ON THE RELATION BETWEEN INDEX AND
MULTIPLICITY

*

Anna Cima™, Armengol Gasull®® and Joan Torregrosa(®

Abstract

This paper is mainly devoted to the study of the index of a map
at a zero, and the index of a polynomial map over R™. For semiquasi-
homogeneous maps we prove that the index at a zero coincides with
the index at this zero of its quasi-homogeneous part. For a class of
polynomial maps with finite zero set we provide a method which makes
easier the computation of its index over R™. Finally we relate the index
and the multiplicity.

1 Notation and statement of the results.

Let f: (R™",0) — (R",0) be a continuous map such that 0 is isolated in
f71(0). Then the index of f at zero, indo[f], is defined as follows: choose
a ball B, about 0 in R™ so small that f~1(0) N B. = {0} and let S. be its
boundary (n — 1)-sphere. Choose an orientation of each copy of R™. Then
the index of f at zero is the degree of the mapping (f/||f]|) : Se — S, the
unit sphere, where the spheres are oriented as (n — 1)-spheres in R™ . If f
is differentiable, this degree can be computed as the sum of the signs of the
Jacobian of f at all the f-preimages near 0 of a regular value of f near 0.

If f is a smooth (that is C*°) map, then consider the germ of f at 0,
fo, and the local ring of fp at 0, C§°(R"™)/(fo), where C5°(R"™) is the ring
of germs at 0 of smooth real-valued functions on R", and (fp) is the ideal
generated by the components of fy. The multiplicity of f at 0, uo[f], is
defined by po[f] = dimg[CG°(R™)/(fo)] and we say that f is a finite map
germ if po[f] < oco. It is known that pg[f] is the number of complex f-
preimages near 0 of a regular value of f near 0.
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Given a map ¢ : (R",0) — (R™,0), g = (91, ..., 9gn) with each g; homo-
geneous polynomial and such that 0 is isolated in g—1(0), it is well known

that uolg] = H d;, where d; is the degree of each g;.

On the other hand any smooth function f; : (R™,0) — (R,0) can be
written as f; = g; + G4, where g; is the first non zero jet of f;. Hence, any
smooth map f : (R™",0) — (R™,0) can be written as f = g+ G. It is
also known that puo[f] = uolg] if 0 is isolated in g=1(0). Sometimes the
above constructions provides a g such that 0 is not isolated in g~!(0), but a
suitable election of weights associated to any variable (see the definitions in
the sequel) makes possible a different decomposition f = ¢’ + G’ satisfying
tolf] = polg']-

We begin this paper by giving a similar property but concerning indices
instead of multiplicities. In order to enunciate the result, we need some
preliminary definitions.

We say that f is a quasi-homogeneous map with weight a = (aq,...,a,) €
N" and quasi-degree d = (dy, ... ,d,) € N" if

filAM A2y, . A xy,) = )\difi(xl, Ty ety Tn), (1)

for each ¢ = 1,2,...,n and all A > 0. When a; = 1 for i = 1,2,...,n
f is a homogeneous map. A function f; satisfying (1) is called a quasi-
homogeneous function with weight a = (ay, ..., ay,) and quasi-degree d;. No-
tice that any monomial z]'z5? - - - 2/ is a quasi-homogeneous function with
arbitrary weight a = (a1, ...,a,) and quasi-degree a7 + asry + -+ - + apry.
Fixed a we say that a smooth function has quasi-order m if all monomials
in its Taylor expression have quasi-degree greater than or equal to m.

We also recall the concept of semiquasi-homogeneous map (see [3] ). We
say that f is a semiquasi-homogeneous map with weight a and quasi-degree
d if f = g+ G with g a quasi-homogeneous map with weight a and quasi-
degree d such that 0 is isolated in g~!(0), and each component of G, G; has
quasi-order greater than d;.

Theorem 1.1 Let f = g+ G be a semiquasi-homogeneous map. Then 0 is
isolated in f~1(0) and
indo[f] = indp[g].

Here assume that f is a polynomial map such that it has all its zeros
isolated. Then its zero set is finite and we define ind; by

indf = ) indg[f].
{a:(a)=0}
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We will give a result similar to Theorem 1.1 which is useful to compute
indy.

Fixed a weight a = (aj,as,...,a,) we say that a polynomial map f =
(fi,-.., fn) has quasi-degree d = (dy,...,dy) if each f; has a monomial of
quasi-degree d; and all its other monomials have quasi-degree less than or
equal to d;.

Theorem 1.2 Let f = g+ G be a polynomial map. Assume that G is
a quasi-homogeneous map with weight a and quasi-degree d, which has 0
isolated in G=1(0) and that g has quasi-degree less than d. Then the zero set
of f is finite and

indy = indg[G].

Theorem 1.1 and 1.2 will be proved in Section 3. Section 2 contains the
statement of the general results that we need to prove our assertions.

Section 4 is devoted to give bounds for indy[f] for semiquasi-homogeneous
maps (see Theorem 4.1) and for indy for a kind of polynomial maps (see
Theorem 4.3). These bounds generalize some results of Khovanskii, see [6].

In the last part of the paper we study the relation between index and
multiplicity. In [5] the authors prove that

1

lindo[f]] < (koS (2)

They also give an algebraic method to compute the index of a finite map
germ. They prove that the index of f at zero can be computed as the
signature of a certain symmetric bilineal form defined on the local ring
C5°(R™)/(fo)-

It turns out that

indg[f] = po[f] (mod 2). (3)

The following question arises: fixed n and given a number u = po[f],
which values can the index of f at zero take 7

For the case n = 2, we get a full answer: the number indy[f] is not
subject to any other restrictions that (2) and (3), (see Theorem 5.1). As far
as we know, the above result was only known when p = k? for some k € N,
see [5, Proposition 2.4].

If n > 2, we get that the bound given in (2) is not the best possible; al-
though we present an example which shows that the order of the exponential
grow can not be improved, (see Proposition 5.2).
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Finally in the Appendix we study the function 7,(1,d) introduced in
Section 4.

The authors thank Francesc Maosas for his comments and suggestions.

The authors are partially supported by the DGICYT grant number
PB93-0860.

2 Preliminary results.

The next two propositions give the properties of index and multiplicity that
we need to prove our results.

Proposition 2.1 (See [3] and [4]) Let f: (R",0) — (R",0) be a finite
map germ. Then

(i) The multiplicity of f at zero does not depend on the election of coor-
dinates.

(ii) Let f = (f1,f2,.--,fn) and f; = fik"—l— higher order terms. Then

polf] = Ty ki and polf] = T1;—, ki if and only if the system fiki =
0, i = 1,...,n has only the trivial solution in C™ (here ff" s the
homogeneous part of f; of degree k; ).

(i1i) If for some i € {1,...,n}, fi can be described as f; = gi, - gi, and
9i(0) = 9i,(0) = 0, then po[f] = polg1]+polge] where gr = (f1,. ... gy
"7fn) andg2 = (fl""?giZ""?fn)'
(iv) Let g : (R™,0) — (R™,0) also be a finite map germ. Then pyf o g] =
tol fpolg)-
(v) If gi = fi+ X ;i As Sy, then polf] = polgl.

(vi) If for some i € {1,...,n}, f; can be described as f; = hg; with h(0) #
O} then ,LLO[f] = ,LLU[.g] where 9= (fla sy Giy - 7fn)

Proposition 2.2 (See [7]) Let f: (R",0) — (R"™,0) be a continuous map
such that 0 is isolated in f~(0). Then

(i) The index of f at zero, indy[f], does not depend on the election of
coordinates.

(ii) Assume that g is also a continuous map such that 0 is isolated in
g 1(0). Let B be a ball about 0 so small that f~1(0) N B = {0} and
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g H0)NB = {0}. If f and g are homotopic on the boundary of B, OB
(i.e., there is a continuous homotopy H(t,x) : [0,1]x B — R™ between
f and g, such that H(t,x) # 0 for all x € OB) then indp[f] = indy[g].

(iii) Let B be a neighbourhood of 0 € R™ such that f(x) # 0 at each x € B,
x # 0. Let f. be an uniparametric family, smooth respect to €, such
that fo = f. Then for ¢ small enough, the sum of the indices at the
zeros of f- equals the index of f at zero.

In order to compare the numbers puo[f] and indg[f] we give some results
of [5].

Theorem 2.3 ([5]) Let f: (R",0) — (R™,0) be a finite map germ. Let
I be an ideal of C§°(R™)/(fo) which is mazimal with respect to the property
I? =0. Then

lindo[f]| = polf] — 2 dimg 1.

Theorem 2.4 ([5]) Let f: (R",0) — (R",0) be a finite map germ. Then

(i) |indo[f]] < (uolf1)* 7,
(i) indo[f] = polf] (mod 2).

The following results are concerning quasi-homogeneous maps (see [3]).
Let f be a quasi-homogeneous map with weight a and quasi-degree d. Let
Py(t) be a polynomial of degree Y o  (ds — as) = d such that Ps(t) =
ch'lzo 5;t', where §; is the number of monomials of degree i which appear in
any basis of C5°(R™)/(fo). This polynomial is called the Poincar polynomial
associated to f.

The key result about quasi-homogeneous maps is the following.

Theorem 2.5 ([3]) Let f be a quasi-homogeneous map with weight a and
quasi-degree d. Then its Poincar polynomial can be computed as

ortds — 1
Ps(t) = Paa(t) =[] rISE
=1

S

Notice that from the above theorem it is automatic to know how many
monomials of each degree appear in any basis of C5°(R")/( fo)-

Corollary 2.6 ([3]) Let f be a semiquasi-homogeneous finite map germ
with weight a and quasi-degree d. Then
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(i) The multiplicity of f at zero can be computed as po[f] = > o0 =
(1) =11 &

(i) Any basis of the local ring of f at zero has exactly one monomial of
quasi-degree d = " (ds — as), and any monomial of quasi-degree
greater than d is zero in C3°(R™)/(fo).

(i4i) The Poincar polynomial of f is recurrent, that is, o; = 04_;, and so

( 1)d+1 1 E(d/2)

E(d/2) T2 Z 4z

polfl =

Finally we recall the Poincar definition of the index for n = 2 (see [1]).

Let C be a simple closed curve of R?, f thought as vector field defined on
a simply connected open region of R? which contains the curve C' and 7 be
some straight line in the (z,y)—plane. Suppose that there exists only finite
many points My (k=1,2,...,n) on C at which the vector f(M) is parallel
to r. Let M be a point describing the curve in counterclockwise sense, and
let p (resp. ¢) be the number of points of My at which the vector f(M)
passes through the direction of r in the counterclockwise (resp. clockwise)
sense. Points M}, at which the vector field f(M) assumes the direction of
r while moving, say, in the clockwise sense and then begins to move in the
opposite sense (or vice versa) are not counted. Then, the index of C, i(C),
is defined by i(C) = (p—q)/2. If we have a zero of f, M, we define the index
of fat M, indps[f] by indas[f] = i(C) where C' is a simple closed curve on
which there are no zeros of f and such that it surrounds only the point M.

3 Proof of the main results.

We just prove Theorem 1.1. The proof of Theorem 1.2 follows by using
similar arguments.

Proof of Theorem 1.1.  Let hi(z) be defined as hi(z) = g(z) + tG(z),
€ [0,1]. We claim that in a neighbourhood of 0, h(z) # 0 for all ¢. This
shows that

(i) 0 is isolated in f~1(0),

(ii) f and g are homotopic in the boundary of a ball small enough.
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From (i), (ii) and Proposition 2.2(i7) the Theorem follows.

In order to prove the claim, assume that h;(x) = 0 arbitrarily near to the
origin. Then there exist two sequences, {x,,} tending to zero and {t,,} with
tm € [0,1] such that hy,, (2,,) =0, that is, h;, (2m,) =0fori=1,2,...,n.

Since 0 is isolated in g~1(0), there exists a subsequence of {z,,} (let us
also call it {z,,}) and a subindex i € {1,2,...,n} such that g;(z,,) # 0.
Without loss of generality we can assume that ¢ = 1. By dividing the
equation hy, (Zm,) =0 by g1(xm,) we obtain

Gi(z
g1 (xm)
n 2aq---an
Now given a point = such that >z, “ = r281an e consider the point
=1
¢ n 2aq--an
u with u; = 2L, so that,u € S = S" ' with S ={u e R": Y} u;, “ =1}
i=1
Given the sequence {z,,} = {(x1,,,...,%n,,)} we consider the corre-

sponding sequence {u,,} = {(u1,,,...,un,,)} contained in S.
Then it exists a convergent subsequence of {u,,} (let us also call it
{un}) with limit u*. We claim that g;(v*) = 0. If not, since |t,,| < 1

and w — 0 as r — 0, the expression

has limit 1, and we get a contradiction.

We consider g. Then either, there exist mg such that g(z,,) = 0 for
m > mg or there exists a subsequence of {x,,} with ga(z,,) # 0 for all m.
In the first case we have that go(u*) = 0. In second one we apply the above
process and we also have that go(u*) = 0.

Doing the same with the other components of g we can assert that there
exists a point u* with g(u*) = 0. Since g is a quasi-homogeneous function,
we see that, for all 4, g;(t%u*) = g;(tMu?, ..., t%u}) = t%g;(u*) = 0, that is,
g = 0 on the curve t®u* and 0 is not isolated in g~1(0). [

It is easy to give examples that show that Theorem 1.1 can not be
extended to the case that g is non quasi-homogeneous. Consider a = (1,1),
g = (y%,y — z*) that has index 0 at 0. On the other hand g + (—z3y,0) or
g+ (—2°,0) have index —1 at the origin.

Remark 3.1 Notice that the equivalent enunciate to Theorem 1.1, substi-
tuting index by multiplicity, can be proved by reducing the problem to the
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homogeneous case. It suffices to compose the map with (z1,...,2,) —
(x{*,...,2%) and apply Proposition 2.1(iv).

This approach does not work when we are interested on the index, be-
cause there is no any result similar to Proposition 2.1(iv) but concerning
indices instead of multiplicities.

To end this section we give an example in which the choice of a suitable
weight is useful to study the index of a point. Let f(z,y) be defined by

fla,y) = (¥ — 2 + 222y, y* + 2%y? — 2% + 42®y?).

Then f = g+ G where g(z,y) = (y* — 23,y* + 23¢y? — 2%) and G(z,y) =
(22%y, 423y3). Here g is a quasi-homogeneous map with weight a = (2,3)
and quasi-degree d = (6, 12) such that 0 is isolated in g=1(0). The map G has
quasi-degree d’ = (7,15) greater than d. So by Proposition 2.1 ug[f] = polg]
and by Theorem 1.1 indo[f] = indp]g].

By Corollary 2.6(:) we have that

On the other hand since Y ds— > as =13# 0 (mod 2), Theorem 4.1 (see
next section) implies that indg[g] = 0. Notice that taking weight a = (1,1),
g would be g(z,y) = (y?,y*) and 0 is not isolated in g~1(0).

4 Bounds for the indices.

Given n € N and a,d in N” we define

1— (_1)d+1

m(a,d) = ——-"—0g(y2),

where E denotes the integer part function, d = """ ,(d; — a;) and oy are
the coefficients of the following polynomial associated to a,d: paa(t) =

1T, i:j = 2?21 o;t'. Tt is proved in [3] that the above polynomial coin-
cides with the Poincar polynomial (see Theorem 2.5). In the Appendix we
give a expression of m,(1,d) for n = 2 and n = 3, and some properties of
the above function. Here we notice that if >, d; # > 1 ;a; (mod 2), then

mn(a,d) = 0. We prove the next result.

Theorem 4.1 Let f be a semiquasi-homogeneous map with weight a and
quasi-degree d. Then
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(i) [indo[f]| < mn(a,d).
(i) indg[f] = ]"~,; & (mod 2).

s=1 ag
Proof.  Since f is semiquasi-homogeneous we are in the hypothesis of
Corollary 2.6. Let J be the ideal of C3°(R™)/(fo) which is spanned by the
monomials of quasi-degree greater than 3d = 33" (ds — a,). Then, from
the definition of the Poincar polynomial associated to f, P¢(t) = Z?:o oit?,

it is clear that
E(d/2)

dim J > po[f] — Z ;.
=0

By Corollary 2.6(ii) we know that J? = 0, and by applying Theorem 2.3
and the above inequality we get

E(d/2)

lindo[f]] < polf] —2dimJ <2 Y~ oy — po[f].
i=0

By Corollary 2.6(zii) we obtain that

1—(—1)4+t

findolf]] <

OF(d/2) = 7Tn(a, d)
Part (i7) of the Theorem follows directly from (3) and Corollary 2.6. ®

The inequality (i) of Theorem 4.1 when a = 1 (i.e,, a; = 1 for all
i=1,...,n) and f is homogeneous was proved by Arnold in [2] and called
by him the Petrovskii-Oleinik inequality. Also for the same cases, Khovanskii
in [6] gives a more general proof and examples of f with multiplicity po|f]
and index indo[f] satisfying (7) and (4i) of Theorem 4.1.

Given n € N and d € N”, let d be defined as d = )" | (d; — 1). If d is
an odd number then we define

i (t%=1) _ 5~ i The next result i d by Khovanskii
W = i=0 o;l". € next result 1S prove y ovanskKil.

where
Theorem 4.2 ([6]) Let f = (f1, f2,--., fn) be a polynomial map from R™
to R™ with degree of f; equals d;, such that it has all its zeros isolated. Then
the following hold
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(i) If all the zeros of f are finite and simple, then

lindf| < m,(1,d).

(ii) Let d be defined by d =7 {(d; —1).
Ifd=0 (mod 2), then |inds| < m,(1,d).
Ifd#0 (mod 2), then |inds| < O, (d).

Now we give a generalization of Theorem 4.2(7), by considering quasi-
homogeneous maps.

Theorem 4.3 Let f be a polynomial map such that f = g+ G where G is
a quasi-homogeneous map with weight a and quasi-degree d such that 0 is
isolated in G=(0) and g has quasi-degree less than d. Then

(1) |ind¢| < m,(a, d),
(i) indy = [, & (mod 2).

i=1 a0
Proof. By using Theorem 1.2 we have that indy = indg[G]. Applying
Theorem 4.1 to G the result follows. [ |

In some cases the bound given in Theorem 4.2(ii) can be improved by
applying Theorem 4.3. Consider the map f = (x—x3,y+23). By using The-
orem 4.2 we get that |ind¢| < O2(3,4) = 3. On the other hand if we consider
the weight a = (1,4), Theorem 4.3 implies that |ind ;| < m2((1,4),(3,4)) = 1.
In fact it is easy to comprove that indy = —1.

5 On the relation between index and multiplicity.

Theorem 5.1 For each p € N and i € Z satisfying |i| < /i and i = p
(mod 2), it exists a map germ f : (R2,0) — (R%,0) such that uolf] = p
and indg[f] = 1.

Proof. There is only need to see that for all £ and m satisfying
k> m? k=m (mod 2) there exists a vector field f with ug[f] = k and
indg[f] = m.

Let P(z,y) and Q(z,y) be homogeneous polynomials of degree m — 1 of
the form

P(.Z',y) = (y_plx) Teees (y_pm—lx)a
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Qz,y) =y —qz) ... (¥ = gm-12).
with 0 < p1 < q1 <p2 < g2 <...<@m-1, and let f be defined as

f = (@P(z,y),2Q(xz,y) +ey" ™" V),

By using the properties described in Proposition 2.1, we have
polf] = pol(z, 2Q(z, y)+ey" ™" V)|t o[ (P(x, ), 2Q(, y)+ey* ™" =D)] =
po[(z, eyt~ ST puo[(y — piw, 2Q(, y) + eyt M) =
E—m(m—1)+m(m—1)=k.

In order to see that indg[f] = m, we shall use the Poincar definition of
the index (see Section 2). Let C' = {z? + y? = 6%} with ¢ small enough so
that it surrounds only the point 0. We choose the vertical direction as r and

we obtain the intersection points of C'and x = 0,y = p;z fori =1,...,m—1.
Then

fla=o = (0,ey*~m(m=1)) and

fly=piz = (0,2™(pi —q1) - - .- (Di — Gm—1) + E(xpi)k—m(m—l))‘

Let € be taken as

We claim that the sign of 2™ (p;i—q1)-. . .- (pi— qm—1)+€(z p;)F~™(Mm=1) equals

the sign of 2™ (p;—q1)-- . .-(Pi—@m—1)- Since k > m? we first consider k > m?.
Then the exponent k —m(m — 1) is greater than m. Since 22 + y? = §2 it is
clear that taking J small enough the sign of 2™ (p; —q1) ...  (pi — @m—1) will
be the same as the sign of 2™ (p; — q1) - ... (D; — qm_1) + e(z p;)*~mm=1),
If k = m?, we have that k — m(m — 1) = m and from the definition of ¢ we
see that [ep]"| < |]_[;n:711(pZ —¢q;)| for each i = 1,...,m — 1. The claim is
proved.

From the election of py,..., p, and q1,..., ¢, the second component of
f evaluated at (x,p;xz) will change alternatively its sign, being positive in
(0,0). By studying the behaviour of f near these points we can see that
indo {f] =m. u

Proposition 5.2

(i) Let f: (R",0) — (R"™,0) be a finite map germ with po[f] = 2". Then
lindo[£]] < polf]*~# for each n > 2.
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(11) Taken andm positive integer numbers such that n(m—1) =0 (mod 2).
Given p = m™ there exists a finite germ map such that polf] = p and
in(frlg[ {] = Z?:_ol pip/™ where p; are non negative rational numbers,
Sl i =1 and oy £0.

Proof. (i) Let f = (f1, f2,--., fn) and assume that the Taylor expres-
sion of f; begins with terms of order k;. Let fz-k" be the homogeneous part
of degree k; of f;. If pg[f] = 2™ then either, k; > 2 for all ¢ € {1,2,...,n}
or there exists some i € {1,2,...,n} with k; = 1.

First assume that k; > 2 for all ¢+ = 1,2,...,n. If there exists some
i€{l,2,...,n} with k; > 2, then from Proposition 2.1(ii), po[f] > 2". So,
k; = 2 for all i = 1,2,...,n. Applying Proposition 2.1(ii) again we know
that system ff =0,4i=1,2,...,n has only the trivial solution. Therefore
we can apply Theorem 1.1 and assert that indg[f] = indo[f?] where f? =
(f2,f2,..., f%). From Theorem 4.1 we have that |indo[f]| < m,(a,d), with
a=(1,1,...,1)and d = (2,2,...,2). By using the definition of m,(a,d) we

have that
n! .
if n is even,

m(a,d) = ']2,

I3
~

and
m(a,d) =0 if n is odd.

If n is odd then clearly indo[f] = 0 and the result follows. If n is even, n > 2,

then
n!

Ol

and the result follows again. Furthermore notice that the number /22

n(n—2)
n—1

1

2n—1 = IUO[f]l_na

_ 1 1

satisfies W <2 = (2”)1 1 = ,ul P
Now assume that there exist some ¢ with f; = fi1 + ff +---and fi1 £ 0.
We can suppose that ¢ = 1 and that fll = a11T1 + a19x2 + - + aypx”

with a;; # 0. Then, near to the origin, the equation fi(z1,...,2,) = 0

can be written as 1 = z1(x2,...,x,). So, we can consider the change of
coordinates (z1(zo,...,2y),T2,...,T,). With that change the map can be
written as F' = (z1, Fa, ..., F,). From the invariance properties of the index

and multiplicity, (Propositions 2.1 and 2.2 ) we get indo[f] = indp[F] and
tolf] = po[F]. On the other hand it is easy to prove (by taking preimages,
for instance) that indg[F] = indo[G] and po[F] = po[G] where G : R* ™1 —
R"~! is defined by

G = (F2lay=0s -+ s Fulz=0)-
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Since we have reduced the dimension of the space, from Theorem 2.4 we
obtain )
lindo[G]| < oG] 7T

Therefore, |indy[f]| < uo[f]l_ﬁ, and (i) is proved.
(74) Consider the vector field

d—1 -
fi = H 5 z; —k ij+1 ,i=1,2,....n,
0<k<dy J=1

where d = n(d; — 1). This vector field was given by Khovanskii [6] in order
to see that the bound m,(1,d) for the sum of the indices always is attained.
That means that |indy| = 7,(1,d) where d = (di,ds, ..., d1).

Now consider the homogeneous part of maximal degree of f; :

d—1 =
GZ‘: H 9 xi—k;xj )

0<k<dy

and let g be determined by f = g + G. It is easy to see that the system
G; =0 for ¢ = 1,2,...,n has the only solution z = 0 and so 0 is isolated
in G71(0). From Theorem 1.2 we deduce that |inds| = |indg[G]| = m,(1,d).
Now from the Appendix we know that m,(1,d) is a polynomial in d; of
degree n — 1, ie., m,(1,d) = Z?:_ol pid} with Z?:_ol p; = 1. Furthermore,
from Proposition 2.1(i7) we know that p = ug|G|] = df. Consequently

n—1
lindo[G]| = pipd/™,
=0

and the result follows. [ ]

For values of pg[f] less than 2" we can improve the bound given in (2)
in a natural way

Proposition 5.3 Let f : (R",0) — (R™,0) be a finite map germ with
polf] = p < 2™. Then the following inequalities hold
1 if 1<p<4
pl=z if 4<pu<8

[un

|indo[f]| <

.1*L : n—1 n
poonetoaf 20T << 2M
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Proof. Let f = (f1,...,fn) and write f; = f + fFtt 4 ... where fFi
is the homogeneous part of f; of degree k;.

The case pg[f] = 2™ has been studied in the proof of Proposition 5.2(7).
Assume here that po[f] < 2". Then there exists some i with f; = f} +
fi2 + .-+ and fi1 # 0. By applying the same argument as in the proof of
Proposition 5.2, we see that f} # 0 implies that |indo[f]| < po [f]l_n%l. By
iterating that process (if it necessary), we obtain the desired result. [ |

From Proposition 5.2 we know that the bound po[ f]l_% not always is
attained. To end this section we give an example in R? such that 0 has
multiplicity p and 2the absolute value of the index of f at 0 is the greater
integer less than u3.

Consider the map f : (R?,0) — (R3,0) given by fi(x,y,2) = (2z(z —
2y — 22),2y(y — 2x — 22), —2(2 — 22 — 2y) (2 + 4z + 4y) + tz(y + 2)).

First we prove that po[fi] = 10 for any ¢ # 0 small enough. Notice
that fo has po[fo] = 12 and by using the formula of [5] it is not so hard to
show that indg[fp] = 4. Consider the map f; : the system f; = 0 has three
solutions for t # 0, p; = (—%,0, —g—;), P2 = (14371,5’ 1%, —12—;5) and the origin.
From the definition and properties of multiplicity we obtain that, for ¢ # 0,
tolfe] =10, pp, [fe] = 1 and pp, [fe] = 1.

On the other hand, since the determinant of f; is kt* with k > 0 at p;
and k£ < 0 at pg, we know that ind,, [f] = 1 and ind,,[f;] = —1. So, from
Proposition 2.2(iii) we have

indp[f;] = indo[fo] = 4,

for t # 0 small enough.

A Appendix. The Function m,(1,d).

The goal of this Appendix is to give some properties of the function 7, (a, d)
defined in Section 4 when a = (1,...,1) = 1. Given n € N, d € N" and
k € Z, we define the function R(n,d, k) by the cardinal of {(z1,z2,...,zn)
€eZ":0<uz <d,> " x; =k} From this definition since m,(1,d) =
[ d+t+-+ t%=1) it is easy to comprove that

mn(1,d) = R(n,d, 1(2 di —n)).
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By using the above expression it is not difficult to study some properties
of m,(1,d) by induction because of the equality

R(n,d, k) Z R(n—1,(ds,....dy), 7).

Before state our result we introduce the following notation: Let S be
any subset of {1,2,...,n}. Define dg = >, gd;, and dy = 0. We call

D = Usepi,...n}) ds-

Proposition A.1

(i) Given d € N, R(n,d, k) is a continuous pice-wise polynomial of de-
gree n—1 in the variables k, dy, . . ., d, with all its non smooth points at
D. Furthermore its expression on each interval of [0,dy + -+ -+ dy] \ D
depends on the ordering of the points of D.

(ii) When $(3°1, d; — n) is a natural number the function m,(1,d) is a
polynomial of degree n — 1 in the variables dy,...,d,. Furthermore its
expression depends on the ordering of the points of D.

As an illustration of Proposition A.1 (i7) and assuming that d; < da <
- < d,, we have that m(1,d) = d;, and

ra(Ld) = dyds whendy + do < d3
DU 14 2(dads + dids + dods) — df — df — df) whendy + dy > ds.

When d; = d for alli =1,...,n, D = {0,d,2d,...,nd} and then only
one ordering is possible. In this case the expression of m,(1,d), for low
values of n, is
—d,

(14 3d?) whendis odd

when dis even ’

|
W= A
O i

ISH
[\')
SH
w
—

(d+
(27 + 50d? + 115d*) whendis odd

when dis even ’

O
@\

(4d + 5d% + 11d°),
(1125 + 1813d? + 2695d* + 5887d6) when dis odd
when d is even

/—/HS‘H/—/H

9y

~— ~— ~— ~— ~— ~— ~—
Il
OH

o.o.o.“o.o.o.

‘ —

(45d + 49d® + 70d° + 151d").

w
—
ot
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