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a b s t r a c t

In this paper, we consider C1 vector fields X in R3 having a ‘‘generalized heteroclinic loop’’ L which is
topologically homeomorphic to the union of a 2–dimensional sphere S2 and a diameter Γ connecting the
north with the south pole. The north pole is an attractor on S2 and a repeller on Γ . The equator of the
sphere is a periodic orbit unstable in the north hemisphere and stable in the south one. The full space is
topologically homeomorphic to the closed ball having as boundary the sphere S2. We also assume that
the flow of X is invariant under a topological straight line symmetry on the equator plane of the ball. For
each n ∈ N, by means of a convenient Poincarémap, we prove the existence of infinitely many symmetric
periodic orbits of X nearL that gives n turns aroundL in a period. We also exhibit a class of polynomial
vector fields of degree 4 in R3 satisfying this dynamics.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

In this paper, we shall analyze the dynamics of C1 vector fields
X in R3 having a ‘‘generalized heteroclinic loop’’ L. It is well
known that the dynamics of a vector field in a neighborhood of a
homoclinic or a heteroclinic loop may be very rich and complex.
So, from a dynamical point of view, the study of the behavior of a
vector field near these objects is very interesting.
Usually the heteroclinic loops that have been studied in the

literature come from heteroclinic loops having a transversal
intersection of a stable invariant manifold and the unstable one
along their orbits different from singular points, see for instance
[1–3]. These heteroclinic loops generically have the Bernoulli
shift as a subsystem and consequently the vector field possesses
infinitely many periodic orbits near the heteroclinic loop. The
mechanism that generates the infinitely many periodic orbits near
these heteroclinic loops is the transversality, whereas for the
generalized heteroclinic loops studied in this paper themechanism
is the symmetry. The origin of the transversality and of the
Bernoulli shift can be found in [3], but one of the best applications
of this dynamics can be found in [2] where the author uses a
heteroclinic transversal loop in order to study the dynamics near
the parabolic orbits of the Sitnikov problem.
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In this paper, our generalized heteroclinic loop has no
transversal intersection between the stable and unstable invariant
manifolds, these invariantmanifolds coincide. So it does not posses
the Bernoulli shift as a subsystem, see for more details [2,4].
Nevertheless it still conserves infinitely many periodic orbits near
it. There are very few articles in the literature studying heteroclinic
loops that have no transversal intersection between their stable
and unstable invariant manifolds and that these coincide, see
for instance [5,6]. Moreover, usually the invariant manifolds that
appear associated to the heteroclinic loops studied in the literature
have the same dimension. In our heteroclinic loop these objects
have different dimension. From the point of view of having
invariantmanifolds with different dimension our heteroclinic loop
can recall to the homoclinic loops of Silnikov type (see for example
[7–10]), but the main difference with these kind of loops is that
their invariant manifolds cannot coincide as in our heteroclinic
loop.
Of course there are many other kinds of phenomena related

with homoclinic and heteroclinic loops, as for instance the ones
related with blue sky catastrophes (see for instance [11,12]), or the
ones related with homoclinic snaking (for example see [13–16]),
and several others. But all these other phenomena are different to
our generalized heteroclinic loops.
Modulo a diffeomorphismwe assume thatL is the union of the

sphere S2 of radius 1 centered at the origin of R3, and the open
diameter Γ along the z-axis.
Let X = (f (x, y, z), g(x, y, z), h(x, y, z)) be a C1 vector field

defined on the closed ball D3 = {(x, y, z) ∈ R3 : x2+ y2+ z2 6 1}.
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