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‡
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This paper is devoted to the study of which rational difference equations of order k, with non negative coefficients,
are periodic. Our main result is that for k # 5 and for k ¼ 7; 9; 11 only the well known periodic difference equations
and their natural extensions appear.
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INTRODUCTION

In this paper, we consider the k-order rational difference equation

unþk ¼
A1un þ A2unþ1 þ · · · þ Akunþk21 þ A0

B1un þ B2unþ1 þ · · · þ Bkunþk21 þ B0

; ð1Þ

with initial condition ðu1; u2; . . .; ukÞ [ ð0;1Þk, and Ai $ 0, Bi $ 0,
Pk

i¼0 Ai . 0,Pk
i¼0 Bi . 0. We assume that A1 þ B1 – 0 to ensure that Eq. (1) is of order k.

We study the characterization of the difference equations (1) such that, for all n $ 1 and

for any initial condition, p [ N exists such that unþp ¼ un. If p is the minimum natural

number with this property, we will say that Eq. (1) is p-periodic. The determination of

first order p-periodic rational recurrences ðk ¼ 1Þ is well known, see for instance

Ref. [4, pp. 453–454]. The problem that we consider has been proposed in Ref. [5] for k ¼ 2.

See also Ref. [2]. As we will see, the fact that we are only considering positive coefficients

which makes the problem more interesting. In fact, without this restriction, for k ¼ 1 there

are already p-periodic difference equations for all p [ N, (see again Ref. [4]).

First of all, we give a result that restricts the difference equations of type (1) that can be

periodic for some p [ N, (see Theorem 2.4). As a consequence of this result, of the study of

the periodic points associated to the dynamical system generated by Eq. (1) and of the results

of Ref. [1], see Theorem 2.5, we can characterize all the difference equations (1) which are

p-periodic for k ¼ 1; 2; 3; 4; 5; 7; 9 and 11, (see Theorems 3.1 and 4.1). As far as we know our

results for k $ 2 are new.
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