Journal of Difference Equations and Applications, Taylor & Francis
Vol. 12, No. 7, July 2006, 697-716 Taylor & Francis Group

Global periodicity and complete integrability of
discrete dynamical systems

ANNA CIMA+*, ARMENGOL GASULL? and VICTOR MANOSA#$]

tDepartment de Matematiques, Facultat de Ciencies, Universitat Autonoma de Barcelona, 08193,
Bellaterra, Barcelona, Spain
iDepartment de Matematica Aplicada III, Control, Dynamics and Applications Group (CoDALab),
Universitat Politécnica de Catalunya, Colom 1, 08222, Terrassa, Spain

(Received 20 January 2006; in final form 15 March 2006)

Consider the discrete dynamical system generated by a map F. It is said that it is globally periodic if there
exists a natural number p such that F”(x)=x for all x in the phase space. On the other hand, it is called
completely integrable if it has as many functionally independent first integrals as the dimension of the
phase space. In this paper, we relate both concepts. We also give a large list of globally periodic
dynamical systems together with a complete set of their first integrals, emphasizing the ones coming from
difference equations.

Keywords: Globally periodic discrete dynamical system; First integrals; Completely integrable systems;
Difference equations; Invariants for difference equations

2000 Mathematics Subject Classification: 39A11; 39A20

1. Introduction and main result

Let F : U < KK — U, be a map where I is an open set of I<* and K denotes either R or C. This
paper is concerned with some features of the dynamical system generated by F. We start by
recalling some definitions.

We say that a map F is globally periodic if there exists some p € N such that F’(x)=x for
all x €U, where

p times

—
F’ =Fo - oF.

In particular, notice that globally periodic maps have to be bijective and F~'=F"~ ', This
name comes from the fact that if F is globally periodic, then the discrete dynamical system
(DDS) generated by F has all its orbits as periodic orbits. The study of globally periodic maps
is a current subject of interest of the dynamical systems community, see for instance Refs.
[1-5,7,10,21,26]. Indeed, the functional equation F”=1d is also known in the literature as
Babbage equation, see Ref. [20] and it is one of the oldest iterative functional equations ever
discussed.
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