al), 2017], but for the sake of complete-
ness we present here the ideas of the proof. Define
the function g(z,¢) = d(z,¢)/c" where d(z(¢),¢) is
the displacement function and 7 is defined as the
statement of the theorem. We have that

3—r

z)+ Y grai(z)e + O,
=1

g(z(e),e) =

From here the proof just applies Lemma 3 of [Lli-
bre & Novaes, M] Here we present a sketch of the
proof of this lemma, more details can be obtained
in Sec. @ of [Llibre & Novaed, [2015]. The first step
is to write g = (rg, 7+ g). Using 7 g we define the
function

5t R x [—e0,80] X R*"™™ — R*™™
((a,€),b) — mrg((a,b),¢)
= ﬂlgr(a, b) + 87rlg7n+1(a, b) + (’)(52).

Then from hypothesis (i) and (ii) we have that
5-((0,0), B()) = (0, B()) = 0 and Dy (16) x
((,0), B(a)) = A,. Since det(A,) # 0, we apply
the Implicit Function theorem obtaining a C* func-
tion B : Ux(—¢e1,e1) — R*™™ where U x (—¢1,1) is
a neighborhood of V' x {0} such that 3(«,0) = B(a)

Stability of Periodic Orbits in the Averaging Theory

and 7tg((a, B(a,€)),e) = 0+ (a,B(a,e),e) = 0.
Mainly,

B( +Z'71,

and the functions ~; for ¢ = 1,2,3, are shown in

Eq. (I3) of [Llibre & Novaes, 2015]. The function

B(a) is given in (B). Now for all a« € V we consider
the function 6(a, €) = mg(e, f(a, ), €). Writing this
function as a power series of € we obtain

Q)s + O (13)

3—r
= elfi(a) + 0. (14)
=1

We use the auxiliary function
d(a,€)
€

Fla,e) =

3—r
= fila) +>_ & file) +
i=2
for studying the branches of zeros of ([Id]). If
there exists a* € V such that fi(a*) = 0 and
det(Dfi(a*)) # 0 then by the Implicit Func-
tion theorem we have a branch of zeros such that
F(a(e),e) =0 and

ale) =a* + 0(e). (16)

Consequently ng(ale), Blale),e),e) = 0 and
mtg(a(e), Blale),e).e) = 0, then g(a(e), Blale),
g),e) = 0. This means that z( ) = (a(e), Bla(e),e))
is a branch of zeros to the displacement function, i.e.
d(z(e),e) = e"g(z(e),e) = 0. Thus for || > 0 suffi-
ciently small x(¢,z(g), ) is a T-periodic solution of
system (). This concludes the proof of statement
(a) of Theorem [ The proof of statement (b) is
analogous. W

O3, (15)

A fundamental notion in qualitative theory of
differential equations is hyperbolicity. A constant
matrix will be called hyperbolic if its eigenvalues lie
out of the imaginary axis, in which case its indez is
the number of eigenvalues in the right half-plane.
Consider a matrix function A(e) = Ao + €41 +

+ e¢(*=D A, depending on a parameter e. If A
is hyperbolic of index 7, then one can see that for
e > 0 sufficiently small, A(¢) will be hyperbolic with
the same index 1.

If Ag is not hyperbolic the placement of the
eigenvalues of A(e) may be hard to determine. To
deal with this problem we use a method introduced

1830007-7
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by Murdock and Robinson [1980a, 1980b]. The

matrix A(e) is called k-hyperbolic of index i if for
every smooth matrix function B(e) there exists an
g0 > 0 such that A(e) + e¥B(e) is hyperbolic of
index 7 for all € in the interval 0 < € < g¢. The next
result will be needed for proving Theorem [2

Assume that there exists a matrix function S(e)
that block diagonalizes A(e) into its left, right and
center blocks L(¢g), C(¢), R(e) which for e = 0 have
their eigenvalues respectively in the left half-plane,
on the imaginary axis, and in the right half-plane.
Thus

S(e)tA(e)S(e)=| o

0 0 R(e)

Theorem 6 [Murdock, 1988, Theorem 5.7]. Let
C(e) be the center block of A(e) and let its size be
m xm. Then A(e) is k-hyperbolic provided that:

(a) Ao has no multiple eigenvalues on the imagi-
nary axis.

(b) There exists ¢ > 0 such that every eigenvalue
M) of C(e) satisfies [Re\(g)| > ceF~! for all

small .

Proof [Proof of Theorem []. The statement r €
{0,1} allows to obtain more information about
functions (I3) and ([I5). We can write

Bla,e) = Bla) +em(a) +en(a)
+0(e*), (17)
Fla,e) = fi(a) +efole) + O(ET),  (18)

where f; is defined in statement (iii) of Theorem [I
and fo, 71 and 7o are defined in (). Using the
Implicit Function theorem in we have that the
branch of zeros ([I8) is written as

a(e) = a(0) +ed/(0) + O(e?)
=o' +e(=Df (") f2(a*) + O(?),  (19)

where Df;'(a*) is the inverse of the Jacobian
matrix of the function fi(a) at the point o*. Sub-

stituting (I9) into () and expanding the result in
|

m(p? — 2¢12)

g12(z) = ——,

=0
g11(z) =0, -

921(z) = —

Taylor’s series around & = 0 we obtain
Blale),e) = B(a(0) + e(DB(a(0)a’ (0)
+71(a(0))) + O(e?)
= B(a”) +e(Dp(a"))
x (=Dfi (") fo(a™))
+71((0)) + O(£?). (20)

Here Df(a*) is the Jacobian matrix of function
B(«a) at o*. From ([[9) and (20) we have that

2(c) = (a(e), Blale),€)) = zar + 21 + O(?),
(21)

with z,+ = (o, f(a*)) and z; is defined in ().

Using (ZI) we can write the Jacobian matrix of
the displacement function at z(e) as a power series
of ¢ around € = 0 as

od(z(e),e)
0z

where a classical result about ordinary differen-
tial equations says that when (22)) is a hyperbolic
matrix, the periodic solution x(t,z(c),e) will be
hyperbolic with the same kind of stability. This is
also referred to as linear stability. Thus the proof
of the theorem follows from applying Theorem
in the 1-jet (Bl observing that hypotheses (s1) and
(s2) are equivalent with the hypotheses (a) and (b)
respectively. Thus the matrix is two-hyperbolic and
the theorem is proved. W

= Ay + Ay + O(e?), (22)

Proof [Proof of Theorem [B]. The existence of such
periodic orbit is proved in Theorem 4 of [Candido &
Llibre, 2016]. Following the ideas of this proof we
see that, after some changes of variables, system ()
can be put into the normal form for applying The-
orem [I]

7 = cF1(z,0) 4+ e*Fy(z,0) + 3Fo(z,0) + O(c4)

given by Eq. ([22) of |Candido & Llibrd, 2016],
with z = (p,z) and the derivative with respect
to #. Thus calculating the higher order averaging
functions of this system for ¢ = 0,1,2,3 we have

g:(z) = (9i1(2), gi2(z)) where go(z) =0 and

7p(8asw? — 4cyz + 3p?)
Sw3 ’

m(p?(crw(w — 27) + 32) + 2c12(2mc1w — 2))

922(2z) = 5

Y
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7p(42(2a2w? + 2mciw — 3e12) + p? (crw(3w — 4r) + 152))
16wb ’

g31(z) = —

o T
~ 96wW5

+4p* (31w (9w — 287) 2 4 452%) — 2w (6asw(w + 27) + 2 (67w — 872 + 3))).

(9ptw(dm — bw) — 8c12(12asw? + 1672 c2w? — 367wz + 922)

g32(2)

Thus we can calculate the functions f;(«) for i = 1,2 with respect to the averaging functions above and

the graph
o2
Z = {za = <04,B(04) = E) ta > 0},
obtaining
ma(8agw? + a?) mad(2w?(4ag + c3) + 5a?)
= — d = — .
fi(e) 8w3 and - fa() 32¢iwd

By the hypothesis of Theorem Bl one can check that o* = 2w+/—2ay is a simple zero of function fi(«).
Then we can apply Theorem [ with » = 1. By (2II) we can write the initial point of the periodic solution
as z(e) = zq+ + €21 with

16as — c2)wy/—2 12
zZ] = (16as — cj)w a2,4a2w2 —32 —1

and the matrix (B) becomes

6a27r \/—26126171'

w w?

0 0

Ae) = 9 +e
47n/—2a2 — an

21 (3 — 2asw)

7T;2@(0%((4) — 47) — 8agw)

wey w?

The matrix A(e) has the two distinct eigenvalues I -
an attractor. Otherwise, if ¢; < 0, Re(\y) <

2 9 2 0 < Re(A1) then the periodic orbit has a stable
A= c17r+6< 617r> L O and (A1)

manifold formed by two topological cylinders, and
an unstable manifold formed by two topological
2a9m i

j 4 0(82). cylinders. W

)\226

As ay is negative by hypothesis, we have that Proof [Proof of Theorem []. Using the change of

for € > 0 sufficiently small if ¢; > 0, Re(A\) < Variable\s/iX, Y, Z) = e(x —i_,é’(_x,_ V3y +22)/2,
Re(A2) < 0, consequently the periodic orbit is £—$ + V3y + 22)/2) the differential system (I0)
| ecomes

sm<\/5(X+‘/§Y+QZ)> 2Sin<\/E(X+\/§YQZ)>
: 1 2 sin(ve(X + 2)) 2
K=x(g-m) - 3E T 3E |

Sin(ﬁ(X +V3Y + 22))
v — YG - 5252> L sin(VE(X + 7)) 2

eV3 Vev3 ’

1830007-9
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Sin(\/g()ur V3Y — 2Z)> Sin(\@(—X+\/§Y+QZ)>
. (1 2 sin(v/2(X + 2)) 2
2=2(5-5) - 3VE et 3V ’

we remark that for all § € R the function sin(dw)/d
is well defined and
sin(ow)

lim =w
6—0 )

Thus the equation above can also be written as

X:-?YJr 16(X3+X2(\fY+2Z)
+ X (Y2 - 4V3BY Z + 4(Z% — 4p))

+Y(VBY? = 2YZ + 4V322)) + O(c2),

Y:\/;XJrlﬁ —V3X3 + X2(Y - 2V/32)

— X(V3Y? +4Y Z +4V37?)

+Y (Y2 4+ 2V3Y Z + 4(Z% — 45))) + O(£2),
. 3 5
="+ —(—X%—6X%°Z +3XY?

5 +24( 6 +3

—2Z(3Y? +2(68 + Z%))) + O(e?).

In order to put the differential system (Z3)) into
the normal form for applying the averaging the-
ory we consider the cylindrical change of variables
(X,Y,Z) = (pcos b, psinb, w) with p > 0. Then we
check that § = v/3/2 + O(£2) for |e| # 0 sufficiently
small. Thus taking 6 as the new independent vari-
able we obtain the differential system

z="Fy(z,0) + cF(z,0) + £2Fy(z, 0) + O<53)a
(24)

with z = (p,w), Fo(z,0) = (0,/3w), and F;(z,0) =

(Fil(z,ﬁ),F (z,0)) for i= 1,2, where

Fii(z,0) = %( 2 1 2pw(cos(30) — V/3sin(30))
+4(w? — 4p)),

Fiy(z,0) = i(w(\/ﬁ(—zlsﬂ — 3p2 + 28w?)

72
+ 18rwsin(360))

—2v/3pcos(360)(p? — 9w?)),

(23)

Fo(2,0) = %(p(—?)()w sin(360) (328 + p* + 8w?)
+10V3w cos(30) (968 + Tp? + 40w?)
+ 3psin(66)(p® — 40w?)
—V/3pcos(60)(p* — 120w?))
+20V3(—19282 + p* + 6p%(w? — 48)
+ 20wt — 965w?)),

Fy(z,0) = 576(1) \/g(—12w(960ﬁ2 +5pt
+1208(p? + 4w?) — 50p*w? — 228w?)
—30pcos(30)(p* + 3p*w? — 104w*

+ 965w?) 4 pw(cos(66)(360pw* — 69p%)

+ 2v/3sin(36) (cos(30) (360pw? — 23p%)

+ 5w(—963 + 3p* + 104w?)))).

System (24)) is 27-periodic and it is in the normal
form when applying Theorem [ Furthermore for
an initial condition zg = (pg,wp) the solution of
the unperturbed differential system corresponding

to (24) is given by

®(0,2) = V30)

(p(),'LU()€

Then we consider the set Z C R? such that Z =
{(,0) : @ > 0}. Clearly, for z, € Z the solution
®(0,2z,) can be assumed 27-periodic, and therefore
the differential system (24)) satisfies the hypothesis
(H). Moreover the fundamental matrix of the vari-
ational differential system along ®(6,z,) is

1 0
M(0,z,) = 0 i)

Computing the averaging functions we obtain

go(z) = (0, (2™ —
(9i1(2), 9i2(2))

1)w) and

gi(z) =

1830007-10



for i = 1,2 where
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2) = £ (Var(s ~ 169) + (€ ~ Du(p + e + ),

L3

— m(p — 62\/§w(p3 + 12\/§7rp2w +28w° + 192\/§7T5w) + 2866\/377103)7

(1+16v3m +54w2)p5  eMV3T ot e10V37 53(15p — 196w)
7)) =

1728 + 108 + 15120

el2V37 ) w?(21p + 13w) n 68\/§7rpw2(171p2 — 700pw + 3192(w? — 3))
5616 229824

&ﬁwﬁw@%ﬂ+4&@ﬂﬁ—4@%—1%%—2f)+4mfw
3456 169344

5p%(3815w3 + 286526w)  p3(3024m(v/3 + 4m)3 + 115w?)

1742832 18144

eSV37 pw2(1128 — 42v/37(1683 + p2) + 31p2 + 42pw)
4536

_l’_

+

+

64\/§7rp

~ iy (72320° + 1050w + 84v3r(50° — TpPw + 80Bp + 1126w)

4 2
+965p + 9408 w) + p( (2775 _ \fﬂz) - w_ 6562180 >’

3

252 456 480 6912

922(Z>:€1o¢sﬂ<_p2w _ Tpw? 19w5> L (320 +12V3r(p* — 168) — p?)
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+ (p2(1071w — (619 4 504v/37)p) — 2883((6 + 28v/37)p + 49w))
eOV3m 2 83T, 2
1672 T 24192

(p(—21p% + 4(73 — 196V/37) pw + 644w?)

437
€ (998442 — 123"

+1128(3p + 28(1 — 4v/3m)w)) + 22464

7616\/§7T,w5

+377p%w — 12486p% + 783w (163 + p*)% — 9363 pw) + e

12V37y3 (492 + 2250w + 196(48 + Tw?))  35e14V37 pyyt
30240 2808

| 2V (41 =527 (V3 4 3m)p'w  p*(784(1 — 2/3m) 5 + 1457w?)
7488 169344

~ P*w(3360(3(v/3 — 2m)m — 1) + 1157w?) 854w® 6085w
60480 1764 373464

23w’ (14+43m)p®  176w® 4
. — 33 .
$64 6912 o0 Tl V3rfh)

1830007-11
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We point out that the function go(z) satisfies the
hypothesis (i) for the graph Z = {(«,0) : « > 0}.
We apply Theorem [I] to system (24) taking r = 0.
Then we have A, = 1—e~2V37 # 0 and the function

ma(a? —1603;)
443

has the positive simple zero o = 44/3;, where
Dfi(a*) = 8731/v/3. Then system (£4) has a 27-
periodic orbit by Theorem [I. The periodic orbit

of system (I0) is obtained when going back to the
|

fila) =

Zy = (4 ﬁla 0)7
2e2V37 4 AV3T _ 9,/31) 32

— 9v/3713) B

change of variables. Now we want to study the sta-
bility of this periodic orbit using Theorem B First
using ([4) we compute the function

fala) = ——=(2304n (2 3% — V/332)

1728
+(1—-
— 2887 (V3 + 47) Ba?).

9e2V3m + V3T +16V3m + 54772)a4

Then if ¢(t,e) is the periodic solution founded
above we can use (2I) and [®) to write ¢(0,e) =
zo + €71 where

462\/§7rﬁ5/2

9v3m\/B

o (_2((1

Then by (@) and (7) we can write the matrix ({) as

0 0
e (0 1—62“§”> o B

The matrix A(e) has two eigenvalues A\; = 583/@ +
V3T
O(e?) and Ny = 1 — ¢ 2V3m — 5 fﬂﬁl + O(?).

Consequently this matrix satlbﬁes the hypotheses
(s1) and (sg) with ¢ = (1, i.e. |[N\| > el fori = 1,2
and e > 0 sufficiently small. W

Proof [Proof of Theorem H. We will prove the
result only for the equilibrium point P,.. The proof
for the point P_ follows exactly the same steps.
First we translate the equilibrium point P, to
the origin and rescale the system using the change
of variables (X,Y,Z) = e(z + 2, (—x — /3y +
22)/2,(—x — /3y + 22)/2), the differential sys-
tem (II]) becomes

X = —wY + Ve(X? +2X(V3Y +22)

3w \/_
4/ 2w 8

+3(Y? +4V3Y Z +42%)) +

Y (Y +4V32) 22 1 S (X (8ay — 200,

Y (—3V3Y?
—6Y Z — 4v/3(2a; — 3b; 4 322))

+3X3 - 3X2(V3Y —22)) + O(e3/?),

T (4v/37(1 4 coth(v/3m)) — 1)) .

8 A5 2
-~ 9 eavor )
L 2Er 0 _862\/§W7Tﬁ1
V3

[
Y =wX 4+ Ve(V3X? - 2XY +4V3X Z

3w\/_
4V 2w 8

—4b1 (33X +5Y)

+3(V3X3 + XY 4+ 2V32)
+ X(V3Y?
+Y (Y2 - 2V3Y Z +42%))) + O(%/?),

3v/wV/3
22

~ X3 - 6Z2(X*+Y?)

—VEY2 44V 2) 202 4 S (8ay (VBX +Y)

—4Y Z + 4377

—VBwZ +e(X2+Y?+22%)
g
+ Z(8Z<b1 — al)

+3XY? —42%) + 0(3/?).

This system can be written into the normal
form for applying the averaging theory. We use
the cylindrical change of variables (X,Y,Z) =
(pcosB, psinf,w) with p > 0. Then we check that

= V3/2 + O('/?) for ¢ > 0 sufficiently small.

1830007-12
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Then we take 6 as the new independent variable obtaining the differential system
%= Fo(2,0) + VeF1(z,0) + eFa(z,0) + O(%/?), (25)
with z = (p,w), Fo(z,0) = (0, —/3w), and F;(z,0) = (Fi1(z,0), Fj2(z,0)) for i = 1,2, where

3v/3p(V/3psin(30) + pcos(30) + 4w)

FH(Z, 0) =

42w ’

3v/3(2p% — 8w? + /3pwsin(30) — 3pw cos(30))

F12 (Za 0) = - )
42w
F5(z,0) = —ST(Bp(9p cos(66) + 2v/3sin(36)(3p cos(30) + 8w) + 64w cos(36))
+4(—8ay + 20by — 3p* + 96w?)),

Fy(z,0) = BZL(p(G\/g sin(30)(—3p* + 26w? + 9pw cos(36)) + (46p> — 468w?)

w

x cos(36) — 27pw cos(60)) + 2w(16a; — 40by + 75p* — 376w?)).

We consider the period T' = 27, thus system (25) is in normal form when applying Theorem [Il Taking the
initial condition zg = (pg,wp) the solution of the unperturbed differential system corresponding to (25
is given by ®(0,2) = (po, woe V3"). Again we consider the set Z C R? such that Z = {(a,0) : a > 0}.
Thus for z, € Z the solution ®(6,z,) is 2w-periodic, and therefore the differential system (25]) satisfies the
hypothesis (H). Moreover the fundamental matrix of the variational differential system along ®(0, z,) is

1 0
M(0,z,) = 0 vty

The averaging functions for this system are go(z) = (0, (1—e2™3)w) and g;(z) = (gi1(2), gi2(2)) for i = 1,2
where

33/4(1 76—2\/§7r)pw 33/46—4\/§7r(62\/§7r o )( 2\/_7r 2 4U) )

911(z) = ;o Gi12(z) = )
V2w 2V2/w
pefB\/gﬂ'
g21(z) = T(egﬁ“(QSW(Sal — 5(4by + 3p?)) + V3(84p% — 168w? — 23pw)) — 561/3e2V37 2
w
+ 84V/3uw? + \/§e4ﬁ”w(51p + 140w) — 28\/566\/§7rp(3p + w)),
e—10V3m
g22(2) = "o (—1820v/3e'0V37 53 1+ 26208v/3w? + 1092v/3e2V3 w2 (3p — 32w)
w

— 52v/3e2V3T 2 (81p — 658w) — 39879v/3e8V3™ 2w + 8V (21847w(8a; — 20b1 — T5p%)
+/3(1820p% — 25480w? + 936pw? + 39879p%w))).

Function go(z) vanishes on the graph Z = {(«,0) : @ > 0}. We apply Theorem [0 to system (Z5). Here
r=0and Ay =1— e 2V37 # 0. The bifurcation functions are

3(v/3e~4V3m (1 — 2e2V3™) 1 /3 — 51)ad + Staa; — 20madb
fil@) =0, fofa) =2 ( Jrs o - nobs
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Function fo has the positive simple zero

7T(5b1 - 2&1)

af = 262\/§Tr -,
3v/3 — 61/3e2V3T 4 3./3e4V3T _ 15e4V3m

where Dfsy(a*) = (10mb; — 47ay)/w. By statement
(b) of Theorem [I], system (25) has a 27-periodic
solution. The periodic solution of system (I2)
is obtained when going back to the change of
variables. W
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