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ON A RESULT OF DARBOUX
JAVIER CHAVARRIGA, JAUME LLIBRE anp JEAN MOULIN OLLAGNIER

Abstract

This paperis concernedvith arelationof Darbouxin enumeratie
geometrywhichhasvery usefulapplicationsn thestudyof polyno-
mial vectorfields.Theoriginalstatemenof Darbouxwasnotcorrect.
Thepresenpapergives two differentelementanproofsof thisrela-
tion. Thefirst onefollows theideasof Darboux,anduseshasicfacts
abouttheintersectiorindex of two planealgebraicures;thesecond
proofis rathermoresophisticatedandgives a strongeresult,which
shouldalsobe very useful. The power of therelationof Darbouxis
thenillustratedby the provision of new, simpleproofsof two knowvn
resultsFirst,it is shavn thatanirreducibleinvariantalgebraiccurve
of degreen > 1 without multiple pointsfor a polynomial vector
field of degreem satisfies: < m + 1. Seconda proofis given that
guadratigpolynomialvectorfields have no algebraidimit cyclesof
degree3.

1. Introduction
Darbouxwasthefirst to givethefollowing relationin enumeratie geometry[2, pp.83—84]:

On peutrattachercetterecherche& unlemmerelatif a six polyndmesA, A’, B,
B, C,C',dedegrésl, ', m, m’, n, n’ satishisantal'identité déjaconsidérée

(48) AA 4+ BB +CC' =0;
il estévidentquelesdegrésdesproduitsAA’, BB’, CC’ sontégaux.
Onadoncdéja

I+!U'=m+m =n+n =

Celaposéje disquela sommalunombedespointscommunsguxtroiscourbes

A=0, B =0, C =0,
etdunombe despointscommunsuxtrois courbes

A =0, B' =0, C'=0,
estégalea

Imn +U'm'n’
A

We shall refer to this result as the Darbouxlemma it can be statedmore precisely
asfollows.
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