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ABSTRACT. Hilbert’s 16th Problem suggests a concern to the cyclicity of pla-
nar polynomial differential systems, but it is known that a key step to the
answer is finding the cyclicity of center-focus equilibria of polynomial differ-
ential systems (even of order 2 or 3). Correspondingly, the same question for
polynomial discontinuous differential systems is also interesting. Recently, it
was proved that the cyclicity of (1, 2)-switching FF type equilibria is at least 5.
In this paper we prove that the cyclicity of (1, 3)-switching FF type equilibria
with homogeneous cubic nonlinearities is at least 3.

1. INTRODUCTION AND THE MAIN RESULT

A differential system of the form
(1) =Py, 7=Qy),

where the dot denotes derivative with respect to an independent variable ¢, and P
and @ are both polynomials in the real variables x and y, is called a polynomial
differential system on the plane R%2. The maximum of the degrees of P and Q is
referred to the degree of system (1). Thus, a planar polynomial differential system
of degree one is a linear differential system, and a planar polynomial differential
system of degree two (or three) is called a quadratic (or cubic) differential system.

A periodic orbit of a differential system which is isolated in the set of all periodic
orbits of the system is called a limit cycle, which is one of main topics in the
qualitative theory of differential equations in the plane (see [5, 10, 17, 19]). The
rise of limit cycles near an equilibrium caused by the changes of its stability is
called Hopf bifurcation (see [15]). The cyclicity of that equilibrium is the maximum
number of limit cycles which can be bifurcated from that equilibrium with Hopf
bifurcation in a given family of differential systems. Usually, we also call it Hopf
cyclicity. Clearly, the cyclicity of linear differential systems is 0 because they do not
have limit cycles. Bautin [1] proved that the cyclicity of a center-focus equilibrium
in quadratic systems is 3. It is proved in [26] that the cyclicity of a center-focus
equilibrium in cubic systems is at least 12, but the exact cyclicity of a center-focus
equilibrium is still unknown for general polynomial differential systems of degree
> 3.

In contrast to the above continuous differential systems, in recent decades switch-
ing differential systems became attractive because nonsmooth dynamics and sliding
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mode control were considered in mechanics, electronics and economics as shown in
books by Bernardo et al [2], Filippov [12], Kunze [18] and Simpson [25], the survey
[23] by Makarenkov and Lamb, and references therein. Accordingly, the cyclicity
of center-focus equilibria is also interesting for discontinuous differential systems
but some new difficulties are involved (see [8, 11, 16]) because the well-known fact
that the coefficient of even order is generated by coefficents of lower orders in the
polynomial ring is not true again and therefore all coefficients in the displacement
function are needed.

A general form of switching polynomial differential systems is the following

(2) (@):{ Xi(wy) ify>0,

Y X_(z,y) ify<0.

This is a special class of discontinuous differential systems on R? with a single
switching line y = 0. We are interested in the case that the origin O : (0,0) is an
FF type equilibrium (see [11]), i.e., both systems (z,y) = Xy (x,y) and (&,9) =
X_(z,y) have a center-focus equilibrium at O. Since the transformation y — —y in
(2) does not change the number of limit cycles, for convenience we simply call (2)
an (m,n)-switching differential system if both Xy and X_ are of polynomial forms
and

m = min{deg(X), deg(X_)}, n = max{deg(X), deg(X-)}.

It is known from [22] that the cyclicity of (1, 1)-switching FF type equilibria is 2.
For (2,2)-switching FF type equilibria, the cyclicity was proved to be at least 5
and 9 in the case of weak focus and the case of center respectively in [6, 8]. In
2001 Coll, Gasull and Prohens [11] considered a special (1,2)-switching FF type
equilibrium, which appears in (2) with X (z,y) := (A+14)z + p20z? + p112Z + Po2 22
and X_(x,y) := iz, where z = x + iy,

R P TPV k. LF R P S
P20 = 6 7T 320 3 2 pu—12 86 ™1,
—g+2bﬂ—ic—673ai
Po2 = g 32 g

and A, a,b,c € R, and showed that the Hopf cyclicity is at least 4. In 2003 Gasull
and Torregrosa in [13] generally considered the (1, 2)-switching FF type equilibrium
O of system (2) with

X () = ( w1z —y + 2 + (a4 7/5)xy + po2y? > X (ny) = (—y) ’

z +wiy + 2% + qury + qo2y” x
where
17 3 99 32 1 3
poz = —¢5 + 0%~ 1o%2 + o5 Ws + 5 aws + W — F0ws + 24wows — 8ws,
q11 = E‘f’20[—3211]3 qdo2 :—ﬁ— }a+§w2
10 ’ 5 2 47

and proved by using the Liapunov constants that the Hopf cyclicity is at least 5,
Recently, the authors in [7] applied the averaging method up to 6-th order to the
more general (1,2)-switching FF type equilibrium of system (2) with

o Mz —y — A3z + (22 + As)zy + Aey? N
X+(I,y) E <.’E+)\1y+A2$2 4 (2)\3 +)\4).’L‘y+ ()\7 _ )\2)y2 s X—(Iay) E T )
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where
)\1 :ZAUGJ, )\1 :Z)\ijej; i:27...77,
j=1 7=0

and also obtained that the Hopf cyclicity is at least 5.

In this paper, as an effort to higher degree, we further investigate the cyclicity
problem for the system (1.2) with

L )\11’ —y+ )\2333 + A3x2y + )\433y2 + )\5y3 R
Xy (r,y) = ( .Z‘+/\1y—|—)\6$3 +)\7x2y+/\gazy2 +/\9y3 , X(z,y) = x|

It is a (1, 3)-switching system (2) with homogeneous cubic nonlinear terms and
obviously has an FF type equilibrium at O. For convenience we use HC(1,3) to
label this system. We will prove the following results.

Theorem 1. The averaging method up to k-th order provides an upper bound of
cyclicity of system HC(1,3) at O to be at most k.

Theorem 2. The averaging method up to 6-th order provides a lower bound of
cyclicity of system HC(1,3) at O to be at least 3. The method up to 7-th order does
not increase the bound.

Theorems 1 and 2, providing an upper bound and a lower bound respectively,
will be proved in sections 2 and 3 respectively. Remark that the result of lower
bound, given in Theorem 2 for special cubic systems, actually implies a general
result: the cyclicity of a general (1,3)-switching FF type equilibrium is at least 3.

2. PRELIMILARIES AND PROOF OF THEOREM 1

In polar coordinates (r,0) € R x S!, where x = rcosf and y = rsinf, system
HC(1,3) can be rewritten as

(3) T\ _ Vi(r,0,)) if0e€l0,n],
0 ) | Y-(r,0,\) if6e[m2n],
where A = (A\1,...,Ag) €ER?, YV _(r,0,\) = (0, )T, Yy (r,0,)) = (H(r,0,)),G(r,0,\)T,
and
H(r,0,\) = Ar+73(Aacos* 0+ (A3 + Ag) cos® Osin @ + (\g + A7) cos? O sin? @
+(Xs 4 Ag) cos @sin® 0 + \g sin? 9),
G(r,0,\) = 1+7r*(Ngcos* 0 — (Mg — A7) cos® Osinf
—(\3 — Ag) cos? @sin® 6 — (Mg — A\g) cos O sin® @ — A5 sin? 9).

Since we want to study the Hopf bifurcation at the origin of an FF-type equilibrium
of system (3), introduce a parameter £, make the rescaling r — re, and express A; s
in the form

9
)\i = Z)\Z'jffj, 7;:17...797
j=1
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with A\jp = 0. Then system (3) reduces to the differential equation

H(r0,\e) = ; .

W i | G _;e Fi(0,r,\) if0€0,n],
do

0 it 0 € (m, 27,
where each F; is a polynomial in the variables r, sinf, cosf and A. Then the
problem on the cyclicity of the Hopf bifurcation at the origin of system (3) becomes
the problem on the cyclicity of the Hopf bifurcation at the origin of the differential
system (4), which is written in the normal form for applying the averaging theory
of arbitrary order for studying its periodic orbits.

The classical averaging theory (see for instance [3, 4, 24]) has been extended
recently for computing periodic orbits of analytical differential equations of one
variable with arbitrary order in the small parameter ¢ by Giné, Grau and Llibre
[14]. Later on this theory was extended by Llibre, Novaes and Teixeira [20] to
arbitrary order in ¢ for continuous differential systems in n variables. Using Llibre,
Novaes and Teixeira’s arguments (see [21]) the formulas obtained for the averaged
functions of arbitrary order in [14] or [20] also work for the discontinuous differential
systems.

Let (-, 2) : [0,£.] — R™ ! be the solution of the unperturbed differential equation
/() = 0 such that ¢(0,z) = z. Then (6, 2z) = 2. Using the notations and results
of [20, 21], we see that the averaged function f; : (0,00) = Rof orderi =1,2,...,k
is given by

w;(m, z)
o) file) = 20,
where functions w; : R x (0,00) = R, i =1,2,...,k, are defined recurrently by

w;(t, z) = Z' /Ot (Fz (s,0(s,2)) +

i—1 1 81‘ l

bj
S i o P et L0, s,
=1 Sl

j=1

where L = by + by +---+b; and S is the set of all [-tuples of non—negative integers
(b1,ba, -, by) satisfying by +2by+- - - +1b; = I. Observe that in (5) we have w; (7, z)
instead of w; (2, 2) this is due to the fact that the contribution of the linear vector
field on the half-plane y < 0 to the averaged function is zero, see for more details
[21]. In subsection 4.1 of [20] are provided all the expressions of the function f;(r)
fore=1,...,5.

The result stated in Theorem A of [20] and [21] implies that if the first aver-
aged function fi(r) is not identically zero, then every positive simple zero of fi(r)
provides a limit cycle of the discontinuous differential equation (4) on the cylinder
C = {(r,0) € (0,00) x S'}. So it also provides a limit cycle of the discontinuous
differential system HC(1,3) in R%. Furthermore if f;(r) is identically zero and fa(r)
is not identically zero, then every positive simple zero of fy(r) provides a limit cycle
of the discontinuous differential equation (4) on the cylinder C, and it also provides
a limit cycle of the discontinuous differential system HC(1,3) in R2. If fi(r) and

1Tt seems that it should be — R.
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fa(r) are identically zero and f3(r) is not identically zero, a similar result we have
for the simple zeros of the function f3(r), and so on. In short, we need to compute
the averaged functions f;(r), and to study the positive simple zeros of the function
fi(r) when the functions f;(r) are identically zero for k =1,...,i — 1.

Proof of Theorem 1. From (4) it follows easily that the functions F;(6,r, ) is a
polynomial in the variable 7 of degree 2i + 1 of the form rG;(r?), where the coeffi-
cients of the polynomial G; depend on 6 and A. Therefore looking at the definition
of the averaged function of order i—th we obtain that f;(r) is also a polynomial of
the form rg; (r?) of degree at most 2i+1. So the number of positive real roots of the
polynomial f;(r) is at most i. Consequently the function f;(r) has at most 4 positive
simple zeros, and it provides at most 7 limit cycles of system HC(1,3), and therefore
from the averaging theory described just before this proves the theorem. O

3. PROOF OF THEOREM 2

Using the software MATHEMATICA, we compute
filr) = A,

1

fa(r) = Appmr + §(3/\20 + Ao + A7g + 3Ago) 73,
1

fa(r) = Azmr+ §(3>\21 + A1 + A1 + 3)\91)7&'7’3,
1

fa(r) = Apmr+ §(3)\22 + Aa2 + A7a + 3Aga)mr3

1
*1*6()\20)\30 + 32050 + 32060 + AzoA70 + As0A70 + AspA70
+ 2080 + AroAso + 2A30Ag0 + 2A80A90 ) 7.

Of course the above expression for the function fi(r) has been computed when
fi(r) =0for all i < k—1. Moreover it is easy to find that both fs,(r) and fap4+1(r)
are polynomials with only monomials in r of odd degree and the degree of the
polynomial fo,11(r) is less than or equal to 2n 4+ 1. Thus, in order to find ¢ limit
cycles, we need to compute averaged functions of order 2¢. This is why we can find
5 limit cycles for (1,2)-switching system by the procedure of averaging up to order
6 but only get 3 limit cycles for our (1, 3)-switching system HC(1,3) up to the same
order 6.

We denote by #Z(f;) the cardinal of the set Z, (f;) consisting of all positive
simple zeros of the averaged function f;(r).

#Z:(f1) | 0 | #Z1(f2) | fo=0 | #2:(f3) | [5=0 | #Z:(f1) | 4 =0 | #Z:(f5)
0 1 1 2 2

A11=0 Co Cs Cu
Cyo 2
Cus 2

TABLE 1. Numbers of positive simple zeros of fi,..., f5
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Lemma 3. The numbers #Z,(f;) fori =1,...,5 are given in Table 1 under the
conditions A\11 = 0, Ca,Cs,C41,Cas and Cyz, which are given in (7), (8), (9), (10)
and (11), respectively.

Proof. Clearly from the expression of the polynomial fi(r) given in (6) it follows
that it has no positive simple zeros. Note that fi(r) = 0 if and only if A\;; = 0.
Furthermore from the expression of the polynomial fa(r) given in (6) we obtain
that fo(r) has at most 1 positive simple zero, and that there are polynomials f(r)
with 1 positive simple zero.

Note that fo(r) = 0 if and only if
(7) /\12 = O, and )\40 = —3/\20 — )\70 — 3/\90.

These two conditions are denoted by Cs in Table 1.

When (7) holds, we get that the expression of f3(r) is given in (6). We obtain
that f5(r) has at most 1 positive simple zero, and that there are polynomials f3(r)
with 1 positive simple zero.

Note that f3(r) = 0 if and only if
(8) )\13 = 0, and )\41 = —3)\21 - )\71 - 3)\91.

These two conditions are denoted by Cs in Table 1.

When (8) holds, we get that the expression of f4(r) is given in (6). We obtain
that f4(r) has at most 2 positive simple zeros, and that there are polynomials f4(r)
with 2 positive simple zeros.

Note that f4(r) = 0 if and only if either

A1a =0, Ag2 = —3X22 — A2 — 392, 3Aa0 + A7p # O,

-1
9 Aso = ——————(A20A30 + 3A20X60 + Az0A70 + Ao A
9) 0= ot )\70( 20730 2060 + A30A70 + A6oA70
+A20A80 + A70A80 + 2A30A90 + 2A80A90),

or

A1a =0, Ag2 = —3X22 — Ar2 — 3)go,
(10) 1

Az = —5)\70, A30 = —Ago,
or

Aa =0, Ag2 = —3X22 — A7z — 392,

(11) 1 1
A2 = —g/\m, Ago = —§A707

denoted by Cy1, Cya,Cys in Table 1, respectively.
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When (9) holds, we get

[5(r) =Aismr + g(?))\zs + A + A7z + 3Ag3)r?
™

 16(320 + A7o)

— 2221 X30 A 70 + 4X20A31 A 70 + 6A20X51 A70 + 6X20A61 70 + A31AZ,

+ As1A%0 + A61A%0 + 2X20A30A71 — 2X21A70A80 + 2A70A81A00

+ 220 A71 80 + 3A30As1 + 4A20A70As1 + Mg As1 — 6A21A30A00

+ 6A20A31A90 + 2A31A70A90 — 2A30A71A90 — 2A71A80A90 + 6A20A81 A90

+ 620 X30A01 + 2X30A70 X091 + 6A20 X80 01 + 2A70 A0 N91 )77

(3A25A31 + 920 A51 + 9A25A61 — 621 As0A00

We obtain that f5(r) has at most 2 positive simple zeros, and that there are poly-
nomials f5(r) with 2 positive simple zeros.

Similarly, when (10) (resp. (11)) holds, we get

vis
f5(r) = smr + §(3>\23 + Az + A7s + 3Ag3)r®

(13) - %(%Mm + 91 Aeo + 2Aa1A70 + BAs0 A7
+ 3X60A71 + 2A70A81 + 6A31X00 + 681 A00)”.
(resp.
f5(r) =Aismr + %(3)\23 + Aas + A7s + 3Ag3)r?
(14) - 1()\21)\30 + 3X21A50 + 3A21A60 + A30A71 + As0A71

16
+ X60A71 + A21As0 + A71 A0 + 2A30X01 + 2As0N01)77.)

So we obtain that f5(r) has at most 2 (resp. 2) positive simple zeros, and that
there are polynomials f5(r) with 2 (resp. 2) positive simple zeros. This completes

the proof of Table 1. O
condition for f; =0 | condition for f5 =0 | #Z4(fs)
Cy Cua11 3
Cy2 Ciy21 2
[ 2
Cla3 2
Cu3 Ciy31 3
Ciz2 2
Ciss 3

TABLE 2. Number of positive simple zeros of fg.

By the numbers #Z (f;) for ¢ = 1,...,5 given in Lemma 3 we get some lower
bounds of the cyclicity of the Hopf bifurcation at the origin of the discontinuous
differential system HC(1,3). In order to find a greater bound, we consider averaged
functions of higher order.



8 XINGWU CHEN, JAUME LLIBRE AND WEINIAN ZHANG

Lemma 4. The number #Z.(fs) is given in Table 2 under the conditions Cy11,
Cua21, Cuz2, Cazz, Cuz1, Cazz and Cazs, which are given in (15), (16), (17), (18),
(19), (20), (21), respectively.

Proof. When A\j; = 0 and conditions Cs, Cs3,Cy; hold, fi(r) = fa(r) = f3(r) =
fa(r) = 0 and the expression of f5(r) is given in (12). It is easy to check that
f5(r) =0 if and only if

A5 = 0, Agz = —3X23 — A7z — 33,

1
m(_g)\%o)‘Sl — 930 X1 + 2X21 A30A70

—4X20A31A70 — 6X20 61 A70 — A31A%) — A61AZg — 2A20A30A71
+2X21A 70480 — 2X20A71A80 — 3A3pAs1 — 4A20A70A81 — A Ast
+62A21A30A00 — 6A20A31 90 — 2A31A70A00 + 2A30A71 A9
+6A21A80A90 + 2A71A80A90 — 6A20A81A00 — 2A70A81A90
—6A20A30 01 — 2A30A70A01 — 6A20A80 A1 — 2A70A80M01),
denoted by Cy411 in Table 2.

)\51 =

Under C411, we compute fg(r) and obtain

folr) = Mg+ %(3)\24 + Mg + Ara + 3794)3
T

16(3M20 + Aro)?
—6A20A22A30 70 — 6A20A21 A31A70 + 15A30 A32A70 + 27TA30 A52A70
+27A30 X 62A70 — 2X22A30 0% — 2A21 31020 + TAaoAzaAZ + 920 X522,
+A20A62A%0 + A2 A0+ A52A3) + A62 A3 — 620 A1 Az A71 +2A7 Ao Aoz
+6A30A31 A71 + 2221 A30A70A71 + 2X20A31 A70A71 — 2A20A300F
+6X30A30 72 + 2X20A30 A0 A2 + 63, A7oAg0 — 6Aa0N22 A70 80
—2X29 A% A80 — 6A20A21 71 As0 + 221 A70A71 As0 — 2A20A%; Aso
+6A350A 72280 + 2A20A70A72A80 — 62021 A70As1 — 221 Ao As1
+6A20A71 A81 + 2020 A 70A71 As1 + IN3o s + 1530 A 70 A2 A20A20 As2
+A30As2 + 1823 A30A00 — 18A20A22A30 90 — 18A20A21A31A00
+18A30 32000 — 6A22A30 70 00 — 6A21A31A70A00 + 12X20A32A70A00
+2X32A70 00 + 1222130 A 71 A00 — 6A20A31 71 00 — 2A31 A70A71 A00
+2X30A%1 Ago — 6A20A30A72A00 — 2A30A70A72 X900 + 18A31 AsoAgo
—18X20A22A80A90 — 6A22A70A80A00 + 12X21 A71 As0 90 + 2271 AsoAgo
—6A20A72A80A00 — 2A70A72A80A90 — 18A20A21A81 A90 — 6A21 A7 As1 A0
—6X20A71A81 290 — 2A70A71 As1A00 + 18A30As2A00 + 12X20A70 A2 A00
+2M20 A2 000 — 18X20A21 A30 X1 + 1835 A31 X091 — 6X21 A0 A70N01
+12X20A31 A 7001 + 2A31 A% Ao1 — 6A20A30A71 X091 — 2A30A70A71 A01
—18A20A21 X80 91 — 6A21A70A80A01 — 6A20A71 AgoAo1 — 2A70A71 Ao Aot
+18A30As1A01 + 12X20A70A81 01 + 2A20 As1 A1 + 18350 A30 Ao2
+12X20A30A70A92 + 2A30 A2 A2 + 18235 As0 N2 + 12220 A70As0 92 ) 7"

(9332 + 27T N30 As2 + 27T N30 A6z + 6A31 A30A70
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64(3X20 + A70)
+6730A70 + Ao A70 + A20A%) — A20A30A80 + A30A60A70 + 3A20A60As0
+A30A70 X80+ A60 A 70 A80 — 2A20 A2 4 9A30 A0 + 6207000 + Ao Ae0) 7.

(A20 + 2X70 + 5X00) (9N35 + A20A2 + 3X20A30A60

We obtain that fs(r) has at most 3 positive simple zeros, and that there are poly-
nomials fg(r) with 3 positive simple zeros by the same method used in the proof of
Lemma 3.2 of [7].

When A; = 0 and conditions Cq, Cs3, Cys hold, f1(r) = fa(r) = fa(r) = fa(r) =
0 and the expression of f5(r) is given in (13). It is easy to check tha i
and only if either

A5 =0, Agz = —3Xa3 — A7z — 33,

-+

oo
=

N—
i
O\_/
=
s

(16) Az1 = m(QAQMw + 921 6o
+ 3A50A71 + 3A60A71 + 2A70A81 + 681 A00),
or
a7 A5 =0, Az = =323 — A7z — 3 o3,
A70 = —3Xg0, Aso = —Aeo,
or
A5 =0, Az = —3X23 — A7z — 33,
(18)

A70 = =390, As0 = —3Aa1,
denoted by Cya1, Cao2, Cyo3 in Table 2 respectively.

Under C4o1 we compute fg(r) and obtain

folr) = Mgmr+ §(3A24 + Aaa + Ara + 3004)3
Vs

~96(A70 + 3Xo0)
+18X22A60A70 + 18X21A61A70 + 4A3205) — 3621 As0A71 — 3621 AgoA71
+6X51A70A71 + 661 A70A71 — IN50AZ; — INgoAZ; + BAs0A70A72
+6A g0 70 72 + 4>‘$0)‘82 + 54 X090 A50Ag90 + D421 A51 g0 + D422 X609 A0
+54X21 A61A90 + 24 X390 7090 + 1851 A71 A9 + 1861 A71 Agg + 185072 Ag0
+18X60A72A00 + 24A70A82 A 00 + 36A32 A5 + 36A82 050 — 54A21 As0 Aot
—54X21 6091 — 1850 A71A91 — 1860 A71 g1 )77,

(—27A2, As0 — 27TAZ Ao + 1822 A50A70 + 1821 As1A70

We obtain that fg(r) has at most 2 positive simple zeros, and that there are poly-
nomials fg(r) with 2 positive simple zeros by the same method used in the proof of
Lemma 3.2 of [7].

Under C4a2 we compute fg(r) and obtain

fe(r)

AgTr + g(3>\24 4+ Agg + A7g + 3)\94)7’3

T
*1*60\21)\31 + 3X21A51 + 32161 + Az1 A7t + As1A71 + As1 A7 + A21Ast
+A71 A1 + 2A31 A01 + 2A81 A01)7°.
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We obtain that fg(r) has at most 2 positive simple zeros, and that there are poly-
nomials fg(r) with 2 positive simple zeros by the same method used in the proof of
Lemma 3.2 of [7].

Under Cya35 we compute fg(r) and get
fo(r) = Memr+ 2 (3A24 + Aag + Azg + 3094)r3
t16 (2>\21)\31 — 3X22A50 — 3A22A60 — AsoA72 — A6 A72
+2X21A81 — 2X31 A01 — 2As81h01)7°

We obtain that fs(r) has at most 2 positive simple zeros, and that there are poly-
nomials fg(r) with 2 positive simple zeros by the same method used in the proof of
Lemma 3.2 of [7].

When A1; = 0 and conditions Cq, Cs3, Cys hold, fi(r) = fa(r) = f3(r) = fa(r
0 and the expression of f5(r) is given in (14). It is easy to check that f5(r) =
and only if either

A5 =0, Agz = —3X23 — A7z — 33,

)
0 if

-1

(19) As0 = m()\zl)\go + 321 X60 + A30A71
+ A6oA71 + A21Ag0 + A71As0 + 2A30A01 + 2As0A01),

or

As =0, Agz = —3Xa23 — Ar3 — 3oz,
(20)

A30 = —Ago, A7t = —3A21
or

A5 =0, Agz = —3X23 — Ar3 — 3oz,
(21)

Ao1 = Ag1, Ar1 = —3Aa1,
denoted by Cy31, Ca32, Cy33 in Table 2 respectively.

Under Cy431 we compute fg(r) and obtain

fo(r) = Xemr+ < (3A24 + A + Azg + 3X94)r°
71'

16(3a1 + Arp)
+4X21 A31 071 + 621 A1 A71 4+ 621 A61 A 71 + A31 A2 + As1 A3
+A61A7; + 221 A30A72 — 2X22A71A80 + 2A21 A72As0 + 3A3; As1
+4XM21 A1 81 + A2 A81 — 622 A30M01 + 6A21 X33 M01 + 2X31 A1 Aoy
—2A30A72 091 — 6A22Ag0Ag1 — 2A72A80 A g1 + 621 Ag1 Ag1
+2A71 A81 001 + 621 A30A02 + 2A30A71 Ag2 + 6A21 A0 Ag2 + 2A71 g0 Ae2) 7

T
———(A7o(A As0)2 (A 2\ 5\ 7
96(3)\21+>\71)( 70(A30 + Ag0)” (A21 + 2A71 + BAg1))r

(3)\21/\31 + 9/\21>\51 + 9>\§1)\61 — 2X29 3071

Therefore fg(r) has at most 3 positive simple zeros, and that there are polynomials
fe(r) with 3 positive simple zeros by the same method used in the proof of Lemma
3.2 of [7].
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Under Cy32 we compute fg(r) and have

fG(T) = Amr + g(3)\24 4+ Agq + A7g + 3)\94)7"3
T
_176(_2)\21)\31 + 3A22A50 + 32260 + AsoA72 + Ago A2

—2X21 81 + 2A31A01 + 2Ag1 X017

Hence fg(r) has at most 2 positive simple zeros, and that there are polynomials
fe(r) with 2 positive simple zeros by the same method used in the proof of Lemma
3.2 of [7].

Under Cy433 we compute fg(r) and get
fﬁ(r) = AT + %(3)\24 + Aaq + A7g + 3/\94)7“3
0

16
+A22A80 4 A72Ag0 + 2X30 A2 + 2Ag0Ag2) 70

(AM0(A30 4 Ago) (A30 + BAs0 + BAeo + Ago))r'.

(A22A30 + 3A22A50 + 3A22X60 + As0A72 + AsoA72 + AsoA72

LT
192
So fe(r) has at most 3 positive simple zeros, and that there are polynomials fg(r)

with 3 positive simple zeros by the same method used in the proof of Lemma 3.2
of [7]. O

Proof of Theorem 2. By Lemmas 3 and 4, the averaging method up to 6-th order
provides a lower bound of cyclicity of system HC(1,3) at the origin to be at least
3. We continue applying the averaging method up to 7-th order and do not find
a higher bound than 3 because f7(r) is odd and has degree less than or equal to
7. O

Finally we note that the results of switching normal forms obtained in [9], which
imply that our system HC(1,3) does not represent the general system with (1,3)-
switching FF type equilibrium at the origin. So, the lower bound 3 obtained in
Theorem 2 is expected to be improved, but more difficulties will be involved in the
computation.
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