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ON A RESULT OF DARBOUX

JAVIER CHAVARRIGA, JAUME LLIBRE and JEAN MOULIN OLLAGNIER

Abstract

This paperis concernedwith a relationof Darbouxin enumerative
geometry, whichhasveryusefulapplicationsin thestudyof polyno-
mialvectorfields.Theoriginalstatementof Darbouxwasnotcorrect.
Thepresentpapergivestwo differentelementaryproofsof this rela-
tion. Thefirst onefollowstheideasof Darboux,andusesbasicfacts
abouttheintersectionindex of twoplanealgebraiccurves;thesecond
proof is rathermoresophisticated,andgivesastrongerresult,which
shouldalsobevery useful.Thepower of therelationof Darbouxis
thenillustratedby theprovisionof new, simpleproofsof two known
results.First,it is shown thatanirreducibleinvariantalgebraiccurve
of degreen > 1 without multiple points for a polynomial vector
field of degreem satisfiesn 6 m + 1. Second,a proof is given that
quadraticpolynomialvectorfieldshave no algebraiclimit cyclesof
degree3.

1. Introduction

Darbouxwasthefirst to givethefollowing relationin enumerativegeometry[2, pp.83–84]:

Onpeutrattachercetterechercheàun lemmerelatif àsix polynômesA, A′, B,
B ′, C, C′, dedegrésl, l′, m, m′, n, n′ satisfaisantà l’identité déjàconsidérée
(48) AA′ + BB ′ + CC′ = 0;
il estévidentquelesdegrésdesproduitsAA′, BB ′, CC′ sontégaux.
Onadoncdéjà

l + l′ = m + m′ = n + n′ = λ.

Celaposé,jedisquela sommedunombredespointscommunsauxtroiscourbes

A = 0, B = 0, C = 0,

etdunombredespointscommunsauxtrois courbes

A′ = 0, B ′ = 0, C′ = 0,

estégaleà

lmn + l′m′n′

λ
.

We shall refer to this result as the Darboux lemma; it can be statedmore precisely
asfollows.
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