NILPOTENT BI-CENTER IN CONTINUOUS PIECEWISE
Zo-EQUIVARIANT CUBIC POLYNOMIAL HAMILTONIAN SYSTEMS (I)

TING CHEN!, SHIMIN LI! AND JAUME LLIBRE?

ABSTRACT. One of the classical and difficult problems in the theory of planar differential
systems is to classify their centers. Here we classify the global phase portraits in the Poincaré
disc of the class continuous piecewise differential systems separated by one straight line and
formed by two Za-equivariant cubic Hamiltonian systems with nilpotent bi-centers at (£1, 0).

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The problem in the qualitative theory of planar differential equations of distinguishing be-
tween a focus and a center is known as the center-focus problem. This classical problem started
with Poincaré [36] in 1881 and Dulac [15] in 1908, and nowadays the center-focus problem
remains as one of main subjects in the qualitative theory of planar polynomial differential
systems.

We say that a singular point p of a planar differential system is a center if it has a neighbor-
hood U filled with periodic orbits with the unique exception of this singular point.

If a planar polynomial differential system has a linear type center, or a nilpotent center, or
a degenerate center at the origin of coordinates, after making a time rescaling and a linear
change of variables, this differential system can be written as

(_y7 .27)
(1) (ac,y) = (y7 O) +(f($,y)7g($,y)),
(0, 0)

respectively. Here the dot denotes derivative with respect to the time ¢, and f(z,y) and g(z,y)
are real polynomials without constant and linear terms.

The focus-center problem for the quadratic polynomial differential systems has been solved
see [3, 7, 15, 23, 24, 37, 40, 43]. There are partial results in the classification of the centers
for the cubic polynomial differential systems, see for instance [9, 11, 32, 41, 44, 45], but the
focus-center problem for the cubic polynomial differential systems still remains open.

Recently Colak el at. [12, 13] studied the phase portraits of some cubic Hamiltonian dif-
ferential systems with a linear type center and a nilpotent center at the origin, respectively.
Liu and Li [30] investigated the linear type bi-center problem for Zs-equivariant differential
systems. Here we shall study the Zs-equivariant polynomial systems having two centers at the
singular points.

The study of Z,-equivariant polynomial systems, whose phase portraits are unchanged by a
rotation of 2¢ (¢ € ZT) radians around one point, is closely related to the well-known Hilbert
16th problem, for more details see [22, 27, 28]. Chen el at. [10] provided all possible phase
portraits of Zs-equivariant cubic polynomial Hamiltonian vector fields with a linear type bi-
center. Li el at. [25, 26] studied the bi-center and isochronous bi-center problems in some
Zo-equivariant cubic systems.
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However many natural phenomena have been modeled more accurately by dynamical systems
whose differential systems are non-smooth (see for instance [1, 6, 31]), increasing contributions
have been attracted to the qualitative analysis of non-smooth systems, see [2, 17]. In this paper
we deal with the following family of piecewise smooth systems,

@ (5.9) = {(f*(w,y),f(af,y)) if S(z,y) >0,
PV @) @y) i S(ay) <0,

where S : R? — R is a C* function and (f*(x,y), g% (z,y)) are smooth vector fields. In fact,
systems (2) have two different regions I't = {(z,y) € R? : £5(z,y) > 0} separated by the
discontinuity line I' = S~1(0).

The focus-center problem in piecewise smooth systems becomes much more difficult and
complicated than for the smooth systems. For example, a singular point of systems (2) on the
discontinuous curve S(z,y) = 0 can be a center even it is neither a center for the first system,
nor a center for the second system of (2).

Some methods have been developed for studying the linear type focus-center problem of
the piecewise smooth systems (2). Thus Gasull and Torregrosa [20] developed an efficient
method for computing the Lyapunov constants of switching polynomial systems, which can be
used to determine the center conditions for a linear type singular point. By computing the
Lyapunov constants, the authors of [8, 39] gave a complete classification on the linear type
center conditions of the origin in several classes of Bautin switching systems. For more results
on the focus-center problem of the piecewise smooth systems with the linear type singular
points, see [14, 21].

The focus-center problem for the nilpotent singular points is much more challenging com-
pared to the study for the linear type singular points. Computationally efficient methods have
been developed for studying the focus-center problem of the planar smooth systems with nilpo-
tent singular points, see [18, 29, 30, 38]. However there are no work for studying the nilpotent
focus-center problem in piecewise smooth polynomial systems.

In this paper we will study the global dynamics of a class of piecewise Zs-equivariant differ-
ential systems formed by two cubic Hamiltonian systems separated by the straigh line y = 0,
and having nilpotent bi-centers at the points (+1,0). In section 3 we prove that such class of
piecewise differential systems can be written as

— a2y + 3bosy” + a212’y — 3boszy® — 2(1 + a3y)y?
1 1 if y >0,
. — x4 a2’ — a21$y2 + b03y3
o (7) 22
Y — ag1y — 3bo3y® + as1z’y — 3bozzy® — 2(1 + a3)y?
1 1 if y<O,
— 5.13 + 5%3 - a21$y2 + b033/3

where by3 < 0 and the singular point (1,0) of the first system of (3) is a third-order singular
point, see section 3 for the definition of third-order singular point. The Hamiltonian functions
for these two Hamiltonian systems are

1, 1

1 1 1
H(z,y)" = 2% - —zt — Zany® + bosy® + samix’y® — bozay® — S+ 031)314,
4 8 2 2 2
for the Hamiltonian system in y > 0, and
_ 1 1 1 1 1
H(x,y)” = 1$2 - §£U4 - §a21y2 — bosy® + §a21x2y2 — bozay® — 5(1 +a3)yt,

for the Hamiltonian system in y < 0.

Note that the piecewise differential systems (3) only are continuous on the straight line y = 0,
so they are non-smooth piecewise differential systems. We also remark that the piecewise
differential system (3) only depends on two parameters as; and bps.
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128=27, R=9, 138 =25 R=T,

158=23 R=S5, 1.6 S =21, R =4,

178 =13, R=4, 185=9,R=3, 1.9 8 =10, R = 4,

110 S =6, R = 3.

FIGURE 1. The ten topological phase portraits in the Poincaré disc of Theorem 1.1.

Theorem 1.1. In the Poincaré disc the phase portraits of the continuous piecewise Zs-equivariant
cubic Hamiltonian systems (3) with a nilpotent bi-center at (£1,0) are topologically equivalent
to one of the 10 phase portraits showed in Figure 1.

In section 2 we provide a brief introduction to the Poincaré compactification, a summary on
how to determine the phase portrait using the separatrix skeleton, and some basic results on
the topological indices that we shall need for proving Theorem 1.1. In section 3 we show how
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to obtain the continuous piecewise Zg-equivariant cubic Hamiltonian systems (3). Finally in
section 4 we characterize the global phase portraits of systems (3) in the Poincaré disc, that is
we prove Theorem 1.1.

2. PRELIMINARIES

2.1. Poincaré compactification. In order to classify the global dynamics of the piecewise
differential systems (3), the first crucial step is to characterize their finite and infinite singular
points in the Poincaré compactification, as we shall see such compactification is possible due
to the fact that our Hamiltonian systems are polynomial. This tool is described in chapter 5 of
[16]. The second main step for determining the global flow in the Poincaré disc of polynomial
differential systems is the characterization of their separatrices. For the polynomial differential
systems in the Poincaré disc it is known that the separatrices are all the infinite orbits, all
the finite singular points, the separatrices of the hyperbolic sectors of the finite and infinite
singular points, and the limit cycles. If 3 denotes the set of all separatrices in the Poincaré
disc D?, ¥ is a closed set and the components of D? \ ¥ are called the canonical regions. We
denote by S and R the number of separatrices and canonical regions, respectively.

Roughly speaking this compactification identifies the plane R? with the interior of the closed
unit disc D? centered at the origin of R?, and extends analytically the differential system to its
boundary, usually called the circle of the infinity. Now we shall describe the equations of the
Poincaré compactification for a polynomial differential system in R2.

We consider the set of all polynomial vector fields in R? of the form
(4) (21, 72) = X(z1,22) = (P(21,22), Q(21,22)),

where P and @) are real polynomials in the variables 1 and x5 of degree d; and ds, respectively.
Taking d = max{d;,ds}.

Denote by T,,S? be the tangent space to the 2-dimensional sphere S? = {s = (s1, s2,53) €
R? : 57 + s3 + s3 = 1} at the point p. Assume that X is defined in the plane T(g,1)S* = R?.
Consider the central projection f: T(07071)82 — S2. This map defines two copies of X, one in
the open northern hemisphere and other in the open southern hemisphere. Denote by X’ the
vector field Df o X defined on S? except on its equator S! = {y € S? : y3 = 0}. Clearly S!
is identified to the infinity of R2. If X is a planar polynomial vector field of degree d, then
p(X) is the only analytic extension of 3 X’ to S?, the vector field p(X) is called the Poincaré
compactification of the vector field X, for more details see Chapter 5 of [16].

On the Poincaré sphere S? we use the following six local charts to do the calculations, which
are given by U; = {s € $? : s; >0} and V; = {s € §? : s; < 0}, for i = 1,2,3, with the
corresponding diffeomorphisms
(5) [Voran U’L — RQa wi : Vvl — RQa

defined by ¢;(s) = —1;(s) = ($m/Si, Sn/si) = (u,v) for m < n and m,n # i. Thus (u,v) will
play different roles in the distinct local charts. The expression of the vector field p(X) are

o= (4(o(3) - (1)) (1) i
- (4 (3)-a(31)) (i) s

(i, ) = (P(u,v),Q(u,v)) in Us.
We note that the expressions of the vector field p(X) in the local chart (V;, ;) is equal to the
expression in the local chart (U;, ¢;) multiplied by (—1)?~! for i = 1,2, 3.

The orthogonal projection under m(y1,y2,y3) = (y1,y2) of the closed northern hemisphere of
S? onto the plane s3 = 0 is a closed disc D? of radius one centered at the origin of coordinates
called the Poincaré disc. Since a copy of the vector field X on the plane R? is in the open
northern hemisphere of S2, the interior of the Poincaré disc D? is identified with R? and the
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boundary of D?, the equator of S2, is identified with the infinity of R%2. Consequently the phase
portrait of the vector field X extended to the infinity corresponds to the projection of the phase
portrait of the vector field p(X) on the Poincaré disc D?.

The singular points of p(X) in the Poincaré disc lying on S* are the infinite singular points
of the corresponding vector field X. The singular points of p(X) in the interior of the Poincaré
disc, i.e. on S?\ S!, are the finite singular points.

For polynomial vector fields (4) if s € Sy is an infinite singular point, then —s € S is
another infinite singular point. Thus the number of infinite singular points is even and the
local behavior of one is that of the other multiplied by (—1)4*!. This symmetry property in
general does not hold for piecewise smooth differential systems (2) because the singular points
at infinity are not diametrically opposite. But in our case systems (3) are symmetry with
respect to the origin, so we just need to analyze the phase portraits of the infinite singular
points in the local chart Uy|,—¢ and at the origin of the local chart Us.

2.2. Separatrix skeleton. Given a flow (D?, ¢) by the separatriz skeleton we mean the union
of all the separatries of the flow together with one orbit from each one of the canonical regions.
Let C; and Cy be the separatrix skeletons of the flows (D2, ¢1) and (D?, ¢3) respectively. We
say that C; and Cy are topologically equivalent if there exists a homeomorphism h : D? — D?
which sends orbits to orbits preserving or reversing the direction of all orbits. From Markus
[33], Neumann [34] and Peixoto [35] it follows the next theorem which shows that is enough
to describe the separatrix skeleton in order to determine the topological equivalence class of a
differential system in the Poincaré disc D?.

Theorem 2.1 (Markus-Neumann-Peixoto Theorem). Assume that (D?,¢1) and (D2, ¢s) are
two continuous flows with only isolated singular points. Then these flows are topologically
equivalent if and only if their separatrixz skeletons are equivalent.

2.3. Topological index. Next we introduce the topological index of the singular points, which
is one useful tool to determine the type of the singular points. Here we will present two
important theorems, the Index Poincaré Formula and the Poincaré-Hopf Theorem, for more
details see Chapter 6 of [16].

Theorem 2.2. We denote by p an isolated singular point with the finite sectorial decomposi-
tion property. Let q, h and e be the number of parabolic, hyperbolic and elliptic sectors of p,
respectively. Then the topological index of the singular point p equals 1 + (e — h)/2.

Corollary 2.3. The topological indices of a center, a cusp, a saddle and a node equal 1, 0, —1
and 1, respectively.

Theorem 2.4. For any continuous vector field on the sphere S* with finitely many singular
points, the sum of their topological indices is 2.

Remark 2.5. Since the flow of Hamiltonian smooth systems preserves the area, we have that
any finite singular point of a Hamiltonian smooth system must be either a center, or union
of an even number of hyperbolic sectors. In particular, the finite nilpotent singular points of
Hamiltonian planar differential systems are either saddles, centers, or cusps, for more details
see Theorem 3.5 of [16].

3. OBTAINING SYSTEMS (3)

Here a vector field X(z,y) is Zs-equivariant if —X(x,y) = X(—x, —y). Then Zy-equivariant
piecewise cubic polynomial differential systems (3) separated by the straight line y = 0 are
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differential systems of the form

ago + 107 + aoy + a0r” + anzy + a2y’ + agox’

+aznz’y + apay® + agsy’® .

boo + b1o + bory + baoz® + by + boay® + oz ity >0,
Y — ago + a10% + ag1y — a2 — a2y — agay’ + asox

+ a2y + a12y® + agsy®

if y<O0.
— boo + bio® + bory — baox” — buwy — boay” + bsoa”
+ b1 2%y + braxy? + bosy®

Assuming that (£1,0) are two singular points of systems (6), we have

(7) agp = —ag, 10 = —azo, boo = —bzo, big = —b3o.

The Jacobian matrices of the first and second systems of (6) evaluated at (1,0) are

8) gt — [ 2020 +2a30  aor £ a11 +azn
+2bgo + 2b30  bor £b11+b21 )

It follows from Jt = J~ that

9) a0 = a1 = bag = b11 = 0.

If we assume that bsg = 0, then J = J~ yields a triangular matrix having the two charac-
teristic roots

A1 = 2a30, A2 = bg1 + boy.

Furthermore we take Ay = Ay = 0, because we want that the singular points (£1,0) of the
piecewise differential systems (6) are nilpotent, so we obtain

(10) aszp =0, bor = —bas.
From (7), (9) and (10) the piecewise differential systems (6) become
y(aor + az12” + a2y + ar2xy + aosy’) .
i (y(bm + bo12? + bogy + brawy + b03y2)> =0
( > - y(aor + a212® — agey + a1y + aosy?) )
(y( ) if y<O.

—ba1 + by12” — boay + biawy + bosy”)
Since the polynomials in (11) have a common factor y, the singular points (£1,0) are not
isolated singular points. Hence in order to make the singular points (£1,0) isolated nilpotent
singular points of system (11) we force that

+ (00
‘]_<10’

consequently bsg = % Then systems (6) can be rewritten as

(11)

(12)
— a1y + a7’y + agey® + ar2xy® + apzy® = X (z,y)
x b 2 2 2 3 T ify >0,
(x) —§+7—b21y+b21$ Y + booy” + bi2xy” + bozy”® =Y " (x,y)
Yy — a9y + an 7’y — apey® + ar2xy® + agsy® = X" (z,y)
r 23 ) ) ) s B ify <0.
-3 + Con bo1y + ba1x7y — bo2y” + biaxy” + bosy” =Y~ (,y)
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Next, let H™(z,y) be the Hamiltonian of the first system of systems (12). To find this
Hamiltonian, we integrate X+ (z,y) of (12) with respect to y and obtain

H (z,y) /X+ x,y)d

(13) ) )

=f(z) - §a21y + 2(12196‘ v+ 3a02y + 3a1233y + 4a03y ;
for some real polynomials f(x). And we integrate Y (x,y) of (12) with respect to z and obtain

H (z,y) /Y"' x,y)d

(1) 1

=g(y) + 4$ - gw + b1y — §b21$ y — boaxy” — b12x2y2 — boszy®,
for some real polynomials g(y). Equating H; (z,y) to H (z,y) we obtain
(15) bi2 = —as1, aiz = —3bos, boz = ba1 =0,

f(x) =2%/4 — 2*/8 and g(y) = —a21y?/2 + ag2y®/3 + ap3y* /4.

Then systems (12) become the piecewise Hamiltonian systems

— as1y + a217%y + apzy® — 3boszy” + aosy®
P if y>0,
. — S+ = —anay® + bosy®
T 2 2
(16) . )=
Y — any + an @’y — agzy”® — 3boswy” + agsy’
3 if y<O0,
- g + % — anizy® + bosy”
where systems (16) have the Hamiltonian
y_ 1o 1, 1 2 1 20 1 3 3,1 4
(17) H(z,y)" = 18 T g% Tty a2ty + Sy — boszy” + 7008y
for the Hamiltonian system in y > 0, and the Hamiltonian
_ 1 1 1 1 1
(18) H(z,y)” = 1$2 8564 - §a21y + 2a21x y? - 3a02f93 — bozxy® + 1&03294,

for the Hamiltonian system in y < 0, respectively.

Introducing the transformation  — x + 1 into systems (16) we get

(19)
2a012y + a212°y + (a2 — 3bo3)y* + a122y® + aosy® = ¥ (2, y)
3$ 1.3 if y > O,
. x+7+?+a21y *a21$y +b03y *erCI)*(:cy)
z
< Y > 2a21xy + a217%y — (ao2 + 3bo3)y* + ar2zy® + agzy® = U (,y)
+7+?+a21y —anay® +bozy’ =z + O (2,y)

and so the singular point (1,0) of systems (16) is moved to the origin of systems (19). Then
we assume that

oo

k=2

are the unique solutions of the implicit function equations = 4+ ®*(z, y) = 0 in a neighborhood
of the origin, respectively. In order to determine the local phase portraits of the nilpotent
points (£1,0) we write

VE(fF () ) = ) oy,
k=2

[6@* oD+

(20) o
I
9z 0y |(fey)y kZ::
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where
(21) 53 = 0, Ckg: = :taog — 3b03, Olét = ap3 + 20,%1.
For polynomial differential systems if ag = a3 = -+ = ax_1 = 0 and a; # 0, then the

multiplicity of the nilpotent singular point is exactly k, for more detail see [30]. It follows from
Theorem 3.5 in [16] that if 5, = 0 and «,,, # 0 this nilpotent singular point is a

a cusp if m = 2k,
(22) a saddle if m = 2k 4+ 1 and «,,, > 0,

a center or a focus if m =2k + 1 and «,, < 0.

Since the multiplicity of a nilpotent center or focus (i.e. of a monodromic singular point) of
a differential system is an odd positive integer greater than one, it follows that the smallest
multiplicity of (1,0) must be 3 if the singular point (1,0) is a nilpotent focus or a center in
the first system of (16). For convenience, we will call this singular point a third-order singular
point. More precisely, we have the following statement: The singular point (1,0) of the first
system of (16) is a monodromic critical point with multiplicity 3 if and only if

a; =0, oz}f <0,
namely,
ap2 = 3bps, ap3 + 2a§1 < 0.
Setting af = —2 yields agg3 = —2a3; — 2. Then we have that the singular point (1,0) of the
first system of (16) is monodromic. Therefore we obtain systems (3) and we have
oy = —06bp3, a5 = —2.

If b3 = 0, i.e., @y = 0, then the piecewise differential systems (3) are smooth. If by3 # 0,
ie,a; # 0, then the singular point (1,0) of the second differential system of (3) is a cusp.
But the singular points (1, 0) of the piecewise differential systems (3) cannot be monodromic
when bg3 > 0, so we only consider by3 < 0.

In summary we have obtained the continuous piecewise differential system (3).

Furthermore from Proposition 2.1 of [8] we have that the Hamiltonians of the first and second
systems of (3) satisfy with H*(z,0) = H~(x,0). Hence systems (3) have nilpotent bi-centers
at (£1,0). Remark that when af # 0, i.e. ap3 # 3boz systems (3) can also have nilpotent
bi-centers at (£1,0), but this case becomes more complicated we do not provide its analysis in
this paper.

4. GLOBAL PHASE PORTRAITS OF SYSTEMS (3)

Now we consider the finite singular points of systems (3). The singular points p; 2 = (%1, 0)
are two centers, the origin ps of systems (3) is also a singular point, whose Jacobian matrix is

) (5%

From (23) we have that the origin is a saddle when as; > 0 (a nilpotent saddle when as; = 0),
or a center when as; < 0. Now we need to study if there are additional singular points.

Since systems (3) are symmetric with respect to the origin of coordinates ps, we just need
to study the phase portrait of the first system in (3).

The Jacobian matrix of the first system of systems (3) at a finite singular point (z,y) is
(24) y(2a212 — 3bo3y) N
%(71 + 322 — 2a01y%)  —y(2a217 — 3bo3y) )’

where
N1 = —ao1 + a211’2 + 6bg3y — 6bgz Ty — 6y2 — 6a§1y2.
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We claim that there are no finite singular points for the first system of system (3) whose linear
part be identically zero. Indeed, we obtain that —1 + 322 — 2as1%? and y(2a212 — 3bozy) have
no common solutions, because the Grébner basis for the polynomials &, 3, —1 + 322 — 2a9,y?
and y(2a21x — 3bosy) is 1. We again calculate the Grobner basis for four polynomials &, ¢,
y(2a217 — 3bp3y) and Ny, then we obtain seven polynomials as1y, bozy?, ¥°, —as1 + ag1z? +
6bosy — 6bozry —6Yy2, 2y —boz +bozz+vy, x(1+x)y? and (—1+z)x(1+x). It means that there are
no other nilpotent singular points different from py for k = 1, 2, 3, such these four polynomials
be zero. Hence all the remaining finite singular points are hyperbolic, or semi-hyperbolic, or
centers and by Theorems 2.15 and 2.19 of [16] the remaining finite singular points must be
saddles or centers because the system is Hamiltonian.

The explicit expressions of the finite singular points different from py for £ = 1,2, 3, and
their eigenvalues in terms of parameters ao; and bgg are complicated, it is hard to study their
existence and their types. Thus we need to present more algebraic tools for solving this problem.

From the first system in (3) we compute the Grébuner basis for ¢ and y and we obtain eight
polynomials, where the following two polynomials
y2 [3@21b03 — 3as1bozx — 9b(2)3y + (2@21 + 9b(2)3)$y + 2b03(3 + 4a§1)y2

and

3 2 2 72 2 34,2
y |:60,21b03 + (720,21 - 18b03 + 15(121b03)y + (18b03 + 12@211)03 - 54a21b03)y
(25)

+ (—4 — 4a3; + 36a21b3; + 32a3,b35 + 27hg3)y” | = 4* f(y).

are enough for our analysis. We note that polynomial (25) is not identically zero, because in
order that it be identically zero we need that as; = bgs = 0, but then the resultant reduces to

—44% # 0. Now in order to study the number of the real roots of the polynomial f(y) we shall
use the method of the discriminant sequence associated to f(y) developed in [42].

We associate to the polynomial
(26) fly) =ao+ary+ -+ apy”
the (2k + 1) x (2k + 1) matrix

ap aq a9 R Qg
0 kao (]{3 — 1)a1 R Af—1
ag ay ce ap—1 Qg
nag s 2ap—2  agp—1
ag ap - ak
0 kao cee Ap—1

ao ay ag—1 ag

We define d; as the determinant of the submatrix of M constructed with the first j rows and

columns of the matrix M for j =1,...,2k + 1. Thus we have the sequence
(27) {di,dy, ... dopsr}.
Consider the discriminant sequence {dz,dy, - ,dax} and the sequence of its signs

[sign(da), sign(dy), - - - , sign(dag )],

called sign list, where as usual the sign function is

-1 ifx <0,
(28) Sign(;z;) = 0 ifx=0,
1 ifxz>0.

For a sign list [s1, s, -, s,] of f(y) we define its revised sign list [l1,l2, -+ ,1,] as follows:
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1. If s # 0 we write l = sg.

2. If subsection [s;, Siy1,--- ,Si+;] of this sign list, which satisfies with 5,11 = -+ =
Sitj—1 = 0 and s;s;4; # 0, we replace the subsection [sjt1,Sit2, - ,Sit;j—1] with
[—5i, —Si, Sis Siy —Si, —Si, Siy Si, —Si, - - - | keeping the number of terms.

For convenient we denote by RSL and SL the revised sign list and the sign list of the discriminant
sequence, respectively. Then the RSL [l1, 12, - , ;] has no zeros between two nonzero members.

From Theorems 2.1 and 3.3 of [42] we obtain the following two theorems.
Theorem 4.1. Let f(y) be the polynomial (26) with real coefficient. If the number of the sign

changes of the RSL [da,dy, . .., dax] is equal to m, and the number of nonzero elements of this
RSL is equal to ¢, then the number of the distinct real roots of the polynomial f(y) is £ — 2m.

Theorem 4.2. Let f(y) be the polynomial (26) with real coefficient such that f(0) # 0. If
the number of the sign changes of the RSL [dida,dads, - ,dardar+1] is equal to m, and the
number of nonzero elements of this RSL is equal to l, the number of the negative roots of the
polynomial f(y) is /2 — m.

We separate the study of the roots of the polynomial f(y) of (25) in two cases.
Case 1: The coefficient of the cubic term of f(y) in (25) is zero, i.e.
Ny = —4 — 4a3;, + 36as1b%5 + 32a3,b3; + 27bgs = 0.

Then we have

2 ,
(29) bes = > ( —9ag, — 8as, + /(3 + 4a;%1)3>.

Now we calculate the resultant of the coefficient of y? of f(y) in (25) with Ny with respect
to the variable as; and obtain 6912b35(1 + 27b3;)% # 0. Thus the coefficient of y? in f(y) is
nonzero when the coefficient of 43 is zero. Multiply this quadratic coefficient and the constant
term of f(y) we obtain

8
3421 ( — 9ag; — 8as, + \/27 + 108a3; + 144a3, + 64agl> X
(30)

2 .
{3 + 243, — 3021 < — 9ag; — 8as, + \/27 +108a3, + 144a3, + 64agl>] <0.

Hence f(y) has at most one positive root. Actually if ag; = 0 we have bys = —v/2/(3%/4), and
f(y) has no positive roots.

Case 2: The coeflicient of the cubic term of f(y) in (25) is nonzero, i.e. Ny # 0. Then finding
the number of the positive roots of f(y) in (25) is equivalent to find the number of the negative
roots of —f(—y). Now we shall compute the negative roots of the polynomial —f(—y) using
Theorem 4.2. So we consider the sequence

(31) {dida, dads, d3ds, dads, dsds, ded7 }
associated to —f(—y), and we have

dy = N, dy = 3NZ, ds = —6bo3(3 + 2a2, — 9as1b2;) N3,
dy = —6NZ N3, ds = —4NZ Ny,

ds = —4(az + 935 + 6a3,b3;)> N3N,

d7 = 24a21boz(ag1 + 935 + 6a3,b55)2 N3N,

(32)
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where
N3 =8ag; + 8a3, — 36b%; — 204a3,b3; — 172a5,b25 — Hdas bz + 396a3, b3,
+ 480a5, bys — 486b5; — 567a3,bS,,
Ny = — 1642, — 16a3, + 198a21b2; + 852a3,b2; + 656a53,b3; + 162b¢,
(33) — 567a3,bgs — 5724a3,bas — 5088a5, b5 + 2673a21b3; — 486a3,b5,
+ 345605, bS5 + 7200ak, bS5 + 874865, + 5103a32, b5, — 4860a3, by,
N5 =32a0; + 32a3; — 36b3; — 240a3,ba; — 208a3,bas + 2052as1 b5
+ 504003, bg5 + 3000a5, by — 194465, — 2025a2,bS5.

From Theorem 4.2 we obtain that the polynomial — f(—y) has three distinct negative roots
if and only if the revised sign list of (31) is [1,1,1,1,1,1] or [-1,-1,—1,—1,—1,—1], which we
cannot be obtained varying the parameters ag; and bg3. Therefore the polynomial — f(—y) has
at most two negative roots.

Now we study the case when the polynomial — f(—y) has distinct negative roots. We denote
by R[f(a),i] the i-th real root of the polynomial f(a) with respect to «, and these roots are
ordered as follows R[f(a),i] < R[f(a), j] if and only if ¢ < j. We describe the possible revised
sign lists of the associated discriminant sequences as we show in Tables 1,2,3, when the poly-
nomial —f(—y) has two negative roots, one negative root and no negative roots, respectively,
where

Ng = — 36 — 21a3; + 20a3,,

N7 = — 108 — 27a%, + 99a3, + 5a$;,

Ng = — 81 + 102642, 4 3429a3, + 3498a5, + 1175a3,,

Ny = — 648 + 837a3, + 3942a3, + 3468a5; + 1000a5,,

(34) Nig = — 128490624 — 6222780450042, — 515496116628a3,
— 916466231925a5, + 210402679464a5, + 1653908444856a5)
+ 863216641008a52 — 432308074320a1t — 139867591104a%
+ 313035878400a3} + 137815040000a37,
Ni1 = — 243 — 453642, — 9180a3, — 3168aS, + 426043, + 2540a2?.

TABLE 1. The conditions in order that the revised sign list (RSL) of (31) has
two distinct negative roots.

RSL Conditions

[1,1,1,-1,—1,—1] R[Ns, 1]~ —1.40204 < az < R[N7,1] = —1.07347, bos < R[N4, 1],
or as; = R[N7, 1], bos < R[N4, 1],
or R[N7,1] < a21 < 0, bpg < R[N2, 1];

1,1,1,1,1,-1] az1 < R[N, 1], bos < R[Na, 1],
or R[Ng, 1] < az1 < R[N7,1], R[N4, 1] < bos < R[Nz, 1].

In summary, the first system of the piecewise differential system (3) has at most two singular
points different from p; for j = 1,2,3. Next we shall determine the local phase portraits of
these additional finite singular points using the information provided by the infinite singular
points.

In the local chart Us the first system of (3) becomes

1
u’ :5(—4 — 4a2, — 8bozu + 4ag u® — ut + 6bgzv — 2a91v% + uv?),
(35)

1
v == 51}(21)03 — 2a9,u + u® — uv?).
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TABLE 2. The conditions in order that the revised sign list (RSL) of (31) has
one distinct negative roots.

RSL Conditions
1,-1,1,1,1,1] R[N11,2] < az1 <4/, R[Ns, 1] < bos < R[Ns, 2],
E /3+2a2
or azi > %, R[N3, 1] < bos < — 9a2121;
3+2a2
[1,1,-1,1,1,1] /2 < as1 <R[Ns, 2], f\/ Syt < bos < R[Ny, 1],
- 2
or az; > R[Ng, 2], — 3;3;21 < bos < R[N, 2J;
1,1,1,-1,1,1] R[Ns, 2] < a1 < R[Ny, 2], R[Ns,1] < bpz < R[Na, 1],
3+2a2,

or R[Ny, 2] < a21 < R[Nio,2], —

Gagis < bos < R[Nz, 1],

3+2a2
or R[Nyo,2] < a21 < \/g’ =\ “Sagit < bos < R[N2,1], bos # R[Na, 2],

or /3 < as1 < R[Ne, 2], R[Na, 2] < bos < R[N, 1],
or az1 > R[Ng, 2], R[Ny4, 3] < bpz < R[N2, 1];

[1,1,1,1,71,1] R,[ng,Q] < a2 < %, R[N4,1] < bos <R,[N4,2],

or \/g < a1 < R[Ns, 2], R[N3,2] < bos < R[N4, 2],
or asy > [NG,Q], R[Ng,?] < bps < R{N4,3];

2
[1,-1,-1,1,1,1] as1 > R[Ng, 2], bos < R[Na, 1], or az1 > /2, bos = _\/3;3:121;
34242
[1,1,1,-1,-1,1] 0 < a21 < R[Ns, 2], *\/ ;42121 < bos < R[Nz, 1],
3+2a2
or R[Ng, 2] < a21 < R[Ny, 2], — 9a2121 < bpz < R[Ns, 1],

or R[N10,2] < agz < %, bos = R[NG, 1],
or R[N1o,2] < a21 < R[Ns, 2], bos = R[Ng, 2],
or az1 > R[Ng, 2], bos = R[N, 3];

3+2a2,
9agy1

[1,-1,-1,-1,1,1]  R[No,2] < az1 < R[N11,2] = 1.20891, R[Ns, 1] < bos < —\/

3+2a2,
or asy; = R[N1172], R[N5, 1] < boz < — 9ag1

or R[N11,2] < a21, R[Ns, 1] < bog < R[Ns, 1],

3+42a2
or R[N11,2] < as1 < /2, R[N3,2] < bos < —1/ ;Zfl;

[1,1,-1,-1,-1,1]  /§ < a21 < R[N, 2], R[N4, 1] < bos < R[N3, 2],
or az; > R[Ns, 2], R[N4, 2] < bos < R[N3, 2];

, bos # R[N3, 1],

342a2
[1,-1,-1,-1,-1,1] 0 < az1 < R[Ne,2], bos < 7\/ bk,
3+2a2
or az1 = R[Ny, 2], bz < — gazfl,

or R[Ny, 2] < a21 < R[Ng, 2], bos < R[Ns, 1],
or azi > R[N672], R[N47 1] < boz < R[N57 1];

3+2a§1
9ag1

[1,-1,-1,-1,0,0] az1 = R[Ny, 2], bos = *\/ , or R[Ny, 2] < a21, boz = R[Ns, 1];

[-1,1,1,-1,—-1,—-1] R[N7,1] < a21 < 0, R[N2,1] < bog < R[Ny, 1];

a2
-1,1,1,1,1,-1] as1 < R[N7, 1], R[Na, 1] < bos < 0 and bos # \/zm(? 30
a (l2
or R[N7,1] < as1 < 0, R[Ns, 1] < bos < 0 and bog # |/ 222101221),

a {12
[-1,1,1,1,0,0] az1 <0, bos = \/M

Clearly the origin of Us is not a singular point. In U; the first system of (3) has the form

1
(36) u :5(1 — dagyu® + 8bozu® + 4u* + 4a3 ut — 6bgzudv — v* 4 2a91uv?),

v =uv(—ag; + 3bozu + 2u® + 2a3,u* — 3bgzuv + agv?).
The linear part of system (36) on v = 0 is

4UN12 —3b03u3
(37) N

where Niy = —as; + 3bosu + 2u? + 2a§1u2. By computing the resultant of

(38) g(u) = u'|y—o = 1 — dagiu® + 8bozu® + (4 + 4a3,)u’



NILPOTENT BI-CENTER IN PIECEWISE Z3-EQUIVARIANT CUBIC 13

TABLE 3. The conditions in order that the revised sign list (RSL) of (31) has
no negative roots.

RSL Conditions
[—1, 1,—-1,1,1, 1] 0<az < 1:{[1\7107 2], 1%[]\[37 1] < boz < R[N4, 1],
or R[N10,2] < a1 < R[N11,2], 1:{[]\737 1] < bpz < R[N4,3],
or R[N11,2] <asg; < R[NG,Q], R,[Ng,g] < bps < R[N4,3],
or azi > R[Ns, 2], R[Ng, 1] < bps < R[N4,4];
[-1,1,1,-1,1,1] 0 < a21 < R[Ng, 2], R[Ns, 1] < bos < R[N3, 1],
or R[ng, 2] < az < R[N11,2], R[]Vz7 1] < bpz < R[N;g, 1],
or azi > R[Nll,QL R[NQ,l] < bps < R[N3,3];

[-1,1,-1,-1,1,1] 0 < a21 < R[N11,2], boz = R[Nz, 1],
or az1 > R[N11, 2], bos = R[N3, 3[;
[-1,1,1,-1,-1,1] 0 < a21 < R[Ng, 2], R[N2, 1] < bos < R[Ns, 1];

[-1,1,—-1,-1,-1,1] 0 < a21 < R[N10,2], R[N4,1] < bo3 <0,
or R[N10,2] <az < R[N6,2], R[N473] < bosz < 0,
or azy > R[NG, 2], R[N4,4] < boz < 0,
[71,1,1771,0,0] 0 < az1 <R[N8,2],b03:R[N5,1].

and uNjo with respect to the variable u we obtain the polynomial —(1 + a3;)N2. And the
possible singular points in U7 are nilpotent when No = 0, or nodes when Ny # 0.

Now we shall determine the local phase portraits of the infinite singular points in the chart
U;. We need to find the real solutions in g(u) = 0. But we will be able to determine the number
and the type of the remaining infinite singular points using Theorems 4.2 and 2.4. Then we do
not need to calculate explicitly the coordinates of these singular points.

Remark 4.3. When u < 0 the infinite singular points of the first system of (3) in Uy are
virtual points, but there are corresponding infinite singular points in Vi with uw > 0 by the
symmetry. And there are no infinite singular points in Us and Vs in our cases. Hence we can
study all real solutions in g(u) = 0 to study the infinite singular points.

We compute the sequence {d~2, d:;,d;;, d~g} of g(u) from (38), and have
dy = 64(1 + a2))2,

(39) dy = 1024(1 + a3;)*(2a21 + 2a3; — 3b33),
ds = —16384(1 + a3,)%(2a21 + 2a3, + 3b3; + a3 b33),
dg = —65536(1 + a3, )>No.

We cannot find the parameter values such that the corresponding RSL be [1,1,1,1], [-1, -1, -1,
,1,1,-1j, [1,-1,-1,-1], [-1,-1,-1,1], [1,—-1,—-1, -1}, [-1,—1,—1,0] or [1,1,1,0], but we
know that there are at most two distinct positive roots of (38), i.e., there are at most two
infinite singular points in U;.

(a) When the polynomial g(u) has two distinct roots, we obtain that the possible RSL of
g(u) is [1,1, —1, —1], whose condition is bps < R[Nz, 1], i.e.,

\/2(~9az: — 8a3, + /(B + 4a3, )
(3v3) '

Since Ny # 0, from (37) we have that the two remaining infinite singular points are two nodes
in U;. Since the piecewise differential systems (3) are symmetric with respect to the origin,
systems (3) have two corresponding infinite singular points in V3. On the other hand, systems
(3) are continuous becasue (f*(z,0),g9" (x,0)) = (f~(z,0),g~ (x,0)) in these systems.

bos < —

(a.1) If agy < 0, the origin p3 is a center. Hence on the Poincaré sphere the sum of the indices
of the known singular points is 10. By Theorem 2.4, the sum of the indices of the remaining
finite singular points must be —8. From the previous analysis, systems (3) have at most two
finite singular points in y > 0, which are different from p; for j = 1,2, 3. Due to the symmetry
with respect to the origin of coordinates the remaining finite singular points are four saddles
p; for j =4,5,6,7, where the two saddles p4 and pg are in y > 0, and two saddles ps and p; are
in y < 0. From (35) and (36) we have u/|,—g = —2(1 + a3;) < 0 in Uz and u'|,—9 = 2 > 0 in

—1],
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FIGURE 2. The local phase portraits at all finite and infinite singular points
of the piecewise differential system (3) when g(u) has two distinct roots.

U;. Then we obtain that the local phase portraits at these singular points in the Poincaré disc
are shown in Figure 2(a). Since the finite singular points of the piecewise differential systems
(3) are saddles or centers there must be one saddle on the boundary of period annulus of the
center.

(a.1.1) Assume that saddle pg is on the boundary of period annulus of center ps, by the
symmetry the saddle p; must be on the boundary of period annulus of the center p3. If one
repelling and one attracting separatrices of saddle py of systems (3) connect with saddle ps and
with the infinite singular point A; and As of U; (see Figure 2(a)), respectively, then the saddles
ps and p7 are also on the boundary of the period annulus of the center p;. By the symmetry
we have that this phase portrait in the Poincaré disc is topologically equivalent to the phase
portrait 1.1 of Figure 1, which for instance can be realized when as; = —1 and bg3 = —2.

(a.1.2) If the saddle p4 is on the boundary of period annulus of the center p;, creating a
center-loop. By the symmetry the phase portrait of the piecewise differential systems (3) is
topologically equivalent to the phase portrait 1.2 of Figure 1. This phase portrait for instance
can be realized when as; = —1 and bg3 = —5.

(a.1.3) From the phase portraits 1.1 to 1.2 it follows by the continuity of the phase portraits
with respect to the parameters that there must exist one phase portrait that the saddles py4
and pg are on the boundary of period annulus of the center p;. We have the phase portrait 1.3
of Figure 1.

(a.2) If as; > 0 then the origin p3 is a saddle. Hence on the Poincaré sphere the sum of
the indices of the known singular points is 6. By Theorem 2.4 the sum of the indices of the
remaining finite singular points must be —2. Hence the finite singular points other than p;
for j = 1,2,3, can be either two saddles, or four saddles and two centers. From the previous
analysis we know that when aj2 > 0 the piecewise differential systems (3) have at most one
finite singular point in y > 0, see Tables 2 and 3. Hence the remaining finite singular points
are two saddles py and ps, where py is in y > 0 and p5 is in y < 0. Then we obtain that the
local phase portraits at these singular points in the Poincaré disc are shown in Figure 2(b).

(a.2.1) If only the saddle ps is on the boundary of the period annulus of the center p;, taking
into account the symmetry ps is also on the boundary of the period annulus of ps, creating one
eight-figure loop. Then one repelling and one attracting separatrices of the saddle p, of system
(3) connect with the saddle ps and with the infinite singular point A; and Az of the local chart
U; (see Figure 2(b)), respectively. Hence we have that this phase portrait in the Poincaré
disc is topologically equivalent to the phase portrait 1.4 of Figure 1, which for instance can be
realized when as; = 1 and bpz = —0.4.

(a.2.2) The saddle ps on the boundary of period annulus of the center p; creates a center-
loop. Then one repelling and one attracting separatrices of the saddle ps connect with the
infinite singular point A; and As of the local chart U;. By the symmetry the phase portrait
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of the piecewise differential systems (3) is topologically equivalent to the phase portrait 1.5 of
Figure 1. This phase portrait can be realized by taking as; = 1 and b3 = —1.

(a.2.3) From the phase portraits 1.4 to 1.5 it follows by the continuity of the phase portraits
with respect to the parameters that there must exist one phase portrait that the saddles p3
and p4 are on the boundary of the period annulus of the center p;. Then this phase portrait is
topologically equivalent to the phase portrait 1.6 of Figure 1.

(b) When the polynomial g(u) has one distinct negative root, it shows that the possible RSL
of g(u) is [1,1, —1,0], whose condition is bpg = R[Nz, 1]. Since Ny = 0, from (37) we have that
the remaining infinite singular point in U; is nilpotent.

From the previous analysis we know that the infinite singular point are nilpotent. The linear
part of the two systems of (3) at an infinite singular point (u,0) of the local chart U; is

4u (2 (a%l + 1) u? + 3bozu — CL21) $3b03u3
0 u (2 (a3; + 1) u® + 3bosu — agy) )’

where in F3bpzu® we have the minus sign for the first system of (3) and the positive sign for
the second system.

In order that the point (u,0) € Uy be a nilpotent infinite singular point the two following
equations must be satisfied:

(40) 4u (2 (a%l + 1) u? + 3bgsu — agl) =0, 1 —dagu® + 8033 4 4yt + 4a%1u4 =0.

The second equation comes from imposing that (u,0) be an infinite singular point in the local
chart U; for both systems forming the piecewise differential system (3). This system has only
one real solution

u, b = = _2a2 + \/ma _ 3) .
( 03) <\/2\/W+2a21 3\/3\/W+3a21 ( 21 21 21

Then the nilpotent infinite singular point is

(u,0) = 3 0
’ 2v/4a3, +3+2as )’

since its u-coordinate is positive it belongs to the first system of (3) defined in y > 0. Applying
Theorem 3.5 of [16] such a nilpotent infinite singular point is formed by an elliptic sector and
a hyperbolic sector, the hyperbolic sector has its two separatrices contained in the straight line
of the infinity and its elliptic sector is outside the Poincaré disc, so it does not appear in the
phase portrait of our piecewise differential system.

(b.1): a1 < 0. Then the origin is a center. From the previous analysis the piecewise differential
systems (3) have at most two finite singular points, which are different from the three centers
pj for j =1,2,3.

(b.1.1): We can assume that the remaining finite singular points are two saddles p, and ps,
where the saddle py is in y > 0 and the saddle ps is in y < 0. These piecewise differential
systems have the phase portrait 1.7 of Figure 1. For instance the piecewise differential system

(3) with ag; = —1 and boz = —%\/ 1+ V7 (5 + \ﬁ) realizes such a phase portrait.

(b.1.2): Assume the remaining finite singular points are two centers py and ps, where py is in
y > 0 and ps is in y < 0. Then on the Poincaré sphere the sum of the indices of the known
singular points is 10. By Theorem 2.4 the sum of the indices of the remaining two nilpotent
infinite singular points must be —8. But the nilpotent singular point formed by one elliptic and
one hyperbolic sector has index zero. In summary, it follows that the remaining finite singular
points ps and ps cannot be two centers.

(b.2): as; > 0. Then the origin p3 is a saddle. Recall that p; and py are centers, and the two
nilpotent infinite singular points inside the Poincaré disc have a hyperbolic sector with their
two separatrices contained in the straight line of the infinity. Then these piecewise differential
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systems have the phase portrait 1.8 of Figure 1. For instance the piecewise differential system
(3) with ag; = 1 and bog = (V7 —5) 1/2/(3 (1 + V/7))/3 realizes such a phase portrait.

(c) When the polynomial —g(—u) has no distinct negative roots, its possible RSL of g(u)
are described in Table 4, i.e. by3 > R[Na,1]. In this case we have that there are no infinite
singular points in U; with u > 0.

TABLE 4. The conditions of the revised sign lists of g(u) in (38) without real roots.

RSL Conditions
—2ag; (1+a2
[1,-1,1,1] az1 <0, —\/72:&2 20 < boz < 05
21
2
[1,1,-1,1] a2 <0, R[Ns,1] < bos < —1/ 22210F21)

or a1 > 0, R[N2,1] < bps < 0;
2 — 2
[1’,1’,111] a21<07,\/W<b03<, /%;‘121)'
3+a21

(c.1) If ag; < 0 then the origin p3 is a center. Hence on the Poincaré sphere the sum of
the indices of the known singular points is 6. By Theorem 2.4 the sum of the indices of the
remaining finite singular points must be —4. From the previous analysis, when as; < 0 the
piecewise differential systems (3) have at most two finite singular points in y > 0, which are
different from the p;, ps and the origin. By the symmetry the remaining finite singular points
are two saddles, where one saddle is in y > 0 and the other is in y < 0. Similarly to case (b.1.1)
we obtain the phase portrait 1.9 of Figure 1, which is achieved when as; = —1 and by3 = —1.

(c.2) If ag; > 0 then the origin ps3 is a saddle. And we know that when as; > 0 the piecewise
differential systems (3) have at most one finite singular point in y > 0, which is a center or
a saddle. In fact, by the symmetry and the sum of the indices we obtain that the piecewise
differential systems (3) have no other finite singular points different from the p;, j = 1,2,3.
Similarly to case (b.1.2) we obtain the phase portrait 1.10 of Figure 1, which can be realized
when as; = 1 and bgz = —0.2.

Thus we have obtained all the phase portraits of the Zs-equivariant cubic Hamiltonian sys-
tems (3) with a nilpotent bi-center, which are provided in Theorem 1.1. On the other hand we
note that we can use these series of symbolic way to obtain the phase portraits of piecewise
smooth systems having more complicated singular points.
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