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Abstract In this paper we study the existence of tran-
scritical and zero-Hopf bifurcations of the third-order
ordinary differential equation

...
x +aẍ+bẋ+cx−x2 =

0, called the Genesio equation, which has a unique
quadratic nonlinear term and three real parameters.
More precisely, writing this differential equation as
a first-order differential system in R

3 we prove: first
that the system exhibits a transcritical bifurcation at
the equilibrium point located at the origin of coordi-
nates when c = 0 and the parameters (a, b) are in the
set {(a, b) ∈ R

2 : b �= 0}\{(0, b) ∈ R
2 : b > 0},

and second that the system has a zero-Hopf bifurcation
also at the equilibrium point located at the origin when
a = c = 0 and b > 0.
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1 Introduction

In [4] Genesio and Tesi, inspired by the problem
of determining conditions under which a nonlinear
dynamical system presents chaotic behavior, intro-
duced the following third-order ordinary differential
Eq.

...
x + aẍ + bẋ + cx − x2 = 0, (1)

where a, b and c are parameters and the dot indicates
derivative with respect to the time t . If we define y = ẋ
and z = ẏ the differential Eq. (1) becomes the first-
order differential system

ẋ = y,
ẏ = z,
ż = −cx − by − az + x2,

(2)

which is commonly known as the Genesio system.
Based on the harmonic balance principle the authors
of [4] presented two practical methods for predicting
the existence and the location of chaotic motions. For
instance, system (2) exhibits chaotic dynamical behav-
iors when a = 1.2, b = 2.92 and c = 6.

We can find in the literature several articles concern-
ing system (2). For instance, issues on synchronization
of Genesio chaotic system have been studied in the
articles [3,9,10,15]. Already in [16] the authors stud-
ied the Hopf bifurcation and the existence of Silnikov
homoclinic orbit for this system. Stability analysis and
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