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Abstract

Recently sixteen 3-dimensional differential systems exhibiting chaotic motion
and having no equilibria have been studied, and it has been graphically observed
that these systems have a period-doubling cascade of periodic orbits providing
a route to chaos. Here using new results on the averaging theory we prove
that these systems exhibit, for some values of their parameters different to
the ones having chaotic motion, either a zero—Hopf or a Hopf bifurcation, and
graphically we observed that the periodic orbit starting in those bifurcations is
at the beginning of the mentioned period—doubling cascade.
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1. Introduction and statement of the main results

In general the equilibria of a chaotic nonlinear system play an important
role in its dynamics. In fact, one of the most important methods for obtaining
3-dimensional chaotic systems is the Shilnikov’s method [1], which using a ho-
moclinic orbit from the intersection of the stable and unstable manifolds of a
saddle-focus equilibrium point with specified eigenvalues, provides the existence
of a horseshoe in the neighborhood of this orbit and, consequently the existence
of chaotic motion.

However some particularly important natural phenomena are described by
nonlinear systems having no equilibria. Such as, the Noose-Hover oscillator [2],
the Wei system [3] and the Wang—Chen system [4]. These nonlinear systems
present chaotic behavior that cannot be detected by Shilnikov’s method.

The increasing interest in finding examples of simple chaotic flows without
equilibria have been motivating many researchers in recent times, see for in-
stance [5, 6, 7, 3, 8]. The theoretical and practical importance of these systems
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converted this subject in a new attractive research direction. Although there is
still little knowledge about the characteristics of such systems.

In this paper we shall study the existence of zero-Hopf bifurcations in 3-
dimensional systems, and graphically we will show that such bifurcations some-
times are the starting bifurcation of a rout to chaos. In general a zero-Hopf
bifurcation is a codimension-two bifurcation of a 3-dimensional autonomous dif-
ferential equation with a zero-Hopf equilibrium, and a zero-Hopf equilibrium of
a 3-dimensional autonomous differential equation is an equilibrium point having
two purely conjugate imaginary eigenvalues and a zero eigenvalue. Due to the
lack of a general theory describing all the possible kinds of bifurcations that an
unfolding of a zero-Hopf bifurcation can produce, most of the systems exhibit-
ing these kind of bifurcations must be studied directly. In this paper we use
averaging theory for detecting periodic solutions bifurcating from a zero-Hopf
equilibrium. Furthermore, using Theorem 3 we were able to detect periodic
solutions in very degenerate cases, for instance when the first averaged equation
has a continuum of zeros.

In 2013 Jafari et al [5] have reported a catalogue of seventeen elementary
three dimensional chaotic flows. This catalogue contains most of the elementary
examples known of such systems and it includes the systems of the Noose-Hoover
oscillator, the Wei system and the Wang-Chen system, listed there as system
(1), (2) and (3), respectively. In [5] the authors used their own custom software
to search for the algebraically simplest three-dimensional chaotic systems with
quadratic nonlinearities and no equilibria. The search was inspired by the ob-
servation that each of the previously known examples of such systems contains
a constant term (here represented by a), and that if the constant is set to zero,
the resulting system is non-hyperbolic (the equilibria have eigenvalues with real
part equal to zero). The method used to find these systems is that proposed in
[9].

In this paper we use recent results on averaging theory for studying the zero-
Hopf and the Hopf bifurcation of sixteen systems from the seventeen of [5], all
of them have a parameter a € R. The averaging method could provide informa-
tion about periodic solutions in all systems presented in [5] with the exception
of their system SNE 14, because the present results on the averaging theory
applied to such system do not provide any information about their periodic so-
lutions. This is the reason that such differential system is not considered here.
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Each of the systems (1)—(10) have an equilibrium that undergoes a zero-Hopf
bifurcation at @ = a* = 0, and no equilibria for a > 0. Each of the systems
(11)—(16) have an equilibrium that undergoes a Hopf bifurcation at some a = a*.
The limit cycle, which appears in this Hopf bifurcation, later on produces a
period-doubling cascade, and finally a chaotic attractor with no equilibria, i.e.
the equilibrium point which exhibits the Hopf bifurcation disappears before the
chaotic attractor appears.

In this paper these sixteen chaotic flows are studied. Jafari et al [5] have
reported numerically a period doubling cascade of periodic orbits originating
the route to the chaotic motion in these systems. Here we graphically observe
that the first periodic orbit performing the period doubling bifurcation detected
by Jafari et al emerges in those systems at a zero-Hopf or Hopf bifurcation. This
helps to understand the mechanism of chaos in these systems, and the objective
of this paper is to show the existence of these zero-Hopf or Hopf bifurcations
using the averaging theory.

One of the contributions of this work is to show that in many cases the peri-
odic solutions that generate (via period-doubling) the chaotic attractor started
with a periodic orbit coming from a zero—Hopf or a Hopf bifurcation. Using a
suitable formulation of the averaging theory this paper complement the study
of the zero-Hopf bifurcation started in [10].

The next theorem shows that the systems considered exhibit a zero—Hopf bi-
furcation at a = 0. Although we can check that these systems have no equilibria



when a > 0.
Theorem 1. The following statements hold.

(1) The differential systems (1)—(10) exhibit a zero—Hopf bifurcation at a = 0,
more precisely for a > 0 sufficiently small they have a periodic orbit which
tends to a zero-Hopf equilibrium when a — 0.

(i1) All the periodic solutions emerging in the zero—Hopf bifurcation are non-
hyperbolic, with the exception of the differential system (2) that has a
hyperbolic periodic solution.

(#31) All the periodic solutions in the zero—Hopf bifurcation emerge around the
zero-Hopf equilibrium point located at the origin of coordinates, with the
exception of system (10), which has the periodic solution emerging from
the zero-Hopf equilibrium point (1,0,0).

Another interesting aspect of some differential systems provided in [5] is
that some of them have equilibria only if the parameter a belongs to convenient
intervals. In these intervals a Hopf bifurcation occurs and a periodic solution
emerge in the system, but as a increases the equilibria disappear and the isolated
periodic solution coming from the Hopf bifurcation starts its cascade of period-
doubling. The differential systems having this behaviour are (11)—(16), in fact
for a < 5/36 system (11) has the equilibria

Py = (% (5 + V25 — 180a) , 0, 1—18 (5+ 25 - 180a)) :

such that when a = 0 the origin (P_) is an equilibrium point with eigenvalues
A1,2 = +i and A3 = —1. Similarly, if a < 0 system (12) has the equilibria

V-a x/—_a,0)7

_a,j:
2

Pi_(i 5

if a = —196 the equilibrium point P, becomes a Hopf equilibrium with eigen-
values A\ 2 = +i\/7 and A3 = —8. System (13) has the equilibria

P = (£V=a,0,£v=a) ,

for a < 0. When a = —25/16 the equilibria Py is a Hopf equilibrium with
eigenvalues \; o = +iv/2 and \3 = —5/4. System (14) has the equilibria

Py = (£v=4,0,0),

for a < 0 and for a = —25 the equilibria P, becomes a Hopf equilibrium with
eigenvalues \; o = +iv/5 and A3 = —2. System (15) is considered after the
statement of Theorem 2. Finally, system (16) has the equilibria

Py = <% (5+v/25 — 130a) , 0, 1—13 (5+ V25 - 130a)) :

for a < 5/26 and when a = —560/1849 the equilibrium point P_ is Hopf equi-
librium with eigenvalues \; 2 = +iv/3 and A3 = —69/43.



Theorem 2. Consider the differential systems (11)—(16). The following state-
ments hold for € # 0 sufficiently small with as > 0.

(i) Let a = ae®. System (11) has a Hopf bifurcation at a = 0 and a periodic
solution emerges from the origin of coordinates of this system.

(ii) Let a = —196 + aze?®. System (12) has a Hopf bifurcation at a = —196
and a periodic solution emerges from the equilibrium point (—7,—7,0).
25 9 ‘ ‘ 25
(t41) Leta = T + age®. System (13) has a Hopf bifurcation at a = T and
5 5
a periodic solution emerges from the equilibrium point (_Z’ 0, Z)

(iv) Let a = —25+ axe?. System (14) has a Hopf bifurcation at a = —25 and
a periodic solution emerges from the equilibrium point (—5,0,0).

(v) Let a = 2—85 + age?. System (15) has a zero-Hopf bifurcation at a = ;
and a periodic solution emerges from the equilibrium point <%, g, g)

560

1849
10 10 10)

560
(vi) Leta = ~ 1819 +age?. System (16) has a Hopf bifurcation at a =

d jodic soluti th jlibri nt | ——,——,——
and a periodic solution emerges from the equilibrium poin ( 3 13 13

To illustrate graphically the relation between the periodic solutions provided
by Theorem 2 and the chaotic attractors presented in [5] we shall use system
(16) as an example. First we observe that for a < 5/26 the system has the
following equilibrium point

po = (5—3 (5 — /25 —130a), % (5 — V25 —130q), 1—13 (5— 25— 130a)) :

560
Taking a = ~ 1849 + aze? and € > 0 sufficiently small system (16) has a

periodic solution as stated by Theorem 2(vi). In this case the equilibirum point

560
po exists only if 0 < e < % % ~ 0.54. For instance, taking ag = ——— 42

and € = 0.002 it can be seen that the solution of system (16) starting at (1, —1,0)
converges to the periodic solution, see Figure 1. Increasing the value of ¢, for
instance € = 0.251 and € = 0.511, the periodic solution increases its size and still
remains stable, see Figures 2 and 3 respectively. For all the previously values of
e the point pg is an equibilibrium point of system (16). However, for ¢ = 0.691
and ¢ = 0.97 the system has no equilibria and we can see that the periodic
solution starts its cascade of period-doubling, see Figure 4 and 5. Taking e =1
the system has a strange attractor as it is reported in [5], see Figure 6. These
solutions were plotted for 0 < ¢ < 1000.
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Figure 5 Figure 6
In the next section we present the proofs of our results.

2. The averaging theory

The averaging theory is one of the classical tools for studying the solutions
of the nonlinear dynamical systems, and in particular their periodic solutions
[11]. Here it will be used for proving Theorems 1 and 2.

We consider the differential systems in the normal form for applying aver-
aging theory

% = Fo(t,x) 4 £F1 (t,x) 4+ £2Fy(t, x) + >F3(t,x) + *F (¢, %, ¢), (17)

with x in some open €2 subset of R™, t € [0,00), € € [—¢£0,0]. We assume F;
and F for all i = 1,2,3 are T—periodic in the variable t. Let x(t, z,0) be the
solution of the unperturbed system

X = Fo(t, X)

such that x(0,z,0) = z. We define M (¢,z) the fundamental matrix of the linear
differential system
. OFy(t,x(t,2,0
N DN
X

The displacement map of system (17) is defined as
d(z,¢) = x(T,z,¢) — z. (18)
In order to have d(z,¢) well defined we assume that

(H) For |e| # 0 sufficiently small, there exists an open set U C € such that
for all z € U the solution x(t,z,¢) is defined on the interval [0, (, )) with
tze) > T.



This hypothesis is always true when the unperturbed system has a manifold of
T-periodic solutions in U. Writing the displacement map (18) in power series
of € we obtain

d(z,e) = go(z) +eg1(z) + 52g2(z) + £3g3(z) + 54§(z, €),
where for i =0, 1, 2,3 we have

giln) = (1,7 Y02 (19)
being
vo(t, z) =x(t,2,0) — z,

vi(t,z) :M(t,z)/o M(1,2) " 'F(1,%x(7,2,0))dr,
va(t, z) :M(t,z)/o M(r,2z)~! l2F2(T,X(T,Z, 0)) + 2%(7’,){(7’, x,0))y1(7,2)

0%F,
+ W (7—7 X(Tv z, O))yl (7—7 Z)2] dTv

¢
yalt.s) =M(t.2) [ M(r.2)" [6F3<T,x<nz, 0) + 672 ¢, x(r, 2, 0))y1 (7, 2)
0
0*F, 5 OF,
+ 3W(7, x(71,2,0))y1(7,2)° + 3§(T, x(7,2,0))y2(T,2)
70%Fy
+ 3ya(r,2) I (1,%(7,2,0))y1(7,2)
8%F
+ 3 (1,x(71,2,0))y1 (T, z)?’] dr.

The functions g1, g2 and g3 will be called here the averaged functions of system
(17).

We say that system (17) has a periodic solution bifurcating from the point
zo if there exists a branch of solutions z(e) for the displacement function such
that d(z(e),e) = 0 and z(0) = zo.

Now we will state the theorem about the existence of periodic solutions of
system (17). The methodology used here was introduced for studying systems
such that the unperturbed part has a sub-manifold of T-periodic solutions, see
for instance [12] and [13]. Here we write the result in a way that make it more
adaptable and easy to apply. This result has been used for studying bifurcation
of periodic orbits into the Lorenz and FitzHugh-Nagumo system [14]. In [15]
this formulation is presented in a more general way. Assume m < n, and let
7 :R™ x R"™™ — R™ and 7+ : R™ x R"™™ — R"~™ denote the projections
onto the first m coordinates and onto the last n — m coordinates, respectively.



For a point z € U we also consider z = (a,b) € R™ x R"~™. Consider the graph
Z={24=(a,p(a)):ae€V}CU, (20)
where V is an open set of R™ and 3: V — R"™™ is a C* function.

Theorem 3. Let r € {0,1} such that g, is the first nonzero averaged function.
In addition to hypothesis (H) assume that

(1) The averaged function g, vanishes on the graph (20). That is g,(2o) =0
foralla € V.

(i4) The Jacobian matriz

A, T4
(3 )

where Ao = Damgr(2a), To = Dyngr(2a), Ba = Damtg,(2a) and Ay =
Dyt gr(24). Satisfies det(Ay) # 0 for alla € V.
We define the functions

fl(a) = FQA;IT‘—LgTﬁ-l(ZQ) + 7Tgr-l—l(zoz)a

1 10%rg, ongri1
fa(a) :§Fa72(04) + gw(za)”yz(ozf + b (za)y2() + 78ri2(2a),

'72(a) = A(;lﬂJ_gr-‘rl (Za),

[ O*ntg, on'tg,
72(0) == Aal( gbzg (20 )72()? +2%(Za)72(0<) +27TLgr+2(0<)>-

Then the following statements hold.

(a) If there exists a* € V such that fi(a*) = 0 and det (D f1(a*)) # 0 then
for |e| # 0 sufficiently small, there is an initial condition z(¢) € U such
that z(0) = z+ and the solution x(t,z(e),e) of system (17) is T-periodic.

(b) Assume that f1 = 0. If there exists o* € V such that fo(a*) = 0 and
det (Dfa(a*)) #£ 0, for |e| # 0 sufficiently small there is an initial condi-
tion z(e) € U such that z(0) = z4~ and the solution x(t,z(g), ) of system
(17) is T-periodic.

Consider r € {0, 1}, @« = z and the hypothesis (H). Thus the result of the
above theorem follows even assuming that g, = 0. In this case we take 7 and
7 as the identity and the null operator respectively and no assumptions about
A,. Then we have the following corollary.

Corollary 4. For r € {0, 1} assume that g, = 0. If there exists z* € Q such
that gr+1(2*) = 0 and Dg,1(z*) # 0 then there exists a T-periodic solution
x(t,z(e),e) for system (17) such that z(0) = z*.



The averaging theory allows to find periodic solutions for periodic non-
autonomous differential systems. However here we are interested in using it
for studying the periodic solutions bifurcating from a zero-Hopf equilibrium
point of the autonomous differential systems (1)—(16). The algorithm for doing
that is the following.

(1)

(v)

First we must identify the conditions for which these systems have a zero-
Hopf equilibrium. In this paper the zero-Hopf equilibrium usually happens
when a = 0.

We translate the zero-Hopf equilibrium point at the origin the origin of
coordinates and scale the system with a small parameter € when it is nec-
essary, because the zero-Hopf and the Hopf bifurcation and the averaging
theory needs a such small parameter.

We write the system in the cylindrical coordinates (p, 8, z) where (z,y, z) =
(pcosb, psind, z).

We take the angular variable € as the new independent variable of the

differential system. Obtaining a 2-dimensional periodic non-autonomous

d
system d—g = .., % _ . in the variable 4. In this way the differential

system is written into the normal form for applying to it the averaging
theory for obtaining the periodic solutions.

Going back through the change of variables we get the periodic solutions
bifurcating from the zero-Hopf equilibrium.

3. Proof of Theorem 1

The proof of Theorem 1 for systems (1)-(4) and (6)-(10) can be obtained
using Corollary 4 with r = 0 which is equivalent with the classical averaging
theory as we shall see. We start proving Theorem 1 for system (10).

Proof of Theorem 1 for system (10). We take a = aze? with az > 0 and ¢ > 0
sufficiently small. First we translate the point p = (1,0,0) to the origin of
coordinates then we use the change of variables

(z,y,2) =€ (%X +7Z,X — —CY 19‘§O—Y>

into the differential system (10) writes

X 330 + ﬁg (10X +3vT0Y ) (19X +92) - 902

3X € ((10X +3v10Y) (19X + 9Z) — 90as)

Y = ,
V10 57v/10

10



Z :és (9()@2 - (10X + 3\/EY) (19X + 92)) .

Using the cylindrical change of variables (X,Y,Z) = (p cos@, psinb, z) where
p > 0, system (21) writes

1

p=115° (—18a2 (3\/E sin 6 + 10 cos 9) +9pz (6\/E sin(26) + cos(26) + 19)
11902 cos § (6\/E sin(26) + cos(26) + 19)) :

. 3 € .

0 =75 + 710, (p (3\/ﬁs1n9 +10 cos@) (19pcosf + 9z) — 90a2)

(3@ cos — 10sin 9) ,
1
z =31 (90@2 —p (3\/ 10sin 6 + 10 cos 9) (19pcosf + 92)) .
This differential system can be reduced to the normal form for applying the

averaging theory. Taking 6 as the new independent variable we obtain the
differential system

i_€ b .
P =3\ 3 (p (Gmsm(w) + cos(26) + 19) (19pcosf + 9z2)
—18az (3\/E51D9 +10 cos@)) + O(e?),
¢/ =5 = V10 (90az — 7 (3V/I0sind + 10cos0) (19rcos 0 +92) ) + O(c?),

here the derivatives are taken with respect to 6. Using (19) we write the func-

1 10
tions go = 0 and g1(z) = V107 (gpz, 213 (18ag — 19p2)>. The averaged func-
/2
tion g has the solutions z+ = £ (3 %,O . The result follows by taking

r = 0 and z* = z; and applying Corollary 4. The periodic solution is non-

20
hyperbolic. The eigenvalues of the Jacobian matrix Dg;(z, ) are :I:Gi\/@. O

Proof of Theorem 1 for systems (1)-(4) and (6)-(9). The proof of Theorem 1
for systems (1)-(4) and (6)-(9) is similar to the proof of Theorem 1 for system
(10). It can be done using Corollary 4 with r = 0 and analogous computations.
The reader can check in Theorem 1.1 of [10] the proofs for these systems using
classical first order averaging. The authors also provide approximations for the
periodic solutions found. O

Now we prove Theorem 1 for system (5). This proof is not provided in [10]
because the classical averaging theory does not provide information for this case.
We shall prove this result using statement (b) of Theorem 3.

11



Proof of Theorem 1 for system (5). Using the change of variables (z,y,z) =
s(x + vy, -y, —22) the differential system (5) writes
. 1
X:—2Y+§s(a2—Y2+4ZQ),
Y =2X, (22)
1
7 =5e (—as +Y?—427).

Using the cylindrical change of variables (X,Y,Z) = (p cos@, psinb, z) where
p > 0, system (22) becomes

1
P :55 cos 6 (az — p?sin® 60 + 4z2) ,
sin @ (ag — p?sin? 6 + 422)
2p

2 :5% (—az + p®sin® 0 — 427) .

0=2—¢

3

This differential system can be reduced to the normal form for applying averag-
ing theory. Taking 6 as the new independent variable we obtain the differential
system

,sinfcos (az — p*sin® 6 + 422)2
16p

1
0 = cos 6 (a2 — p*sin? 6 + 422) + €
3 sin” 0 cos @ (ag — p?sin? 6 + 422)3
€

64p2 + 0(84)7

, sind (az — p?sin® 60 + 422)2
16p

1
2 =e7 (—as + p*sin® 0 — 42%) + ¢ (23)
3sin2 0 (—ag + p?sin® 6 — 422)3
c 64p2

+0(e),

here the derivatives are taken with respect to 6. Using (19) we write the func-
tions

gO(Z) :(0,0),
2
_ P2 P52
gi(z) =n <O, 5 + 1 2z >,

1
ga(z) = (O, §7r22 (2a2 — p* + 822)> ,

g3(z) = (£p (24a§(p + z) + 4aq (—7p3 +482% + 96pz* — 12p22) + 8p° + 3842°
+1152pz* — 192p22% — 208p32% + 15p%z2, 467(;8 (3p (8 (15 — 327%) a3
0

12



+4 (6472 — 23) azp® + (5 — 647%) p*) — 128z (9a3 — 18azp® + 10p*)
+92162° (p* — az) + 48p2” ((60 — 2567%) az + (1287> — 47) p*)
1843227 + 1152 (5 - 327%) p=) ).

2 _
Consider the graph Z = {za = (o, B(0)) : Bla) =4/ QTM and o > \/2(12}.

For all @ > \/2ay the averaged function gi(z,) = (0,0). Then taking r = 1
in Theorem 3 we compute the bifurcation functions fi(a) = 0 and fa(a) =

ma? a2 — 2as " ..
V3 For a* = \/2as we have fa(a*) = 0 and the derivative of f
goes to infinity at a*, so it is a simple zero of fo. Thus applying statement (b)
of Theorem 3 we have that system (23) has a periodic solution bifurcating from
point z}. Consequently, going back through the change of variables we have the

existence of a periodic solution of system (5). O

4. Proof of Theorem 2

Proof of Theorem 2 statement (i). Using the change of variables (z,y,z) = ¢(X+
Z,-Y + Z,27) the differential system (11) writes

X ==Y + (50 = 2(X + Z2)(5Y — 142)),

Y =X+ f—o(z(x + Z)(5Y — 147) — 5ay), (24)
7 =7+ f—o(z(x + Z)(5Y — 14Z) — 5as).

Using the cylindrical change of variables (X,Y,Z7) = (p cosf, psinf, z) where
p > 0, system (24) becomes

p :16—05(0059 —sin @) (5az + 28pzcosf — 10psinf(pcosf + z) + 2827)
6=1+ %(sin@ + cos ) (—bas — 28pz cosf + 10psinf(pcosd + z) — 282%)

P
Z=z+ 16—0(2(5psin9 —14z)(pcosf + z) — baz).

This differential system can be reduced to the normal form for applying the

averaging theory. Taking 6 as the new independent variable we obtain the

differential system

s :f—o(cosﬁ — sinf) (5ag + 282> + 28pz cosf — 10psinf(pcosf + 2))

g (cos @ — sinB)(sin 6 + cos b))
€

100p
+28pzcosB)® + O(%), (25)

(5a2 — 5p* sin(26) + 282> — 10pzsin @

13



2 =z+¢ (—5a2 — 2822 — 28pzcos @ + 10psinO(pcos § + z))
(p — z(sin @ + cos 9)) g (sinf 4 cos 0)(—p + zsin@ + z cos )
10p 100p?
(5a2 — 5p* sin(26) + 282% — 10pz sin 6 + 28pz cos 9)2 + O(e?),

here the derivatives are taken with respect to 6. Using (19) we write the func-
tions

go(z) = (O, (1 — 67277) z) ,
gi(z) = (2—15 ("= 1)z (T1p+42 (1 +€°7) 2),
-

Tpl) (—25a2p + 10p° + 28 (2™ +€'™) 2% — 9462”pz2)> ,

ga(z) = (_ 78%2% (156 (=71 + 71e®™ — 957) p* + 28 (127 — 195¢"™ + 68¢°7) 2*

+3 (1591 — 6474€>™ + 4883¢"™) pz) + (52005720

260028600000
(—284 +284e®™ + 57) p* + (e®7 (4823 — 2226€™ + 806e°™) — 3403) 2*
8453760 + 38584 (° (1308320 + 1767897¢*™ — 1169940e"™ + 90712¢7)
—1996989) pz* — (759163 + 666540¢*™ — 1872448¢%™ + 446745¢°™)
100011p°z* 4 8000880 (¢™ — 1) (1 + €™) (4799 + 10883¢°™) p°z)
e3™ a3z sinh(7) n

10p? 386467506750002
+ 61590200e™ (5™ (1258803 — 454104€™ — 409955¢"™ + 230724¢°™)
—625468) 2° + 1764476¢°™ (5™ (61818120 + 35320311*™ — 60289650¢"™
+256360e°™) — 37105141) pz* — 500055¢°™ (—41423181 — 3714436¢"'™
+16341616€°™ 4 19305793¢"™ 4 9490208¢'°™) p*2° — 3216040¢°™p? 2*
sinh(m) (153644891 — 120359184 sinh(2r) + 31576438 cosh(27))
—204805250¢°™ (—784488 + 784488¢°™ + 610137) p*z) + (—2403375
(€™ —1) p® + (—13030 + 21489¢"™ — 4988¢°™ — 4147¢%™ + 676¢'07) 2°

357e*™ — 986e5™ pz? sinh(7) (19421 — 3834 sinh(27) + 12388 cosh(27))

(6956415121500 (e*™ — 1) p°

2
11310e2™ (—1627 4 1627¢2™ — 63757) p?2) ——2 ) .
310 ( st ™) 7% S613500,7

Consider the graph Z = {z, = (o, () : B(«r) =0 and « > 0}. For all @ > 0
the function go(z4) = (0,0) then taking r = 0 in Theorem 3 we compute the

bifurcation functions fi(«) = 0, and fo(a) = % (10(7162” (e*™ — 2) + 957 +
Tl)az — (284627 (€27 = 2) — 57+ 284) a2).
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. Sas 3857 .
For a* = 7( +284e277(62”—2)—57r+284) we have fa(a*) = 0
and D fa(a*) # 0. Thus applying statement (b) of Theorem 3 we have that
system (25) has a periodic solution bifurcating from point z,-. Consequently,
going back through the change of variables we have the existence of a periodic
solution to system (11). O

Proof of Theorem 2 statement (ii). First we translate the point (—7,—7,0) to
the origin of coordinates. Then we use the change of variables (z,y, z) = 5(8X—|—

Z,X +VTY — Z/7,-8 (VTY + Z) ) the differential system (12) writes

X == VY + (7az — 4(336X2 — 98VTXY + 128X Z + 98V — 2V/7Y 2
+ 722)),

Y =VIX 4 — (60 (336X2 — 98VTXY + 128X 7 4+ 98Y2 — 2\/7Y Z
39767

n 722) - 105a2), (26)

Z——_87+ % (4(336X2 —08VTXY + 128X Z + 98Y2 — 2V/TY Z + 722)

— 7a2).

Using the cylindrical change of variables (X,Y,Z) = (p cosf, psinb, z) where
p > 0, system (26) becomes

€
27832
+ 28p? (ﬁ(509 sin € + 299 sin(360)) — 2303 cosf — 49 cos(36‘))

p (4pz (1009\/? sin(260) — 3031 cos(26) — 3241)

+7 (ag — 422) (49 cosf — 15ﬁsin9) )7

. € .
0=VT— s (49506 + 15V7 cos) (7 (az — 4 (3107 + 2%)) - 476p* cos(26)

—512pzcos @ + 8V Tpsin (49p cos 6 + z)) ,

2=—8z+ % (=Tas + 476p* cos(20) + 868p> + 282* + 512pz cos 0

— 8V/Tpsinf(49p cos f + z)) .
This differential system can be reduced to the normal form for applying the

averaging theory. Taking 6 as the new independent variable we obtain the
differential system

/

__ ¢ (
P 98327
+dpz (1009[7 sin(26) — 3031 cos(26) — 3241) +7 (ay — 42?)

28? (ﬁ(509 sin @ + 299 sin(36)) — 2303 cos§ — 49 cos(39))

15



(49 cos — 15v/7sin 9)) +O(e?), (27)

2= % — 243553p ((49 (\/?p + zsin@) + 15v/7z cos 9) (ag -4 (31p2 + 22)

7 — 476p° cos(26) — 512pz cos 6 4 8V Tpsin §(49p cos § + z)) +0(?),

here the derivatives are taken with respect to 6. Using (19) we write the func-
tions

go(z) = (0, (1 - 61677/‘/7) Z) ;
_32m — 167
97(6 v —1),22 13541 (1—e ﬁ)pz e
gi(z) = 37346 N 182896 " 168355768p

167

167 327 2 3 0= .2
(e = 1) (9020967 p (4724p% — 23a5) + 14889282" + 8¢ 7 2
(7509965 + 1861162))),

g2(2) = (H1(2), Hz(2)) .

where the functions H; and Hs are provided in the appendix.

Consider the graph Z = {z, = («, 8(a)) : B(a) =0 and o > 0}. For all o« >
0 the function go(z,) = (0,0) then taking » = 0 in Theorem 3 we compute the
bifurcation functions fi(a) = 0, and

32w

. e Va
2389353344
+e7 (26128V7r (23az — 176840%) — 94787 (230 — 47240%) ) )

fa(e) (189574e% (23as — 47240%) — 94787 (23ay — 472407)

The bifurcation function fo has the positive solution

321 i6x
) 23az (¢ V7 (26128/7m — 94787) + 189574e /7 — 94787
af ==

32m 16w
2\ e V7 (1155118887 — 111943447) + 223886894e v — 111943447
~0.0288042,/az,

such that Dfa(a*) &~ —0.002a5 # 0. Thus applying statement (b) of Theorem
3 we have that system (27) has a periodic solution bifurcating from point z?.
Consequently, going back through the change of variables we have the existence
of a periodic solution to system (12). O

Proof of Theorem 2 statement (iii). After translating the point (—5/4,0,5/4)
to the origin of coordinates we use the change of variables (z,y,z) = E(Y +

57 417
Z, . V2X,Y — W)’ then the differential system (13) writes

e (320as + 12v2X (32Y + 13Z) — 320Y2 + 20Y Z + 62522)

X =—\2vy + ;
912v/2

16



£ (—320a; — 12v2X(32Y +132) + 5 (64Y% — 4Y Z — 1252%))

Y =vaX + 1140 ’
(28)
s %2 ¢ (320a2 + 12v2X (32Y + 13Z) — 320Y2 + 20Y Z + 62527)
4 1140 '

Using the cylindrical change of variables (X,Y,Z) = (p cos@, psinb, z) where
p > 0, system (28) becomes

5 — € 2 _ . 2 . . .
P =910 (5 (64&2 + 1252 ) (5\/§c059 8 sin 9) + 32p“sin 6 ( 73V2 sin(26)
+20 cos(260) + 100) + 2pz (—287\/§sin(29) + 430 cos(26) + 350)) 7

0=Vv2+ ﬁ (5\/§Sin6‘ + 8cos 9) (320a3 + 6252* + 4p (5sinf(z — 16psin )
p

+3v2cos 0(32psinf + 132))) ,
P % + ﬁ (4p (5 sin(z — 16psin ) + 3v/2 cos 0(32psin 0 + 13z))

+ 3200 + 625z2).

This differential system can be reduced to the normal form for applying the

averaging theory. Taking 6 as the new independent variable we obtain the
differential system

/

o ( — 256002 sin 0 + v/2 cos 0 (1600as + 3125p 2% — 114803 sin 0

g
912012
—116802) + 700p%z + 4p? (292\/5 cos(36) + 50sin 6 (16 — 25p222)
e
83174400+/2p
(1600as + 3125p"2% — 1148p°z sin @ — 1168p?) + 700p°z + 4

(292\/5 cos(30) + 50sin 6 (16 — 250222) + 5 cos(260) (32 sin 0 + 43p2)))

+5 cos(260)(32sin 6 + 43pz)) ) + (—2560(12 sin 6 + v/2 cos 6

+ (sine (1600as + 31250 2% + 2336p” cos(260) + 736p>) + 20v/2 cos §
(64az + 125p* 2% + p” sin 6(32sin 6 + 43pz)) + 2p°2(287 cos(26) + 337))
+0(e%), (29)

52 €1024
=- + 10az 4 p* (6v/2sin(20) — 5) + 5p2 cos(26) ) — 16
¥ == 175" Seamoyay (102 + #* (6V2sin(26) = 5) + 5% cos(26)) — 16p:

(—780(12 sinf 4 6v/2 (200as — 141p*) cos 0 + p? (1265 sin 6 + 525 sin(30)

+534V2 c0s(30) ) ) + 18750°" (135in6 — 20v2 cos6) + 29"

62

(1221\/§sin(29) — 4875 COS(26’) + 5515) + m

( (sin 6 (1600as

17



+3125p%22 + 2336 cos(20) + 736p%) + 20v/2 cos 0 (64as + 125p"2

+p% sin 0(32sin 0 + 43p2)) + 20°2(287 cos(20) + 337)) (p (5\/52« sin 6
(249645 + 4875p" 2 — 4048p%) — 242 cos 6 (1600as + 3125022 — 1128%)
+12psin(26) (407p%2% + 1024) + 10v2p cos(26) (512 — 975p°2)
—8400v/2p2 sin(30) — 17088p>= cos(39)) +10v2(1024ay + 1103722

- 512/)2))) O,

here the derivatives are taken with respect to 6. Using (19) we write the func-
tions

go(z) = (07 (1 - 6"’%) Z) ;
<p3z (—95625557’% V2pz + 956252z — 121264¢ 35 + 121264)
g1 (Z =

)

2558160
—25
e 2v2 _5m_ 5m
_¢ " (e —1) (22528 7 (153ag — 112p%) — 3538125v/2,° 2
153489607 (62 ’ ev2 (153az — 1129°) v2p°2

_15e2v3 22 (235875\/§pz - 240416)) ) :

g2(2) = (11(2), I2(2)) -

where the functions I; and I are provided in the appendix. Consider the
graph Z = {z, = (o, 8(«)) : () =0 and o > 0}. For all & > 0 the function
20(zo) = (0,0) then taking » = 0 in Theorem 3 we compute the bifurcation
functions fi(a) =0, and

3_25_”\/7
12(%) = G5798675

+145357V2 (306az - 1310%) ) ).

(44096 (153aas — 1120°) + 8e2v7a (5512 (11202 — 153a2)

The bifurcation function fo has the positive solution

34az (e2V7 (14535v/2r — 2756) + 2756 )

€37 (1904085v/2r — 617344) + 617344

such that Dfy(a*) ~ —0.47as # 0. Thus applying statement (b) of Theorem
3 we have that system (29) has a periodic solution bifurcating from point z.
Consequently, going back through the change of variables we have the existence
of a periodic solution to system (13). O

18



Proof of Theorem 2 statement (iv). First we translate the point (—5,0, 0) to the

origin of coordinates, then using the change of variables (x,y,z) = ¢ — E +
Y Z

% — E’X +Y +Z,V5X —/5Y — 2Z> the differential system (14) writes
(2v5 +5)

X:—VEY—&W (20(\/5+6)X2—100a2—20(\/5—6)Y2

12X (80Y 1257 + 2\/52) + (250 - 4\/5) YZ+ 8522) :

Y =X — 5(21;3/0%/? (20 (\/5+ 6) X2~ 10043 — 20 (\/5 - 6) Y?
+2X (80Y +1257 + 2V57) + (250 - 4v5) Y Z + 852%) , (30)
G ——27+ 4—;05 (20 (\/5 + 6) X2~ 100a + 2X (SOY +1257 + 2\/52)

—20 (\/5 . 6) Y24 (250 _ 4\/5) YZ+ 8522) .

Using the cylindrical change of variables (X,Y,Z) = (p cos@, psinb, z) where
p > 0, system (30) becomes

p =15 (5 (2002 = 17:2) (V5 +2) cos0 — (V5 - 2) sin0)

—2v/5p? (3 (\/5 + 10) sin(30) + (37f - 50) sind — 3 (\/5 - 10) cos(30)
+ (37v5 4 50) cos ) — 2pz (240 5in(26) + 120V5 cos(20) + 260) )

6 =5 — Wg\/_f)p ((2v5—5) cos8 — (25 +5) sin0) (12052 — 100a

+2p (10\/5;) cos(26) + cos § (8op sin 6 + (2\/5 + 125) z)
+ (125 - 2\/5) zsino) n 85,22) ,

f— 24 4i50 (—100a2 +1200% + 2p (10\/5/) cos(26) + cos f (S0psin g

+ (2\/5 + 125) z) + (125 _ 2\/5) zsine) + 8522) .

This differential system can be reduced to the normal form for applying the
averaging theory. Taking 6 as the new independent variable we obtain the
differential system

/

p :ﬁm (5 (200 = 172%) (V5 +2) cosd — (V5 - 2) sinf) — 2v5p?
(3 (V5+10) sin(30) + (37V5 — 50) sinf — 3 (V5 — 10) cos(36) + cos

19



(37\/5 + 50)) s (240 sin(20) + 129v/5 cos(26) + 260)) + O3,
2 =— 2\2/55Z + 4505\/5;) (10p + (2\/5 + 5) zsinf + (5 - 2\/5) 2 COS 9) (12Op2
— 100as + 8522 + 2p (10\/5;) cos(20) + cos 0 (SOp sinf + (2\/5 + 125) z)
+ (125 — 2\/5) zsin 9) ) —¢? ((2\/5 — 51;;;30;0(\2/_\5/;4— 5) sin 0) ( —10p
— (2V5+5) zsinf+ (2v5 —5) zcos0) (12092 — 100az + 852 + zsin

(125 - 2\/5) +2p (10\/5;) cos(26) + cos f (8op sinf + (2\/5 + 125) z)))2
+0(e%),

here the derivatives are taken with respect to 6. Using (19) we write the func-

tions
(O, (1- e\/_ ) ,

1 - ef) (140687%,) (10a2 + (\/5— 12) p2) +34 (1 +e%)

(12600;;

(\/5—10)2 —7(27\f+412) 2)—265200 (647%—1)2
Te 7’1(123\f+520) +170 (1 7’1) (2\f+1) ))
g2(z) = (J1(z), J2(2)) .

where the functions J; and Jo are provided in the appendix.
Consider the graph Z = {z, = («, 8(a)) : B(a) =0 and o > 0}. For all o >

0 the function go(z) = (0,0), then taking r = 0 in Theorem 3 we compute the
bifurcation functions fi(a) = 0, and

B

8w
e Vs

1000 ((956\/5 n 5625) a? 1 2e5 (10 (123\/5 + 520) ag—
(956v/5 + 5625) a?) + ¢ 5 ((956V5 + 5625) a? + 18075 (8az — 19a%)
—10 (123\/5 n 520) az) —10 (123\/5 n 520) ag) .

The bifurcation function f; has the positive solution o* =

f2(a) =

100z (e (14475 — 1235 — 520) — 123V/5 + 2675 (123V/5 + 520) — 520)

evE (3420mv/5 — 956+/5 — 5625) — 956+/5 + 235 (9561/5 + 5625) — 5625
~ 0.369082/az,

20



such that Dfy(a*) ~ —0.0laz # 0. Thus applying statement (b) of Theorem
3 we have that system (27) has a periodic solution bifurcating from point z.
Consequently, going back through the change of variables we have the existence
of a periodic solution to system (12). O

Proof of Theorem 2 statement (v). First we translate the equilibrium point
(4/5,4/5,4/5) to the origin. Then using the change of variables (z,y,2) =

E(Z —2Y,V3X+Y +2Y, (—\/3) X+Y+ Z) the differential system (15) writes

e (3X%—2V3X(Y —22) - 3Y(Y +4Z))
443 ’

(—X2 CVBX(Y —22) + Y (Y + 42)) , (31)

X:—%(4\/§Y)+

43X 1
= + —&
5 4
. 72
7 =¢ (GQ—Q(X2+Y2) +7>

v

Using the cylindrical change of variables (X,Y,Z) = (p cosf, psinf, z) where
p > 0, system (31) becomes
F :Zp (—p sin(36) + v/3p cos(36) + 42) ,

0 :¥ + Z (\/§(4z — psin(36)) — pcoS(39)) )

2
225(@2—2p2+3).

This differential system can be reduced to the normal form for applying the
averaging theory. Taking 6 as the new independent variable we obtain the
differential system

y _bpe (—psin(30) + v3pcos(30) + 4z)

+ 0O(£?),

163 )
5¢ (2a9 — 4p% + 22

z’:a(az p+z)+0(62),

8V3
here the derivatives are taken with respect to 6. Using (19) we write the func-
5rz 5 (2&2 —4r? 4 z2)
™ )
2V/3 43

tion g; has the solutions z4 = £ | w,/ a—;,()). The result follows by taking

tions gp = 0 and g;(z) = ) The averaged func-

r = 0 and z* = z4 and applying Corollary 4. The eigenvalues of Dg;(z4) are

. az
+i5, [ —. O
V6

Proof of Theorem 2 statement (vi). First we translate to the origin of coordi-
nates the point (—10/43,—10/43,—10/43). Then using the change of variables
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(a:,y,z):a(X—i—Z, X VY X VY

o) + 5 + Z, -5 T + Z) the differential system
(16) writes

~V3Y + 430 (—13X2 +26V3XY +86X7 + 13Y2 + 86\/§YZ) ,

Y =V3X + io (13\/§X2 +26XY — 86V3XZ — 13vV3Y2 + 86YZ) . (32)
7 69 2 2 2
Z= 432—1—40 (40a3 — 43 (X +Y?) +5227).

Using the cylindrical change of variables (X,Y,Z) = (p cosf, psinf, z) where
p > 0, system (32) becomes

P —EE (13\/_;) sin(30) — 13p cos(30) + 86,2)

6 =3+ 430 (13p (sin(39) + \/§cos(39)) - 86\/§z) :

. 69
z_—Ez+a(a2+4—(52z 43p2)) .

This differential system can be reduced to the normal form for applying the

averaging theory. Taking 6 as the new independent variable we obtain the
differential system

/

p =

2p
40\/_ (13\/—p sin(36) — 13p cos(360) + 862) + m (13p(cos(39)

3sin(39)) - 86z) (13p (sin(39) + \/§cos(39)) - 86\/§z) +O(?)
, 23v/3 €

o == T+ o (43V3 (4002 — 43 (p? + 2:)) + 897z (sin(30)  (33)
+V3 cos(39))) + m (13p (344 (2822 — 5as) (sm(39) +v3 cos(39))
+1849p°(sin(36) + V3 cos(36)) — 299p= (3 sin(66) + \/§cos(69)))

—4v/32(41697p2 + 7950727 — 36980a2)) +O@E),

here the derivatives are taken with respect to 6. Using (19) we write the func-
tions

go(z) = (O (1 - 6465{#) z) ,

1849 _a W
1380 e~ (46v3 )) (64 13 (4Oa2 —43p ) — 8622)

o/ e 43(92\/_77)
< s B

1849¢~ 3 (184v3) 15a/3n
11640097 (240 (46 - 43)
266008808721600 (6 ( Var
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+196512%) — 3003145026 (46\/§7r - 43) 0%+ 45396995982pz)

+22089¢ M5 (130634 (40ay — 43p%) — 2456883p2) + 172180314824

L2 6456761805922 + 4557 55" (2432365 — 73810016z)) :

o~ 13(230v37)

18437

2552 (_ (60 (391 3 —1849)
146414827786341650812300 (e ’ ( ( V3 a2
+7580922) 6719819923969996144 + 69703216719171814113816°

.+ 67860377243786125751610p2 — 1044645447922

1383w

(70137521867896\/§7r - 252393774165)) — 4245723465¢ 25
(175587701015104as + 61893p(10033543p. + 6661987422))

230V3m

—69703216719171814113816e~ 5 p* + 4007045420213118625657562>

+1951360992537417972¢ 5 22(79833p + 3295092

—336382138219685488¢ " " 22(144417p + 1588291z)) ) .

Consider the graph Z = {z, = (a, 8(a)) : B(a) =0 and o« > 0}. For all & > 0
the function go(z,) = (0,0), then taking » = 0 in Theorem 3 we compute the
bifurcation functions fi(a) = 0, and

1849~ 4% 1 syae 16/5x )
fala) = e (™67 (46v5r — 43) + 86657 — 43) a (400, — 430)

10

4;2 we have fa(a*) = 0 and Dfa(a*) # 0. Thus applying
statement (b) of Theorem 3 we have that system (33) has a periodic solution
bifurcating from point z}. Consequently, going back through the change of
variables we have the existence of a periodic solution to system (16). (]

For o* = 2

5. Conclusions

In this paper we use recent results in averaging theory (Theorem 3) for
studying the zero-Hopf and the Hopf bifurcation of the sixteen 3-dimensional
differential systems provided by Jafari et al [5] in 2013. These systems have
equilibria only for a certain choice of the parameter a, and we show that under
some conditions a periodic solution emerges in either a zero-Hopf or a Hopf
bifurcation exhibits by the system and after the equilibria disappear. Moreover,
we show graphically that the periodic orbit which is born in such bifurcations
is the origin of a period doubling cascade which originates the chaotic motion
in those differential systems.

Here we illustrated how the averaging theory is useful for studying the peri-
odic orbits which bifurcate from a zero-Hopf or from a Hopf equilibrium point.
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The averaging method here presented does not provide information on the pe-
riodic solutions of system SNE 14 of [5], in the future we shall try to improve
the averaging theory in order to apply it that differential system.

Appendix

Here we present the coordinate functions of gy that appears in the proof of
statements (i%), (i44) and (iv) of Theorem 2.

Hi(z) = — 13541a9p Tap ef% ( 899422 _ 597507923a2z
14840704  568+/7 40086032p  47083369573856
703742848467097925p2%  3392361662905917p%z 189618713a22>
~ 31898417885852553728 116684360646408632) B 10586680965168p
+ei487; <_ 42083a2° _ 4684031387785123 n 1820956889005487pz2)
9319261413p  38980159313748576 = 115614906197860608
~1ez <13541a2p 4046213933azz 159919213 23113407207573p2z)

14840704 ' 6557112770432 85334048 195893744016656

47497703966367asz  15991921p3  442171p°  16264e 16V 4
© 78588870014419072 ' 85334048 32667  1048694353p
967
247945373 2% 19453239836¢ V7 23 45877191435540374951287 2>
13482014602168p  118452839157093 t 2003773813265605489598976
1966020376082088641360420514523  89976430564062929487 p=
21759296009400979593131149751776 | 1011920113914411773456
+_e%%_(__ 173924 N 808830574644173 __112649333870939p22)
74243848p ' 6482324361591568  12499380049315264
L ( 30634021 62723203288732° )
14913732967p  7986095211566962 ) °

H(z) = o2 (__ 20409a32  13593232675a22> | 8622181081ayz
806731394p%  5737473674128p | 2254007514836
121148255304709p2% 9933070595407p22> _og ( 20409432
171407026014574  207368691364912 8067313942
17031asp ~ 12143784230186761a22°  354453085049431a522
027544 | 316096608568406160880,2  207977542894816233p
862218108lasz  97mazz 5453654503 244579197088790172°
2254007514836 ' 3479/7 14724761  595620109778216080404 2
2241981246652203077322844014682*
~ 102793760349089735962832109971811p
11623816554518632367233858323  253261733610700641411573827p2>
2690539476878912070359141040  740098259404736722171720962
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9933070595407p%2  1573576377p%2\  1703lasp

207368691364912  17043621/7 )— 927544

= <_ 653124039223  4436646543253a222 N 269509153422410091 23

970448761592802 ' 3790211250695408p ' 3488889456265123064

_56593678003503976pz2) e (_ 1004634a22>  90029282°
102098815565607553 132200451845p2 1043961307692
1622347976424 N 4292454107823> _sng (_ 93459a52°
4620818852783p | 14145448347415 39052264048 p2

1551641925 70253877690368467 24 134826037398607523)

2679089255082 B 12331001516837560228p + 21873915086301712
n G 2223275260923 _ 227003953 a5z n 6544485366524
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