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Quadratic systems with limit cycles of normal size

Leonid A. Cherkas? Joan C. Artés and Jaume Llibret

Abstract. In the class of planar autonomous quadratic polynomial differential
systems we provide 6 different phase portraits having exactly 3 limit cycles
surrounding a focus, 5 of them have a unique focus. We also provide 2 different
phase portraits having exactly 3 limit cycles surzounding one focus and 1 limit
cycle surrounding another focus. The existence of the exact given number of
limit cycles is proved using the Dulac function. All limit cycles of the given
systems can be detected through numerical methods; i.e. the limit cycles have
“a normal size” using Perko's terminology.
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1 Introduction

A planar autonomous quadratic polynomial differential system (or simply a
guadratic system) in what follows is a system of the form

o 2
dz . d i
dt > aye'y = Pla,y), E% = > byr'y = Qlz,y), {1)
i4g=0 i+j=0

with a;;,b; € R. It is known (see, for instance [17]) that a quadratic system can
have only limit cycles enclosing a unique singular point, which is a focus. As system
(1) has no more than two foci [17}, only the following distributions of limit cycles
are allowed: n, (ny,nz}, where n € N, and ny,ne € NU {0} with n3 + ng > 0.
Here n is the number of limit cycles surrounding a focus provided that system (1)
has only one focus, and n; and ng are the number of limit cycles surrounding every
one of the two foci provided that the system has exactly two foci. Recently, Zhang
Pingguang [20, 21] has proved that if n; > 0 for ¢ = 1,2, then either n; = 1, or
Tig = 1.

The following distributions of limit cycles for quadratic systems (1) are know

(a) 1and (3,0); (b} 2and (2,0); (¢} 3and {3,0);
(d) (1,1) (e) (2,1); (f) (3,1).
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