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Abstract

In this article we extract and study the zero entropy subfamilies of a certain family
of birational maps of the plane. We find these zero entropy mappings and give the

invariant fibrations associated to them.
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1 Introduction

A mapping f = (f1, f2) : C2 — C? is said to be rational if each coordinate function is

rational, that is, f; is a quotient of polynomials for ¢ = 1,2. These maps can be naturally

extended to the projective plane PC? by considering the embedding (z1,22) € C — [1: 27 :

x9] € PC2?. The induced mapping F : PC?> — PC? has three components Filzo : x1 : x2]

which are homogeneous polynomials of the same degree. If Fj, F5, F3 have no common

factors and have degree d, we say that f or F has degree d. Similarly we can define the

degree of F* = F o---0o F for each n € N.

We are interested in birational maps. It is said that a rational mapping f : C? — C? is

birational if it exists an algebraic curve and another rational map g such that fog = gof = id

in C2\ V.

The study of the dynamics generated by birational mappings in the plane has been

growing in recent years, see for instance [2, 3, 6, 8, 13, 15, 16, 17, 18, 19, 20, 21].
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It can be seen that if f(x1,x2) is a birational map, then the sequence of the degrees of F™
satisfies a homogeneous linear recurrence with constant coefficients (see [12] for instance).
This is governed by the characteristic polynomial X'(z) of a certain matrix associated to F.

The other information we get from X (z) is the dynamical degree, 6(F), which is defined as
5(F) = lim (deg(F™))n. (1)
n—oo

The logarithm of this quantity has been called the algebraic entropy of F. It is known
that the algebraic entropy is an upper bound of the topological entropy, which in turn is
a dynamic measure of the complexity of the mapping. For instance, periodic or integrable
birational mappings have zero algebraic entropy.

Birational mappings with zero algebraic entropy have been characterized, see [12] and
[4]. From its results we know the existence of some fibrations associated to the mapping,
which give almost a complete dynamical information of the mapping.

In this paper we consider the family of fractional maps f : C2 — C? :

Bo + frz + Py

L >,a1¢o,ﬁl¢o,vﬁ0- (2)

f(x7 y) = <Oé() + a1x + agy,

This family is part of a more general family studied in [10] and [11], which in turn is a
generalization of the birational mappings studied by Bedford and Kim in [2]. The goal
of this paper is to extract, under affine equivalence, all mappings of type (2) having zero
algebraic entropy and give the corresponding invariant fibrations associated to them.

The methodology involves the implementation of the blowing-up technique and the
extension of the mappings at the Picard group (see Section 2).

In general, given a parametric family of mappings, to decide for which values of the
parameters the mappings are periodic, is not an easy problem (see [9], [5], for instance).
When the mapping is a plane birational mapping it is possible to face that problem (see
[2]) and it is fascinating to see how these cases arise, and not only the periodic ones, also
all the zero entropy cases.

The paper is organized as follows. In Section 2 we give some preliminary results and
we explain how we proceed to find the invariant fibrations associated to zero entropy maps.
Section 3 deals with the subfamily as # 0. The main result is Theorem 11. Similarly in

Section 4 we consider the subfamily as = 0 getting Theorem 13.

2 Preliminary results

Rational mappings F : PC? — PC? have an indeterminacy set Z(F) of points where F is
ill-defined as a continuous map. This set is given by:

I(F):{[:ZTQI:L’1 Z.’L’Q] EPC22F1[$012E1 ::EQ} :O7 FQ[$QI{L’1 I:L'Q]:O,Fg[ibolxllxz} :O]}



If F is birational then we can also consider the indeterminacy points of its inverse F~1.
On the other hand, if we consider one irreducible component V' of the determinant of the
Jacobian of F, it is known (see Proposition 3.3 in [13]) that F'(V') reduces to a point which
belongs to Z(F~1). The set of these curves which are sent to a single point is called the
exceptional locus of F and it is denoted by E(F).

It is known that the dynamical degree depends on the orbits of the indeterminacy points
of the inverse of F' under the action of F, see [12, 14]. Indeed, the key point is whether the
iterates of such points coincide with any of the indeterminacy points of F. When it happens,
this orbit is finite.

Sometimes some orbit collision appears. The expression orbit collision refers to the
following: Let S € £(F) which collapses at the point A € Z(F~1) (we will write S — A to
describe this behaviour). Following the orbit of A, assume that it ends at a point O € Z(F).
It can happen that

S»A=sx—=-s0—=>--—=0,0€8c&(F).

Then, being f birational, (see [12]) it exists A € Z(F~!) with § — A. When it happens
it is said that the orbits of A and A collides. This is exactly the behaviour that we get in

family (1) and what makes the family so interesting.

2.1 Blow-up’s and the Picard group

Given a point p € C2, let (X, 7), be the blowing-up of C? at the point p. Then,translating
p at the origin,
ntp=mn1(0,0) = {((0,0),[u: v])} := E, ~ PC'

and if ¢ = (x,y) # (0,0), then

g =" (z,y) = ((2,y), [z y]) € X.
Given the point ((0,0),[u:v]) € E, (resp. ((z,y),[r:y])) we are going to represent it
by [u : v]g, (resp. by (z,y) € C* or by [1 : = : y] € PC? if it is convenient). After
every blow up we get a new expanded space X and the induced map F:X = X. And
then F induces a morphism of groups, F* : Pic(X) — Pic(X) just by taking classes of
preimages, where Pic(X) is the Picard group of X (see [1, 2]). It is proved that after a
finite number of blowing-up’s we get a map F which satisfies (F ”)* = (F *)n Maps F'
satisfying this equality are called Algebraically Stable Maps (AS for short), (see [12]). The
characteristic polynomial of the matrix of F* is the one associated to the sequence of degrees

d, := degree F™.



2.2 Lists of orbits.

We derive our results by using Theorem 1 below, established and proved in [1, 2]. The proof
of that is based in the same tools explained in the above paragraph. In order to determine
the matrix of the extended map in the Picard group, it is necessary to distinguish between
different behaviors of the iterates of the map on the indeterminacy points of its inverse.
The theorem is written for a general family G of quadratic maps of the form G = Lo J.
As we will see the maps of family (18), when the triangle is non-degenerate, are linearly
conjugated to such a maps. Here L is an invertible linear map and J is the involution in

PC?2 as follows:

Jlxo : x1: x2] = [T1272  TOT2 * TOTL].

We find that the involution J has an indeterminacy locus Z = {ep,€1,€2} and a set of
exceptional curves & = {¥g, X1, X2}, where 3; = {z; =0} for i = 0,1,2, and ¢, = X; (| X4,
with {i,,k} = {0,1,2} and i # j # k, i # k. Let Z(G~!) := {ag,a1,az}, the elements of
this set are determined by a; := G(X; — Z(J)) = Le¢; for i = 0,1, 2; see [1].

To follow the orbits of the points of Z(G~!) we need to understand the following defini-
tions and construction of lists of orbits in order to apply the result of Theorem 1.

We assemble the orbit of a point p € PC? under the map G as follows. For a point
p € £(G)UZ(G) we say that the orbit O(p) = {p}. Now consider that there exits a p € PC?
such that its n'"— iterate belongs to £(G) U Z(G) for some n, whereas all the other n — 1
iterates of p under G are never in £(G) UZ(G). This is to say that for some n the orbit
of p reaches an exceptional curve of G or an indeterminacy point of G. We thus define the
orbit of p as O(p) = {p, G(p), ..., G™(p)} and we call it a singular orbit. If for some p € PC?
in turns out that p and all of its iterates under G are never in £(G) UZ(QG) for all n, we
set as O(p) = {p,G(p), G%(p)...} and O(p) is non singular orbit. We now make another
characterization of these orbits. Consider that a singular orbit reaches an indeterminacy
point of G, this is to say that G™(p) € Z(G) but its not in £(G). We call such orbits as
singular elementary orbits and we refer them as SE-orbits. To apply Theorem 1 we need
to organize our SE orbits into lists in the following way.

Two orbits O1 = {a1,...,€;, } and Oz = {ag, ...,€j, } are in the same list if either j; = 2
or jo = 1, that is, if the ending index of one orbit is the same as the beginning index of the
other. We say that a list of orbits

L= {Oz = {aia '-'7€T(i)}a ce Oj = {a’j? ""ET(j)}}



is closed if 7(j) = 4. Otherwise it is an open list. For instance,

£1 = {01 = {al, ...,61}},
Lo ={0y = {ag,...,e2},02 = {ag,...,e0}},
[:3 = {OO = {ao, ...,61},01 = {al, ...,62}702 = {ag, ...,60}},

are closed lists.

We now define two polynomials 7, and Sy which we will use to state Theorem 1. Let
n; denote the sum of the number of elements of an orbit O; and let Nz = ny + ... + nyqy
denote the sum of the numbers of elements of each list |£|. If £ is closed then 7, = aNe —1

and if £ is open then Tz = 2V2. Now we define Sy for different lists as follows:

1 if |[£] = {n1},
™ 42" 42 if £ is closed and |£| = {n1, na},
™ 42" 41 if £ is open and |L| = {n1,na},

Se(r) =
E Ne=ni 4 a™] +3 if £ is closed and |£| = {n1, n2,n3},

Ne=ni 4 S g 4] if £ is open and |L| = {n1,na,n3}.
1#£2

3
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Theorem 1. ([2]) If G = Lo J, then the dynamical degree 6(G) is the largest real zero of
the polynomial

X(z)=(r—2) H Te(z) + (x—1) Z Sr(x HTE’

LELUL LELUL LIAL
Here L runs over all the orbit lists.

This theorem enables us to calculate the characteristic polynomial associated to d,. To
this end we have to perform the lists of the orbits of the points in Z(F~1!), but for this we
have to do the necessary blow-up’s to get an AS mapping.

In order to get AS maps we will use the following useful result showed by Fornaess and
Sibony in [14] (see also Theorem 1.14) of [12]:

The map F is AS if and only if for every exceptional curve C and all n > 0, F"(C) ¢ Z(F).
3)

2.3 Zero entropy

The following result is quiet useful in our work. It is a direct consequence of Theorem 0.2
of [12]. Given a birational map F of PC?, let F be its regularized map so that the induced
map F* : Pic(X) — Pic(X) satisfies (F™)* = (F*)™. Then



Theorem 2. (See [12]) Let F : PC? — PC? be a birational map, F be its reqularized map
and let d,, = deg(F™). Then up to bimeromorphic conjugacy, exactly one of the following
holds:

e The sequence d,, grows quadratically, Fisan automorphism and f preserves an elliptic
fibration.

o The sequence d,, grows linearly and f preserves a rational fibration. In this case F

cannot be conjugated to an automorphism.

o The sequence dy, is bounded, F is an automorphism and f preserves two generically

transverse rational fibrations.

o The sequence d,, grows exponentially.

In the first three cases §(F') = 1 while in the last one §(F) > 1. Furthermore in the first

and second, the invariant fibrations are unique.

We recall that f : C?> — C preserves a fibration V : C2 — C if f sends level curves of V
to level curves of V. If f sends each level curve of V to itself, it is said that f is integrable
and that V is a first integral of f.

When the sequence d,, is bounded it can happen that it is periodic or not. For mappings

which are not periodic, we have the following result (Theorem A of [4]):

Theorem 3. (See [{]) Let F : PC? — PC? be a non-periodic birational map such that the
corresponding sequence of degrees is bounded. Then F is conjugate to an automorphism of

PC?, which restricts to one of the following automorphisms on some open subset isomorphic
to C?:

(1) (z,y) — (ax,By), where a, € C*, and where the kernel of the group homomorphism
72 — C* given by (i,j) — a B? is generated by (k,0) for some k € Z.

(2) (z,y) — (cx,y+ 1), where o € C*.

2.4 Invariant fibrations

From Theorem 2 we know the existence of rational invariant fibrations depending on the
P(z,y)
Q(z,y)
without common factors. If V is an invariant fibration, then f sends V =k to V = k'

growth of d,,. To find them, we consider V' (z,y) = for some polynomials P(x,y), Q(z,y)

In this work we consider that the relation between k, k' is of type ¥ (k) = % for some

w1, w2, ws,wq € C. In particular we will have the following cases:

(a) V(f) =V, the integrable case.



(b) V(f) = w1V, the scaled fibration case.
(¢) V(f) =w1V + wa, the scaled translated fibration case.

Note that in case (a) in general the functions P and @ are invariant under f as they satisfy
the equation P-Q(f) = Q-P(f) (unless that the denominators of P(f) or Q(f) are simplified
with @ or P respectively). Similarly for case (b) it follows. In case (c¢) only @ is invariant
as it satisfies the relation Q - P(f) = (w1 P+ w2 Q) - Q(f).

Hence we always begin finding invariant algebraic curves. To find them, we introduce
the following definition. Given a birational map and given a curve C C PC? we define
F(C) := F(C\ Z(F) to be the proper transform of C' by F. When C N Z(F) = ), we have
that deg F(C) = d- deg(C) where d is the degree of F. In general,

deg F(C) = d-deg(C)— Y mo(C), (4)
OEL(F)
where mo(C) is the algebraic multiplicity of C' at O (see (1), pg. 416, [?]).

The approach is the following. Take an arbitrary curve C' and impose that deg F/(C) =
deg C, that is, (d — 1)deg (C) = > pez(p) mo(C). For instance if d = 2 and we consider
C of degree 3, then a necessary condition for C' to be invariant under f is that C passes
through three indeterminacy points of F' of multiplicity one or through one indeterminacy
point with multiplicity two and another of multiplicity one or through one indeterminacy
point with multiplicity three. In the first case, for instance, if Oy, 02,03 € Z(F'), then there
exist Ty, Ty, T3 € £(F) such that F~! : T; — O;. Also, if C = {P = 0} for some polynomial
P, then F(C) C {Po F~! =0} and we have that Po F~! = Ty - Ty - T3 - P for a certain
polynomial P, with F(C) = {P = 0}. Then imposing that P — k- P = 0 we will find, if we
get a solution, an invariant curve of degree three.

As we will see our particular mappings, sometimes depend on a number « which is a

zero of certain polynomial P. Then all the calculations have to be made in %[m,y],

[o]

which in fact make them more complicated (&T)) is the quotient ring C[a] over the ideal

generated by the polynomial P(«)).

3 The subfamily as # 0.

Taking into account that i, 81 and 72 are not zero, it can be proved that when as # 0,

after an affine change of coordinates f(x,y) can be written as

f(%y)=<040+04196+y, > , ar #0. (5)

Yo+ Y



We consider the imbedding (z,y) — [1 : = : y] € PC? into projective space and consider
the induced map F : PC? — PC? given by:

Flzg : 21 : xo] = [xo(yomo + x2) : (o0 + a1y + 22) (Yoxo + 22) & Tox1]. (6)
The indeterminacy locus of F' is Z(F') = {Op, O1, 02} , where
Op=[1:0:—7y], O1=[0:1:—a1], O3=[0:1:0],
and the indeterminacy locus of F~1 is Z(F~!) = {Ap, A1, A2}, where
Ap=10:1:0], A1 =[0:0:1], Ay=][-aq:—ai(ag—"0):1].
The set of exceptional curves is given as E(F) = {Sy, S1, S2} , where
So ={z0 =0}, Si={yzo+z2=0}, S2={yz0+x2+ar1z; =0},
and the set of exceptional curves of F~! is given as £(F~1) = {Ty, T1, Tz}, where
To = {(ao —y0)xo — 21 =0}, T ={zo— arxa}, To={x9=0}.
Theorem 4. Let Flxg : x1 : x2] be defined by
Flzo : @1 : xo]) = [wo(Yomo + x2) : (a0 + @121 + 22) (Y00 + 22) : ox1]
and let F be the induced map after blowing up the point Ay. Then the following hold:

o IfF?K(Ay) # Oy forallk € N and FP(Ay) = Oy for some p € N then the characteristic

polynomial associated with F is given by
X, = P (2% —x — 1) + 2%
and

— for p =0, p=1 the sequence of degrees d,, is bounded,
— for p =2 the sequence of degrees d,, grows linearly,

— for p > 2 the sequence of degrees d,, grows exponentially.

o Assume that F2k(A1) = O, for some k € N. Let I be the induced map after we
blow-up the points Ao,Al,F(Al), . ,F%(Al) = 0. If FIP(A2) # Og for all p € N,

then the characteristic polynomial associated with F is given by

Xy =2 a? —x 1) + 1,

and the sequence of degrees grows exponentially. Furthermore 6(F) — 6* as k — oo.



o If F?*(Ay) = Oy and FP(As) = Oy for some p,k € N then the characteristic polyno-

mial associated with F' is given by
Xipop) = g1 (g2h 48 _ g2k a2kl | 9y g2k 02 gy

and

— forp> w the sequence of degrees dy, grows exponentially.

— for (k, p) € {(2, 3), (1, 4)} the sequence of degrees dy, either, it is periodic or it

grows quadratically;

— for (k, p) € {(k, 0), (k, 1), (k, 2), (1, 3)} the sequence of degrees d,, is periodic.

o Assume that F?F(Ay) # Oy and FP(As) # Oy for all k, p € N. Then the characteristic

polynomial associated with F' is given by
X(z)=2—z—1,
and the sequence of degrees grows exponentially with 6(F) = §*.

Proof. Observe that Sg — Ag = Oz. The orbit of Ay is SE. By blowing up Ag we get the
exceptional fibre Ey and the new space X. The induced map F : X — X sends the curve
So — Ey — Sy. Observe that now I(F) = {0, 01} and E(F) ={S51,S59}.

We see that A; # O; and the exceptional curve S; — A; € Sy. We observe that the
collision of orbits discussed in preliminaries is happening here. The orbit of A; under F is
as follows:

S1— Ar = [v2: Balg, = [0:a1(vo+B2):B1] €S — -

After some iterates we can write the expression of F2¥(A;) for all k > 0 € N as F2F(A4;) =
[0:ai(yo+ Ba)(1+ar+ai+---+a 1) 5] € Sp. Observe that for some value of k € N
it is possible that F 2k(A1) = Oy. This happens when the following condition k is satisfied
for some k.

o+ )1 +ar+a2 4+ o) +agB = 0. (7)

For such k € N the orbit of A; is SE. By blowing up the points of this orbit we get the new
space X7 and the induced map Fl. Then under the action of Fl we have

Sl—>G0—>G1—>G2—>"'—>G2k_1—>G2k—>T1.

Then Z(F}) = {Og} and E(F}) = {Ss}.
Now if the orbit of Ay is SE and if Ff’ (A2) = Og that is the orbit of Ay is also SE for
some p € N then we have three SE orbits. If condition k is not satisfied then with the



extended map F we have Z(F) = {Op, O1}. Therefore we have two options: FP(Ay) = Og
or FP(Ag) = Oy.

We claim that for all p € N, FP(Ay) # O;. Assume that FP(A) = O; and assume that
FIi(Ag) ¢ Sy for j =1,2,...,p— 1. FP(Ay) = FP(As) = Oy. Since O1 € Sy and Ay ¢ S
if FP(Ag) = O; then p would be greater than zero and since Sy = T», it would imply that
01 = A; or O1 = A9, which is not the case (recall that the only points in 75 which have a
preimage are A; and As).

Contrarily, if it exists some [ € N,I < p such that F7(A4s) ¢ Sy for j = 1,2,...,1—1
but F'(A3) € Sp \ {O1} then F'(As) must be equal to Ay or Ay that is, F'(Az) = A4
or FZ(AQ) = As. The second case is not possible as As is a fixed point. In the first case
FP(Ag) = FPYF(Ay)) = FP~(A;) = Oy which implies that p = [+ 2r and F?"(A;) = Oy.
Hence the orbit of A1 must be SE and that condition k& must be satisfied for k¥ = r which
is a contradiction. It implies that the only available possibility for Oy to be SE is to have
that for some p, FP(As) = Op. After the blow up process we get

So—Fy = FEy— - = E, = Ep 1 — Tp.

The extended map Fy is an automorphism when we have three SE orbits.

The above discussion gives us three different cases.

e One SE orbit: This happens when Ay = Oy with the conditions that F2¥(A;) # Oy
and F P(Ag) # Oy for all k,p € N. Therefore we have only one list £, which is open
that is £, = {Op = {Ap = O2}}. By using Theorem 1 we find that 6(F) = \/52+17
which is given by the greatest root of the polynomial X (x) = 22 — x — 1. Therefore it

has exponential growth.

e Two SE orbits (a): It is the case when Ag = Oa, FP(As) = Oy and FZ(A;) # Oy
for all k € N. By organizing the orbits into lists we have one closed list £, = {Og =
{Ag = Og}, O = {Ag, F(Ay),...,FP(Ay) = Og}}. By utilizing Theorem 1 we find
that the characteristic polynomial associated to F is X, = 2PT1(2? — 2 — 1) + 22
For p = 0 and p = 1 the sequence of degrees satisfies d,13 = d,, and dp+4 = dn43

respectively which corresponds towards boundedness of d,.

For p = 2 we get the polynomial X> = z%(z + 1)(z — 1)?. Looking at the first degrees
we get that the sequence of degrees is d, = —1 4+ 2n.

For p > 2, we observe that X,(1) =0, X',(1) =2 —p < 0 and lim,_, o Xp(x) = +00.

Hence &), always has a root A > 1 and the result follows.

e Two SFE orbits (b): When we have Ay = O, Fl%(Al) = (07 and F1p<A2) # Qg for
all p € N then there is one open and one closed list and A}, = 22%*1(22 — 2 — 1) + 1.

10



We observe that for all the values of £k € N, k > 1 the polynomial X} has always a
root A > 1. Therefore f has exponential growth.

e Three SE orbits: In this case we have Ay = Oy, F?#(A;) = Oy, FP(A3) = Oy, for a

certain p, k € N. We have two closed lists as follows:
Lo={00g={Ag =02}, Oy={Ay, F(A3),...,FP(A3) = Op}},

L.={0={A}, F(A)g,,....F?*(A))g, = O1}}.

From Theorem 1 we can write X ,) = aPT!(a2F 3 — g2k 2 — g2k+l 4 1) 4 g2k+3
22 — z + 1. The map Fj is an automorphism for all the values (k,p). According to
Diller and Favre in [12] the degree growth of iterates of an automorphism could be
bounded, quadratic or exponential but it cannot be linear as in such a case the map
is never an automorphism. For this we observe the behavior of X{; ;) around z = 1.

We consider it’s Taylor expansion near x = 1:

Xy () = 2(2 — kp + 2k)(z — 1)? + O(|z — 1%).

Thus X(,) vanishes at z = 1 and has a maximum on it if p > @ Since

limwﬁ+oo/y(k,p) (x) = +00, always exists a root greater than one. If p < w, k>1
then the pairs (k,p) are in the set: Ag ) = {((k > 1),0), (k > 1),1), ((k >
1),2), (1,3), (2,3), (1,4)}.

For (k,p) = (k,0), X0 (z) = (2?*72 — 1) (z — 1) (z + 1), and hence the sequence of

degrees is

dyp, =co+cin+ co (—1)” +c3 (—1)”71 +c4 )\? + c5 )\g + ... + Copy3 )‘gk’

2k+2 — 1 different from

where ¢; are constants and A’s are the roots of polynomial x
+1. Since Fj is an automorphism for all (k,p), using [12] we have ¢; = 0 = c3. This
implies that dogyo+yn = dn, 1. e., the sequence of degrees is periodic with period 2k +2.

The argument for the proof of other values of (k,p) € A ) follows accordingly.

From the above theorem we see that zero entropy cases only appear when FP (A2) =
Oy, F?(Ay) # Oy for p € {0,1,2} and Vk € N and when FP(Ay) = Oy, F?*(A;) = Oy for
(k, p) € {(k, 0), (k, 1), (k, 2), (1,3), (2,3), (1,4)}. We are going to study the dynamics of

each case separately. Recall that condition & is given by
a%’Yo(lJrOn+a%+m+a’f_1)+120. (8)

11



The following proposition considers the case when p = 0. From the above theorem we
know that if condition k is not satisfied the sequence d,, is bounded and when it is satisfied,
dy is a periodic sequence of period 2k 4 2. In any case we have to find two generically trans-
verse fibrations. In the second case we present two first integrals functionally independent.

We also prove that when d,, is periodic, the mapping f(x,y) is itself periodic.

Proposition 5. Assume that Ay = Oy. Then f(x,y) can be written as

1 x
z,y)=|—+oxr+y —— , « 0 9
f( y) <O¢1 1 Yy 0%1 +y> 1 7& ( )
and the following hold:

o Ifay # 1 then f(x,y) preserves the two generically transverse fibrations

Vvaor —ai(aq + ar)z + ar (1 +2/an)y + o3 (1 + Jor)y?

V(.y) = —14ai(1 — a1z + (Var — 2a1)y + a1 (yJag — aq)y?
I 14+ a1y

with Vl(f($ay)) = v ‘/i(xay) and ‘/é(f(xay)) =01 VYQ(wvy)
If & =1 then f is a (2k + 2)—periodic map. In this case Wy (z,y) and Wa(x,y)

are two independent first integrals, where W;(x,y) == (Vi(z,y))* 2.

o Ifay =1 then f(x,y) = (1 +x+y, ﬁ) and 1t preserves the two generically trans-

verse fibrations
1—2x+3y+2y°

1+22+3y+2y°

with Vi(f(z,y)) = —Vi(z,y) and Va(f(z,y)) = Va(z,y) + 1. Furthermore f(z,y) is
integrable being W (x,y) = VZ(x,y) a first integral.

Proof. Condition Ay = O gives ag = g = 0%1 From Theorem 4 we know that f has two
invariant fibrations. To find them follow the procedure explained in subsection 2.4. We

consider an arbitrary cubic projective curve:

Clzo:xy : o] = 19 205 + 11 £o2x1 + o T2Te + 13 TOX12 + T4 ToT22

+rs xor120 + T6 1’13 + 77 :L'12332 +1rg 3311322 + 79 :6'23

and we force that C is zero over the indeterminacy points of F, that is, C(Op) = C(0;) =
0(02) = 0. Then

C(F xg: a1 :a9]) =Tp- Ty - Ta - Clwg : w1 : 2],
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where {Tp, T1,To} = E(F~1) and Clxg : 1 : x9] is as follows:

(r20f — 2rscn + 3ro)xf + (raai — 3roar)zdxr + (read + r1af — 2rsai — rsar + 3roan + r8) Tzt
o3rezors + (rsai1]2 — 2rsar)zoziz2 + (riad — rsa? + rsan)zors + (—roaf 4+ 150l )xiwa+
(roaf 4 r3ai — rsad)rizs.

The curve C' is a degree three algebraic curve. We now impose that Clzg : z1 : z2] =

kClzo : o1 : 2], then after some calculations we found (in affine coordinates)

Q1 = /a1 — ai(ag + aq)r + a1 (1 + 2y/a7)y + o2 (1 + /a7)y?,
Q2:=—-14+a1(1 — Jar)x + (Var —2a1)y + a1 (y/ag — al)yQ,
L:=1+ayy.

The curves ()1 and Q)2 are invariant algebraic curves while L is an exceptional curve. Taking
Vi = Q1/L and Vo = Q2/L, simple computations prove that Vi(f(z,y)) = —/a1 Vi(z,y),
Va(f(x,y)) = /oq Va(z,y) and that Vi(x,y), Va(x,y) are generically transverse.

Now considering the mapping ¢(z,y) := (Vi(x,y), Va(x,y)), we see that it is a birational
mapping and it has the property that (¢~! o f o ¢)(z,y) = (—\/aiz, /ary). From this we
deduce that if a’f“ =1, ay # £1 then f(z,y) is a (2k + 2)—periodic map. For a; = —1,
f is a 4-periodic map.Furthermore since W;(f(x,y)) = Wi(z,y) for i = 1,2 we get that
Wi(z,y), Wa(z,y) are first integrals.

When a7 = 1 we see that Vi or V5 is a constant function and that it is the unique
value of the parameters which has this behaviour. If we take v/1 = 1 we get the invariant
fibration Vi(z,y) = 1203y +29° iy Vi(f(z,y)) = —Vi(z,y). To find V5 we consider a

1+y

rational function of type V(z,y) = k°+k1’”1+f;y+k392 where k; € C for i € {0,1,2,3} and

imposing V(f(x,y)) = V(x,y) + 1 after some calculations we find Va(z,y). Also in this case

f(x,y) is birationally conjugated to (—z,y + 1), see Theorem 3 again. |

To deal with the case p = 1, that is F(A3) = Oy, we notice that this condition is
equivalent to
af(ao —v0) +aoer —1=0 , a(ro—1)+agar —y% =0 , ~oa;—1#0.
It is easy to see that it is true if and only if

1 1+ a;+af
, Qo= 2
14+ o a1(1+ 1)

y a1 ¢ {0,—1}.

Yo =

We note that for these maps condition (8) reads as 14+ a; +a? +--- + o/fJr1 = 0, which

implies that a]f+2 =1.

Proposition 6. Assume that F(As) = Oq. then f(x,y) can be written as:

2

a1 +a;+1 x

f(may) = +04133+% ) aq ¢ {03_1} (10)
a; (1+ 041)2 1+1a1 +
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and

e Ifay #1 and ay? + a1 + 1 # 0, then the map f(x,y) preserves the two generically

transverse fibrations

Bo+ Bix + By y + B3 y?

iey) = G o+ Coy+ ooy + i
Va(,y) = Do+ Dyx+ Dyy+ D3y?
Co+Crx+Coy+ Cyzy+ Cyy?
where
Bo=a’4+a; +1 Co=m?+a +1
Blz—(1+oz1)2(\/071—a1—1)\/a C1:a12(1+a1)2
B2:—(1+a1)(a1% —2a12—2a1—1) Co=2a1°+3a12+2a;1 +1
Bs = —a1 (14 a1)” (Var — a1 — 1) Cs=ai (a1 —1) (1 +a)?
Ci=a?(1+ar)?
and

Do=oa?+ a1 +1,

Dy =—-(1+ 041)2 (Var + a1 + 1) y/aq,
Dy = (1+a1) (a13/2 +2a1% 4201 + 1) ,

D3 = (1+a1)2(\/071+a1+1).
with m(f(x7y)) = \/%71 Vl(xay) and V2(f(x7y)) = _\/%*1 Vg(l‘,y)
Ifl4 a1 +0d +---+ a1 =0 then f(z,y) is a 2 (k + 2)—periodic map. In this case

)

Wi(z,y) fori € {1,2} are two independent first integrals, where
Wiz, y) == Vi(z,y) - Vi(f(z,9)) - Vi( (2, 9)) - Vi £ (2, ).

o If ay =1 then f(x,y) preserves the two generically tranverse fibrations

Vi(a )716xy—|—4:c—6y—3
8= 492 +42+8y+3

1292 =122+ 12y + 3

42 +4z+8y+3
with Vi(f(z,y)) = Vi(x,y)+1 and Va(f(z,y)) = —Va(z,y). Hence f(x,y) is integrable
being W (x,y) = VE(z,y) a first integral.

Va(z,y) =

o Ifai+ai+1=0 then f(z,y) is a 6-periodic mapping. It preserves the two generically

tranverse fibrations

201 +2 -2+ 21— 1)y — (1 +a1) ¥?
(ar+ 1)z +y+ (a1 —1)zy+ (a1 +1)y?

Vl(x7y) =
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o x—ay+y°
(a+Dz+y+ (o —ay+ (a1 +1)y?
with Vi(f(z,y)) = —a1 Vi(z,y) and Va(f(z,y)) = a1 Va(z,y). Furthermore Wi (z,y) =
V8(z,y) and Wa(x,y) := VP (x,y) are two independent first integrals.

Va(z,y) =

Proof. From Theorem 4 we know that when 1 +aj +a2 +--- + a’f“ =0, d,, is a periodic

sequence while when 1+ a3 + af +--- +of™ #£ 0, d,, is bounded. In any case we have to

find two generically transverse foliations.

We first search for invariant curves C(z,y) = Co+ C1z + Coy + C32y + Cy 5. Then
z,

P(z,y)
C(z,y)’

mial. The imposition of condition V(f(z,y)) = k- V(x,y) gives two invariant fibrations

we consider a rational function V(z,y) = where P(x,y) is a second degree polyno-
Vi(z,y), Va(z,y) for k € {\/%—1, —\/%—1} Also we see that Vp, V5 are generically transverse
provided that a; # +1, a2 + a3 + 1 # 0.

Let ¢(x,y) be defined as p(z,y) = (Vi(z,y), Va(x,y)). Then p(z,y) is a birational map

and ¢!

o f o gives the map (\/%—1 x, —\/%—1 y) . Hence if condition (8) is accomplished, i.
e, ifl+a;+a?+--+ o/f“ =0, then f(z,y) is a (2k + 4)—periodic map.

Now assume that a; = 1. Substituting this value with v/1 = 1 in the maps Vi, V5 in the
above paragraph we find that the first fibration is a constant function while the second one
is Vao(z,y) = %%, hence it satisfies Vao(f(x,y)) = —Va(z,y). To find the other
fibration V (z,y) we consider a rational map with the same denominator of V5 (z,y) and a
degree two polynomial in the numerator and imposing V' (f(z,y)) = V(z,y) + 1 we find the
announced Vi (z,y).

The fibrations when a2 + a; + 1 = 0 are encountered in a similar way.

Proposition 7. Assume that F(F(Az2)) = Og. Then f(x,y) can be written as

wd—w?41

_ w(wQ—w—Fl)x
flx,y) = <(w+1)(w2_w+1)

2
7 tw x+y’w—1+(w3—w2+w)

and it preserves the fibration

By + Biz + Byy + By y?
wWH+ W+ y)(w—1+ (W —w+wd+w? —w+1)z+ (w3 —w? +w)y)

V(l‘,y) =

where
By = (w® —w? 4+ 1)(w— 1),
Blz—wQ(w—Fl)(wQ—w—i-l)Z,
By =w (w2—w+1) (2w3—w2—w+1),
Bgsz(w—i—l)(wz—w—i—l)Q,
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with V(f(z,y)) = —%V(:c,y). If W6 £ 1 for all k € N this fibration is unique. If

wm = (=1)"™ for some m € N, then f(x,y) is integrable being W (z,y) = V(z,y)™ a first
integral.

When 2328“2(—1)iwi =0 for a certain k € N then f(z,y) is a (4k + 6)—periodic map.

Proof. Now we assume that F2(As) = Op. It is easy to see that it is equivalent to F2(Ay) =
Oy. For the simplification of calculations we consider a; = w?. It implies that the coefficients

have to satisfy:

By = w942 — (apw® + (g + 1) w* + (g — 2) w?) o + wtap + ap — 1 =0,
Ey = w3 — (w® + wt + w?) @ + (g w® + 200 + 1) w — w?) yo —wtrag —w?ag+1=0
Yow? —1#0 , w?@— (w?+ 1)y +w?ag #0.

Taking into account some resultants of E; and Ey we find that the condition F/(F(A43)) =
Oy gives the maps which appears in (a). When w? —w+1 = 0, that is, when o +a;+1 =0
we get the mappings (b).

We note that for the parametric family (a) condition (8) is
1wt w?—wdwhgo =l 242 _

which implies that w is a (4 k 4 6)—root of unity, while for the two mappings (b), condition
k never is satisfied.

Consider f(x,y) that satisfies (a). By looking for invariant curves we find that V(z,y)
can be written as shown in statement of (a). A calculation shows that V(f(z,y)) =
—1V(z,y).

From this equality, we see that if w™ = (—1)" then W(z,y) := V(x,y)™ is a first
integral of f(z,y).

If Z?z)ﬂ(—l)i w® = 0 for a certain k € N then we know that the sequence of degrees is
periodic of period 4k + 6. We are going to prove that, the map itself is periodic of period
4k + 6. Since dypy6 = do = 1, the mapping F*+6 is linear, that is:

FY%F 020 2y 2 o] = [ro@o + 1121 + 12 @2 1 Po o + P11 + P22t qoxo + q1 1 + 2 2],

for some constants 7, p;, ¢; € R. As Sy is invariant under the action F?2, it is invariant

under the action of F*16 as well. This implies that we can write
FE (@, y) = (po+pra+p2y.qo+ @ e+ q2y), (11)

for some po, p1, p2, qo, q1, @2 € N.
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We find that the following two are the fixed points of f and the third one is fixed by f2.

flw — 1 _ w
1 (@2 —w+1) (w+1) (WP+1)°  w3+1 J°
fZ$ — w3 —w?41 o w3 —w?41
2 w (@Z2—w+1) (W2—1) (Wi =P +w—1)  w(@i—wS4w—1) |’
. _ 1 _w
fizs =\ Zopmasr w3+1) :

Now these points must also be fixed by f*16. Then by finding the images of fizi, fizs
and firs under the action of f4*+6 using (11) such that f**6(fix1) = fixy, f4*0(fixs) =
fize, fA*F6(fixg) = firs. Also as the sequence of degrees is periodic of period 4k + 6 this
implies that (15‘1*)4k+6 fixes the elements in the basis of Picard group. This implies that
(FF)*+6 also fixes F that is the blown up fibre at Ay. Then F*¥+6 fixes the base point
Ay in PC?. By utilizing this information and then solving this system of four equations for
the values of po, p1, p2, qo, q1, g2 we find that (po, p1, P2, o, q1, ¢2) = (0,1,0,0,0, 1) which
shows that f%+6(z ) = (z,y).

Next case of zero entropy is when p = 3 and k = 1. Condition k implies a3~y + 1 =
0,i e, v = ;—% It is easy to see that the condition F'S(Ag) = (g is equivalent to
F3(As) = Op. Some computations show that it is true if and only if a + a3 + 1 = 0 and
ap =203 +a} —a? —a.

Proposition 8. Assume that F3(As) = Oy and that condition k is satisfied for k = 1.
Then f(z,y) can be written as

fen) = (~2af+at - ot - +ars o, ) ot at1=o,

(o1 +a7) +y
and it is a 18—periodic map. It preserves the two following generically transverse foliations

Vi(z,y) = 721%9(63?)/3 and Va(x,y) = g?fy?g where

C(z,y) = —at—at+al—2—ate + (a15—2a14—a13+2a12—a1 —1)y—y2

and

Hi(z,y) = Ao + A1z + Asy + Asx® + Aszy + Asy® + Aex’y + Arzy® + Asy® + Aez®y + Aroz?y*+
Avnwy® + Aay® + 120%y° + A132°y® + Anaxy?,

Hy(x,y) = Bo + Bix + Boy + Bsx? + Byxy + Bsy® + Bex®y + Bray® + Bsy® + 3aiz®y + Boa®y*+
Biozy® + Buiy®* + 32%y® + Biazy?,
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with

Ao =31a1® +23a1* — 23 1® + 3504 + 12 Ag = -4’ — 161 — 401> + 1012 — 601 — 12
A = —180(15 +4a14+20a13 — 14&12 — 1407 +10 A9 = 20(14+20513+4CM1 +4
Ar =3201° + 48 an* — 14 a1® — 20002+ 441 + 36 Ajg=12a1° — 1200 — 121> + 18 a2 + 61 — 12

Az =-3m* -2 +2a:?2 -2 A =16 +8a1* —120:° + 2012 + 161 + 6
Ay =—6001° —don* +58m® —340n? — 4800 +20 An=1601°+8m* — 1200 + 2012 + 161 + 6
As =6’ +2a1* +8a1> =32 — 201 +5 Az =—160a1° +2a1® — 14, ? +4
As =8a1® —18a1* — 16 a1 + 16 a1® — 20 Ay =40’ —don* — 2012 — 204,

A7 =—2401° —1201* + 12012 = 81?2 — 204
and

Bo=-38a1° —20a1*+31an® =712 —40a1 —7 Br=20a1®° =301 + 16 12 + 24 a7 — 12

Bi=-1lar* —4ai®+9a? —4aq — 11 Bs= -3’4+ 7a1*+3a1° 912+ 2a1+9
By =—62a1° = 5lat* +44ai®+5a12 — 7201 —29 By=-3a:°+6a1*+6a1®°—6a1>+3a1+3
Bs=3a1" -2 +3a12+3a1 —1 Bio=3m®’—9a1* + 601> — 601 — 3

Bys=3lo1® — 151" —33a1®> + 321> +21laq —24 B =301’ +a1? —3a1® +2a4

Bs = —2501" —20a1* +1901® + a1 =281 — 10 Biz = —3a1® — 31>

Bs=6ai®>+3a1* —3ai®* +3a:;> +6a; +6

They satisfy Vi(f(z,y)) = aiVi(z,y) and Va(f(z,y)) = aiVa(z,y). Hence, Wi(z,y) =
Vi(z,y)8 and Wo = Va(z,y)° are two generically transverse first integrals of f(z,y).

Proof. To find the foliations we began looking for degree 3 invariant curves. We only found
Clzo : 1 : x2) = 29 C"[xg : 21 : 2] where C?[xg : 21 : x2] is the homogeneous polynomial of
degree two with C"[1 : 1 : z9] = C(z1,72). Then we were looking for degree six invariant
curves, with the condition that they passes trough the three indeterminacy points O1, Oo
and Os with multiplicity two.Consequently, its image has also degree six. Forcing that
this image coincides with the curve itself we found some of them. For instance, the two
numerators of Vi (x,y) and Va(x,y). A computation gives that Vi(f(z,y)) = a3Vi(z,y),
Va(f(z,y)) = a3Va(z,y) and that they are generically transverse. Clearly Wi(z,y) and
Wa(z,y) are first integrals of f(z,y) because ai® = 1.

From Theorem 4 we know that the sequence of degrees is periodic of periodic 18. To
prove that the map is periodic we apply the result of [7], which says that if a map has two

independent first integrals, then it is a periodic map.

Proposition 9. Assume that F3(As) = O and that condition k is satisfied for k = 2.
Then either:

(a) There exists o with af + a3 +a? + a1 + 1 =0 such that f(z,y) is of the form

f(z,y) = <—(ai’+2a%+a1+2)+a1x+y,_ (12)

T
(1+a%+a?)+y)'
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That map f(x,y) preserves the elliptic fibration V(x,y) = L(x’y)g(gf))ﬁ(x’y) where
L(z,y) = (—a} =207 =201 =2+ (of + 1)z +y)
P(z,y) = (yz + (=i — Dz +afy+af + 1)
Qa,y) = (a’y’ + (-’ —on® —ar = ay + (—en® + a1®) y + on)
R(z,y) = (Z/2 - (30413 +3ai?+2a1 + 2) Yy — zai?+a® —al?+ 1)

<

with V (f(x,y)) = o2 V(x,y) and this fibration is unique. Furthermore f is integrable
)

being W (x,y) = V(x,y)° a first integral of f.
(b) The map f(x,y) is:

1 x

That map f(x,y) preserves the elliptic fibration V(z,y) =

256x3y? + 384a%y® + 128xy* + 12823y + 19222y? + 322y> — 16y* — 1622 — 82y + 8y? — 8z — 1
(—4y? + 4z + 1)2

with V(f(x,y)) = V(x,y) and this fibration is unique. Hence f is integrable.

Proof. When k = 2 condition k says a3 (1 + 1) +1=0,1i. e., 70 = m Also here
F3(Ag) = Oy is equivalent to F3(As) = Op. Some tedious computations show that it is true
if and only if either, 1+ a1 + o+ a3 +af =0 with ap = — (o +2a?+ a1 +2) or a1 =1
with o = %.

For the mappings (a) we find the invariant conic:
y2 — (3 a?+301°+2a1 + 2) y—a12 rz+a®—a;?+1anda degree five invariant curve, the
one given by L(x,y) - P(z,y) - Q(x,y) = 0. Taking the quotient of them, some calculations
prove that in fact V(f(x,y)) = a2 V(z,y).

To prove the uniqueness of the invariant fibration we have to see that d,, is not a periodic

sequence. Assume that it is, i. e., assume that d,, is 30—periodic. Then F3° has degree one:
F¥mg s @1t wo] = [rowo +r1@1 + rame : poxo + p1a1 + a2t qoxo + qu a1 + g2 T2
As before, since Sy is invariant under F2, we can write f3° as follows:

%@, y)=Po+p1ox+p2y,0+ar+qy).

Now, using that the conic y2 — (3 aP+301°+2a1 + 2) Yy — za? +a? —a2+1=0
must be invariant under f3° and that the point (—a3 — a?,1) (which is a fixed point for f)
must also be fixed for f39 after some calculations we get that either, f3° is the identity or
3% 0 £30 is the identity. In any case, it would imply that f is a periodic mapping.

But we claim that the mapping f itself is not periodic. If it were the case, then f*(z,y) =
(z,y) for some k multiple of 30. We observe that f sends:

{L(z,y) =0} — {P(z,y) = 0} —{Q(z,y) = 0} — {L(z,y) = 0}.

19



In particular f3 sends {Q(z,y) = 0} to {Q(z,y) = 0}. We see that the curve {Q(z,y) = 0}

can be parameterized by y, because {Q(z,y) = 0} if and only if x = ¢(y) := oufai+ltary)

ad+l-y
Then f3(¢(y),y) = (#(h(y)), h(y)) where h(y) = 4% with
u(y) = =51’ =31 —a1 — 6+ (2901® + 10a1? 4+ 1301 +27) y + (=54 01® — 3 a1® — 31y — 40) y°+

(50a1® — 9a1® + 3201 +20) ¥ + (—2201% + Tan® — 231 — 3) y* + (201® — 6 ® + 51 — 2) ¢f°

v(y) = (ban® —ar® +4o1 +2)y+ (—11ar® +8a1® — 1laa) y* + (9a1® — 120 ® + 121 — 9) 3+
(8a1® —9a1 +8) y* + (=3n® —60a1” — a1 — 5) y°.

If f where a periodic mapping, h also would be periodic. But h has the fixed point
7 = 1+ a? and the derivative of h(y) at this points gives zero. And it is a contradiction
because periodic maps have the eigenvalues of modulus one at the fixed points.

To prove (b) we begin by proving that the sequence of degrees grows quadratically.
Then the prescribed fibration will be unique. The characteristic polynomial associated
tody,is (z+1) (2 +az+1) (e*+23+22+2+1) (- 1)* which implies that either, d,
grows quadratically or it is periodic. It only depends on the initial conditions, that is on
the values of d,, for n = 1,2,...,11. For that mapping we have been able to calculate these
numbers: 2,3,5,8,12,16, 22,28, 35,43, 52 which implies that

p _%+5n2 1( Iy 1 —1++31 " 1 —1—+31 "
T2 1208 9 2 9 2 ’
that is, d,, grows quadratically.
To find V (z,y) we searched for invariant curves and we found one of degree two: —4y2+
4x + 1 and one of degree five, the numerator of V(x,y). Taking the quotient of them, we

verified that it satisfies V(f(z,y)) = V(z,y).
[

The last class with zero entropy is when p = 4 with £ = 1. The condition k = 1 says

that v¢ = a_T12 From the proof and notations of Theorem 4 we know that:

S()—>E0—>S():T2,
Sl—>G0—>G1—>G2—>T1,
S2—>E1—>E2—>E3—>E4—>E5—>To.

Hence, if A5 € 54, i.e., a3 = —1, then it could happen that F4(A2) = (Oy. Following the
orbit of Ay we get: F(Ap) =[1:0]g,, F?[1:0]g, =[1: —a]g, and F[1: —ag]g, = [1:0:
1] = Op. Hence we see that F*(As) = Oy for all values of ag, provided that oy = —1 and

Yo =% =-1
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Proposition 10. Assume that F*(Ay) = Oy and that condition k is satisfied for k = 1,
where F is the mapping induced by F after blowing up the point [0 : 1 : 0].
Then either:

(a)

(b)

(c)

(d)

The map f(x,y) can be written as

flzy) = <ao —z+y, yi1> (14)

and it preserves the unique elliptic fibration

Qg TY — mzy + xyz
y—1
with V(f(z,y)) = V(z,y). Hence f is integrable.

V(l‘,y) =

The map f(x,y) can be written as

flzy) = <x +v, y:) (15)

and it preserves the unique elliptic fibration

—2y*+2zx+y+1
zy (z +y)

V(l’,y) =

with V(f(z,y)) = =V (x,y). Furthermore f is integrable, being W (z,y) = V(z,y)? a
first integral of f.

The map f(x,y) can be written as

f(z,y) = <a1x+y, yi1> with of +1 =0 (16)

and it preserves the unique elliptic fibration

zy (1 y — )

V(z,y) = _(a1y+al_Q;Z;_y—l)(—1+oz1—23/)

with V(f(x,y)) = oy V(x,y). Furthermore f is integrable, being W (z,y) = V(x,y)* a
first integral of f.

The map f(x,y) can be written as
3 z Sy 4
flz,y) = <1—a1+a1:c—|—y,2> with o] +1=10 (17)
oy +y
and it preserves the unic elliptic fibration

Q1(z,y) Q2(7,y) Qs(7,y)
(a3 =1+ (2 + D)z + (a2 +a1)y) (a3 — 1+ a2 (a2 +1)y)°

V(.T,y) = =
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where

Qi(z,y) =i +2a1+14+ (2ai + a1+ 1)y +aiy’ —zy,
Q2(z,y) =2 +ar” =1+ (21’ +ar + 1) 2+ (1® + 200 + 1) y + ar®2® + oy,
Qs(z,y) = —(a12—|—2a1 +1)+ (2a13+a12 — 1)y—a12:cy.

with V(f(z,y)) = a2 V(x,y). Furthermore f is integrable, being W (x,y) = V(z,y)* a
first integral of f.

Proof. The mapping (a) corresponds to the case oy = —1 and 79 = —1 when there is
collisions of orbits. Looking at the expression of F'*(As) and after tedious computations we
get that F4(Ay) = Oy if and only if f(z,v) is one of (b), (¢) or (d).

To see the uniqueness of the fibrations we have to prove that d, grows quadratically.
The characteristic polynomial associated to d,, is (z — 1)*(z 4+ 1)?(2? + 1)(2? + 2z + 1) which
implies that either, d,, grows quadratically or it is periodic. It only depends on the initial
conditions, that is on the values of d,, for n = 1,2,...,10. For each one of the mappings
which appear in the statement, we have been able to calculate these numbers. In the four
cases they give 2,3,5,7,11, 15, 20, 25, 32, 39, which implies that

d, = i—z +§n2 _ 13—6(—1)n— é[ﬂ-é(-])n.
In order to prove (a) we find the family of invariant curves A (ag zy — 22y +zy?) +u (y —
1) = 0. Then taking V = 5 Wlth and P = ag 2y — 2%y + 2y? and Q = y — 1 we have that
V(f(z,y)) = V(z,y).

To prove (b) we easily see that
{z=0} = {y=0} —m {z+y=0} — {z =0}

and hence xy (y + x) is an invariant cubic. Then taking V' as the quotient of a conic and
the invariant cubic and imposing V(f(x,y)) = kV(x,y) we found that the conic can be
taken as —2y%> +2x+vy+1and k = —1.

To prove (c) we find that the straight line a; y+a; —22—y—1 = 0 is sent to the straight
line —1 + a1 — 2y = 0 and viceversa, which implies that their product is an invariant curve

of degree two. Also it can be seen that
{r=0} - {y=0} — {1y —2=0} — {x =0}

and hence zy (o y — x) is an invariant cubic. Taking V' as the quotient of this invariant
curves we get that V(f(z,y)) = a1 V(z,y) and the result follows
To see (d) we began searching invariant curves of degree three and we found (in projective

coordinates)

Clzo : @y : @o] = xo-((a?’ —1xo+ (oz2 +1)z + (a2 + a) :L'2)-((Oé3 — 1)z + a? (a2 +1) z)
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Now we take a conic that passes through two indeterminacy points of F', and we impose
that its image (a conic again) also passes through two indeterminacy points of F. This gives
a third conic which we impose to be equal to the first one. With this we find @1, @2, Q3.
Then Q1 - Q2 - Q3 is an invariant curve of degree six. Taking V as the quotient of Q1 - Q2 Q3
over C[1 : x : y]? we get that V(f(z,y)) = a2 V(z,y).

We can now state the main theorem of this section:

Theorem 11. Assume that

Bo + Bz + B2y

Y0 + Y2y ) ,ar #0, 61 #0,7#0,a2#0.  (18)

f($,y) = <O[() + a1 + oy,

Then it has zero entropy if and only if after an affine change of coordinates it can be written
as one of the mappings which appear in the statements of Propositions 5,6,7,8,9,10. Each

one of them has the invariant fibrations which are stated in the above propositions.

4 The subfamily a, = 0.

By conjugating f(x,y) via h(z,y) = <Blfyg:z - % By — %) and renaiming the pa-
rameters, we can consider
x
flz,y) = <ao +aqx, i B2y> with a1 # 0.

We consider the induced map in the projective plane : F : PC? — PC? given by
Flxg:xy : we] = [wo 22 : (oo + 1 x1) T2 = 2o (1 + P2 x2)]. (19)

The indeterminacy sets of F' and F~! are Z(F) = {0, 01,02} , where

Op=[1:0:0], O;=[0:0:1], Oa=[0:1:0],
and Z(F~!) = {Ag, A1, Ay} , where

Ap=[0:1:0], A1 =1[0:0:1], As=[l:ap:Ba].

Furthermore the exceptional curves of F and F~! are the following:

So={zo=0}, S;1={x2=0}, Sy={x; =0},

T():{aol’o—xlz()}, le{,ngo—:m:O}, TQZ{.T():O}.
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Theorem 12. Let f(x,y) be a map of type (18) with v # 0,01 # 0,51 # 0 and suppose
that ag = 0. If fP(ag,B2) = (0,0) for some p € N then the characteristic polynomial

associated with f is given by
Xy = (" +1)(z — 1)*(z + 1),

and the sequence of degrees of f is periodic with period 2p + 2. If no such p exists then the

characteristic polynomial associated with f is
X = (@12 @+1),
and the sequence of degrees d,, grows linearly.

Proof. Observe that Sy —» Ag = Oy and S; - A; = O;. Hence we blow up the points
Ap, A; getting the exceptional fibres Egy, F1. Let X be the new space and let F:X—>X
be the corresponding map on X. Then the map F sends the curve Sy — Ey — Sy and
S1 — E1 — T1. We observe that no new indeterminacy points are created therefore 7 (F) =
{Op} and E(F) = {Ss} .

Assume that there exists p € N such that FP(Ay) = Op. Then we blow up A, F(As),
F~2(A2), ..., FP(Ay) = Oy getting the exceptional fibres which we call Fy, Es, . .. , Epia. Set
F’l : X1 — X, the extended map. Performing the blow up at Oy, since Tj is sent to Og via
F~', we have that F[' : Ty — Ej,i2. Then So — Fy — E3 — -+ — Eppq — Epio — Tp.
Hence F} : X; — X is an AS map and also an automorphism. Taking into account that
Ay =[1:ap: f2] and Op = [1 : 0 : 0] belong to the affine plane, it is clear that condition
FP(Ay) = Op reads as fP(ag, B2) = (0,0).

Now we have two closed lists as follows
Lo, ={0g={Ag =03}, Oy={As, F(A2),...,FP(A3) = Op}},
L, ={01 ={A1 =0}}.
Then by using Theorem 1 we find that the characteristic polynomial associated to F' is
X = (P 4 1) (z — 1)z +1).

If p is even then xPT!1 41 has the factor z4+1 and X = (z—1)% (z+1)% (2P —2P~ 1 ...~z +1).
Hence the sequence of degrees is dp, = co+cin+ca (—1)"+can(—1)"+ca AT +e5 Ny + ...+
Cp+3 Ay, where ¢; are constants and A1, Ag, ..., A, are the roots of polynomial a? — P~ 4
-+« —x + 1. By looking at d,, we see that f does not grow quadratically or exponentially.
As our map F} is an automorphism then by using the results from Diller and Favre in [12]

we see that also cannot have linear growth. Therefore we must have ¢; = ¢3 = 0. Hence the

24



sequence of degrees must be periodic. This implies that dap124, = dj, i.e. the sequence of
degrees is periodic with period 2p + 2. If p is odd then d,, is also periodic of period 2p + 2.
If FP(Ay) # Op for all p € N, then we have two lists which are open and closed as
follows:
Lo={0g={Ag=02}} , L.={01={A1=01}}.
Then §(F) is determined by the polynomial (z — 1)?(x + 1), and §(f) = 1. The sequence of

degrees is d,, = 2 + 3n — I (—=1)". ]

Theorem 13. Let f(z,y) = (040 + oz, Lﬁ”’) with a; # 0 and set h(z) = ap+arx. Then
the following hold:

1. If fP(ag,B2) # (0,0) for all p € N then f preserves the fibration Vi(z,y) = = with
Vi(f(z,y)) = ao + aaVi(z,y), and this fibration is unique. If of = 1 for some
n>1, oy # 1, the map is integrable being

W(z,y) = - h(z) - h(h(z))---h""(z)
a first integral of f. Also when ay =1 and g = 0, f is integrable.

2. If fP(cw, f2) = (0,0) for some p > 1, then f is a (2p+ 2)—periodic map. These maps
have W (z,y) = z - h(z) - h(h(z)) - - - h?PFL(x) as a first integral.

3. If (o, B2) = (0,0), then f(x,y) = (z, %) and it preserves the two generically trans-

verse fibrations
x x
Vl(-'lf,y): \/aly—i_; ) ‘/é(xay):_\/aly—i_;

with Vi(f(z,y)) = aa Vi(z,y) and Va(f(2,y)) = —y/a1 Va(z,y). When of =1 for
some n then f is 2n—periodic and Wi (x,y) = Vi(z,y)*", Wa(z,y) = Va(z,y)*" are

two independent first integrals.

Remark 14. We notice that when p = 0, that is, ag = 0 = P2, then @(x,y) =
= (Vi(z,y), Va(z,y)) is a birational map. It turns out that using ¢(x,y) as a conjuga-
tion we get the map (\/arx, —/oqy). These result on linearizations was already pointed
out on the work of Blanc and Deserti, see[4]. Furthermore, the sequence of degrees is
dp, =2,1,2,1,2,1, ... a two-periodic sequence, and avoiding the case o} =1 for some n, the
map itself in not more periodic.

For p > 1 the map is periodic and hence it has two independent first integrals. There is
a method to find them (see [7]). For instance, when oy = —1 and ag = —f35 (case p = 1)
ie., f(z,y) = (—:L’ - 32, %ﬂ) , we have that

_ z+ By  x(Ba—vy)  z+ 53
H(zy)=y+ y 248w By
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is a first integral of f and W (z,y), H(zx,y) are generically transverse.

Proof. If fP(aw, B2) # (0,0) for all p € N then from the above theorem we know that d,
grows linearly, and hence we know that f(z,y) has a unique invariant fibration. Clearly
Vi(z,y) = x is an invariant fibration and when o; = 1 and a9 = 0, Vi (z, y) is a first integral.
When of = 1 the function h(z) is periodic of period n and hence W (z,y) is a first integral
of f(z,y).

Now assume that fP(ag,32) = (0,0) for a certain p € N. From Theorem (12) we know
that the sequence of degrees d,, is 2p 4+ 2 periodic. We are going to see that f(z,y) itself
is a periodic map. Since the map F?P*2 is linear, we can consider that for some constants

i, Pi, ¢ € R the map F?*2 can be written in the following form:
F2p+2[$0 11 1 x9) = [roxo + 111 + T2 T2 1 po o + P11+ P22 1 Qo To + q1 L1+ g2 X2).

We know that Sy is invariant under the action F? therefore it is invariant under the

action of F?P*2 as well. This implies that

F2Y200: 21 0] = [0: 21 : ),

which further implies that ry 1 + 79 9 = 0 for all complex numbers x1, x2. This is only
possible if r1 = ro = 0. Then we can write
F2p+2[x0 T xq xg] = |xp: pfo.%'o—‘r&wl +]2$2 : @x0+2x1 —1—@332 ,
70 7o To 7o 7o 7o
which in the affine plane by taking xg = 1 and rewriting the parameters, as new parameters,

the function F?P*2 can be written as following:

P2 (z,y) = (po+p12+p2ay, g0+ ax+q2y), (20)

for any po, p1, P2, 90, q1, g2 € R. We find that the following two points are fixed for f(z,y) :

(7)) 62(1—0[1):‘:\/(1—OZ1)2B§+4O[0(1—O[1)
1—0(17 2(1—0[1) ’

(X,4Y) = (

As these points are fixed by f so they are also fixed points of f?PT2. Then finding
their images under the action of f?*2 using (20) we get a system equations such that
PP = X, fPPR2(X,Y)[2) = Y, f2PP2(X,-Y)[2] = —Y. Also as the sequence
of degrees is periodic of period 2p + 2 this implies that (Fl* )2P+2 fixes the elements in
the basis of Picard group. This implies that (1*:’1*)23’+2 also fixes F5 that is the blown up
fiber at Ay. Then F?P+2 fixes the base point Ay in PC2. By utilizing this information and
then solving the system of equations for the values of pg, p1, p2, qo, q1, g2 we find that
(po, P1, P2, 905 q15 ¢2) = (0,1,0,0,0,1) which implies that f**(z,y) = (z,y).
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Finally, p = 0 that is when Ay = Oy, by iterating the function f(z,y) = (al x, %) we find
that f2"(z,y) = (" 2,a} y) and 2" (z,y) = (2" 2, +)- Now observe that for of =
1 we have f2"(x,y) = (z,y) and f"i(z,y) = (m, %) Therefore f is 2n—periodic. Now
for af # 1 through simple calculations we find that f preserves the announced fibrations

Vi(z,y) and Va(z,y). [
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