Available online at www.sciencedirect.com

Journal of

CrossMark SClenceD| reCt Differential
~ Equations
ELSEVIER J. Differential Equations 259 (2015) 5115-5136 —_—

www.elsevier.com/locate/jde

Non-integrability of measure preserving maps via
Lie symmetries

Anna Cima*®, Armengol Gasull *, Victor Mafiosa "*

& Departament de Matematiques, Facultat de Ciéncies, Universitat Autonoma de Barcelona, 08193 Bellaterra,
Barcelona, Spain
b Departament de Matematica Aplicada 111, Control, Dynamics and Applications Group (CoDALab),
Universitat Politécnica de Catalunya, Colom 1, 08222 Terrassa, Spain

Received 18 March 2015; revised 11 June 2015
Available online 26 June 2015

Abstract

We consider the problem of characterizing, for certain natural number m, the local C™ -non-integrability
near elliptic fixed points of smooth planar measure preserving maps. Our criterion relates this non-
integrability with the existence of some Lie Symmetries associated to the maps, together with the study
of the finiteness of its periodic points. One of the steps in the proof uses the regularity of the period function
on the whole period annulus for non-degenerate centers, question that we believe that is interesting by itself.
The obtained criterion can be applied to prove the local non-integrability of the Cohen map and of several
rational maps coming from second order difference equations.
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1. Introduction and main results

In the last years the development of criteria to determine the integrable nature of discrete
dynamical systems has been the focus of an intensive research activity (see [14] and references
therein), however there are very few non-integrability results for discrete dynamical systems, see
for instance [8,5,10,12,25,27] and their references. The main result of this paper, Theorem | be-
low, provides a criterion to establish the local non-integrability of real planar measure preserving
maps in terms of non-existence of local first integrals of class C", for certain m € N, near an
elliptic fixed point (that is, a fixed point such that the eigenvalues of the associated linear part lie
in the unit circle, but excluding the values +1).

We will say that a planar map is C"*-locally integrable at an elliptic fixed point p if there do
exist a neighborhood U of p and a locally non-constant real-valued function V € C™(Uf), with
m > 2 (called first integral) such that V(F(x)) = V(x), all the level curves {V = h} NU are
closed curves surrounding p and, moreover, p is an isolated non-degenerate critical point of V
inl.

Prior to state the main result, we recall that a map F defined on U, an open set of R2, pre-
serves an absolutely continuous measure with respect to the Lebesgue’s one with non-vanishing
density v, if m(F~'(B)) = m(B) for any measurable set B, where m(B) = fB v(x, y)dxdy, and
v]ys # 0. For the sake of simplicity, in this paper sometimes we will refer these maps simply as
measure preserving maps.

When the eigenvalues A, A = 1/A of the linear part of a C!-planar map F at an elliptic fixed
point p € R? are not roots of unity of order ¢ for 0 < £ < k we will say that p is not k-resonant.
Recall that a C¥*!-map, F, with not k-resonant elliptic fixed points, is locally conjugated to its
Birkhoff normal form plus some remainder terms, see [1]:

[((k—1)/2] .
Fp@ =2z |1+ Y B;j) |+00zh, (1)
j=1

where z = x + iy, and [-] denotes the integer part. It is well-known that near a locally inte-
grable elliptic point the first non-vanishing Birkhoff constant B, € C, if exists, must be purely
imaginary. We recall a proof of this fact in Lemma 12.

The main result of this paper is the following theorem:

Theorem 1. Let F be a C*"*2-planar map defined on an open set U € R? with an elliptic fixed
point p, not (2n + 1)-resonant, and such that its first non-vanishing Birkhoff constant is B, =
i by, for some 0 < n € N and b, € R\ {0}. Moreover, assume that F is a measure preserving
map with a non-vanishing density v € C*"+3_ If. for an unbounded sequence of natural numbers
{Ni}x, F has finitely many Ny-periodic points in U then it is not C*"**-locally integrable at p.

Our proof uses some of the ideas presented by G. Lowther in [20] for explaining the non-
integrability of the Cohen map. As we will see, our result has also several applications for proving
non-smooth integrability of several rational difference equations.

One of the main ingredients in our proof of Theorem 1 is that any integrable measure preserv-
ing map has an associated vector field X, called a Lie Symmetry, such that F can be expressed in
terms of the flow of X, see Section 3 for further details. As we will see, to proceed with our ap-
proach, from this Lie symmetry we need to construct another one, say Y, having an isochronous
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center. Our construction of this vector field Y is based on the study of the regularity of the so-
called period function in a neighborhood of a non-degenerate center. Let us recall its definition.

Let p be a non-degenerate center of a smooth vector field X, that is such that DX(p) has
eigenvalues +iw with 0 # w € R. Let V be the largest neighborhood of p such that V' \ {p} is
foliated by periodic orbits. This set is usually called period annulus. Then for all (x, y) € V\ {p},
the function 7 (x, y) giving the (minimal) period of the closed orbit passing through (x, y) can
be extended continuously to p as 7(0, 0) =27 /w. As usual, we will call this function 7', defined
on the whole set V, the period function of X on V.

The regularity of the period function on V for non-degenerate centers of C°° or analytic planar
vector field is known. It coincides, in the whole set 1, with the regularity of the corresponding
vector field, see [29]. In next result, we show that this is no longer true for Ck_vector fields, k € N.

Theorem 2. Let X be a C¥-vector field with 1 <k € NU {00, w} with a non-degenerate center p,
and let V be its period annulus. Then the period function T is of class C* on V\ {p} and, at p, it
is of class C¥=1, where for the sake of notation oo — 1 = 0o and @ — 1 = w. Moreover; in general,
the regularity of T at p cannot be improved.

Notice that since the period function 7 of a non-degenerate center on its period annulus is
clearly a first integral for the corresponding vector field, a direct consequence of the above result
is:

Corollary 3. Let p be a non-degenerate center of a CX-vector field, 1 < k € NU {00, w}, and let
V be its period annulus. Then the vector field has a C*=-first integral on V.

In fact, it is already known that if p is a center, not necessarily non-degenerate, of a Ck-vector
field (k € N U {o0}), then there exists a C¥-first integral in a small enough neighborhood of p,
see [22]. Nevertheless, although the corollary gives a much weaker result, our approach is differ-
ent to the one of [22].

The second ingredient is a method for checking when the discrete dynamical system generated
by amap F : RM — RM has finitely many K -periodic points. Or, equivalently, when the system

X —F(x0)=0, x - F(x1)=0, ..., xg 1 — F(xg2)=0, xo — F(xg_1) =0,

has finitely many real solutions. Notice that the above system can be written in a compact form as
6(y) =0, where y = (X0, X{,...,Xg—1) € RY, for some map G:RN = RN, where N =K M.
We prove the following result, that can be applied in case that all solutions of the system G y)=0
are also solutions of a new system, G(y) = 0, for some polynomial map G : RY — RV,

Theorem 4. Let G : CN — CN be a polynomial map, being d the maximum degree of the coor-
dinate polynomials. Let G4 denote the homogeneous map corresponding to the degree d terms
of G. If y = 0 is the unique solution in CN of the homogeneous system Gq(y) = 0, then the
polynomial system G(y) = 0 has finitely many solutions.

Although we have not found the above result in the literature, most probably it is a folklore
result. In any case, we sketch a proof in Section 2.2.

Notice also, that by Bezout’s Theorem, we also know that when the hypotheses of the theorem
are satisfied the maximum number of solutions of G(y) = 0 is d". Finally observe that applying
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Theorem 4 when G is linear, that is d = 1 and G(y) = Ay + b, for some N x N matrix A,
then G;(y) = Ay and the condition that G4(y) = 0 if and only if y = 0 reduces to det(A) # 0.
Therefore the above result can be thought as a natural extension of the well-known result: system
Ay + b =0 has finitely many solutions (in fact, 0 or 1) if det A # 0.

As a first application of Theorems 1 and 4 we re-prove the result of G. Lowther about the
non-integrability of the Cohen map

Fr.y)= (v —x+y»?+1), @

explained in [20].
Theorem 5. The Cohen map is not C®-locally integrable at its fixed point (\/5/3, \/5/3).

According to M. Rychlik and M. Torgerson [25], the question about the integrability of this
map was first conjectured by H. Cohen and communicated by Y. Colin de Verdiere to J. Moser in
1993. Rychlik and Torgerson showed that it has not a first integral given by algebraic functions.
This map is considered unlikely to be integrable since numerical explorations show that it has
hyperbolic periodic points and chains of islands of period 14 and 23, see [20,28].

Our second application covers a wide class of rational difference equations. Consider

F(x,y)= (y, @) 3)

where f = P/Q is arational map. For the sake of notation, define A(f) = deg(P) —deg(Q). Its
fixed points are p = (x, x), where x are the non-zero solutions of the equation f(x) = %2 and p
is an elliptic point if and only if | JE3) /)E| < 2. Moreover (3) preserves the measure with density
v(x,y) =1/(xy), that does not vanish on a neighborhood of the fixed points.

Theorem 6. Consider the map (3), where f is a rational function with A(f) > 2. If p is an
elliptic fixed point, not (2n + 1)-resonant, and such that its first non-vanishing Birkhoff constant
is B, =i by, for some 0 <n €N and b, € R\ {0}, then F is not C*"**-locally integrable at p.

It is interesting to notice that when A(f) < 2 there are integrable cases at least for A(f) €
{—1,0,1,2}. For k € {—1, 0, 1} it suffices to consider the periodic maps F with f(y) = yk, be-
cause all rational periodic maps are rationally integrable, see [6]. Other integrable, non-periodic
cases are the well-known Lyness map, that corresponds to f(y) = (a + y), see [13], or for
A(f) =2, the map studied by G. Bastien and M. Rogalski in [2], given by f(y) = (a — y + y?),
which possesses the first integral V (x, y) = (x2 4+ y?> —x — y +a)/(xy).

In the case with A(f) =2, we study with more detail the family of maps

A+ By + Cy?
X

F(x,}’)Z(y, )’ C#O’ (4)

that extends the one given in [2]. In next result we prove that in this family integrability and
non-integrability coexist.
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Proposition 7. A map (4) having an elliptic fixed point p, not 5-resonant, is C¥-locally integrable
at p if and only if C = 1. Moreover, when C = 1 the map has the rational first integral V (x,y) =
2+ y*+ B(x +y) + A)/(xy).

The third application deals with the area preserving maps (density v = 1),

F(x7)’)=(y,—x+f()’))7 (5)
with f also a rational map. In this case we prove:

Theorem 8. Consider the map (5), where f is a rational function with A(f) > 1. If p is an
elliptic fixed point, not (2n + 1)-resonant, and such that its first non-vanishing Birkhoff constant
is By =i by, for some 0 <n € N and b, € R\ {0}, then F is not C**+*-locally integrable at p.

Also for this family, when A(f) <1, there are integrable cases at least for A(f) € {0, —1}.
For A(f) =0, f(y) =k and the map is 4-periodic and therefore rationally integrable, see
again [6]. For A(f) = —1 we can consider the well-known integrable McMillan—-Gumowski—
Mira map (for short MGM map) with f(y) =ay/(1 + y2) and first integral V(x,y) = x2y? +
x2 4+ y* —axy, see [16,21]. We remark that this map possesses elliptic not resonant points for
many values of a, see Section 2.3.

Finally, as a consequence of Theorems 6 and 8, we prove that two celebrated integrable maps,
the MGM and the Lyness ones given above, are “isolated” in a suitable set of rational maps.

Corollary 9. Let g be a rational function. Consider the maps:

(i) Fe(x,y)= (y, —x + 11?2 +8g(y)), with A(g) > 1l and a € (—2,00) \ {—1,0, 2}.

(ii) Ge(x,y)= <y, %’380)) with A(g) > 2 and a € (—1/4, 00) \ {0, 1}.

Then, for || small enough, Fs or G, are C®-locally integrable at its corresponding elliptic fixed
points if and only if ¢ = 0.

Similarly, we obtain:

Corollary 10. Let g and h be rational functions with either A(g) > 1 or A(h) > 2, and 2A(g) #
A(h). Then, for |e| small enough, the map

He(x,y) = (3. =x +/32 4+ 1+ 6h(3) +250) ).

is not C®-locally integrable at its elliptic fixed point.

We remark that a similar result to the one of item (i) of Corollary 9 was obtained in [12]
when a > 2, proving that the map F,, when 0 # |¢| is small enough, is not holomorphically
integrable near the homoclinic loops passing through the origin. When a < 2 these homoclinic
loops no more exist. Alternatively, our approach proves the smooth non-integrability near the
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elliptic points, which exist for all a € (=2, c0) \ {0, 2}. The value a = —1 is excluded in our
study because for it the map F has a 2-resonance at the origin.

The paper is structured as follows. Section 2 contains several preliminary results. More con-
cretely, in Section 2.1 we include our results about the regularity of the period function and in
particular the proof of Theorem 2. In Section 2.2 we prove Theorem 4, which gives a tool for
proving the existence of finitely many N-periodic points and in Section 2.3 we introduce the
Birkhoff constants and compute them in some simple examples that will appear afterwards. Sec-
tion 4 is devoted to prove the non-integrability of the Cohen map, that is Theorem 5. Finally, in
Section 5, we apply our results to several rational maps motivated from well-known difference
equations, proving Theorems 6 and 8 and their consequences.

2. Preliminary results
2.1. Regularity of the period function. Proof of Theorem 2

Observe that from the implicit function theorem, and the regularity of the flow of X, the
function T'(x, y) is of class C¥ in V' \ {p}. So, to prove Theorem 2 it only remains to study the
regularity of T at p. In the cases k € {00, w} this is already done in [29]. Let us consider k € N.
It is well-known that, since p is a non-degenerate center, the vector field in a neighborhood of p
is C¥-conjugated to its Poincaré normal form, see [15]. Its corresponding differential equation is

N
=iz o+ ZGZj(ZZ)j +0(|z]"),
j=1

where z=x+iyeC,w,az; €eR,and s = [(k - 1)/2]. Taking polar coordinates we get:

F=o0g(rik),

. S .

O=w+ Y arjr® +og(r;k—1),
j=1

where o0y (r; m) stands for a C" function of the form f(r,0) ™ such that lin}) f(@r,0) =0, uni-
r—

formly in 6. Notice that all the derivatives of oy (r; m) of order less than or equal to m at the
origin are zero. Hence

dr 0g(r; k)
do

=0g(r; k).

N
o+ Y ayirti +op(rik—1)
j=1

The solution of the above equation with initial condition 7 («) = p, is ¥ (0; p, ) = p+0g.o(0; k),
where here o0g o (r; m) stands for a C™ function of the form r™ g(r, 0, «) and liII(l) g(r,0,a) =0,
r—>

uniformly in both variables 6 and «. Moreover, the period function expressed in the polar coor-
dinates (p, @), is
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a2
T(p,a)=

o

do
w + Z;:l 02jr2j(9; p, )+ 09,0{(7'(9; p,a); k—1)

a2
do

w+35 1 a2jpH +0pa(pik—1)

o
a2

1 J <
- +Z;r2jp21 +0g.a(pik—1)do
o J=

5 P a+2mw
7T .
SR IIE [ ovatoik=nas.

o

where T5; are some real constants. Notice also that

a2
/oe,a<p;k—1>d9=oa(p;k—1>,

o

because if 0g o (p;k — 1) = ,ok_lg(p, 0, ), then the function g(p, 0, @) tends to zero, when p

goes to zero, uniformly in 8 and «, and therefore,

271

N
T(pay="43 Tojp™ +p*'hip. ).

j=1

for some h such that hm h(p,a) =0, uniformly in «. Then, the period function at the point

z=x4+iyisT(x,y)= T(\/xz—f—y arg(x +1iy)), so

2 s ) et
T(x.y)="=+4Y D> +y)/ + @ +y) 7 Hix.y),
w
j=1
with H(x,y) = h(y/x2 + y2, arg(x + iy)), satisfying ( %im(o 0 H(x,y) = 0. This implies that
x,y)—> (U,

(x%+ yz)k%I H(x,y) is of class C*=1 at the origin, with all the derivatives zero, as we wanted to
show.

Finally we give some examples which prove that the regularity given at p cannot be improved.
For a € R consider the vector field, with associated differential system,

==y (1+&2+yH9),
y=x (14 &*+yH9).
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Its period function is

T(x.y) 2w

X, y)=——"——5—.
R NPT

Taking a = k/2 when k is odd, or @ = k/(k 4+ 1) when £ is even, we obtain Ck-vector fields such

that its corresponding period function is of class C¥~!, and not of class C* at the origin.

2.2. Existence of finitely many periodic points. Proof of Theorem 4

We start by proving Theorem 4. Then, in Proposition 11, we adapt it for maps coming from
difference equations.

Proof of Theorem 4. Set x = (xg, ..., xy—1). We want to prove that when 0 is the unique solu-
tion of G4(x) = 0 then G (x) = 0 has finitely many solutions. Observe that the system G (x) =0
defines an algebraic set ¥ ¢ CP" given by G(z) =0, where G = (Go, ..., Gn_1, xj‘f,), Gi(z)is
the corresponding homogenization of G;, and z=[xg:...:xy_1 :XN] € CPN where {xy = 0}
is the hyperplane at infinity.

We will use that given an algebraic set X such that dim(X) = r, then dim(X N {xy = 0}) >
r — 1. This fact is a consequence of the well-known Projective Dimension Theorem in dimension
theory of algebraic varieties, see [18, Th. 7.2], also [24, Cor. 3.14].

Assume that G (x) = 0 has infinitely many solutions. Then dim(X") > 1. By the above result,
dim(X N {xy = 0}) > 0. This inequality implies that X intersects the hyperplane of infinity. This
fact is precisely equivalent to say that G,;(x) = 0 has some non-zero solution, as we wanted to
prove. O

Another proof of Theorem 4 holds by using the following consequence of Chevalley’s Theo-
rem (see [ 18, Ex. 3.19]): the first coordinate projection of X’ is either finite or dense in C. Then,
under our hypotheses, this projection is dense in C, implying that X" reaches infinity at some
points that produce non-zero solutions of G4(x) = 0. Clearly, Theorem 4 does not hold for real
algebraic varieties, as the circle in R2, x% + x% =1, shows.

Given a difference equation such that its periodic solutions satisfy certain algebraic recurrence
relation g(xy, ..., x,+k) = 0, the existence of N-periodic orbits can be characterized by a system
of N algebraic equations

G(x)=0, where G =(go,&1,---,8N-1) (6)

X = (x0,...,xy—1) and g;(X) := g(Ximod N»---» Xi+kmod N). If d = deg(g) then deg(G) =d
and G4 = (80,4, 81.d - - - » §N—1.4), Where g; 4 is the homogeneous part of degree d of g;,

8i,d(X) := ga(Xi mod N» Xi+1mod N - - - » Xi+k mod N)- (7

Therefore, Theorem 4 for difference equations reads as follows:

Proposition 11. Consider a difference equation of order k such that its associated sequence
satisfies an algebraic recurrence relation g(xp, ..., Xp+k) = 0 of degree d. Then it has finitely
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many N -periodic solutions if x = 0 is the unique solution in CN of the system

80,4(x) =0, g1,4(x) =0, ..., gn-1,4(x) =0. ®)
2.3. Birkhoff normal forms

The computation of the Birkhoff normal form is a well-known technique and we address the
reader to [ 1] for further references. In particular the expression of the first Birkhoff constant of a
map with a not 3-resonant fixed point at the origin,

| o
Faey=(at 3 finy oy 3 alyl). ©)
i+j>2 i+j>2
where A € C, |A| =1, is

B P1(F)
R0 =-D (2 +a+1)

B (10)

where

PiL(F) = (fiign + ) A = fit Qo — g11) 2> + 2 forga0 — fi1 f20 + frigin) A2
— (f11.f20 + f21) A + f11 /20,

see for instance [9, Sect. 4]. The general expression of B is

P3(F)

Bzz 3 )
MOA—D3(A2+2+1)" (R2+1) A+ 1)

where P3(F) is a huge polynomial expression that can be found in [9, App. A].
A well-known result is the following:

Lemma 12. For 1 <n € N, consider a C*'**-map F with an elliptic fixed point p € U, not
(2n + 1)-resonant. Let B, be its first non-vanishing Birkhoff constant. If Re(By,) < 0 (resp.
Re(B,,) > 0), then the point p is a local attractor (resp. repeller) point. In particular the map is
not C?-locally integrable at p.

Proof. It suffices to prove that Re(By) # 0 implies that the function V (z) = zz = |z|2 is a strict

Lyapunov function at the origin for the normal form map Fp of F, given in (1). For instance,
when Re(B,) < 0,

V(Fp(2)) = |zI*[1 + 2Re(B,)(z2)" + O(Iz]*"™)| < V(2),

for z in a small enough neighborhood of p, as we wanted to prove. Clearly these maps cannot be
locally integrable at p. O
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As an example of computation of Bj, consider the elliptic fixed points of the following class
of area preserving integrable MGM maps [12,16],

ay
1+ y2

F(x,y):(y,—x—l— ) acR. a1

Lemma 13. The elliptic fixed points of (11) are the origin, when |a| < 2, and (£z(a), £z(a)),
when a > 2, where z(a) = /(a — 2)/2. Moreover:

(i) When |a| <2 and a # —1 the first Birkhoff constant of the origin is

3a

Bl=—2 i
4 —a?

(ii) When a > 2 the first Birkhoff constant of the points (£z(a), z(a)) is

_A2a+d).
aJa—2

Proof. The characterization of the elliptic fixed points of (11) is straightforward.

(i) The eigenvalues of the Jacobian matrix DF(0, 0) satisfy A> — aA + 1 = 0, and they are a
couple of conjugate pure imaginary values if and only if |a| < 2. If, in addition, a # —1 then the
origin is not 3-resonant. We introduce the rational parametrization a = A + 1/A, with A =e'?,
0 € R\ {0}, that covers all the values |a| < 2 because a = 2 cosf. Then, the linear transformation
d(x,y) =(x/1+ Ly, x + y) gives a conjugation between F and a map of the form (9). Using
the expression (10), after some computations we get

B =

3 2+1) 3cosh . 3a .
— = 1= l.

B = =
! AZ—1 sinf 4 — a2

(i1) To study the Birkhoff constants at the points (£z(a), =z(a)) it is convenient in this case
to introduce the new parametrization a = 2u” + 2, i > 0. Then the fixed points are (u, )
and after translating each of them to the origin we can proceed as in item (i). For both points we
get

_ 20843 42t
Couwr+? T aJa-2

as we wanted to prove. 0O

The Birkhoff constants given in the above lemma are also obtained in [19] to study the stability
of the elliptic fixed points.

Next two results are stated without detailing the proofs. The first one follows after simple
computations. The second one is a consequence of the computations in [9, Sec. 6.1], because the
so-called periodicity conditions, introduced and given in that paper, essentially coincide with the
Birkhoff constants.
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Lemma 14. The first Birkhoff constant of the Cohen map (2) at the elliptic fixed point
(v/3/3,~/3/3) is Bi =i 135/256.

Lemma 15. The first Birkhoff constant of the Lyness map F(x,y) = (y, (a + y)/x), with a €
(—1/4,00) \ {0, 1}, at its elliptic fixed points is By =i by # 0, for some by € R.

In fact, it is well known that the map has elliptic fixed points only when a > —1/4. Moreover,
when a = 0 (resp. a = 1), it is 6-periodic (resp. S-periodic) and so linearizable. Hence, when
ae{0,1}, B,=0foralln eN.

3. Proof of Theorem 1

One key step in the proof of Theorem 1 is that, under its hypotheses, the map F should have
a Lie Symmetry. A vector field X is said to be a Lie symmetry of a map F if it satisfies the
condition

X (F(x)) =DF(x) - X (x), 12)

where DF is the Jacobian matrix of F, [7,17]. The vector field X is related with the dynamics
of the map since F maps any orbit of the differential system determined by the vector field, to
another orbit of this system, see [7]. In the integrable case, where the dynamics are in fact one-
dimensional, the existence of a Lie symmetry fully characterizes the dynamics. In [7, Thm. 1]
we prove:

Theorem 16. Let X be a C'-Lie Symmetry of a C'-diffeomorphism F : U — U. Let y be an orbit
of X invariant under F. Then, F|, is the T-time map of the flow of X, that is F(x) = ¢(z, x),
x € y. Moreover:

(a) If y Z{p} then p is a fixed point of F.

(b) If y =S, then F|, is conjugated to a rotation, with rotation number 6 =t /T, where T is
the period of y.

(c) If y =R, then F|, is conjugated to a translation on the line.

It can be seen that if F has a first integral V € "+ (1f) on U € R? and it preserves a measure
absolutely continuous with respect to the Lebesgue measure with non-vanishing density v € C™
in U, it holds that

a ad
X(x,y)=p(x,y) (—Vy(x,y)£+Vx(x,y)@), where  u(x,y) = 13)

1
v(x,y)’
is a Lie symmetry of F in U, see again [7]. Observe that in case that F is an area preserving map

then p = 1 and the symmetry (13) is simply the Hamiltonian vector field associated to V.
We will use the following corollary of the above results.

Corollary 17. Let F be a C*-measure preserving map with an invariant measure with non-
vanishing density v € C'(U) and with a first integral V € C*(U). If V has a connected component
y of an invariant level set {V (x) = h}, which is invariant by F and diffeomorphic to S', and
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F|, has rotation number 8 =t /T = p/q € Q, with gcd(p, q) =1, then F has a continuum of
q-periodic points iny CU.

Notice that if p is a fixed point of F, then from (12), X (p) = DF(p) X(p). If the matrix
DF(p) has no eigenvalue A = 1 then X (p) must be zero, that is, p is a singular point of the
vector field.

Lemma 18. Let F be a C™-planar map that preserves an absolutely continuous measure with
respect to the Lebesgue’s one with non-vanishing density v € C™, with m > 2, which is locally
integrable at an elliptic fixed point p with a C"-local first integral V. Then its associated Lie
symmetry (13) has a non-degenerate center at p.

Proof. Without loss of generality, we assume that p =0, V(0) =0 and V (x, y) > 0 in a neigh-
borhood of the origin. Since 0 is a non-degenerate critical point of V we get that V(x,y) =

ax?® + bxy + cy? + o(|x, y|?), with 4ac — b* > 0.
Moreover ug := 1 (0) # 0. Hence, from (13) we have that

9 9
X(x,y) =—po (bx +2cy) +o(|x, yl)a + no 2ax + by) +o(|x, yl)a

and therefore Spec(DX(0)) = {Zi o v/ 4ac — b% # 0}. Since {V = h} are closed curves for h > 0
small enough, we get that X has a non-degenerate center at 0. O

Lemma 19. Let F be a C™-planar map that preserves an absolutely continuous measure with
respect to the Lebesgue’s one with non-vanishing density v € C™, with m > 2, which is locally
integrable at an elliptic fixed point p with a C"™-local first integral V. Let 0 (h) and T (h) denote,
respectively, the rotation number of F and the period function of the Lie symmetry (13) evaluated
on{V(x,y)=h}. Seth, =V (p). Then

DF(p) = ™ PX(), (14)

where T, =0, T, with T, = hlinhl T(h), and 0, = hlirzl 0 (h) is the rotation number of the linear
14

—hp
map L(q) =DF(p)q.
Proof. Since the vector field (13) is a Lie symmetry of F, we know by Theorem 16 that
F(q) =¢(t(h),q) forall g €U, where h =V (q).

By differentiation we arrive to
d -
DF(q) = d—f(r(V(q)), DT V(@)VV(q)+ Dge(t(V(g)), q)

= X(F(@) T (V(@)VV(9) + Dgo(t(V(q)). ).

Taking the limit as ¢ — p and using that X (p) =0 we get

DF(p) =qli§} Dyo(z(V(g)). ). (15)
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Using the variational equations we know that M (¢) := D, ¢(t, q) is the solution of
M(t) =DX(¢(1,9)) M(1), M(0)=1d.

Considering g as a parameter in the above equation and using the theorem of continuity respect
parameters, when g — p, the solution of the above equation tends to the solution of

M(t) =DX(p) M(t), M(0)=1d,

that is, limg, , Dy@(2, q) is the fundamental matrix of the above linear system (which has con-
stant coefficients) that at # = 0 is the identity. As usual, we denote this matrix by e/PX(?),
Now recall that 0(V(q)) = t(V(q))/T(V(g)) and that, from Lemma 18, p is a non-
degenerate center, and hence there exists lim 7' (V(g)) = T, # 0. Moreover, from [3, Prop. 8],
q—>p
hlirzl 0(h) =0, where 0, is the rotation number of the linear map L(g) = DF(p) q. Hence, from
—hp

(15) we have DF(p) = ePX(P) with 7, = lim t(V(g)) = lim 6(V(¢)) T(V(q)) = 0,T), as
q—>p q—>p

we wanted to prove. O

Lemma 20. Let X be a Lie Symmetry of class C" (U) of a map F defined in an open set U C R?,
having a non-degenerate center at p € U and let T be its corresponding period function. Then

Y(x,y)=T(x,y) X(x,y)
is a C"~Y(U) Lie Symmetry of F, having an isochronous center at p.

Proof. From Theorem 2, we can ensure that ¥ € C"~!(U{). A trivial computation shows that it
has a non-degenerate isochronous center at p. Now, the chain of equalities

Y(F(9)=TF(q)X(F(q))=T(q)X(F(q)) =T(q)DF(q) X(q) =DF(q) Y (q),
show that Y satisfies equation (12), so it is another Lie Symmetry of F. O

Proof of Theorem 1. Assume that the map has not continua of periodic points for a sequence
of unbounded positive integer numbers {Ny}r. Assume also that F is locally integrable at p
with a C*"** first integral V. By definition, the level curves {V = h} C U contain closed curves
surrounding p. Since F has the associated Lie Symmetry X € C>"*3(1{) given by (13), and the
energy level curves {V = h} are also integral curves of X, the local integrability condition also
implies that the curves {V = h} surrounding p have no singular points of X.

From Theorem 16(b), the map F|{y—pynys is conjugate to a rotation with associated rotation
number 6 (h) = t(h)/ T (h), where T (h) is the period of each curve {V = h} as an orbit of X, and
7 (h) is defined by the equation F(gq) = ¢(z(h), q), where ¢ is the flow of X. This last assertion
ensures, in particular, that 6 () is a continuous function.

Let ho = V(p) be the energy of the fixed elliptic point. It is not restrictive to assume that
V(g) = ho on a neighborhood of p. Let us see that the proof follows by using the next claim:

Claim. 6 (h) is a non-constant continuous function on a neighborhood of hy.
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Assuming the above claim, there is a non-degenerate rotation interval I = Image(6(h)) for
h 2 hg, and therefore there exists M| € N such that for all N > M there exists M € N coprime
with N such that O(hy) = M/N € I, with {V = hy} NU # @. By Corollary 17, the set {V =
hy} N U is full of N-periodic points of F, in contradiction with our hypotheses. So F is not
C?"+4_locally integrable at p.

Now we prove the claim by contradiction. Assume that the rotation number is a constant
function 6 (h) = 6. Then each map F|y—;jny is conjugate to a rotation with the same rotation
number 6. We will prove that F is globally C*"*2-conjugate on U to the linear map L(g) =
DF(p)gq.

From Lemma 18, X has a non-degenerate center at p. In consequence, by Theorem 2, the
period function 7' (x, y) € C***2({) and T(0, 0) > 0.

Now we consider the vector field

Y(x,y)=T(x,y) X(x,y),

which, by Lemma 20, is again a Lie Symmetry of F of class C?"*2(1{), having an isochronous
center at p with period function identically 1.

By using the isochronicity of Y and the fact that the rotation number is constant, one gets
F(q) = @(T, q) for all g € U, where T is a constant, and @ is the flow of Y.

Now we can prove that the map given by

1

@(q) = / e PP (s, q) ds, (16)

0
is the desired conjugation between F and the linear map L. We remark that this linearization is
the one given in the proof of the classical Bochner Theorem ([4] and [23, Chap. V, Thm. 1]). Also

notice that ® € C?"*2(1{) because of the regularity of @. Indeed, using that DF(p) = e Y(p)T,
see (14) in Lemma 19, we get

1

e PP 5. GE g ds = f e PP G(s + 7, q) ds
0

doF(g) =

—

1
e~ DY (D)=

1
DY(p)T e—DY(p) u

o, q)du=ce o(u,q)du

Il
ﬂz\iz e
ﬂz\il

1
(Z*) eDY(P)? f e—DY(P) u a(u’ q) du
0
=ePYP7 @ (q) =DF(p) d(q) =L o D(q),

where in the equality marked with (%) we have used that both functions e =Y (P and §(u, q)
are 1-periodic with respect to the variable u.

Hence, on one hand we have proved that F is C?"*?-conjugate to the linear map L, and on
the other hand, F is Cz””—conjugate to its Birkhoff normal form
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Fp@)=e"z (14iby12) + 0(1z+2),

where b, # 0 and A = egi, a contradiction because the vanishing of the first non-zero Birkhoff
constant B,, is an invariant by C*"*2-conjugations. [J

4. Non-integrability of the Cohen map

The proof of Theorem 5 follows as a consequence of Theorem 1, by using Lemma 14 and
the next proposition, which states that there are not continua of periodic orbits of the Cohen
map for all arbitrary large period. This result is already given in [20]. We give a proof based on
Theorem 4.

Proposition 21. There are finitely many N -periodic points for the Cohen map when N # 3.

Proof. The Cohen map has the associated second order difference equation x,42 = —x, +

W1+ xi 41~ Clearly any N-periodic orbit of the Cohen map also satisfies the multivalued dif-
ference equation

80, Xn1, Xn42) = (in +xn42)” =274 = 1 =0, (17)
or equivalently, the system (6):

(xo+X2)2—x]2— 1=0,
(x1+x3)% —x3 —1=0,

(xy—2 +x0)* —x3_, —1=0,
(xn—14x1)* — x5 —1=0.

Using Proposition 11, there will be a finite number of N periodic orbits of the multivalued equa-
tion (17) if 0 is the unique solution of all the associated linear systems (8):

X0 +x2 = *xq,
X1 +x3 = =*x2,

XN-2 + X0 =ExN_1,
XN—1+x1 = %x0,

or equivalently by setting X = (xg, ..., xy—1), if 0 is the unique solution of the linear systems
An(gg,...,en—1)x=0, where Ay(gg,...,en_1) are the N x N matrices
1 e 10 0 .- 0
0 1 ¢g 1 0 .- 0
0 I & 1 - 0
An(e0, ..., eN—1) = ,
0 0 0 1 en—3 1
1 0 0 0 1 EN-2

Ju—
o
o
=]
—_

EN-1
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with ¢; € {—1, 1}, for each j =0, ..., N — 1. Proposition 21 holds if we prove that for N # 3
and every choice of ¢; € {—1, 1}, with j =0,..., N — 1, det(An(s0, ..., en—1)) #O0.
To prove this fact, observe first that

det(An(eo,...,en—_1)) =det(Ay) mod 2, (18)

where Ay := An(1,...,1). This is a consequence of the following simple observation: If M =
(m; j) and M’ = (m;,j) are two square matrices such that mfl = m; ; mod 2, then det(M) =
det(M’) mod 2.

Therefore, by (18), the proposition will follow once we show that

3 ifN7é3
=det(Ay) = )’ 19
n (An) {O if N =3. (19

To prove (19) we introduce t, = det(T,[1, 1]) where T,[1, 1] is the n x n Toeplitz matrix

1 0o 00 --- 0

1 1 00 -+ 0

01 1 10 0
I,[1,1]=

0 01 1 1

0 -0 0 1 1

We will use the next claims, which are inspired in the results in [11]:
Claim 1. The sequence a, satisfies a, = (—1)" " 't,_1 +2(—=1)*t,_5 + 2.

Claim 2. The sequence t, satisfies t, = t,—1 — ty—a, with t; = 1 and t, = 0, and therefore it is
the 6-periodic sequence {1,0,—1,—1,0, 1}.

By using them, a straightforward computation shows that a, ¢ = a, and therefore a,, is
6-periodic. Finally, since a3 =0, as =3, as =3, ag =0, a; =3 and ag = 3, a, is 3-periodic
and the equality (19) holds.

Now we prove Claim 1: Let M; ; be the (i, j)-minor of A,. By using the Laplace expansion
of the last row of a, we get

an = (=" My + (=)Mo + (1) My = (=) My 1+ (=1)"My 2 + My .

It is straightforward to check that M), 1 = det(7,,—1[1, 1]) = t,—1. Observe that

1 1.0 0O0 --- 0 111 00 --- 0

01 1 o --- 0 01 1 1 0 0

o1 1 10 --- 0 0 1 1 1 0
M, » =det and M, , =det

=)
=)
=)
=)
(=)
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By using again the Laplace expansion on the first column of M,, we get that M, > =
det (T,—>[1,1]) +(—1)"det(L,—2), where L,,_, is a lower triangular (n — 2) X (n — 2) ma-
trix such that all the diagonal entries are 1. Hence M, » = t,_» + (—1)". Analogously, M,, , =
det (U,—2) + (—1)*det (T,,—>[1, 1]), where U,_> is an upper triangular matrix such that all the
diagonal entries are 1. Therefore, M, , =1+ (—1)"t,_». Hence

an = (=" ty g+ (=" (tima + (= D") + 1+ (=) 152
= (D" F2(=1D)"ty—2 + 2,

and the claim is proved.

Claim 2 follows by applying once again the Laplace expansion of f,, obtaining that it satisfies
the linear difference equation t, = t,_1 — t,—2 with initial conditions t; =1 and 7o = 0. It is a
simple computation to check that it is 6-periodic. O

Remark 22. A different proof of Proposition 21 follows using previous results that involve the
celebrated Fibonacci numbers Fy . From [11, p. 78] it holds that per(Ay), the permanent of Ay,
satisfies per(Ay) = Fy + 2Fy_1 + 2, where the permanent of an n x n matrix M = (m; ;) is
given by per(M) = Zern [T mi.oq)- Since per(M) = det(M) mod 2, see for instance [26],
we know that det(Ay) = Fy +2Fy—1 +2 = Fy mod 2. Finally, the Fibonacci numbers (mod 2)
are 1,1,0,1,1,0, ..., giving our desired result.

5. Other applications

Proof of Theorem 6. We want to apply Theorem 1. Let p be an elliptic fixed point of F, not
(2n + 1)-resonant, and such that its first non-vanishing Birkhoff constant B,, is purely imaginary.
We already know that F' preserves the measure with density v(x, y) = 1/(xy), which is analytic
in a neighborhood of p. So, it only remains to check whether the hypothesis about the finiteness
of periodic points of F holds.

Observe that any N -periodic point of F is a periodic orbit of the second order recurrence

8(Xn, Xnt1, Xny2) = Xp2Xn Q(Xpy1) — P(xpy1) =0, (20)
where f = P/Q. Hence the N-periodic points are the solutions of

xn+2an(xn+l) - P(xn-i-l) =0,n=0,1,...,N =3,
X0xN—2Q(xn-1) — P(xy-1) =0,
x1xN-10(x0) — P(xp) =0.

Setting P(x) = Zf:o ajx/ and Q(x) = Z‘]I.:O bjx’, since A(f) = p — g > 2, the system (8)
associated to the above one is

apx! =0, fori=0,1,...,N —1,
and 0 is its unique solution. Then, by Proposition 11, we have that for each N there are finitely

many N -periodic points of F. Therefore all the hypotheses of Theorem 1 hold and, as a conse-
quence, F is not C¥"**-locally integrable at p, as we wanted to prove. 0O
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It is interesting to notice that when A(f) = p — g < 2 Proposition 11 never applies. Indeed,
in this case, using the notation introduced in (7),

q
8i,d(Xi+2mod N'» Xi-+1 mod N» Xi mod N) = bg Xi mod N * Xi+2mod N * X; 1.1 mod N>

so 0 is not an isolated zero of system (8). As we have already explained in the introduction, in
this subfamily there are several integrable cases.
When A(f)=p —q =2, then

q
8i.d(Xi+2 mod N's Xi+1mod N+ Xi mod N) = bg Xi mod N * Xi+2mod N * X; | mod N
p
T ApXit1mod N

and there are examples where Proposition 11 applies and other where it does not. The same
happens with Theorem 1, as the proof of Proposition 7 shows.

Proof of Proposition 7. First notice that when C =1 it is easy to check that the function V
given in the statement is in fact a first integral of the map. So we proceed with C # 1. In this
case we also want to apply Theorem 1 for proving local non-integrability. We already know that
F preserves the measure with density v(x, y) = 1/(xy). To continue our proof, we have to show
that F has an elliptic fixed point with suitable non-zero Birkhoff constant and moreover that for
an unbounded sequence of natural number {N}x, F has not continua of Ng-periodic points in a
neighborhood of this point. We start proving this second fact.
Each map (4) has the associated difference equation

8, Xn1, Xnt2) = Xn42%n — (A + Bxyy1 + Cxp ) =0,
with corresponding system (8):

X0 X — Cx12 =0,
X1 X3 — Cx% =0,
: ) @1
xy-3xny—-1 —Cxy_, =0,
XN_2 X0 — Cxlzv_1 =0,

XN—-1X1 —CXSZO.

Observe that 0 is always a solution of (21). Let us prove that since C # 1, there are no other solu-
tions. Assume that the system has some non-zero solution (yy, ..., yy—1) # 0. Straightforward
computations show that then y; £ 0 for all i =0, ..., N — 1. Moreover, from system (21) one
easily gets

C o yn-1)>= o ynv-1)> #0,

fact that is in contradiction with C # 1. Therefore, by Proposition 11, we have proved that when
C # 1, for each N € N the map has finitely many N-periodic points.

Finally, let us study the existence of elliptic fixed points and compute their corresponding
Birkhoff constants when C # 1.
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To facilitate the computations we introduce the change of variables u = ax, v = oy where
Aa? 4 Ba 4 (C — 1) =0. It conjugates F with the map

g 2
a+(l—a c)y-l—cy)’ ¢ £0, 22)

F(x,y) = (y,

X
where a = «?A, ¢ = C. Observe that if F has a simple fixed point then B2 — 4A(C —1) >0,
so « is actually a real number. With this change of variables any fixed point of our initial F is
brought to the fixed point p = (1, 1) of this new F, which is elliptic if and only if

—l<a—c<3. (23)

Introducing the parameter 7> = (3 —a + ¢)/(a + 1 — ¢), it is easy to see that r is a real
number and that the eigenvalues associated to p are A = (r> — 1 £2ri)/(r> 4+ 1). Straightforward
computations give:

A=1lifandonlyifa —c=—1.

A2 =1 with A # 1, or equivalently, » = 0 if and only if a — ¢ = 3.

A3 =1 with A # 1 if and only if 7> = 1, or equivalently, a — ¢ =2.

A* =1 with A% # 1 if and only if = 1, or equivalently, a — ¢ = 1.

2> =1 with A # 1 if and only if > = 1 & 24/5/5, or equivalently, a — ¢ = (3 F /5)/2.

Therefore, 1 or 2-resonances cannot appear in this new map.
After a change of variables bringing p at the origin, and computing the first Birkhoff constant,
see the equation (10), we get

5 i Qi@ o)1+
YT 6 (1-312)

where

Qi(a,c) =a*—3dc+3a>P —acd —4a* +54°c —2ac* + > + 447

+4ac—2c% —a+ec.

When A3 # 1 and Q(a, ¢) # 0, from Theorem 1, the map is not C®-locally integrable at the
elliptic point.

Now assume that Q;(a,c) = 0 and consider the second Birkhoff constant. When (A* —
1)()\5 — 1) #0, tedious calculations using the formula given in [9, App. A], lead to

5 U +r)8(r +1)%i Qa(a,c)
TGS —

)

where Q> (a, c¢) is a real polynomial of degree 11, that we omit for the sake of simplicity. In fact,
the above mentioned computations show that when Q1(a, c) # 0, then B, has real part different
from 0, and therefore by Proposition 12, the elliptic point is attractor or repeller and the map is
not C2-locally integrable at this point.
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If Qi(a,c) =0 and Qs(a, c) =0 we have to deal with a finite number of values of a and c.
All these values, when ¢ # 0, are:

(a,c) € {(4, D, 2-1), 3, 1), (0,1), (Sijﬁ’ :I:\/i_ 1)}

The first two cases are not under condition (23) and hence do not give rise to elliptic fixed points.
The third and fourth ones are inside the integrable case ¢ = 1. Finally, for the last two pairs, the
corresponding eigenvalues are

Lo Y3 V251045,
CV5-57 5-s

which satisfy A3 = 1. These cases correspond to 5-resonances and they are not covered by our
approach. 0O

Remark 23. From the proof of the above theorem we get a slightly stronger result. If A3 # 1 and
B; # 0, the map is not C®-locally integrable at the elliptic fixed point, still if A = 1 for k = 4
or 5.

Proof of Theorem 8. Its proof is similar to the one of Theorem 6 and we omit it for the sake
of shortness. In this case, the condition A(f) > 1 is the one that allows to apply Proposition 11
to ensure that, for each N € N, the map (5) has finitely many N-periodic points, and then apply
Theorem 1. O

The following remark shows a relation between the two families of maps (3) and (5).

Remark 24. Consider the diffeomorphism W : R? — (R1)2, W(x,y) = (¢, e”) with inverse
W~ 1(x, y) = (logx, log y). It holds that

(i) If F(x,y)=(y, f(y)/x) then U~ o Fo W(x, y) = (y, —x +log f(¢”)).

e/ (logy)
(i) If F(x,y) =, —x+ f(y)) then Wo Fo W (x,y) = (y, )

Therefore, Theorems 6 and 8 can also be applied to some non-rational maps of the forms (3)
or (5). More concretely, the maps such that, via the changes of variables W or W~!, can be
transformed into rational maps of the other family.

Proof of Corollary 9. (i) Consider the integrable MGM map Fp. By Lemma 13, when a €
(—2,00) \ {—1, 0,2} it has at least one elliptic fixed point, say pg, such that it is not 3-resonant
and with non-zero purely imaginary first Birkhoff constant B;. When 0 # |¢| is small enough,
by continuity with respect to ¢ and since F; is area preserving, the map F, also has an elliptic
fixed point, say p,, satisfying the same properties, that is, being not 3-resonant and with non-zero
purely imaginary first Birkhoff constant By (¢). Moreover, since

A<1 iyyz +8g(y)) =AGg() > 1,
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we are under the hypotheses of Theorem § for n = 1 and, therefore, F, is not C®-locally integrable
at p., as we wanted to prove.

(ii) Its proof follows exactly the same steps that the proof of item (i), changing Lemma 13 and
Theorem 8, by the corresponding results Lemma 15 and Theorem 6. O

Proof of Corollary 10. When ¢ = 0 the result follows from Theorem 5. When & # 0, the proof
follows the same scheme of the one of Corollary 9. The main difference is the way we show that,
for each N € N, H, has finitely many N -periodic orbits. Similarly as in the case ¢ = 0, we have
to study the number of solutions of

(xo +x2 —eg(x)? —x7 — 1 —eh(x)) =0,
(X1 +x3 —eg(x2))? — x5 — 1 —eh(x2) =0,

(xy—2+x0 — eg(xn—1))? —x%_; — 1 —eh(xy—1) =0,

(xn—1 +x1 —£g(x0))* — x5 — 1 — h(x0) =0.

Writing ¢ = P/Q and h = R/S with P(x) = Zfzo ajx/, Q(x) = 3:0 bjx/, R(x) =
Z;:o c jxj ,S(x) = Z;':o d jxf , the above set of rational equations can be transformed into a
polynomial one. Recall that A(g) = p —q and A(h) =r —s. Assume for instance that A(g) > 1
and 2A(g) > A(h); the other cases can be studied similarly. It holds that the system of equations
(7) associated to the above one is

dalx;" =0, for j=0.1,....N -1,
which trivially has the only solution x = 0. Hence by Proposition 11, the map H, has finitely
many N -periodic orbits, as we wanted to prove. O

Remark 25. When in Corollary 10 it holds that A(h) =2A(g) > 2, by using the same approach
we obtain that the same result holds when alsaf7 + crbg.
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