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STABILITY OF PERIODIC ORBITS IN THE AVERAGING
THEORY: APPLICATIONS TO LORENZ AND THOMAS’
DIFFERENTIAL SYSTEMS

MURILO R. CANDIDO AND JAUME LLIBRE

ABSTRACT. We study the kind of stability of the periodic orbits provided
by higher order averaging theory. We apply these results for determining the
k—hyperbolicity of some periodic orbits of the Lorenz and Thoma’s differential
system.

1. INTRODUCTION AND STATEMENT OF OUR MAIN RESULT

The averaging theory is a classical method for studying the solutions of the
non-linear dynamical systems, and in particular their periodic solutions. For a
general introduction to the averaging theory see the book of Sanders, Verhulst and
Murdock [9], and the references quoted there. Recently many works extending and
improving the averaging method for computing periodic solutions were presented,
see for instance [1, 5, 4, 3]. Most of these results enhance the number of periodic
solutions that can be detected by averaging method. Although few comments are
made about the stability of these periodic solutions. To fill this gap the present work
provides an strategy to determine the stability of the periodic orbits that bifurcate
from of periodic orbits which form a manifold, or from points inside a continuum
set that vanish some averaging functions, see Theorem 2. The detection of such
bifurcations is possible by applying the Lyapunov—Schimdt reduction method over
higher order averaging functions, see Theorem 1. This theorem was already used
in [2] and [4] without the stability analysis.

We consider differential systems of the form
X = Fo(t,x) 4+ eFy (t,X) 4+ £2Fy(t, x) + > F3(t, x) + *Fy(t,x) + °F(t,x,¢), (1)

with x in some open subset Q of R”, ¢t € [0,00), € € [—&0,€0]. We assume F; and
F for all i = 1,2, 3,4 are T—periodic in the variable t. Let x(¢,z,0) be the solution
of the unperturbed system

X = Fo (t, X),
such that x(0,z,0) = z. We define M(t,z) the fundamental matrix of the linear

differential system
g = OFy(t,x(t,2,0))

Yy,
ox
such that M (0, z) is the identity. The displacement map of system (1) is defined as
d(z,e) =x(T,2z,¢) — z. (2)

In order to have d(z,e) well defined we assume that for |e| # 0 sufficiently small
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(H) there exists an open set U C € such that for all z € U the unique solution

x(t,2,¢) is defined on the interval [0,%(,)) with t(, oy > T.

This hypothesis is always true when the unperturbed system has a manifold of T-
periodic solutions. The standard method of averaging for finding periodic solutions
consists in write the displacement map (2) as power series of € in the following way

d(z,¢) = go(2) + cg1(2) +°g2(2) + & g3(2) +c'g(2. ),
Where for i =0, 1,2, 3,4 we have

1 Yi(Ta Z)

gi(z) = M(T,z) f

)

being
vo(t,z) =x(t,2,0) — 2,

vi(t, z) :M(t,z)/0 M(r,2) " 'Fi(7,x(7,2,0))dr,

yva(t,z) =M(t,z) /0 M(r,z)~* [QFQ(T,X(T, z,0)) + 2%(7,){(7’,){, 0))yi1(7,2)

0*F
+ 8T20 (Ta X(T7 z, 0))y1 (T7 Z)Q] dT’
t
y3(t,z) =M(t, z) / M(T,z)_1 lGFg,(T,X(T,Z,O)) + 6%(7,){(7’@, 0)yi(r,2)
0
0%F, OF,
+ 3@ (7—7 X(Tv z, 0))Y1 (7—7 Z)2 + 387(7_’ X(T’ Z, 0))y2 (T’ Z)
9?°F, O3F,
+ 3W (7-7 X(Ta z, O))yl (7-7 Z) Oy2 (7_7 Z) + W (T7 X(Tv z, 0))}’1 (7-7 Z)3
t
yva(t,z) =M(t,z) / M(T,z)_1 24Fy(1,%x(7,2,0)) + 24%(7}“7, z,0))y1(T,2)
0 T

0°F, OF,
+ 12 92 (r,x(7,2,0))y1(7, z)2 + 12E(T7 x(7,2,0))y2(7,2)
0°F O°F ;
+ 122 (7, X(7,2,0))y1(7,2) © (7, 2) + 45 (1, x(7,2,0))y1 (7, 2)°
OF 9%F
+ 4%(73 x(7,2,0))ys(7,2) + 3W (7,%x(7,2,0))y2(T, Z)2
O*F
+ 4W20(T, x(7,2,0))y1(7,2) ® y3(7,2)

O3F 0'F

0
+ 655 (Tx(1,2,0)y1(r,2)* 0 y2(7,2) + 53 (1.x(7,2,0)y1(,2)* | dr.

The functions g, g2, g3 and g4 will be called here the averaged functions of order

1, 2, 3 and 4 respectively of system (1).

We say that system (1) has a periodic solution bifurcating from the point zg
if there exists a branch of solutions z(e) for the displacement function such that

d(z(g),e) = 0 and z(0) = zo.

Now we shall present our result about the existence and stability of the periodic
solutions of system (1). The methodology used here was introduced for studying
differential systems such that the unperturbed part has a sub-manifold of T-periodic
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solutions, see for instance [1] and [4]. The main difference of this work with the
previous ones is that the first nonzero averaged function vanishes over a graph.

Let 7 : R™ xR*™™ — R™ and 7+ : R™ x R?~™ — R™™™ denote the projections
onto the first m coordinates and onto the last n — m coordinates, respectively. For
a point z € U we also consider z = (a,b) € R™ x R"™™. Consider the graph

Z={zq=(a,8(a)):a€V}CU (3)
such that m < n, V is an open set of R™ and 3 :V — R*™™ is a C* function.

The next theorem provides sufficient conditions for the existence of periodic
solutions in the differential system (1). This theorem was proved in [3] here we also
provide an scheme of its proof. We need this theorem for the statement of our main
result in Theorem 2.

Theorem 1. Let r € {0,1,2} such that r is the first subindex such that g, Z 0. In
addition to hypothesis (H) assume that

(i) the averaged function g, vanishes on the graph (3). That is g,(z4) = 0 for
alla €V, and
(7) the Jacobian matriz

A, T,
Dgr(za):(Ba Aa)

where Ay = Da7gr(24); Ta = Dpmgr(2a), Ba = Damtgr(24) and A, =
Dyt g (24), satisfies that det(Ay) # 0 for alla € V.

We define the functions
fl (OZ) = FO&AglﬂLgTJrl(Za) + ﬂ—gr+1(zoz)a

1 18%rg, ongri1
f2(a) :51“@72(04) + §W(Za)71(a)2 + b (za)71(@) + T8r12(2a),
n(e) =—- A7 m gr11(2a), (4)

82 1 . o 1 .
1a(a) = — A7 ( S (221 (@) + 252 (2 (@) + 2wlgr+2<a>) .

Then the following statements hold.

(a) If there exists a* € V such that fi(a*) = 0 and det (Dfi(a*)) # 0, for
le] # 0 sufficiently small there is an initial condition z(e) € U such that
z(0) = zo+ and the solution x(t,z(e),e) of system (1) is T-periodic.

(b) Assume that fi = 0. If there exists a* € V such that fa(a*) = 0 and
det (D f2(a*)) # 0, for |e| # 0 sufficiently small there is an initial condition
z(e) € U such that z2(0) = zq~ and the solution x(t,z(c),e) of system (1)
18 T-periodic.

Theorem 1 shows that the function f; and fy provides sufficient conditions for
the existence of periodic solutions of the differential system (1).

For periodic solutions detected by statement (a) of Theorem 1 the next result
reveals how the higher order function fo can be used for determining the stability
of the periodic solution x(¢,z(¢), €).

Theorem 2. Consider r, T'y, A, f1 and fo as defined in Theorem 1 and the
Jacobian matrices Dg,(z) = (pi;(z)) and Dg,41(2z) = (¢ij(2)). Assume that there
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exists a* € V such that f1(a*) = 0 and det (Df1(a*)) # 0. We define the matriz
function

A(E) = AO + €A17 (5)

where
A(] :Dgr(za*)a (6)
A1 = (Dpij(za )21 + Gij(Zax)) , (7)

z1 = (=Dfi(e”) " f2(a"), DB(a”) (=D fi(a”) " o)) +m(a®)) . (8)

Then the periodic orbit x(t,z(g),e) has the same type of hyperbolic stability as the
matriz A(e) provided that:

(s1) Ao has no multiple eigenvalues on the imaginary azis, and
(s2) there exists ¢ > 0 such that every eigenvalue A(€) of A(e) satisfies |[Re(A(e))| >
ce for all sufficiently small || > 0.

The same class of result can be obtained for periodic orbits detected by statement
(b) of Theorem 1 using the bifurcation function of order 3. The expressions of such
functions are explicitly given in [3].

2. APPLICATIONS

Lorenz differential system. Consider the differential system

& =a(z —y),
y=z(b—2z) -y, 9)
z=xy—cz,

with a, b, ¢ being real coefficients. In recent publication [2] the authors have found
a periodic orbit bifurcating from the origin of system (9), see Figure 2. The next
theorem completes this work giving the stability characterization of that periodic
solution.

Theorem 3. Let a = —1 4 ase? and ¢ = cie. Assume that b > 1, as <0, ¢; # 0
and |e| # 0 sufficiently small. Then the Lorenz differential system (9) has a periodic
orbit bifurcating from the origin. Furthermore for ¢y > O this periodic orbit is an
attractor, otherwise for c; < 0 the periodic orbit has a stable manifold formed by two
topological cylinders and an unstable manifold formed by two topological cylinders.
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Figure 1. Solution of system (9) starting at (0.05, —0.01,0.05)
being attracted by the stable periodic orbit (dashed courve)
founded by Theorem 1. The parameters of the system are az =
—2,b=2¢1 =1and e =1/100.

Theorem 3 is proved in section 3 using Theorems 1 and 2.

Thomas’ systems. A circulant system is a differential system defined by a func-
tion f(x,y, z) having the variables cyclically symmetric according to

&= f(xvyaz)v
Y= f(yvzam)y
&= f(z,y),

where the function f(u,v,w) is fixed and the variables are rotated. In 1999 René
Thomas propose two circulant systems having cyclic symmetry

T =siny — Bz, i =—bxr+ay— 1>,
Yy =sinz — By, (10) §=—by+az— 2% (11)
%z =sinx — Bz, Z=—bz+ax — 2

System (10) is defeined by the function f(u,v,w) = —au+sinv and system (11) is
defined by f(u,v,w) = —au + bv — v3. The chaotic behaviour generated by these
systems was presented in [12], system (10) was also studied by Sprott and Chlouver-
akis in [11]. System (10) is sometimes called Thomas’ system, see for instance [10,
Chapter 3]. The next results give sufficient conditions for the existence of periodic
solutions on these differential systems.

One can check that the origin is an equilibrium point of system (10), and that
it has the eigenvalues 1 — 3, (=1 — 28 — i1/3)/2 and (—1 — 28 + iv/3)/2. When
B = —1/2 the origin has a pair of complex eigenvalues on the imaginary axis and
the bifurcation of a periodic orbit occurs.

Theorem 4. Let B = —1/2 + f1e + B2c® where B; € R for i = 1,2. Fore > 0
sufficiently small and By > 0 the differential system (10) has an isolated periodic
solution bifurcating from the origin.

Theorem 4 is proved in section 3 using Theorems 1 and 2 taking r = 0. System
(11) has 27 stead states but we will be interested into the pair symmetric equilibrium
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points P4 = & (\/a —b,va—b,va— b). Taking a = 5\/§w/6 and b = \/§w/3 with
w > 0, these equilibrium points have the eigenvalues —v/3w and +wi. The next
theorems show that periodic orbits are born at P_ and P.

Theorem 5. Let a = 5v/3w/6+eay, b = /3w/3+¢eby withw > 0 and (5b; —2a;) <
0. Then for e > 0 sufficiently small the differential system (11) has two periodic
solutions

2\/§7r

e

¢i(t,e) =Py + \/5(262‘/5”5 cos(tw), 13 (3 sin(tw) — \/gcos(tw)) ,

_ %ezﬁﬂg (3sin(tw) + V3cos(tw)) ) +O(e), (12)

such that ¢ (t,€) bifurcates from Py and ¢_(t,e) bifurcates from P_. Here £ =

7T(5b1 - 2@1)
—3e4V3T (\/3 — 57) + 61/3e2V3T — 3/3

The periodic orbit analytically found in Theorem 5 was detected numerically
by Thomas in [12], he also shows for specific values of a and b that these periodic
solutions give born to a strange attractors after a cascade of doubling. The following
figures illustrate this phenomena. Here a; = 6, b = 1 and w = 1 the time interval
is from 0 to 1000. Figure 2 shows the solution starting at (—0.8, —0.8, —0.45) being
attracted by the periodic orbit ¢_(¢,¢), see equation (12). As we increase ¢ the
periodic orbit grows in size and complexity, see Figures 3, 4. The approximation
to the periodic orbit provided by (12) can be seen as a dashed curve. Figures 5, 6
and 7 shows the appearance of the strange attractor as ¢ increase.

Figure 4. ¢=1/8

Figure 2. ¢ =1/250 Figure 3. ¢ = 1/50
,/'/ o \»
/4
X 7
7 4
Figure 5. ¢=1/6 Figure 6. ¢ =1/5 Figure 7. ¢ =1/4
3. PROOFS

Proof of Theorem 1. For a detailed proof see [3], but for the sake of completeness
we present here the ideas of the proof. Define the function g(z,e) = d(z,¢)/e"
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where d(z(e),¢) is the displacement function and r is defined as in the statement
of the theorem. We have that

3—r

g(2(2),2) = g (2) + 3 grrs(z)e + O (477).

i=1
From here the proof is just apply Lemma 3 of [4]. Here we present an sketch of the
proof of this lemma, more details can be obtained in the Section 2 of [4]. The first
step is to write g = (g, 7*g). Using 71g we define de function

6% 0 R™ x [—€g,€0] X R?*™™ — R*™™

((a,€),b) = 7g((a,b),¢) = mtg.(a,b) +entgr11(a,b) + O(e?).
Then from hypothesis (i) and (ii) we have that 6+ ((«,0), 8(a)) = 7tg, (o, B(a)) =
0 and Dy (7%6)((c, 0), B(cx)) = Aq. Since det(A,) # 0, we apply the Implicit Func-
tion Theorem obtaining a C* function 3 : U x (—¢1,&1) — R*™™ where U x (—¢1,£1)
is a neighbourhood of V x {0} such that 3(a,0) = B(a) and mtg((a, B(a,¢)),e) =
5t (e, B(a,€),e) = 0. Mainly,

\_/\_/

Bla, +Z% )e' +O0(*), (13)

and the functions ~; for ¢ = 1,2, 3, are ShOV\Ln in equation (15) of [4]. The func-
tion B(a) is given in (3). Now for all @ € V' we consider the function é(a,¢) =
mg(a, f(a,e),e). Writing this function as a power series of £ we obtain

3—r
= &'fila) + O(*). (14)
i=1
We use the auxiliary function
5 7 3—r )
Flowe) = 2D < (o) + T i) + O, (15)

for studying the branches of zeros of (14).If there exits a* € V such that f;(a*) =0
and det (D f1(a*)) # 0 then by the Implicit Function Theorem we have that there
exists a branch of zeros such that F(a(e),e) = 0 and

ae) =a" 4+ 0(e). (16)

Consequently 7wg(a(e), B(a(e),e),e) = 0 and wtg(a(e), B(a(e),e),e) = 0, then
g(a(e), B(a(e),e),e) = 0. This means that z(e) = («(e), B(a(e),e)) is a branch of
zeros to the displacement function, i. e., d(z(e),e) = €"g(z(¢),e) = 0. Thus for
le] > 0 sufficiently small x(¢,z(e),e) is a T-periodic solution of system (1). This
concludes the proof of statement (a) of Theorem 1. The proof of statement (b) is
analogous. O

A fundamental notion in qualitative theory of differential equations is hyperbol-
icity. A constant matrix will be called hyperbolic if its eigenvalues lie out of the
imaginary axis, in which case its index is the number of eigenvalues in the right
half-plane. Consider a matrix function A(e) = Ag+eA; +---+* =D A, depending
on a parameter €. If Ag is hyperbolic of index 4, then one can see that for ¢ > 0
sufficiently small A(e) will be hyperbolic with the same index 1.

If Ag is not hyperbolic the placement of the eigenvalues of A(e) may be hard to
determine. To deal with this problem we use a method introduced by Murdock and
Robinson, see [7] and [8]. The matrix A(e) is called k-hyperbolic of index i if for
every smooth matrix function B(e) there exists an g9 > 0 such that A(e) + ¥ B(e)
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is hyperbolic of index i for all € in the interval 0 < € < gg. The next result will be
needed for proving Theorem 2.

Assume that there exists a matrix function S(e) that block diagonalizes A(e)
into its left, right and center blocks L(e), C(g), R(g) which for ¢ = 0 have their
eigenvalues respectively in the left half-plane, on the imaginary axis, and in the
right half-plane. Thus

SE)TA()S(E)=] 0 C(e) 0

Theorem 6 ([6, Theorem 5.7]). Let C(g) be the center block of A(e) and let its
size be m x m. Then A(e) is k-hyperbolic provided that:

(a) Ao has no multiple eigenvalues on the imaginary axis.
(b) There exists ¢ > 0 such that every eigenvalue A(g) of C(e) satisfies |Re A(e)| >
ceF=1 for all small e.

Proof of Theorem 2. The statement that r € {0, 1} allows to obtain more informa-
tion about functions (13) and (15). We can write

Bla,e) =B(a) + emi(a) + £*y2(a) + O, (17)
Fla,e) =fi(a) + efola) + O(>77), (18)
where f; is defined in statement (7i7) of Theorem 1 and fa, 71 and 72 are defined

in (4). Using the Implicit Function Theorem in the (18) we have that the branch
of zeros (16) writes

ale) = a(0) +ed/(0) + O(e?) = a* +¢ (—fol(a*)fg(a*)) + 0(e?), (19)

where Df;*(a*) is the inverse of the Jacobian matrix of the function f;(«) at the
point a*. Substituting (19) into (17) and expanding the result in Taylor’s series
around € = 0 we obtain

Bla(e),€) = B((0)) + & (DB(a(0))a’ (0) + 71(a(0))) + O(€?)
= B(a”) + ¢ (DB(a”) (=Dfi (") fa(a®)) +71(a(0)) + O(?).  (20)

Here Df(a*) is the Jacobian matrix of function () at o*. From (19) and (20)
we have that

z(e) = (a(e), B(afe),€)) = 2o+ + 21 + O(?), (21)
with zo« = (o, 8(a*)) and z; is defined in (8).

Using (21) we can write the Jacobian matrix of the displacement function at
z(e) as a power series of € around € =0 as

9d(z(e), )

Oz = Ao + €A1 + 0(82), (22)

a classical result about ordinary differential equations says that when (22) is a
hyperbolic matrix, the periodic solution x(t,z(g),e) will be hyperbolic with the
same kind of stability. This is also referred as linear stability. Thus the proof of the
theorem follows from applying Theorem 6 in the 1-jet (5) observing that hypothesis
(s1) and (s2) are equivalent with the hypothesis (a’) and (b') respectively. Thus
the matrix is 2—hyperbolic and the theorem is proved. U
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Proof of Theorem 3. The existence of such periodic orbit is proved in Theorem 4
of [2]. Following the ideas of this proof we see that, after some changes of variables,
system (9) can be put into the normal form for applying Theorem 1,

7 = €F1 (Z7 0) + €2F2 (Z, 0) + €3F2 (Z, 0) + 0(64)

given by equation (22) of [2], with z = (p, z) and the derivative with respect to 6.
Thus calculating the higher order averaging functions of this system for ¢ = 0,1,2,3
we have g;(z) = (gi1(2), gi2(2)) where go(z) = 0 and

g11(z) =0,
2
T (p° —2c12
oy 022
TP (8a2w2 —4dciz + 3p2)
921(2) = — e ;
w
T (P (crw(w — 2m) + 32) + 2¢12(2mc 1w — 2))
922(2) = EWE )
w
2 2, ., _ 2 _
mp (42 (2a2w? + 2mciw — 3¢12) + p? (crw(3w — 47) + 152))
931(2z) = — 5 )
16w
932(2) :967;5 (9p4w(47r — bw) — 81z (12a2w4 + 1672 c3w? — 36meiwz + 922) + 4p?

(3ciw(9w — 287)z + 4527) — 2w? (6asw(w + 27) + ¢f (67w — 87> + 3)) )

Thus we can calculate the functions f;(«) for i = 1,2 with respect to the averaging
functions above and the graph

2= fau= (asr= ) a0},

Tad (2w2 (4a2 + C%) + 5a2)
= — d = — .
file) 8w3 an fa(a) 32ciwb
By the hypothesis of Theorem 3 one can check that a* = 2w+/—2as is a simple zero

of function fi(a). Then we can apply Theorem 2 with » = 1. By (21) we can write
the initial point of the periodic solution as z(g) = z4~ + €21 with

_ ((16&2 — c%)w\/—2a274a2w2 (12a2 B 1>> 7

obtaining

TQ (8a2w2 + a2)

2
2cy ct

and the matrix (5) becomes

6asm v —2asc1m

0 0
Ale) = ( 2017T> +& w 5 w?
/— _ V=2 2 -2
dmy'—2az w LA (3 (w — 4m) — Bagw) 2mlam — 2a5w) 5 a2)
wey w

The matrix A(e) has the two distinct eigenvalues

2 2 2 2
A = — ar +e < Clﬂ) +0(?) and Ay = ¢ a2 + O(e?).
w w w

As a9 is negative by hypothesis, we have that for € > 0 sufficiently small if ¢; > 0,
Re(A1) < Re(\2) < 0 consequently the periodic orbit is an attractor. Otherwise, if
c1 <0, Re(A2) < 0 < Re(A;) then the periodic orbit has a stable manifold formed
by two topological cylinders, and an unstable manifold formed by two topological
cylinders. ]
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Proof of Theorem 4. Using the change of variables (X,Y,Z) = e(z + z,(—z —
V3y +22)/2, (—x + /3y + 2z)/2) the differential system (10) becomes

o (L ) - SVECXE022) 1) sty X+ )

3ve 3ve
| 2sin (Ve (X +V3Y —22) /2)
3ye ’
) i i -X 3Y +27) /2
vy (1 _ﬁ2€2> L S(VEX +2)) sin (VE (=X + V3Y +27) / )’ (23)
2 eV3 VEV3
gn (L ) SMECCEVBY —22)[23) | sn(EX £ 2)
2 ENG 3.z
, sin (Ve (=X +V3Y +22) /2)
3/ ’
we remark that for all § € R the function sin(d w)/d is well defined and
lim sin(d w) W
6—0 é
Thus the equation above can also be written as
; V3 € 3 2 2 2
X == ¥+ (X0 + X2 (VY +22) + X (Y2 - 4VBYZ +4 (22 - 49) )
+v (VBY2 - 2vZ + 4V322) ) + O(2),
Y :?X + 16 (- VB X7 (Y - 2vB2) - X (VBY? +4YZ + 4v327)

by (Y2 +oVBY Z +4(22 - 4&)) ) +O(e2),
£
24
In order to put the differential system (23) into the normal form for applying
the averaging theory we consider the cylindrical change of variables (X,Y,Z) =
(pcosB, psinf,w) with p > 0. Then we check that § = v/3/2 + O(g?) for |e| # 0
sufficiently small. Thus taking 6 as the new independent variable we obtain the
differential system

z="Fo(z,0) +eF1(z,0) +°Fa(z,0) + O(c?), (24)

with z = (p,w), Fo(zﬁ) = (0,\/§w), and Fi(zﬁ) = (Fil(z,ﬁ),Fig(zﬁ)) for
i =1,2, where

zZ :gz + (— X —6X?Z+3XY? —2Z (3Y*+2(68+ 2°%)) ) +0(e).

Fi1(z,0) :87\'0/3 ( 2+ 2pw (cos(SG) — \/55111(30)) +4 (w? - 46)) ,
Fia(2,0) :712 (w (V3 (~488 = 30 + 280%) + 18rwsin(30))

—2v/3pcos(30) (p* — 9w?) ),
Py (2,0) :% (p (—30w sin(30) (328 + p? + 8w?) + 10v/3w cos(30)
(—968 + 70 + 4Ow2) + 3psin(66) (p2 - 4Ow2)
— V3pcos(66) (p* — 12Ow2)) +20V3 (—19285 + p* + 6p% (w? — 48)

+ 20w — 964u?) )
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Fso (z 9)

_ 4 2 2 k02,2 4
5760\[( 12w (96085 + 5p* + 1208 (p* + 4w?) — 50p%w? — 228u?)

— 30pcos(30) (p* + 3p°w?® — 104w” + 968w?)
+ pw (cos(69) (360pw? — 69p%) + 2v/35in(30) (cos(30) (360pw? — 23p°)

+ 5w (=968 + 3p% + 1040?))) ).

System (24) is 27-periodic and it is into the normal form for applying Theorem 1.
Furthermore for an initial condition zg = (pp, wp) the solution of the unperturbed

differential system corresponding to (24) is given by ®(0,z) = (po, woe‘/g"). Then
we consider the set Z C R? such that Z = {(«,0) : a > 0}. Clearly for z, € Z
the solution ®(0,z,) can be assumed 27-periodic, and therefore the differential

system (24) satisfies the hypothesis (H). Moreover the fundamental matrix of the
variational differential system along ®(,z,,) is

1 0
M(B,za)<0 e\/gee).

Computing the averaging functions we obtain go(z) = (0, (62’”/5—1)11)) and g;(z) =
(9i1(2), giz(2z)) for i = 1,2 where

g11(z) = (\fw (p — 16ﬂ) ( 2v3r _ 1) w (p + e2V3my, + w) )

1
g12(z) = a1 (p3 — 23T (p +12V37p%w + 28w + 192\/577611}) + 2866‘/5”103),

(14 16V3m + 5472) p°  eMV37ppt 10V3T 53(15) — 196w)
g1(2) = 1728 AT 15120
e12V37 53 (21p + 13w) N V37 pw? (171p? — 700pw + 3192 (w? — B))
5616 220824
N €237 (2w (288 + 48v/3m (p? — 168) — 19p?) — 2°) | 467ptw
3456 169344
5p2 (3815w? + 286528w)  p® (30247 (V3 + 47) B + 115w?)

1742832 18144
eSV3T pw? (1125 — 42v/37 (168 + p®) + 31p% + 42pw)
4536

+

+

‘34\@”[’“1 3 2 3 2
- (—232p +105p%w + 843 (5p° — Tp*w + 808p + 112w)

4 4 65 2
+968p + 94085w) +p (37r (27732 . \/352) - ;% + Gi;) ) ’

g22(z) =10V < ot Tput 19w5) | (328 + 125 (¢ — 168) - /)

252 456 480 6912
+ (p2 (1071w - (619 + 504¢§7r) p) 2883 ((6 + 28\/§7r) p+ 49w))
e6\/§7rw2 esﬁwwz
—21,? 4( 1 ) 44 2)
81672 24192 (p( p*+4 (78— 106V3m) pw + 644w
1128 (3 +28 (1 — 43 ) )) L (~99845% — 123"
P )Y 22464 P
7616\/§7rw5
216

+37Tp%w — 12488p° + 78v/37 (168 + p?)* — 936ﬁpw) +
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12373 (49p% + 225pw + 196 (46 + Tw?))  35e14V37

30240 2808
L o2V (41 =527 (V3 +3m)) p'w  p* (784 (1 - 2V37) B + 1457w?)
7488 169344
p?w (3360 (3 (V3 —2m) m — 1) B + 1157w?) 858w?  6085w*
- 60480 P\ 1764 ~ 373464
23w’ (1+4V3m)p®  178w® 4 (.,
864 T ooz 20 Ta¥ (ﬂ N 3\/3”&’) '

We point out that the function ggo(z) satisfies the hypothesis (i) for the graph
Z ={(a,0) : a > 0}. We apply Theorem 1 to system (24) taking » = 0. Then we
have A, = 1 — ¢=2V37 # 0 and the function
T (a2 — 16,31)

443 ’

has the positive simple zero o* = 44/B1, where D f;(a*) = 8731 /v/3. Then system
(24) has a 2m-periodic orbit by Theorem 1. The periodic orbit of system (10) is
obtained going back through the change of variables. Now we want to study the
stability of this periodic orbit using Theorem 2. First using (4) we compute the
function

f2() =1;‘—28 (23047r (271'52 _ \/§ﬂ2) n (1 — 262V 4 AVBT L 16437 + 54772) o

— 2887 (\/5 + 47r) Ba2>.

Then if ¢(t,¢) is the periodic solution founded above we can use (21) and (8) to
write ¢(0, ) = zg + £2z; where

zZo = (4@, 0) ,
P ((1 — 2e2V3T 4 AVBT 2\/%) 52 — 9\/37@)
a 9v3m\/B ’

(18 (1 o (vr)) 1) ).

fila) =

zZ, =

462\/%55/2
B 27

Then by (6) and (7) we can write the matrix (5) as

87‘—61 % (62\/§7T _ 1)
(0 0 /3 3
A(S) = (O 1 e—2\/§ﬂ') +e _ﬁ (ez\/gﬂ - 1) _862\/371-7'(',81
3 73
. . 871 2 —2V3

The matrix A(e) has two eigenvalues \; = ¢ 7 +O0(*)and g =1—¢ T —

862\/571-7751 2 . . . .
A + O(e?). Consequently this matrix satisfies the hypothesis (s1) and

(s2) with ¢ = B, 1. e., |[\| > gf1 for i = 1,2 and e > 0 sufficiently small. O

Proof of Theorem 5. We will prove the result only for the equilibrium point P .
The proof for the point P_ follows exactly the same steps. First we translate
the equilibrium point P4 to the origin and rescale the system using the change
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of variables (X,Y,Z) = \e(z + 2, (—z — V3y + 22)/2, (-2 — 3y + 22)/2) the
differential system (11) becomes

X = —wy +VE(X2 42X (\/§Y+2Z> —Y<Y+4\/§Z>)ioj/\;ij
+ %(X (8(11 — 20b; +3 (Y2 +AVBY Z + 422)) +Y (—3\/§Y2 —6YZ
— 4V3 (201 — 3y +32%) ) +3X° —3x° (VBY —27) ) + O(%/%),
3wv/3

Y =wX +e(V3X? - 2XY +4V3XZ — V3Y? +4Y Z)

42w
v %(8@ (VaX +Y) by (3v3X +5Y) +3 (V3X® + X2 (v +2v37)

+ X (VY2 —avZ+4v32%) + Y (Y2 - 2VBY Z +42%)) ) + O(2),

4
R S (LIRS

~ 67 (X2 +Y?) +3XY? ~42%) + O(*?).

This system can be written into the normal form for applying the averaging theory.
We use the cylindrical change of variables (X,Y, Z) = (,0 cosf, psin, w) with p > 0.

Then we check that § = v/3/2 + O(!/2) for € > 0 sufficiently small. Then we take
# as the new independent variable obtaining the differential system

z =Fo(z,0) + VeF:(2,0) + eFs(z,0) + O(c¥/?), (25)

with z = (p,w), FO(Z,G) = (07—\/§w)7 and Fi(z,ﬁ) = (Fil (z,ﬁ),Fig (z,9)) for
i=1,2, where

3v/3p (V3psin(36) + pcos(30) + 4w)

F11 (Z, 9) = 4\@\/(; ,
P ( 0) _ 3v/3 (2p2 — 8w? + V/3pwsin(36) — 3pw cos(39))
12(%,0) = e :
Fo(z,0) = — 32% (3,0 (9,0 cos(66) + 2v/3sin(30)(3p cos(30) + 8w) + 64w cos(39))

+ 4 (—8ay + 20b, — 302 + 96?) )
Fya(2.0) :% (o (6v35in(36) (=302 + 26w + 9pw cos(30)) + (460* — 465w?)
cos(30) — 27pw cos(60)) + 2w (16a; — 40by + 75p° — 376w?) )

We consider the period T' = 27, then system (25) is into normal form for ap-
plying Theorem 1. Taking the initial condition zy = (po,wp) the solution of
the unperturbed differential system corresponding to (25) is given by ®(6,z) =
(po, woe*\/gg). Again we consider the set Z C R? such that Z = {(,0) : « > 0}.

Thus for z, € Z the solution ®(0,z,) is 2r-periodic, and therefore the differential
system (25) satisfies the hypothesis (H). Moreover the fundamental matrix of the
variational differential system along ®(6,z,) is

1 0
M0, = (o o)
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The averaging functions for this system are go(z) = (0, (1 — ezﬂﬁ)w) and g;(z) =
(9i1(2), gi2(z)) for i = 1,2 where

33/4 <1 _ 672\/571') pw

q11(z) =

V2yw ’
33/4,—4V/37 <62\/§n . 1) (62\/§WP2 _ 4w2)
zZ) = — ,
912( ) 2\5\/;
_[’6_8\/§7T 837 2 2 2
g21(2) =5 (e 28 (8a1 — 5 (4by + 3p%)) + v/3 (84p> — 168w” — 23pw)
w
— 56v/3e2V3Tw? + 84v/3uw? + \/§e4ﬁ”w(51p + 140w)
— 28383 p(3p + w)) ,
e—lO\/gﬂ'
922(2) =~ ( — 1820V/3¢!0V37 3 1 26208v/3w? + 1092v/3e2V3 w2 (3p — 32w)
W

— 52v/3e2V3% (81 p — 658w) — 39879v/3¢8V3™ 2y + €3V3™ (21847w.
(8a1 = 206, — T50%) + V3 (18200° — 25480u” + 936pu? + 39879p%w) ) ).

Function go(z) vanishes on the the graph Z = {(«,0) : @ > 0}. We apply Theorem

1 to system (25). Here r =0 and A, =1 — em2V3m # 0. The bifurcation functions
are

fl (Oé) = Ov
3 (\/ge"l‘/g“ (1 — 262‘/§’T> +3 - 57r> o® + 8raa; — 20maby
fa(a) = o :
Function fo has the positive simple zero
Q= 262\/§ﬂ 7T(5bl — 20,1)
3V/3 — 6/3e2V3™ 4 3,/3e4V3T _ 15¢4V3m

where D fs(a*) = (10wb; — 4may)/w. By statement (b) of Theorem 1 system (25)
has a 27r-periodic solution. The periodic solution of system (12) is obtained going
back through the change of variables. O

ACKNOWLEDGEMENTS

The first author is partially supported by CNPq 248501/2013-5. The second
author is partially supported by a FEDER-MINECO grant MTM2016-77278-P, a
MINECO grant MTM2013-40998-P, and an AGAUR grant number 2014SGR-568.

REFERENCES

[1] A. Buica , J. GINE AND J. LLIBRE , A second order analysis of the periodic solutions for
nonlinear periodic differential systems with a small parameter, Physica D 241 (2012), 528—
533.

[2] M. R. CANDIDO AND J. LLIBRE, New results on averaging theory and applications, Z. Angew.
Math. Phys. 67 (2016), 1-11.

[3] M. R. CANDIDO, J. LLIBRE AND D. D. NOVAES, Persistence of periodic solutions for
higher order perturbed differential systems via Lyapunov-Schmidt reduction, arXiv preprint
arXiv:1611.04807, (2016).

[4] J. LLBRE AND D. D. NOVAES, Improving the averaging theory for computing periodic solu-
tions of the differential equations, Z. Angew. Math. Phys. (2015), 1401-1412.



STABILITY AND PERIODIC OSCILLATIONS 15

[5] J. LLIBRE, D. D. NOVAES AND M. A. TEIXEIRA, Higher order averaging theory for finding
periodic solutions via Brouwer degree, Nonlinearity, 27 (2014), 563-583.
[6] J. MURDOCK, Qualitative theory of nonlinear ressonance by averaging and dynamical systems
methods, in Dynamics Reports, Vol. 1, 1988, 91-172.
[7] J. MURDOCK AND C. ROBINSON, Qualitative dynamics from asymptotic expansions: Local
theory, J. of Differential Equations, 36 (1980), 425-441.
[8] J. MURDOCK AND C. ROBINSON, A Note on the Asymptotic Ezpansion of Figenvalues, SITAM
J. on Mathematical Analysis, 11 (1980), 458-459.
[9] J.A. SANDERS F. VERHULST AND J. MURDOCK, Averaging Methods in Nonlinear Dynamical
Systems, Second edition, Applied Mathematical Sciences 59, Springer, New York, 2007.
[10] J. C. SPROTT, Elegant chaos: algebraically simple chaotic flows. World Scientific, 2010.
[11] J. C. SprOTT AND K. E. CHLOUVERAKIS, “Labyrinth chaos”, Int. J. of Bifurcation and Chaos
17 (2007), 2097-2108.
[12] R. THOMAS, Deterministic chaos seen in terms of feedback circuits: Analysis, synthesis,
“labyrinth chaos”, Int. J. of Bifurcation and Chaos 09 (1999), 1889-1905.

1 DEPARTAMENT DE MATEMATIQUES, UNIVERSITAT AUTONOMA DE BARCELONA, 08193 BEL-
LATERRA, BARCELONA, CATALONIA, SPAIN

E-mail address: candidomr@mat.uab.cat

1 DEPARTAMENT DE MATEMATIQUES, UNIVERSITAT AUTONOMA DE BARCELONA, 08193 BEL-
LATERRA, BARCELONA, CATALONIA, SPAIN

E-mail address: jllibre@mat.uab.cat



