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Introdu
tion
The main obje
tive of 
lassi
al Celestial Me
hani
s is the study of the n{bodyproblem, whi
h 
onsists of des
ribing the motion of n point masses moving inthe Eu
lidean 3�dimensional spa
e under the a
tion of their mutual newtoniangravitational for
es. The formulation of the n�body problem appears at �rsttime in the Philosophiae Naturalis Prin
ipia Mathemati
a of Newton (1687). Itis in this treatise where the laws of me
hani
s and the universal gravitational at-tra
tion law allowed to formulate the n�body problem as a system of di�erentialequations.Up to the M�ethodes Nouvelles de la M�e
anique C�eleste of Poin
ar�e (1899) thedi�erential equations that appear in Celestial Me
hani
s problems were treatedfrom a quantitative point of view. Poin
ar�e left the 
lassi
al methods of inte-gration and quadrature aside and he initiated qualitative methods in order togive a 
omplete des
ription of the orbits on the phase spa
e (the spa
e where thedi�erential equation is de�ned). We 
an say that Poin
ar�e started the modernqualitative theory of di�erential equations.The 2�body problem is integrable in the 
lassi
al sense. Using the �rst inte-grals of the energy h and the angular momentum 
, we 
an 
lassify all possibleorbits of the 2�body problem in the following way. If 
 6= 0, then the motion is
on�ned on a plane and we have: 
ir
ular or ellipti
 orbits when h < 0; paraboli
orbits when h = 0; and hyperboli
 orbits when h > 0. If 
 = 0, then the motionis 
on�ned on a straight line and we have: ellipti
 
ollision orbits when h < 0,paraboli
 
ollision orbits when h = 0 and hyperboli
 
ollision orbits when h > 0.The n{body problem for n > 2 has resisted all attempts to be solved; indeedit is believed that the problem 
annot be integrated in the 
lassi
al sense, in fa
tthere are partial results in this dire
tion. Over the years many spe
ial types ofsolutions have been found by using distin
t mathemati
al te
hniques, but reallynot many things 
an be said about the behaviour of the solutions. The 3{bodyproblem is the most studied of the n{body problems; and, in parti
ular, spe
ial
ases of the 3�body problem, the restri
ted 3�body problems (i.e. when one ofthe masses is small enough so that its in
uen
e on the other two is negligible).4



Introdu
tion 5The study of the restri
ted 3�body problems is a �rst step in order to understandthe dynami
s of the full 3�body problem.The restri
ted 3�body problems 
onsist of des
ribing the motion of an in-�nitesimal mass that moves under the in
uen
e of the gravitational attra
tionof two bodies, 
alled primaries, whi
h des
ribe a solution of the 2�body prob-lem. We 
an 
lassify the restri
ted 3�body problems depending on the kind ofmotion of the primaries and the dimension of the spa
e where takes pla
e themotion of the in�nitesimal mass. In this way we have thirty di�erent restri
ted3�body problems, the most studied of whi
h is undoubtedly the planar 
ir
u-lar restri
ted 3�body problem followed by the planar ellipti
 restri
ted 3�bodyproblem. These two restri
ted 3�body problems have a lot of interest in CelestialMe
hani
s be
ause they have many appli
ations to di�erent kind of motions inthe solar system, binary stars, et
.Two di�erent restri
ted 3�body problems that have got a lot of interest from amathemati
al point of view are the 
ir
ular and ellipti
 Sitnikov problems, whi
hare spe
ial 
ases of the spatial 
ir
ular (respe
tively ellipti
) restri
ted 3�bodyproblem. The Sitnikov problems are 
hara
terized by two equally massive bodiesmoving on 
ir
ular (or ellipti
) orbits and an in�nitesimal mass, the motion ofwhi
h is 
on�ned to the axis perpendi
ular to the plane of motion of the primariesthat passes through their 
enter of mass. In the histori
al development the 
ir-
ular Sitnikov problem was studied �rst. Ma
Millan (1913) presented it like anexample of an integrable 
ase of restri
ted 3�body problem. But the importan
eof the Sitnikov problems arise when Sitnikov in 1960 used the ellipti
 Sitnikovproblem to show, for the �rst time, the possibility of the existen
e of os
illatorymotions in the 3�body problem. The existen
e of this kind of motions was pre-di
ted by Chazy in 1922{32, who gave a 
lassi�
ation of the �nal evolutions of the3�body problem. Later on Alekseev (1968-69) used the ellipti
 Sitnikov problemto prove that all possible 
ombinations of �nal evolutions in the sense of Chazywere realized. Moser (1973) gave a new presentation of Alekseev's results relyingon a geometri
 point of view. Sin
e then many other authors have studied theellipti
 Sitnikov problem. We know around thirty papers studying the 
ir
ularor ellipti
 Sitnikov problems. It is possible to �nd some analyti
al and numeri
alresults on periodi
 orbits of the 
ir
ular and ellipti
 Sitnikov problems, see foradditional information Se
tion 1.4.In this work we study an espe
ial 
ase of the spatial 3�body problem, thespatial isos
eles 3�body problem. This problem 
onsists of des
ribing the motionof two equally massive bodies m1 = m2 having initial 
onditions and velo
itiessymmetri
 with respe
t to a straight line whi
h pass through their 
enter of mass,and a third body, with mass m3 = �, having initial position and velo
ity on thisstraight line. That problem is 
alled isos
eles problem be
ause the three bodiesform an isos
eles triangle at any time, eventually degenerated to a segment.



6 Introdu
tionThe most interesting appli
ation of the spatial isos
eles 3�body problem isgiven by Xia in [62℄. Xia used two spatial isos
eles 3�body problems to prove that�ve bodies 
an es
ape to in�nity in a �nite time without 
ollision. Other workson the spatial isos
eles 3�body problem 
an be [45℄, see the referen
es inside. Ifin the spatial isos
eles 3�body problem the initial positions and velo
ities of thethree bodies are 
ontained in a plane, then the motion remains always in thisplane, and we have the so 
alled planar isos
eles 3�body problem. There are a lotof papers about the planar isos
eles 3�body problem, for instan
e, [46℄, [22℄,...When the third body of the spatial isos
eles 3�body problem has in�nitesi-mal mass (i.e. � = 0) then we obtain the restri
ted isos
eles 3�body problems.Depending on the motion of the primaries we have seven di�erent 
ases for thespatial restri
ted isos
eles 3�body problems. Here we only 
onsider, due to itsri
hness in periodi
 orbits, the 
ases in whi
h the primaries move in 
ir
ular orellipti
 orbits of the 2�body problem, the 
ir
ular and ellipti
 restri
ted isos
elesproblems; also 
alled the 
ir
ular and ellipti
 Sitnikov problems.The isos
eles problem and the restri
ted isos
eles problems possess the �rstintegral of the angular momentum. Using this �rst integral we redu
e in two di-mensions (an angle an its derivative) the phase spa
e of these problems obtainingthe redu
ed isos
eles problem and the redu
ed restri
ted isos
eles problems respe
-tively. We note that the 
ir
ular and ellipti
 Sitnikov problems that appear inthe literature are essentially our redu
ed 
ir
ular and ellipti
 Sitnikov problems.In appropriate 
oordinates we will see that the periodi
 orbits of the redu
ed
ir
ular Sitnikov problem give 2{dimensional invariant tori on the phase spa
eof the restri
ted isos
eles 3�body problem. These tori are formed by union ofeither periodi
 or quasi{periodi
 orbits, and they are not KAM tori. The mainresult of this work is to prove that su
h invariant tori persist when we passfrom the restri
ted isos
eles 3�body problem to the isos
eles 3�body problemfor � > 0 suÆ
iently small. Consequently these tori persist inside the generalspatial 3�body problem. The main tool for proving this result will be the 
lassi
alPoin
ar�e's analyti
 
ontinuation method of periodi
 orbits.This memoir is divided in six 
hapters and eight appendi
es. Chapters, se
-tions, and subse
tions are numbered in arabi
 numbers. Thus, 3.1.4 refers tosubse
tion 4 in Se
tion 1 of Chapter 3. Appendi
es are also numbered in arabi
numbers and they appear at the end of the memoir. The numeration of theo-rems, propositions, lemmas, 
orollaries, et
., will be reset in ea
h se
tion and theyare numbered in the order that appear inside the se
tion. So a typi
al theoremreferen
e might be Theorem 2.4.2 meaning the se
ond theorem in Se
tion 4 ofChapter 2. Formulas, �gures, and tables are numbered like theorems, but inde-pendent on theorems, propositions, ... Hen
e Figure 2.4.3 is the third �gure inSe
tion 4 of Chapter 2. We will use the symbol to denote the end of the proof ofa Theorem, Proposition, ... and the symbol 2 to denote the end of a remark. The
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tion 7numeration in appendi
es is quite di�erent. A typi
al referen
e of an appendix isfor instan
e Lemma A.4.1, meaning the �rst lemma of Appendix 4. Now we givea summary of the 
ontents and the main results of ea
h one of these 
hapters.In Chapter 1 we give the basi
 de�nitions and results about the n�bodyproblem, the 2�body problem, and the restri
ted 3�body problems that weneed in this work. We put more emphasis summarizing the known results aboutthe 
ir
ular and ellipti
 Sitnikov problem that are needed for the development ofthis memoir.In Chapter 2 we de�ne the isos
eles 3�body problem and the restri
ted isos
e-les 3�body problems (� = 0). We prove that the phase portrait of these problemson ea
h level of angular momentum 
 with 
 6= 0 is the same. Noti
e that theangular momentum 
 = 0 
ontains the triple 
ollision orbits, and 
ollision orbitsare not treated in this work. Fixed a value of the angular momentum 
 6= 0,we redu
e in two units the dimension of the phase spa
e of the isos
eles problemintrodu
ing the redu
ed isos
eles problem and the redu
ed restri
ted isos
elesproblems.The purpose of this work is to �nd periodi
 orbits of the redu
ed isos
elesproblem for � > 0. Results of Alekseev [2℄ for the redu
ed isos
eles problemwhen � > 0 is small enough show the existen
e of in�nitely many periodi
 orbits,with larger periods, that are 
lose to a hetero
lini
 loop formed by two paraboli
orbits of the ellipti
 Sitnikov problem. Here we are interested in periodi
 orbitsthat are not ne
essarily 
lose to the paraboli
 ones.We analyze the symmetries of the redu
ed isos
eles problem: the r�symmetry(t; r; _r; z; _z) 7�! (�t; r;� _r;�z; _z) ;and the t�symmetry (t; r; _r; z; _z) 7�! (�t; r;� _r; z;� _z) :These symmetries will be used in Chapter 4 in order to �nd r�symmetri
 andt�symmetri
 periodi
 orbits of the isos
eles problem for � > 0 small. We stilldistinguish another type of symmetri
 periodi
 orbits, the double{symmetri
 pe-riodi
 orbits, whi
h are simultaneously r�symmetri
 and t�symmetri
 periodi
orbits, see Chapter 2 for pre
ise de�nitions. We also present some results aboutsymmetri
 periodi
 orbits of the redu
ed 
ir
ular and ellipti
 Sitnikov problems.In parti
ular, we prove the following theorem.Theorem A The following statements hold.(a) All periodi
 orbits of the redu
ed 
ir
ular Sitnikov problem are double{symmetri
.
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tion(b) For all e 2 (0; 1) ex
ept perhaps for a dis
rete set of values of e, thereexist four di�erent types of periodi
 orbits of the redu
ed ellipti
 Sitnikovproblem: non{symmetri
 periodi
 orbits, double{symmetri
 periodi
 orbits,and r�symmetri
 and t�symmetri
 periodi
 orbits that are not double{symmetri
.Finally we give some results about the existen
e of periodi
 orbits of theredu
ed isos
eles problem for � > 0 (not ne
essarily small), near the Euler equi-librium point, by using the Lyapunov Center Theorem.In Chapter 3 we develop the Poin
ar�e's analyti
 
ontinuation method. Theidea of this method is to use a known periodi
 solution and, by small 
hangesof the parameters and of the initial 
onditions, 
ontinue it. In this 
hapter wealso 
ompute analyti
ally the solution of the variational equations of the Keplerproblem and of the 
ir
ular Sitnikov problem along a given periodi
 orbit. Theknowledge of an analyti
 expression for the solution of those variational equationsis a key point in the development of this work.In Chapter 4 we apply the Poin
ar�e's analyti
 
ontinuation method to 
on-tinue the periodi
 orbits (double{symmetri
) of the redu
ed 
ir
ular Sitnikovproblem to symmetri
 periodi
 orbits of the redu
ed isos
eles problem for smallvalues of � > 0. We 
ontinue those periodi
 orbits in two di�erent ways. The�rst one goes dire
tly from the redu
ed 
ir
ular Sitnikov problem to the redu
edisos
eles problem. The se
ond one uses two steps, �rst we 
ontinue the periodi
orbits from the redu
ed 
ir
ular Sitnikov problem to symmetri
 periodi
 orbits ofthe redu
ed ellipti
 Sitnikov problem for small values of the e

entri
ity e, andafter we 
ontinue those symmetri
 periodi
 orbits of the redu
ed ellipti
 Sitnikovproblem to the redu
ed isos
eles problem for small values of � > 0. Both waysdo not give the same information.The main result of this 
hapter is the following theorem.Theorem B Let 
 be a periodi
 orbit of the redu
ed 
ir
ular Sitnikov problemwith period T > �=p2. Then 
 
an be 
ontinued to the following families ofperiodi
 orbits of the redu
ed isos
eles problem with angular momentum 
 = 1=4and � > 0 suÆ
iently small.(a) Case T = 2�! with ! > 1=(2p2) an irrational number.(i) 
 
an be 
ontinued to one 2{parameter family (that depends on � and�) of double{symmetri
 periodi
 orbits with period � suÆ
iently 
loseto T .(b) Case T = 2�p=q for some p; q 2 N 
oprime with p > q=(2p2).(i) p odd:
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an be 
ontinued to one 2{parameter family (that depends on� and �) of double{symmetri
 periodi
 orbits with period � suÆ-
iently 
lose to T .(2) 
 
an be 
ontinued to two 2{parameter families (that depend on �and e) of r�symmetri
 periodi
 orbits with period 2�pq(1� e2)3 =qTq(1� e2)3 where e > 0 is suÆ
iently small.(3) 
 
an be 
ontinued to two 2{parameter families (that depend on �and e) of t�symmetri
 periodi
 orbits with period 2�pq(1� e2)3 =qTq(1� e2)3 where e > 0 is suÆ
iently small.(ii) p even and q = 1:(1) 
 
an be 
ontinued to two 2{parameter families (that depend on �and e) of double{symmetri
 periodi
 orbits of period 2�pq(1� e2)3= qTq(1� e2)3 where e > 0 is suÆ
iently small.(iii) p even and q 6= 1:(1) 
 
an be 
ontinued to one 2{parameter family (that depends on� and �) of double{symmetri
 periodi
 orbits with period � suÆ-
iently 
lose to T .(2) 
 
an be 
ontinued to two 2{parameter families (that depend on �and e) of double{symmetri
 periodi
 orbits of period 2�pq(1� e2)3= qTq(1� e2)3 where e > 0 is suÆ
iently small.In this 
hapter we also give suÆ
ient 
onditions to 
ontinue an arbitrarysymmetri
 periodi
 orbit of the redu
ed ellipti
 Sitnikov problem to the redu
edisos
eles problem for small values of � > 0.An important by{produ
t result in this 
hapter is the 
ontinuation of someperiodi
 orbits of the redu
ed 
ir
ular Sitnikov problem to symmetri
 periodi
orbits of the redu
ed ellipti
 Sitnikov problem, whi
h is summarized as follows.Theorem C The periodi
 orbits of the redu
ed 
ir
ular Sitnikov problem withperiod T = 2�p=q, for given p; q 2 N 
oprime p > q=(2p2), 
an be 
ontinued to:(a) two families of r�symmetri
 periodi
 orbits and two families of t�symme-tri
 periodi
 orbits (that are not double{symmetri
) of the redu
ed ellipti
Sitnikov problem, with period 2�p = qT , for e > 0 suÆ
iently small, whenp is odd;(b) two families of double{symmetri
 periodi
 orbits of the redu
ed ellipti
 Sit-nikov problem, with period 2�p = qT , for e > 0 suÆ
iently small, when pis even.
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tionIn Appendix 8 we present di�erent proofs of the basi
 results of Chapter 4by using transversality arguments instead of the Impli
it Fun
tion Theorem ar-guments based in the Poin
ar�e's analyti
 
ontinuation method. We note thatsomehow the transversality arguments 
an be thought like a more general versionof the Impli
it Fun
tion Theorem for arbitrary manifolds.In Chapter 5 we give suÆ
ient 
onditions to 
ontinue an arbitrary periodi
orbit of the redu
ed ellipti
 Sitnikov problem (symmetri
 or not) to the redu
edisos
eles problem for � > 0 small enough. The only periodi
 orbits of the re-du
ed ellipti
 Sitnikov problem that we know analyti
ally are the ones givenby Theorem B. Then, using the results of Chapter 4, these periodi
 orbits 
anbe 
ontinued to symmetri
 periodi
 orbits of the redu
ed isos
eles problem for� > 0 suÆ
iently small. If we 
ontinue one of these symmetri
 periodi
 orbitswithout using 
onditions of symmetry, then we will obtain again the symmetri
periodi
 orbits given in Chapter 4. Nevertheless in Appendix 6, using numeri
al
omputations, we show that some of these periodi
 orbits 
an also be 
ontinuedwithout using 
onditions of symmetry, and we see the diÆ
ulties of this kind of
ontinuation in the redu
ed isos
eles problem.Finally, in Chapter 6, we see that, adding the angular variable, ea
h periodi
orbit of the redu
ed isos
eles problem gives a 2�dimensional invariant torus onthe phase spa
e of the isos
eles problem that 
an be �lled with either periodi
or quasi{periodi
 orbits. Then we summarize the results about periodi
 orbits ofthe redu
ed isos
eles problem obtained from Chapters 1 to 4, translated in thelanguage of tori for the isos
eles problem. The main result of this 
hapter 
an besummarized as follows.Theorem D Let 
 be a periodi
 orbit of the redu
ed 
ir
ular Sitnikov problemwith period T > �=p2. Then 
 gives a 2�dimensional invariant torus �T of the
ir
ular restri
ted isos
eles problem. This torus 
an be 
ontinued to the followingfamilies of 2�dimensional tori of the isos
eles problem with � > 0 suÆ
ientlysmall. These tori are �lled of either periodi
 or quasi{periodi
 orbits.(a) Case T = 2�! with ! > 1=(2p2) an irrational number.(i) �T 
an be 
ontinued to one 2{parameter family (that depends on � and� with � suÆ
iently near T ) of 2�dimensional tori.(b) Case T = 2�p=q for some p; q 2 N 
oprime with p > q=(2p2).(i) p odd:(1) �T 
an be 
ontinued to one 2{parameter family (that depends on� and � with � suÆ
iently near T ) of 2�dimensional tori.(2) �T 
an be 
ontinued to four 2{parameter families (that depend on� and e with e > 0 suÆ
iently small) of 2�dimensional tori.
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tion 11(ii) p even and q = 1:(1) �T 
an be 
ontinued to two 2{parameter families (that depend on� and e with e > 0 suÆ
iently small) of 2�dimensional tori.(iii) p even and q 6= 1:(1) �T 
an be 
ontinued to one 2{parameter family (that depends on� and � with � suÆ
iently near T ) of 2�dimensional tori.(2) �T 
an be 
ontinued to two 2{parameter families (that depend on� and e with e > 0 suÆ
iently small) of 2�dimensional tori.


