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An interesting family of recurrences of order n $ 2, which are globally (n þ 3)-
periodic was introduced by Coxeter in 1971. We prove a surprising property of this
family: ‘all’ the possible geometrical behaviours that linear real (n þ 3)-periodic
recurrences can have are present inside the Coxeter recurrences.
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1. Introduction and main result

Although recently globally periodic recurrences have attracted the interest of many

researchers, see for instance [1–5,7,8] and the references there in, an interesting family

introduced by Coxeter in 1971, see [6], is rarely referenced.

For each natural number n $ 2, Coxeter proved that the recurrences

xjþn ¼ 12
xjþn21

12
xjþn22

12ððxjþn23Þ=ð12· · ·ðxjþ1=ð12xjÞÞÞÞ
U f nðxj; xjþ1; . . . ; xjþn21Þ ð1Þ

are globally (n þ 3)-periodic, that is for any admissible set of initial conditions,

xjþnþ3 ¼ xj, for all j $ 0. For instance, for n ¼ 2, 3, the recurrences are

xjþ2 ¼ 12
xjþ1

12 xj
; and xjþ3 ¼ 12

xjþ2

12
xjþ1

12xj

¼ 12 xj 2 xjþ1 2 xjþ2 þ xjxjþ2

12 xj 2 xjþ1

;

respectively. It is easy to see that for n ¼ 2, in the new variables uj ¼ xj 2 1, it

corresponds to the well-known 5-periodic Lyness recurrence

ujþ2 ¼ 1þ ujþ1

uj
:
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