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1 Dept. de Matemàtiques, Facultat de Ciències, Universitat Autònoma de Barcelona,
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Abstract
This paper is devoted to study some properties of the k-dimensional Lyness’
map F(x1, . . . , xk) = (

x2, . . . , xk,
(
a+

∑k
i=2 xi

)/
x1

)
. Our main result presents

a rational vector field that gives a Lie symmetry for F. This vector field is used,
for k � 5, to give information about the nature of the invariant sets under F.

When k is odd, we also present a new (as far as we know) first integral for
F ◦ F which allows us to deduce in a very simple way several properties of
the dynamical system generated by F. In particular for this case we prove that,
except on a given codimension one algebraic set, none of the positive initial
conditions can be a periodic point of odd period.
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(Some figures in this article are in colour only in the electronic version)

1. Introduction and main results

Discrete integrable systems are the focus of current intensive research (see [14, 18, 23, 26,
34, 35] and references therein) since they appear as fundamental mathematical tools in
numerical analysis and in some areas of physics and theoretical biology such as statistical
mechanics [28, 36], discrete quantum theory [5, 6], solitons in cellular automata [22, 27, 33]
and population dynamics [32] among other topics.

There are some well-known planar integrable maps like the Lyness and McMillan ones,
generalized by the celebrated QRT maps [29, 30], and recently a list of third-order integrable
difference equation (including the third-order Lyness one) has attracted the researchers
attention [18, 26, 31]. In this context, the second- and the third-order Lyness’ difference
equations

yn+2 = a + yn+1

yn

and yn+3 = a + yn+1 + yn+2

yn

, with a � 0
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