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Abstract For the 4-body problem there is the following conjecture: Given
arbitrary positive masses the planar 4-body problem has a unique convex
central configuration for each ordering of the masses on its convex hull. Until
now this conjecture remains open. Our aim is to prove that this conjecture
cannot be extended to the (¢ + 2)-body problem with ¢ > 3. In particular,
we prove that the symmetric (2n 4+ 1)-body problem with masses m; = -+ =
Mmon—1 = 1 and ma, = mae,4+1 = m sufficiently small has at least two classes
of convex central configuration when n = 2, five when n = 3, and four when
n = 4. We conjecture that the (2n 4 1)-body problem has at least n classes of
convex central configurations for n > 4 and we give some numerical evidences
that the conjecture can be true. We also prove that the symmetric (2n + 2)—
body problem with masses m; = --- = mo, = 1 and mop4+1 = Maopy2 = M
sufficiently small has at least three classes of convex central configuration
when n = 3, two when n = 4, and three when n = 5. We also conjecture
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that the (2n + 2)-body problem has at least [(n + 1)/2] classes of convex
central configurations for n > 5 and we give some numerical evidences that
the conjecture can be true.

Keywords Convex central configuration - (¢ + 2)-body problem
Mathematics Subject Classification (2010) 70F10 - 70F15

1 Introduction and statement of the main result

The equations for the classical Newtonian N-body problem are given by

N
. qQ; — q
midi = Y Gmim; 7|q77q_l|37
i=1 S
JF

i=1,...,N, where q; = (z;,y;) € R? is the position vector of the punctual
mass m; in an inertial coordinate system, |q; — q;| is the Euclidean distance
between the masses m; and m;, and G is the gravitational constant which
can be taken equal to one by choosing conveniently the unit of time. The
configuration space of the planar N—body problem is

52{(q1,...,qN)€R2N : q; # qj, fori#j}.

Given myq, ..., my a configuration (qi,...,qy) € £ is centralif there exists
a positive constant A such that

i = —A (q; —cm)

fori=1,..., N, where

N N
Zi:1 miZq Zi:1 mz%)
N ) N )
Doimi Mi Dy M
is the center of mass of the system. Thus a central configuration (qi,...,qn) €

& of the N-body problem with positive masses mq,...,my is a solution of
the system of 2N equations

cm = (cmg, cmy) = (

R
=) my o A (- ema) =0,
i=1 s

J#

N

Yi — Yi
eNyi = E m; 7|q_37 q_l|3 + A (y; —cmy) =0,
i=1 s
J#i

with ¢ = 1,..., N, for some \.
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A configuration is called convez if none of the masses is contained in the
interior of the convex hull of the other remaining masses.

McMillan and Bartky in 1932 (see [8]) proved that the 4-body problem for
any set of positive masses has a convex central configuration. This result was
reproved in a simpler way by Xia in 2004 (see [11]).

In the paper of MacMillan and Bartky is implicit the following conjecture:
For the planar 4-body problem with positive masses there is a unique convex
central configuration for each ordering of the masses on its convex hull. This
conjecture also appear explicitly in the papers of Pérez—Chavela and Santo-
prete [10], and of Albouy and Fu [1]. Until now this conjecture remains open
and the opinion of the people that have thought in it is that its proof can be
hard. Numerically it is known that the five body problem with equal masses
has only one convex central configuration, see [7] and [9]. Chen and Hsiao
[5] provided necessary conditions in order that a central configuration of the
five body problem to be convex and also show some numerical convex central
configurations for different values of the masses.

The objective of this paper is to show analytically that this conjecture
cannot be extended to the (¢ + 2)—body problem with ¢ > 2 except perhaps
for ¢ = 4. Here we counsider symmetric (¢ + 2)—body problem with masses
my = mg = --- = my = 1 and myy1 = myyo = m having the following
symmetries. When £ = 2n — 1 is odd we consider the Sy —symmetric (2n + 1)
body problem having the S;-symmetry:

y1 = 07
Tontl—i = Ti, Yony1—i = —Yi, Y >0, 2<i¢<n,
Ton4+1 = T2n,  Yon+l = —Y2n, Yon > 0.

When ¢ = 2n is even we consider the Sy—symmetric (2n + 2)-body problem
having the Sy— symmetry:

Y1 = 0) Yn+1 = 0)
Top—i = Tit2, Yon—i = —Yi+2, Yit2 >0, 0<i<n—2,

Tont2 = Tant+1,  Y2nt+2 = —Y2n+1,  Y2nt1 > 0,
and the Ss—symmetric (2n + 2)-body problem having the Ss—symmetry:
Ton—i = Tit1, Yon—i = —Yit+1, Yi+1 >0, 0<i<n-—-1,
Tont2 = Toant1, Yont2 = —Y2n+1s  Yant1 > 0.
Our results are the following.

Theorem 1 For each m > 0 sufficiently small the S1—symmetric £ + 2-body
problem with massesm; =1,i=1,...,£ =2n—1 and myy1 = myy2 = m has
at least two, five, four convex central configurations for £ = 3,5,7, respectively.

Theorem 1 is proved in Section 3.
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Conjecture 1 For each m > 0 sufficiently small and n > 5, the S;—symmetric
¢ 4+ 2-body problem with masses m; =1,i=1,..., ¢ =2n—1 and myy; =
myyo = m has at least n convex central configurations.

In Subsection 3.5 we give numerical evidences that Conjecture 1 holds.

Theorem 2 For each m > 0 sufficiently small the Sy—symmetric £ + 2-body
problem with masses m; =1,1=1,...,£ =2n and myy1 = myio = m has at
least three, two, three convex central configurations for £ = 6,8, 10, respectively.
For ¢ = 4 there are no convexr So—symmetric central configurations that can
be obtained from continuation of central configurations of the restricted Ss—
symmetric £ + 2-body problem.

Theorem 2 is proved in Section 4.

Conjecture 2 For each m > 0 sufficiently small and for n > 6, the Sy—
symmetric £ + 2-body problem with masses m; = 1,7 =1, ..., £ = 2n and
Mey1 = Myyo = m has at least ["T'H] convex central configurations.

In Subsection 4.6 we give numerical evidences that Conjecture 2 holds.

Theorem 3 For each m > 0 sufficiently small the Ss—symmetric £ + 2—body
problem with masses m; = 1,4 =1,...,0 = 2n and myy1 = myso = m has
no convex central configurations for £ = 4,6,8,10 that can be obtained from
continuation of central configurations of the restricted Ss—symmetric £+2-body
problem.

Theorem 3 is proved in Section 5.

Conjecture 3 For each m > 0 sufficiently small and for n > 6, the S3—
symmetric £ + 2-body problem with masses m; = 1,7 =1, ..., £ = 2n and
myey1 = Myyo = m has no convex central configurations that can be obtained
from continuation of central configurations of the restricted S3—symmetric
¢ 4 2-body problem.

2 Symmetric restricted £ + 2 body problem with £ equal masses at
the vertices of a regular £—gon

Now for k = 1, 2, 3 we consider the Sy-symmetric restricted (¢ + 2)-body
problem with ¢ masses equal to one at the vertices of a regular /—gon with
positions z; = cosay, y; = sina;,1 < ¢ < £ where o; = 27(i — 1)/{ + «
and « = 0 when &k = 1,2 and o = /¢ when k = 3, and two infinitesimal
masses with m = 0 located at the points (¢4+1,ye+1) and (g1, —yet1). Here
(z¢+1,Ye+1) corresponds to the position of the infinitesimal mass in a central
configuration of the restricted £ + 1-body problem with ¢ equal masses at the
vertices of a regular ¢-gon.

The restricted (£ + 1)-body problem with ¢ equal masses at the vertices of
a regular ¢-gon have been studied by several authors. Arenstorf in [2] proved
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that for the central configurations of the restricted (34 1)-body problem with
3 equal masses at the vertices of an equilateral triangle, the infinitesimal mass
must be on one of the three straight lines passing through barycenter and
a vertex of the triangle. He also proved that on each straight line there are
exactly four positions for the infinitesimal mass in a central configuration.
Bang and Elmabsout in [3] and [4] and later on Fernandes et al. in [6] studied
the problem for ¢ > 3. The results of [3,4,6] are summarized in the following
lemma.

Lemma 1 For £ > 3 consider the central configurations of the restricted (¢ +
1)-body problem with equal masses at the vertices of a reqular £—gon of radius
1.

(a) The infinitesimal mass is located on an azis of symmetry of the (-gon (see
Theorem 2 in [3]).

(b) Assuming that the bodies are arranged so that the positive x—axis is a semi-
axis of symmetry containing one of the primaries, the possible positions for
the infinitesimal mass are (0,0) and (p1,0) with p; > 1.

(c) Assuming that the bodies are arranged so that the positive x—azis is a semi-
axis of symmetry that does mot contain any of the primaries, the possi-
ble positions for the infinitesimal mass are (0,0), (p2,0) and (p3,0) with
0<p2 <1<ps.

Neither [2], [4] nor [6] provide the explicit values of p1, p2 and ps. In this
paper these values are necessary and they would be given when we need them.

3 Si1—symmetric (2n 4+ 1)-body problem
3.1 The equations

Since the set of central configurations is invariant under rotations and dilations,
and we have the first integral of the center of mass, without loss of generality
we can assume that the center of masses is at the origin of coordinates and that
q1 = (1,0). Since the center of masses is at the origin we have (e¢my,cmy) =
(0,0), so 7" mz; = 0, and xy = —(1/2 4 Y214 #; + maa,). Notice that
due to the symmetry Zfﬁfl my;y; is identically zero.

Taking into account these conditions together with the S;—symmetry the
4n + 2 equations e; = 0,...,e4p42 = 0 given by (1) with N = 2n + 1 for the
central configurations of the S;—symmetric (2n 4+ 1)-body problem reduce to
the following 2n equations

ei:07 62n+1+i:07 ’6.22,...7’)7,,
ean =0, eant+1 = 0.

Indeed, the equations e; and es, 2 are omitted because 22221—1 e; + mes, +
mean+1 = 0 and Zle_l €iton+1 + Meant1 + Megnio = 0. And from the S;—
symmetry, we have e; = €2p41—4, €i42n+1 = —€anto—i, for 2 < i < n, egpi1 =
ean and €4n4+2 = —C€4p41-
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From the first equation es = 0 we isolate A and we substitute it into the
other 2n — 1 equations that we denote by

ES = Oa Tty En = 07 E2n = 07 E2n+3a te 7E3n+1 - Oa E4n+1 =0. (2)

In short, we have 2n — 1 equations and 2n — 1 unknowns ya, x;, ¥;, 3 < i < n,
T2n, Yon-

We are interested in the central configurations of the S;—-symmetric re-
stricted 2n + 1-body problem, see Section 2. Since the number of primaries
is odd, without loss of generality we can assume that the line of symmetry is
the z—axis and that one of the primaries is in the positive z—axis. We assume
also that the infinitesimal mass mg, is in the x—axis, i.e. yo, = 0. Straight-
forward computations show that when m = 0, z; = cosq;, y; = sinaq;, with
a; =2m(i —1)/(2n — 1), 1 <4 < 2n —1 and y2, = 0 all the equations in (2)
are identically zero except the equation Es, = 0 which becomes f,(z2,) =0
with
COS Qj — Tan

fnlw2n) = Z

-1
+ )\-r2na
= (1 —2cosajza, +3,)

2
3/2
J
where

2n—1

cosa;/cosag — 1
A=— ! .
Z (2 fQCosaj_l)g’/Q

j=1
J#2

3.2 Proof of Theorem 1 for ¢ = 3

For the central configurations of the S;—symmetric 5-body problem (that is
n = 2) with masses m; = mg = mg = 1 and my = mz = m equations (2)
taking into account that o = —max4 — 1/2 (by the fist integral of the center
of masses) reduce to By, =0, E; = 0 and F9 = 0 where

(2mas+1)/24 24 (2may+1)/2+ 24 . 1—x4

E4 = /\1‘4 — 5
7”34 T§’4 Tﬁ
m(ys —y2)  m(y2+ya) Y2 1
Er=Mpt— 53— —— 3~ 3 ~ 1=
T24 T34 12 Y2
m Ya Y2 —Ys Y2+ Ya
Ey=Xys — —5 — 5~ -
dyi iy 7“34 7"34 ’

with

T12 = \/(2mx4+3)2/4+y§,
r1a = /(24 — 1)2 + 3,

To4 = \/(2(m + Dag+ 1)2/4+ (y2 — ya)?,
r3s =/ (2(m + Dag + 1)2/4+ (y2 + ya)?,
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and
3.3 3.3 3.3 3.3 3 (.3 3
MTy9T5y + Mrigryy + 3r5yr5y + 2m(ry, sy + (1 +m)ria(rs, +1354)) 74

)\ =
7”?27”:2347%4(1 + 2may)

In short, we have three equations and three unknowns yo, x4 and y4.

In the next result we provide all the convex central configurations of the
S1—symmetric restricted (34 2)-body problem having the three primaries with
masses equal to one located at the vertices of the equilateral triangle (z1,y1) =
(1,0), (x2,2) = (=1/2,4/3/2) and (x3,y3) = (=1/2,—+/3/2), and the two
infinitesimal masses m = 0 m located at (x4,y4) and (s5,ys5) = (T4, —Ya).

Proposition 1 The Sy —symmetric restricted (3+2)-body problem has exactly
two classes of convex central configurations which are given by

(a) (24, ys) = (~a/2, —/3a/2), sec Figure 1(b),
(b) (x4, ya) = (a, 0), see Figure 1(a). Note that in this configuration the two
infinitesimal masses are colliding.

Here a = —1.6197896088 ... is a root of the polynomial

P(z) = &l — 210 + (2v3 — 3) 28 + (3+2v/3) 2] + 2v/32§ — 2 (3 + 2V/3) 2
— (4B —42) 2t — (9+ 4V3) 23 + (84 2v/3) 22 + (37 + 2v3) wa + 2V3 + 9.

Proof First we look for the central configurations of the S;—symmetric re-
stricted (3 + 2)-body problem with my4 on the axis of symmetry containing
my1, i.e. with y4 = 0. In the previous subsection we have seen that under this
condition x4 must satisfy the equation fo(x4) = 0.

Since we are only interested in convex central configurations, we can restrict
to x4 < —1/2. Under this hypothesis equation f2(x4) = 0 becomes

3(2x4 +1)

3/2

— e = \3x, +
(23 + 24+ 1)

Squaring both sides of this equation and dropping the denominators we get
the polynomial equation 3z4P(x) = 0. Solving numerically this polynomial
equation we get exactly two solutions with x4 < —1/2, but only 4 = a is a
solution for the initial equation (3). This proves statement (b).

Taking the axis of symmetry through the mass mg, or equivalently rotating
the solution of statement (b) an angle of —27/3 we get statement (a).

Clearly the configuration with (z4,y4) = (z5,y5) = (a,0) and the one with
(r4,94) = (—a/2,—v3a/2) and (z5,ys5) = (—a/2,v/3a/2) are both convex.
Moreover, if we take the axis of symmetry through the mass mo, by symmetry
we get again the configuration given in statement (a). Thus these are the
unique convex central configurations of the restricted (3 4+ 2)—body problem.

Proposition 2 The two convex central configurations of the symmetric re-
stricted (3 + 2)—body problem given in Proposition 1 can be continued to two
families of central configurations of the symmetric 5-body problem with masses
m; =1,1=1, 2,3 and mqy = ms = m > 0 sufficiently small.
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myg =0

(a) () =0

Fig. 1 Convex central configurations of the symmetric 5-body problem with m4 = ms = 0.

Proof Using the Implicit Function Theorem we will see that the solutions of
system Fy, =0, E7 =0 and F9 = 0 with m = 0 given in Proposition 1 can be
continued to solutions of this system with m > 0 sufficiently small.

We start with the solution (z4,v4) = (—a/2, —v/3a/2). The determinant
of the Jacobian of system E4 = 0, F; = 0 and EFy = 0 (with respect to
the variables 2, 4, y4), evaluated at m = 0, yo = v/3/2, and (24,y4) =
(—a/2,—+/3a/2) takes the value

V3 (—16a® — 16a+11) /3 (32a* + 64a® — 12a* — 44a + 5)
Aa—1)3 (a? +a+1)*? 8(a%+a+1)°

1 1 3 1
- + + V3 = —0.6885602058 - - - # 0.

@tat )2 20a-1P " (@-1F 23

Since this determinant is different from zero from the Implicit Function The-
orem there exist an analytic family yd(m), z}(m) and yi(m) of solutions of
system Ey = 0, B; = 0 and Eg = 0 with y(0) = v/3/2, 2}(0) = —a/2 and
y1(0) = —v/3a/2, defined for m > 0 sufficiently small.

Notice that system E4 = 0, E7 = 0 and E9 = 0 is not analytic with respect
to all its variables in a neighborhood of m = 0, y» = v/3/2 and (24, 4) = (a,0)
because equation Fyg = 0 contains the term m/y?. After doing the change of
variables y, = pYy/2 with u = m!/3 we obtain a new system of equations
which is analytic with respect to all its variables in a neighborhood of p = 0,

Yo = V/3/2, 4 = a and Yy # 0 and it is given by

~ 8(2x4 + 1) 24xy 1— a4 5
By =~ 5 58z T 3/2 2\3/2 + 0%,
(24 4+ 1)2 + 493) (4y2 +9) ((zg — 1)2)

~ 16y2 Yo 3
E? = - - + O(M )7

(43 + 9% 4(3)?
B = 1}/4 16 (204 +1)2 - 8y3) 1 N 24

2 (220 +1)2 +493)°°  ((2a— 12" (42 +9)*°

2 3
(Y2)3/2> w+Ow?).
4
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Consider now the system of equations
Ey = Ey4, Er = Ex, Ey = Eo/p,

which is analytic with respect to all its variables in a neighborhood of p = 0,
Yo = \f/? ry = a and Yy # 0. Substituting p = 0, y2 = V3/2, x4 = a into
system E; = 0, E; = 0 and Eg = 0 we get that E4 and E; are identically zero
and that equation Eg = 0 is equivalent to

v —4a%2 —4a+5 + 1 2 n 1 0
4 - —= | =0
Y@ tar )2 @18 2P VB

1
2
The solutions of this equation are Y; = 0 and
Y, = £b=+1.4869700925. . ..
Clearly, system Ey = 0, E7 = 0 and Eg = 0 is analytic with respect to all its
variables in a neighborhood of the solution 4 = 0, yo = \/3/2, x4 = a and

Yy = b. Moreover the determinant of the Jacobian of the system (with respect
to the variables yo, x4, Yy) evaluated at this solution is

1 3(2a + 1) 2 2 1
8V3 (2(a2+a+1)5/2 - (a2+a+1)3/2 - (a—1)3+\/§>
3 (4% + 4a — 5) 6
<_ (a2—|—a—|—1)5/2 (a—1)3

+ = + 2f> = —1.0328403087 - - - # 0.

Therefore, applying the Implicit Function Theorem, there exist a unique ana-
lytic family of solutions y (1), x4(1) and Yy(u) of system E; = 0, E7 = 0 and
Ey = 0 with y2(0) = v/3/2, £4(0) = a and Y4(0) = b defined for y > 0 suffi-
ciently small. This family provides the family of solutions of system F, = 0,
E; =0 and Eg = 0 given by y2(m) = v/3/2 4+ O(m!/3), 22(m) = a + O(m*/3)
and y3(m) = b/2m*3 + O(m?/3) defined for m > 0 sufficiently small. This
completes the proof of the proposition.

Proof (Proof of Theorem 1 for { = 3) Let z3(m) = —ma}(m) — 1/2 and
x3(m) = —ma3(m) — 1/2. Given m > 0 sufficiently small, Proposition 2 pro-
vides two central configurations: the one given by (x1, y1) = (1,0), (22, y2) =
(b (m). (m). (2. ) = (ab(m), —yh(m). (4, ya) = (wh(m). yh(m), and
(w5, y5) = (xi(m), —yi(m)), and the one given by (z1, y1) = (1, 0), (22, y2) =
(@3 (m), 33(m)). (2, 98) = (£3(m)., —g3(m), (a0, ) = ((m), 2(m]), and
(w5, y5) = (x3(m), —y3(m)). Since for m = 0 they are two different convex
central configurations, it follows that for m > 0 sufficiently small they continue
being two different convex central configurations. This completes the proof of
the theorem.
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3.3 Proof of Theorem 1 for £ =5

For the symmetric 7-body problem (that is n = 3), the equations of central
configuration (2) are reduced to 5 equations: F3 =0, Eg =0, Fg = 0, B9 = 0,
E15 = 0 where 2o = —mag — 1/2 — x5 (by the fist integral of the center of
masses), and the ones for the symmetric restricted (5 + 2)-body problem are
reduced to the equation f3(xg) = 0, see Subsection 3.1.

In order to prove the convexity of our central configurations we will use
the following result.

Lemma 2 Let q; fori=1,...,N be the vertices of a n-gon ordered sequen-
tially counterclockwise. If the signed areas of all the triangles formed by three
consecutive vertices of the n-gon are positive, then the n-gon is convex. That

is, if

qidi+1 X di+1di+2 > 0,
foralli=1,..., N, then the n-gon is convex. Here qn+1 = q1 and qn42 = Qa.

Recall that the signed area of a triangle formed by the consecutive vertices
in counterclockwise of a n-gon not necessarily regular p; = (21,y1), P2 =
(22,y2) and p3 = (z3,ys3) is given by

1 , s llag—21 23— 2
A= -pip2 X P2p3 = = > b >

2| y2—y1 Y3 —y2 |

Proposition 3 Let a; = —1.5979217289... and as = —0.8221828699... be
the two roots of fs(xe) = 0 with xs < cos(4w/5). The symmetric restricted
(5 + 2)-body problem has exactly five classes of convex central configurations
which are given by

(a) (zg, ys) = (cos (—2m/5)aq, sin (—27/5)a1), see Figure 2 (b),

(b) (z6, ys) = (cos (—2m/5)az, sin (—27/5)az), see Figure 2 (d),

(¢) (6, yg) = (cos (—4m/5)az, sin (—4w/5)asz), see Figure 2 (e),

(d) (zg, ys) = (a1, 0), see Figure 2 (a). Note that in this configuration the two
infinitesimal masses are colliding,

(e) (z6, ys) = (a2, 0), see Figure 2 (c). In this configuration the two infinites-
imal masses are colliding.

Proof Taking the mass mg on the axis of symmetry that passes through my,
i.e. y¢ = 0, the equations for the central configurations of the S;—symmetric
restricted (54 2)-body problem are reduced to the equation f3(xg) = 0. Since
we are only interested in convex central configurations we can assume that
x6 < cos(4m/5), under this assumption equation f3(xg) = 0 becomes

_ S+ 14+ Lot \/ﬁ(\/gflfélx‘i;“
(6 — 1) V5 (2 + w6 — VBag + 223)3/

V2(V5 + 1 4 4ag) _
(2 + w6 + VBag + 222)3/2
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mo m2
ms | @ ms3 | @
mGZOT/ \ml mg:OT/ \ml
m7:0l (1,0) m7ol\

maq my4

ms ms
(a) (c)
meg =0
3 mo 0|3

(e

~

Fig. 2 Convex central configurations of the symmetric 7-body problem with mg = m7 =0

Squaring both sides of this equation and dropping the denominators we get
the polynomial equation —8192x¢P(x¢) = 0 where P(z4) is a polynomial of
degree 35 in the variable x¢. This polynomial equation has exactly four real
roots with xg < cos(4w/5) of those only ¢ = a1 and xg = as are solutions of
the initial equation (4).

Tt is easy to see that the configurations with (zg,ys) = (a1,0) and the one
with (xg,ys) = (az2,0) are both convex because they satisfy the conditions of
Lemma 2. This proves statements (d) and (e).
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We also can take the mass mg on an axis of symmetry passing through
my4 and my. This corresponds to rotate the solutions (zg,ys) = (a1,0) and
(z6,y6) = (a2,0) and angle of —4w/5 and —27/5, respectively. Note that
by symmetry if we take the mass mg on the axis of symmetry through meo
(respectively, mg) we obtain the same configuration than taking the axis of
symmetry through ms (respectively, my).

By rotating the solution (zg,ys) = (a1,0) with an angle of —27/5 and
rotating the solution (xs,ys) = (az,0) with an angle of —2x/5 and —4n/5
we get the configurations of statements (a), (b) and (c) respectively. Applying
Lemma 2 again we see that all these configurations are convex. Note that the
configuration given by rotating the solution (zg,ys) = (a1,0) with an angle
of —4m/5 is not convex because a; cos (—4mw/5) > 1. So these are the unique
convex central configurations of the Sj—symmetric restricted (5 + 2)-body
problem.

Proposition 4 FEach of the five convex central configurations of the symmetric
restricted (54 2)-body problem can be continued to a family of central configu-
rations of the symmetric T-body problem with masses m; = 1,9 =1,...,5 and
me = m7 =m > 0 sufficiently small.

Proof Using the Implicit Function Theorem we will see that the solutions of
system E3 = 0, Fg = 0, E9 = 0, F19p = 0, E13 = 0 with m = 0 given
in Proposition 3 can be continued to solutions of this system with m > 0
sufficiently small.

We use the following notation: U = (y2,x3,¥3), V = (zs,¥s), and U =
(sin(2n/5), cos(4m/5), sin(47/5)), Vi = (cos (—2m/5)ay,sin (—27/5)ay), Vo =
(cos (=27 /5)asg, sin (—27/5)as), and Vi = (cos (—4m/5)asg, sin (—47/5)as).

System F3 =0, Eg =0, Fg =0, E1g =0, E13 = 0 is analytic with respect
to all its variables in a neighborhood of the solutions m = 0, U = U and
V =V, for i = 1,2, 3. Let J(U,V,m) denote the Jacobian of the system
FEs =0, Fs =0, Fg =0, F19 =0, E13 = 0 with respect to the variables U, V.
Straightforward computations show that

det (T (U, V,m)) |y_g v—vy m_o = 619657422025 ...,
det (T (U, V,m)) ly—gv—vy.mo = —1928.5558212278 ...,
det (T (U, V,m)) |y_g.v—vymeo = —1928.5558212278 . ..

Since these determinants are different from zero from the Implicit Function
Theorem there exist three analytic families of solutions of system E3 = 0,
Es=0,Fy =0, Eg =0, E13 = 0 defined for m > 0 sufficiently small. They are
given by (U'(m),Vi(m)) for i = 1, 2, 3 with U'(m) = (y5(m), z5(m), yi(m))
and Vi(m) = (x4(m), yi(m)) satisfying U*(0) = U, V(0) = V.

System FE3 = 0, Eg = 0, Eyg = 0, E1p = 0, E13 = 0 is not analytic with
respect to all its variables in a neighborhood of the solution m = 0, X = X and
Y = (x6,ys) = (a,0) with either a = a; or a = ag because equation Fy3 = 0
contains the term m/y3. After doing the change of variables yg = 1Ys/2 with
pu =m'/3 we obtain a new system of equations which is analytic with respect
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to all its variables in a neighborhood of =0, U = U, 2 = a and Y5 # 0 and
it can be written as

Es = Es(ya,23,y3) + O(1%),

Eg = Eg(y2, 3,3, 76) + O(1?),

Eg = Eg(yo,z3,y3) + O(1®),

Erg = E1o(y2, 3, 93) + O(1°),

E13 = pBis(y2, 23,3, 76, Y5) + O(1°).

Now we consider the system of equations
E3s=FEs, FE¢=Es, Eyg=Ey, FEig=EFEy, FEi3=FEs/pu,

which is also analytic with respect to all its variables in a neighborhood of
p=0,U=U, x5 = a, and Yg # 0. Substituting p =0, U = U and x¢ = a

iPtO §ystem Eg = 0, E(; = O, Eg = 0, ElO = O,7E13 =0 we get that E3, EG,
Ey, Eq are identically zero and that equation E;3 = 0 is equivalent to

_ 1 Y2
E3(Ys) = - AY, 6
13(Ys) 1 6 T YGS )
where
e 2\/5(—8a2+4(\/5—1)a+3\/5+7)+

(2@2 —Vbha+a+ 2)5/2

2V2(8a? +4(14+V5)a+3V5-7) 2 -

2
(a2 + vratat2)” (=17 Vo

The solutions of this equation are
4
Yo =+¢/——.
0 A

If a = aq then Yg = &by = £1.1302790764 ... and if a = ay then Y5 = by =
40.4564622776 . . .. By symmetry, we are only interested in the positive values
of Yg.

Clearly, system E3 = 0, Eg =0, Eg = 0, B9 = 0, E13 = 0 is analytic with
respect to all its variables in a neighborhood of the solutions u =0, U = U,
xg = a;, Y6 = b; with ¢ = 1,2. Moreover the Jacobian of the system (with
respect to the variables U, x4, Yg) evaluated at these solutions take the values
92.9486133 ... when ¢ = 1 and —2892.8337318417... when ¢ = 2. Therefore,
applying the Implicit Function Theorem, there exist two analytic families of
solutions of system F3 = 0, Eg = 0, Fg = 0, E19 = 0, F13 = 0 defined for
p > 0 sufficiently small. They are given by (U3 (u), x5 (1), Y2 (u)) for
i = 1,2 with U3 () = (y5° (1), 257> (1), w5 * (1)) and satistying U3(0) =
U, z573(0) = a; and YZT3(0) = b;. Let yi™(u) = pYa™(u)/2, then these
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two families provide the two families of solutions of system E3 = 0, Eg = 0,

Eg = 0, Bygp = 0, E13 = 0 given by (U*3(m!/3), Vit3(m1/3)) for i = 1,2

where Vi3 (u) = (257 (1), y5™ (1)), defined for m > 0 sufficiently small. In

particular, y5t3(m) = sin(27/5) + O(m'/3), x53(m) = cos(47/5) + O(m'/3),

05120m) = sin(tr/5) + O(m'%), 2 (m) =0+ O(m'/%) and " om) =
bi/2m'3 + O(m'/3).

Proof (Proof of Theorem 1 for £ =5) Let z4(m) = —mai(m) — 1/2 — 2% (m)
fori=1,...,5. Given m > 0 sufficiently small, Proposition 4 provides the five
central configurations given by (1, y1) = (1, 0), (22, y2) = (zh(m), yi(m)),
(23, 3) = (zh(m)., yy(m). (2. wa) = (2(m). —y3(m)). (x5, 5) = (x(m).
—ya(m)), (z6,y6) = (x5(m), yg(m)), and (z7, y7) = (x5(m), —ys(m)) for i =
1,...,5.

Since for m = 0 we have five different central configurations that are con-
vex, see Figure 2, it follows that for m > 0 sufficiently small they continue
being five different convex central configurations. This completes the proof of
the theorem.

3.4 Proof of Theorem 1 for ¢ =7

For the symmetric 9-body problem (that is n = 4), the equations of central
configuration are reduced to 7 equations: E3 =0, B4, =0, Eg =0, E1; =0,
FE12 =0, F13 =0, E17 = 0 where o = —mxg — 1/2 — 23 — x4 and the ones for
the symmetric restricted (7 + 2)-body problem are reduced to the equation
fa(xg) = 0, see Subsection 3.1.

Proposition 5 Let a3 = —0.9189903637... be the biggest root of fi(xs) =0
with xg < cos(67/7). The symmetric restricted (74+2)—body problem has exactly
four convex central configurations which are given by

(a) (zs, ys) = (cos (—2m/7)as, sin (—27/7)as), see Figure 3 (b),

(b) (xs, ys) = (cos (—4m/T)as, sin (—4n/T)as), see Figure 3 (c),

(c) (zs, ys) = (cos (—67/T)as, sin (—6m7/7)as), see Figure 3 (d),

(d) (zs, ys) = (as, 0), see Figure 3 (a). Note that in this configuration the two

infinitesimal masses are colliding.

Proof Assuming that the mass mg is on the axis of symmetry that passes
through m;, i.e. yg = 0, the equations for the central configurations of the
S1—symmetric restricted (7 + 2)-body problem are reduced to the equation
f4($8) = 0 with

27: cos (2(j — )w/7) — x5
= (1—2cos (2(j — D /T)as + 22)*>

7 .
. cos (2(j — 1)w/7)/ cos (2m/T) — 1
® Zl (2 — 2cos (2(j — 2)m/7))*/>

i#2
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ms3 m3

P ms =0 &
T
//

me =0 ¢ //(1,0)' i 1,0)
me me
(a) (b)
mg |8 = 0 ms3

(c) (d)

Fig. 3 Convex central configurations of the symmetric 9-body problem with mg = mg = 0.

see Subsection 3.1. Since we are only interested in convex central configura-
tions we can assume that xg < cos(67/7). Rearranging conveniently equation
fa(zs) = 0, squaring both sides of the equation as many times as we need and
dropping the denominators we get the polynomial equation kxgP(xs) = 0,
where k is a constant and P is a polynomial of degree 95. This polynomial equa-
tion has exactly eight real roots with zg < cos(67/7) of those only zg = ag and
g = aqg = —1.5841209012. .. are solutions of the initial equation f4(zg) = 0.

We also can take the mass mg on the axis of symmetry passing through
any other of the masses. By symmetry it is sufficient to take mg on the axes
of symmetry passing through ms, mg, and my, this corresponds to rotate the
solutions (s, ys) = (as,0) and (xs,ys) = (a4, 0) an angle of —67/7, —4x/7 and
—2m/7, respectively. By taking the mass mg on the axes of symmetry passing
through my4, ms and ms respectively we do not obtain new configurations.

It is easy to see that the configuration with (xg, yg) = (as, 0) is con-
vex because it satisfies the conditions of Lemma 2. This proves statements
(d). By rotating the solution (zs, ys) = (a3, 0) with an angle of —2x/7,
—4m/7 and —67/7 we get the configurations of statements (a), (b) and (c)
respectively. Applying Lemma 2 again we see that all these configurations
are convex. Note that the configurations with (xg,ys) = (a4,0), (xs, yg) =
(cos (=27 /T)ay, sin (—27/7)as), (zs, ys) = (cos(—4n/T)as, sin(—4n/T)as),
and (xs, ys) = (cos(—67/7)ay, sin (—6m/7)ay) are not convex because they
do not satisfy Lemma 2. So these are the unique convex central configurations
of the S1—symmetric restricted (7 4 2)-body problem.



16 M. Corbera, J. Llibre and P. Yuan

Proposition 6 FEach of the four convex central configurations of the symmet-
ric restricted (7+ 2)—-body problem can be continued to a family of central con-
figurations of the symmetric 9-body problem with masses m; = 1,41 =1,...,7
and mg = mg = m > 0 sufficiently small.

Proof The proof is similar to the proof for £ = 3 and ¢ = 5. Using the Implicit

Function Theorem we will see that the solutions of system E3 = 0, £y = 0,

FEs=0,F11 =0, E12 =0, F13 =0, F17 = 0 with m = 0 given in Proposition 5

can be continued to solutions of this system with m > 0 sufficiently small.
Let U = (y2, 3, Y3, T4, Ya), V = (xs, ys) and

U = (sin (27/7), cos (47/7), sin (47/7), cos (67/7), sin (67/7)),
Vi = (cos (—2mi/7)as, sin (—2mi/7)as), i=1,2,3.

Then Es, Ey, Eg, E11, F12, F13, E17 are functions with variables U, V. System
E3 = 0, E4 = 0, Eg = 0, E11 = 0, E12 = 0, E13 = 0, E17 =0is analytic with
respect to U, V in a neighborhood of the solutions m =0, U = UandV =V,
fori =1, 2, 3. Let J(U,V,m) denote the Jacobian of the system with respect
to the variables U, V. Straightforward computations show that

det (J(X,Y,m)) ly_g.v—:.m_o= —203091.2451410419..., i=1,2,3.

Since these determinants are different from zero from the Implicit Function
Theorem there exist three analytic families of solutions of system E3 = 0,
E, = O, Ey = 0, FEi1 = 0, FEiy = 0, FEi3 = 0, FEi7;=0 defined for m > 0
sufficiently small. They are given by by (U?(m),V¢(m)) for i = 1, 2, 3 with
U (m) = (y(m), wh(m), yi(m) @i (m), yi(m)) and Vi(m) = (zi(m), yi(m))
satisfying U*(0) = U, V*(0) = V;.

System E3 = 0, E4 = 0, Eg = 0, E11 = 07 E12 = 0, E13 = O, E17 =01is
not analytic with respect to all its variables in a neighborhood of the solution
m=0,U = U and (zs,ys) = (as,0) because equation E17 = 0 contains the
term m/y2. After doing the change of variables yg = uYz/2 with g = m'/? we
obtain a new equivalent system of equations which is analytic with respect to
all its variables in a neighborhood of =0, U = U, s = a3 and Yz # 0 and
it can be written as

E; = Ei(y2,3,ys, T4, ys) + O(p), i =3,4,11,12,13,
Es = Es(y2, 3,3, 74, Y, 78) + O(?),
Err = pEir(yo, 3,ys, T4, ya, 08, Ys) + O(1®).
Now we consider the system of equations
E;=FE;, i=3,4,811,12,13,  Ei; = Ey/p,

which is also analytic with respect to all its variables in a neighborhood of
u=0,U="U, zg = as, and Yg # 0. Substituting p =0, U = U, x5 = a3z and

}/8 into system E3 = O7 E4 = 0, Eg = O, E11 = 0, Elg = 0, E13 = 0, E17 =0
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we get that all these equations are identically zero except the equation E;7 = 0
which is equivalent to

Y¢

Eqi7(Ys) = AYy —
17(Y3) Sy

:07

where A = 25.9395013227 . ... The solutions of this equation are
Ys = 4+d = £0.3378154118.....

By symmetry, we are only interested in the positive values of Yg.

Clearly, System E3 = 0, E4 = 0, Eg = O7 Ell = 0, Elg = 0, E13 = 0,
E17 = 0 is analytic with respect to all its variables in a neighborhood of the
solutions p =0, U = U, s = as, and Yz = d. Moreover the Jacobian of the
system (with respect to the variables U, xg, Yg) evaluated at this solution takes
the value —304636.8677115628 . ... Therefore, applying the Implicit Function
Theorem, this solution can be continued to an analytical family of solutions of
system E3 = 0, E4 = 0, Eg = O, Ell = O, Elg = 0, Elg = 0, E17 = 0 defined for
> 0 sufficiently small. This family provides the family of solutions of system
E3:O, E4:0, Egio, E11:O, E12:O, E‘13:07 E17:Ogivenbyy§:
sin (27/7) + O(m!/3), 3 = cos (47 /7) + O(m!/3), y4 = sin (47/7) + O(m'/3),
x4 = cos (67/7) + O(m'/3), y} = sin (67/7) + O(m'/3), z§ = az + O(m'/3),
and yg = d/2m'/? + O(m?/3).

Proof (Proof of Theorem 1 for £ =7) Let x%(m) = —mak(m) —1/2—25(m) —
xi(m) for i = 1,...,5. Given m > 0 sufficiently small, from Proposition 6,
we have the four central configurations given by (x1,y1) = (1,0), (z2,y2) =
(xh(m), y4(m)), (zs, ys) = (x(m), yi(m)), (z1, ya) = (2% (m), yi(m)), (w5, s)
= (& (m), ~y4(m)), (v6, yo) = (z(m), —yh(m)), (7, yr) = (zh(m), ~yh(m),
('r87 yS) = (xzs(m)v yé(m))’ (1‘9, y9) = (mé(m)’ _yé(m)) fori=1,...,4.

Since for m = 0 we have four different central configurations that are
convex, see Figure 3, it follows that for m > 0 sufficiently small they continue
being four different convex central configurations. This completes the proof of
the theorem.

3.5 Numerical evidences than Conjecture 1 is true

From Lemma 1 we know that for all n > 3 equation f,(x2,) = 0 has two
solutions with z2, < 0 that we denote by a;(n) and as(n), where a;(n) <
az(n). We have computed numerically these two solutions for n = 4,...,150
(see Figure 3.5 for the plot of these solutions as a function of n). Each solution
provides n central configurations of the S;-symmetric restricted (2n+1)-body
problem that are given by

(onnomley = (o5 (T Yo sin (g asto) .
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ay(n)
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Fig. 4 The plot of ai(n) and az(n) for n =4, ..., 150.

with j =1,2andi=1,...,n— 1. Applying Lemma 2 we see that the central
configurations (xay,¥y2n):1 are concave for all ¢ = 1,...,n — 1 whereas the
central configurations (%2, Yon )2 are convex for all 4 = 1,...,n — 1. In short
for n = 4,...,150 the restricted (2n 4+ 1)-body problem with 2n — 1 masses
at the vertices of a regular n—gon has exactly n classes of convex central
configurations.

We have applied the Implicit function Theorem as in the proof of Theorem 1
for £ = 3,5,7 to continue these central configurations to the symmetric (2n +
1)-body problem with m > 0 sufficiently small for n = 4,...,20 and in all
cases we have seen that the corresponding determinants are different form zero.
In particular, we see that the absolute value of these determinants increases
as n increases. This gives numerical evidence that Conjecture 1 is true.

4 So—symmetric (2n + 2)—body problem
4.1 Sy—symmetric (2n + 2)-body problem

We assume that q; = (1,0). Since the center of masses is at the origin we have
(ecmg,cmy) = (0,0), so Zfﬁfz m;x; = 0, and xo = —(ZZL:S i + Tpp1/2 +
1/2 + mxa,41). Notice that due to the symmetry Z?Ziﬂ m;y; is identically
Zero.

Taking into account all these conditions the 4n + 4 equations e; = 0, ...,
ean+a = 0 given by (1) with N = 2n + 2 for the central configurations of the
planar Se—symmetric (2n + 2)-body problem reduce to the following 2n + 1
equations

e; =0, 1=1,...,n, eant1 =0,

€on+2+i = 0 1= 2, ey Ny €4n+3 = 0.
Indeed, the equation e, 1 are omitted because 22221 eit+meon1+mesy 2 = 0.
And from the Sy—symmetry, we have e; = €an42-i, €it2n+2 = —€4nt4—i, fOr
2<i<n, eapq1 = €2pq2 and €4p,43 = —€4ntd, €2n43 = 0,634,413 = 0.

From the first equation e; = 0 we isolate A and we substitute it into the
other 2n equations that we denote by

E;=0, 2<i<n, Eap11 =0, Fapgoy;=0,2<i<n, Egypy3=0.
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In short, we have 2n equations and 2n unknowns ys, =;, ¥;,3 < i < n,
Tn+1y L2n+1y Y2n+1-

Now we consider the symmetric restricted (2n + 2)-body problem. From
the results in Section 2 we know that the infinitesimal masses must be on
one of the axis of symmetry of the 2n—gon. Clearly when the infinitesimal
masses are on an axis of symmetry containing one of the primaries the resulting
central configuration cannot be convex, so we only consider the case where
the primaries are on an axis of symmetry that does not contain any of the
primaries. Without loss of generality we can assume that the 2n primaries with
masses equal to one are at the vertices of the regular 2n—gon z; = cos o, y; =
sina;, 1 < i < 2n with a; = 27(i — 1)/2n and the two infinitesimal masses
with m = 0 are at the points (z2n41, Yant+1) = (rcos (w/2n), rsin (7/2n)) and
(X2n+2, Yont2) = (rcos (m/2n), —rsin (7/2n)) for some r > 0.

Straightforward computations show that if m = 0, x; = cos «;, y; = sin o,
1 <i<2n, (vant1,Yont1) = (reos(n/2n),rsin (w/2n)) and (zont2, Yont2) =
(rcos (m/2n), —rsin (7/2n)), then all the equations in (2) are identically zero
except the equations Fs,y1 = 0 and FEy,+3 = 0 which satisfy Fy,y13 =
Es,41 tan (7/2n). So we only need to solve Fs, 1 = 0, which becomes f,,(r) =
0 with

2n
cos aj — rcos (m/2n)
fn(r) = : + Arcos (7/2n),
jz::l (1 —2rcos(a; —m/2n) + r2)3/2
where
2n
1
A= :
jz:; [23(1 — cos a)|1/2

4.2 Proof of Theorem 2 for ¢ = 4

Next we see that there are no convex central configurations of the So—symmetric
restricted (4 + 2)-body problem.

Indeed, in Subsection 4.1 we have seen that the equations for the cen-
tral configurations of the symmetric restricted (4 + 2)-body problem with
(z1,91) = (1,0), (z2,92) = (0,1), (z3,y3) = (=1,0), (x4,94) = (0,-1),
(r5,y5) = (rv2/2,7v2/2) and (z6,v6) = (rV/2/2,—1rv/2/2) are reduced to

the equation fa(r) = 0 with

1—\/57" n —2r—1
(2 =var+1)"" (2 4+ Var+1

see Subsection 3.1. Dropping the square roots and the denominators of equa-
tion fo(r) = 0 as above we get a polynomial equation kr?P(r) = 0, where k
is a constant and P is a polynomial of degree 26. This polynomial equation
has exactly four positive real roots of those only r = r; = 0.6973805098. ..

fo(r) = )3/2+;(4+\/§) ,



20 M. Corbera, J. Llibre and P. Yuan

and 7 = rp = 1.6024084862 . .. are solutions of the initial equation fa(r) = 0.
Applying Lemma 2 we see that neither r = r; nor » = ry provides convex
central configurations of the Se—symmetric restricted (4 4+ 2)-body problem.

Due to the symmetry if we take the position on ms on any other axis of
symmetry that does not contain any primary we obtain the same central con-
figurations. So there are no convex central configurations of the Sy—symmetric
restricted (4 + 2)-body problem and consequently there are no convex central
configurations of the So—symmetric 6-body problem with m > 0 sufficiently
small coming from continuation of convex central configurations of the So—
symmetric restricted (4 4+ 2)-body problem.

4.3 Proof of Theorem 2 for ¢ =6

For the Ss—symmetric 8-body problem (that is n = 3), the equations of central
configuration are reduced to £y = 0, F3 = 0, E; = 0, Fyp =0, E1; = 0,
E15 = 0 where 9 = —m a7 — 1/2 — x3 — 24/2 and the ones for the symmetric
restricted (6 + 2)-body problem are reduced to the equation f3(r) = 0, see
Subsection 4.1.

Proposition 7 Let a; = 1.5922353553... and as = 0.8843211381... be the
two roots of fs(r) = 0 with v > 0. The symmetric restricted (6 + 2)-body
problem has exactly three classes of convexr central configurations which are
given by

(a) (x7,y7) = (0, a1),
(b) (z7, y7) = (az cos (w/6), agsin (7/6)),
(c) (z7, y7) = (0, az).

Proof Assuming that my; is on the axis of symmetry between m; and mo,
ie. (x7,y7) = (rcos(mw/6),rsin (7/6)), the equations of the Se—symmetric re-
stricted (6 4+ 2)-body reduce to the equation f3(r) = 0 which becomes

V3r 3—2V3r —2V3r -3
T 1)3/2 + R 3/2 R 3/2
(r2+1) 2(7“ —\/§7“—|—1) 2(r +\/§r+1)

+é<4+5\/§>r20.

By squaring both sides of this equation as many times as we need and dropping
the denominators we get the polynomial equation r*P(r) = 0, where P(r) is
a polynomial of degree 76. Solving numerically this polynomial equation we
get exactly ten real solutions with » > 0 of which only the solutions r = aq,
7 = ag are solutions of the initial equation.

We also can take the mass my; on the axis of symmetry passing between of
any other pair of consecutive masses. By symmetry the only axis of symmetry
that provides different central configurations is the axis passing between mo
and mg which correspond to a rotation with an angle of 27 /6 of the solutions
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(x7,y7) = (a1 cos (7/6), ay sin (7/6)) and (z7,y7) = (az cos (7/6), az sin (7/6)).
However, when (x7, y7) = (a1 cos (7/6), a; sin (7 /6)), the corresponding cen-
tral configuration is not convex. So we have only the three convex central
configurations given in statements (a), (b) and (c).

Proposition 8 The three convex central configurations of the symmetric re-
stricted (6 4 2)—body problem can be continued to three families of central con-
figurations of the symmetric 8—body problem with masses m; = 1,1 < i < 6
and my = mg = m > 0 sufficiently small.

Proof Using the Implicit Function Theorem we will see that the solutions of
system Fo =0, E3 =0, By =0, E1g =0, E11 =0, E15 = 0 with m = 0 given
in Proposition 7 can be continued to solutions of this system with m > 0
sufficiently small.

We use the notation: U = (ya, x3, ys, 24), V = (27, y7), U = (sin (27/8),
cos (47/6), sin (47/6), —1), Vi = (0, a1), Va = (ag cos (7/6), agsin (7/6)), and
‘/3 = (0, ag).

The determinant of the Jacobian of system F, = 0, E3 = 0, By = 0,
Eiyg =0, E;; =0, E15 = 0 (with respect to the variables U, V'), evaluated
at m =0, U = U and V = V; takes the value 1.0896102708... Since this
determinant is different from zero and the system is analytic with respect to
the variables (U, V'), from the Implicit Function Theorem there exist analytic
families U (m) = (y(m), wk(m), y(m), zk(m)) and Vi(m) = (a1(m), yt(m))
of solutions of system E2 = O7 E3 = O7 E7 = O7 E10 = 0, E11 = O, E15 =0
satisfying U'(0) = U and V'(0) = V; defined for m > 0 sufficiently small.

The determinant of the Jacobian of system Fo = 0, E3 = 0, F7 = 0,
Eip =0, E1; =0, Ey5 = 0 (with respect to the variables U, V'), evaluated at
m=0,U=UandV =V, for i = 2,3 takes the value —57.55271347 ... which
is also different from zero. So these two solutions can be continued to the two
families U (m) = (y5(m), z3(m), y5(m), x5(m)) and V(m) = (a%(m), y;(m))
for i = 2,3 of solutions of system Fy =0, F3 =0, By =0, F10 =0, E1; =0,
E15 = 0 satisfying U'(0) = U and V(0) = V; defined for m > 0 sufficiently
small.

Since for m = 0 the three central configurations of the So—symmetric re-
stricted (8 4+ 2)-body problem are different, the continued central configura-
tions for m > 0 small continue being different. So if z%(m) = —mai(m) —
1/2 — % (m) — 2% (m)/2 for i = 1,2,3, then for m > 0 sufficiently small Propo-
sition 8 provides the three different families of central configurations given
by (e1,91) = (1,0), (e2,42) = (wh(m), ys(m)), (s, ys) = (xh(m), yi(m)),
(4, y3) = (), 0), (s, ys) = (whom), ~y4(m). (v, y6) = (wh(m), ~yh(m))
(.137,:(}7) = (x%(m), y%(m))’ (Z‘g, y8) - (x’vf(m)’ _yé(m)) for ¢ = 1,2,3. This
proves Theorem 2 for ¢ = 6.
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4.4 Proof of Theorem 2 for { = 8

For the central configurations of the Ss—symmetric 10-body problem (that
is n = 4) the equations of central configurations are reduced to Es = 0,
E3 =0 7194 = O,Eg = O7 E12 = O, E13 = 0, E14 = O,Elg = 0 where To =
—mxg — 1/2 — 23 — x4 — x5/2 and the ones for the restricted So—symmetric
(8 + 2)-body problem are reduce to f4(r) = 0, see Subsection 4.1.

Proposition 9 Let a3 = 0.9401381791--- be the smallest positive root of
fa(r) = 0. The symmetric restricted (8 + 2)-body problem has exactly two
classes of conver central configurations which are given by

(a) (z9,y0) = (a3 cos (m/8), azsin (7/8)),
(b) (x9,y9) = (agcos (37/8), assin (37/8)).

Proof Let (xg9,y9) = (rcos (m/8),rsin (7/8)) be the position of an infinitesi-
mal mass in a central configuration of the restricted (8 + 2)-body problem.
Under this hypothesis r satisfies equation f4(r) = 0. Solving this equation we
get exactly two solutions with r > 0, they are r = a4 = 1.5745151766 - - - and
r = az = 0.9401381791 - - - . By rotating the positions (xg, y9) = (a; cos (7/8),
a;sin (7/8)) for i = 3,4 with an angle of 27/8 we get another two solutions.
However, when (z9, y9) = (a4 cos (7/8), as sin (7/8)), (z9, y9) = (a4 cos (37/8),
a4 sin (3w/8)) the corresponding central configurations are not convex. Any
additional rotation of an angle of 27 /8 does not provide any new central con-
figuration. So we have only the two convex central configurations given in
statements (a) and (b).

Proceeding as in the case ¢ = 6, the proof of Theorem 2 for ¢ = 8 follows
from the following result.

Proposition 10 The two convex central configurations of the symmetric re-
stricted (8 4+ 2)—body problem can be continued to two families of central con-
figurations of the symmetric 10-body problem with masses m; = 1,1 < i < 8
and mg = mig = m > 0 sufficiently small.

Proof Using the Implicit Function Theorem we will see that the solutions of
system Fo =0, F3 =0 ,F4 =0,Fg =0, F1o =0, F135=0, F14 =0,FE19 =0
with m = 0 given in Proposition 9 can be continued to solutions of this system
with m > 0 sufficiently small.

Let U = (y2,3,Ys3, T4, Ya,T5), V = (x9,y9) and

U = (sin (27/8), cos (47 /8), sin (47 /8), cos (67/8), sin (67/8), —1),
Vi = (as cos (7/8), az sin (1/8)),
Vs = (as cos (37m/8), ag sin (37/8)).
The determinant of the Jacobian of system F, = 0, E3 = 0 ,E; = 0,

Ey =0, E12 =0, E13 =0, E1y = 0, E19 =0 (with respect to the variables
U, V), evaluated at m =0, U = U and V =V, for i = 1,2 takes the value
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—2.9072711711 x 10°%. Since this determinant is different from zero from the
Implicit Function Theorem the two solutions can be continued to solutions of
EQ:O,Eg:0,E4:0,E9:O,Elg:O,E13:0,E14:O,E19:0f0r
m > 0 sufficiently small.

4.5 Proof of Theorem 2 for £ = 10

For the central configurations of the Sy—symmetric 12-body problem (that is
n = 5) the equations of central configurations reduced to Fy = 0, E3 = 0,
Es=0,E;=0,FE11=0,E14=0,FE5 =0, B164 =0, E17 =0, Ea3 =0
where x93 = —ma11 — 1/2 — 25 — x4 — x5 — x6/2 and the ones for the restricted
Sa—symmetric (10 4 2)-body problem reduce to f5(r) = 0, see Subsection 4.1.

Proposition 11 Let ay = 0.9634598812... be the smallest positive root of
f5(r) = 0. The Sy—symmetric restricted (10 + 2)-body problem has exactly
three classes of convex central configurations which are given by

(a) (z11,y11) = (a4 cos (7/10), ag sin (7/10)),
(b) (x11,y11) = (a4 cos (37/10), ay sin (37/10)),
(¢) (z11,y11) = (a4 cos (57/10), a4 sin (57/10)).

Proof Let (x11,y11) = (rcos(m/10),rsin (7/10)) be the position of an in-
finitesimal mass in a central configuration of the Sy—symmetric restricted
(10 + 2)-body problem. Under this hypothesis r satisfies equation f5(r) = 0.
Solving this equation we get exactly two solutions r = a5 = 1.5541234676 - - -,
r = ag = 0.9634598812--- with r > 0. By rotating the positions (zg, yg) =
(a; cos (m/8), a;sin (7/8)) for i = 4, 5 with angles of 27/10 and of 47 /10 we get
another four solutions. However if (x11, y11) = (as cos (7/10), as sin (7/10)),
(11, y11) = (as cos (3w/10), as sin (37/10)), and (z11, y11) = (a5 cos (57/10),
as sin (57/10)), then the corresponding central configurations are not convex.
Any additional rotation of an angle of 27r/10 does not provide any new central
configuration. So we have only the three convex central configurations given
in statements (a), (b) and (c).

The proof of Theorem 2 for £ = 10 follows from the following result.

Proposition 12 The three convex central configurations of the So—symmetric
restricted (10 + 2)~body problem can be continued to three families of central
configurations of the So—symmetric 12-body problem with masses m; =1, 1 <
1 <10 and mi1 = mia = m > 0 sufficiently small.

Proof Using the Implicit Function Theorem we will see that the solutions of
system E2 = 0, E3 =0 ,E4 = 0, E5 = 0, E11 = 0, E14 = 0, E15 = O7 E16 = 07
Fi7 = 0, Fes = 0 with m = 0 given in Proposition 11 can be continued to
solutions of this system with m > 0 sufficiently small.

Let U = (yg, r3,Y3,T4,Ya,T5,Ys5, 586), V= (5611, yll) and

U =(sin (27/10), cos (47/10), sin (47 /10), cos (67/10), sin (67 /10),
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cos (87/10), sin (87/10), —1),
Vi =(aq cos (7/10 + 2mi/10), ag sin (7/10 + 27i/10)),  i=1,2,3.

The determinant of the Jacobian of system F, = 0, E3 = 0 ,Ey = 0,
Es =0, By1 =0, By =0, Ey5 =0, Eyg = 0, Eiy = 0, Eyz = 0 (with
respect to the variables U, V'), evaluated at m = 0, U = U and V =V, for
i=1,2,31is —5.3833737767 x 10® Since this determinant is different from zero
from the Implicit Function Theorem the three central configurations of the
Say—symmetric restricted (10 4+ 2)-body problem given by Proposition 11 can
be continued for m > 0 sufficiently small.

4.6 Some numerical evidences than Conjecture 2 is true

Proceeding as in Subsection 3.5 for the Sy—symmetric (2n + 2)-body problem
we have computed the two solutions of f,(r) for n = 6,...,151. We denote
these solutions by r = a1(n) and r = az(n) with a;(n) < az(n). Then applying
Lemma 2 we have seen that the solution as(n) does not lead to convex central
configurations of the So—symmetric rectricted (2n + 2)-body problem whereas
the solution a;(n) provides exactly [%41] convex central configurations.

We have also applied the Implicit Function Theorem as in the proof of
Theorem 2 for ¢ = 6,8,10 to continue these central configurations to the
symmetric (2n + 2)-body problem with m > 0 sufficiently small for n =
6,...,20 and in all cases we have seen that the corresponding determinants
are different form zero. Moreover the absolute value of these determinants
increases as n increases. This gives numerical evidence that Conjecture 2 is
true.

5 Ss—symmetric (2n 4+ 2)—-body problem
5.1 Equations of the S3—symmetric (2n + 2)-body problem

Without loss of generality we can assume that the position of my is fixed at the
point q; = (cos(m/(2n)),sin(w/(2n))) and that the center of masses is at the
origin of coordinates, so Z?gr m;x; = 0, and using the S3—symmetry we have
xy = —(cos(m/(2n)) + > 1 5 & +maani1). Notice that using the Sp—symmetry
again nglﬁ m;y; is identically zero.

Taking into account all these conditions the 4n + 4 equations e; = 0, ...,
eanta = 0 given by (1) with N = 2n + 2 for the central configurations of
the planar symmetric (2n + 2)-body problem reduce to the following 2n + 1
equations

61':0, €2n+2+i:07 Z'ZQ,...,’FL,
€ant1 =0, €2nt3 =0, €any3 = 0.
Indeed, from the Ss—symmetry we have e;11 = €an—i, €itont3 = —€ant2—i,

for 0 < i <n—1, eapnto = eapy1 and eqp44 = —€4n43. S0 equations ey,
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€2n+2, €3n+tit+2 and e4, 44 can be omitted. Moreover equation e; can be omitted
because Zf:l €; +meapi1 +meanyo = 2(3. 1, €;+meapt1) = 0. Nevertheless
in this case equation es, 3 cannot be omitted because eg,+3 = —eqn+2 and
we have already omitted eq, 2.

From equation es,4+3 = 0 we isolate A\ and we substitute it into the other
2n equations that we denote by

Ey=0,---,E,=0; Eapp1 =0; Eopya =0, , Ezpy0 =0; Egpy3 =0, (5)

where Fy, is e, after the substitution. In short, we have 2n equations and 2n—1
unknowns yo, T, ¥i, 3 < i < N, Topt1, Yont1. Oince we have more equations
than unknowns this system could have no solution.

Now we consider the S3—symmetric restricted (2n+2)-body problem where
the 2n primaries with masses equal to one are at the vertices of the regu-
lar 2n-gon z; = cos(a; + 7/ (2n)), y; = sin(a; + 7/(2n)),1 < i < 2n with
a; = w(i — 1)/n and the two infinitesimal masses with m = 0 are at the
points ($2n+1, y2n+1) and ($2n+1, 7y2n+1)- Here (I2n+1, y2n+1) is the pOSitiOH
of the infinitesimal mass in a central configuration of the restricted (2n + 1)—
body problem with 2n equal masses at the vertices of a regular 2n-gon. From
Lemma 1, the position of the infinitesimal mass is on an axis of symmetry of
the 2n—gon.

Without loss of generality we can assume that the line of symmetry is either
Yan+1 = 0 (in this case none of the primaries are on the axis of symmetry) or
Yan+1 = tan(m/(2n))za,+1 (in this case two primaries are on the axis of sym-
metry). We start with the case ya,+1 = 0. Straightforward computations show
that when m = 0, x; = cos(ay; + 7/(2n)), y; = sin(a; + 7/(2n)),1 < i < 2n
and yo,4+1 = 0, all equations (5) are identically zero except the equation
Esn4+1 = 0. Using Lemma 1 again the solutions of Fa,11 = 0 are (0,0), (p2,0)
with 0 < pa < 1 and (ps,0) with p3 > 1. Taking into account the symme-
tries of the problem, it is sufficient to consider the following positions for
(Z2n+1,Y2n+1): (0,0), pa(cos(mi/n),sin(mi/n)), and ps(cos(wi/n),sin(mi/n))
for i =0,...,[n/2] where [z] denotes the integer part function of z.

When m = 0, z; = cos(a; + 7/(2n)), y; = sin(a; + 7/(2n)),1 < i < 2n
and yap4+1 = tan(m/(2n))zan41, all equations (5) are identically zero except the
equations Ea, 11 = 0 and Ey,43 = 0, moreover Ey, 3 = tann/(2n)Fay,41. Us-
ing Lemma 1 the solutions of equation Fs,+1 = 0 are (0,0), and p; (cos(7/(2n)),
sin(m/(2n))) with p; > 1. Taking into account the symmetries of the problem,
it is sufficient to consider the following positions for (zo,41,y2n): (0,0) and
p1(cos(mi/n + w/(2n)),sin(wi/n + 7/(2n)) for i =0,...,[(n +1)/2] — 1.

Since we are interested only in convex central configurations we do not
consider (T2n+1,Y2n+1) = (0,0) and (zan+1,Y2n+1) = p1(cos(mi/n + 7/(2n)),
sin(mi/n+x/(2n)) for i =0,...,[(n+1)/2] 1. Clearly (z2n+1,Y2n+1) = (0,0)
does not provide a convex central configuration. Consider now the three con-
secutive vertices of the configuration py = (cos(w(i —1)/n+m/(2n)),sin(mw (i —
1)/n + 7/(2n)), p2 = (cos(wi/n + w/(2n)),sin(wi/n + 7/(2n)) and ps =
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p1(cos(mi/n + w/(2n)),sin(wi/n 4+ 7/(2n)), it is easy to see that
N N s
pP1P2 X p2p3 = (1 — p1) sin (g) <0,

because p; > 1. Therefore the configuration is not convex because it does not
satisfy the conditions of Lemma 2.

5.2 Proof of Theorem 3 for ¢ = 4

For the central configurations of the S3—symmetric 6-body problem (that is
n = 2) equations (2) reduce to the four equations

Ey, =0, Es =0, Es =0, E; =0, (6)

and the three unknowns ys, x5 and ys, plus the parameter m. Here x5 =
mars —\/2/2.

The equation E5 = 0 for the So—symmetric restricted (4+2)-body problem
when y5 = 0 becomes

2 (335 - %)
(22 — V225 +1)°*

e

We note that by the symmetry of the problem, we only are interested in
solutions with x5 > 0. Dropping off the denominators and the square roots
in (7), the equation can be transformed to a polynomial equation of the form
22 P(x5) = 0, where P(z5) is a polynomial of degree 26 in the variable x5 whose
set of roots contains all solutions of (7). Solving numerically equation P(z5) =
0 we get four positive real root of which only x5 = p; = 0.6973805098..
and x5 = p3 = 1.6024084862.. are solutions of the initial equation (7). Since
cos(m/4) = sin(mw/4) > pe2 the solution x5 = p2 cannot give convex central
configurations.
This proves the following result.

Proposition 13 Up to symmetry the unique positions for the infinitesimal
mass ms that can provide convex central configurations of the Ss—symmetric
restricted (4 + 2)—-body problem are (x5,y5) = (p3,0) and (z5,ys) = (0, p3).

Now we see that the central configuration of the S3—symmetric restricted
(4 + 2)-body problem with (x5,y5) = (0, p3) cannot be continued to a family
of central configurations of the S3—symmetric 6-body problem with m > 0
small. To do that we consider system (6) as a system of the four unknowns ys,
x5, ys and m and we apply the Inverse Function Theorem. The Jacobian of the
system with respect to the variables yo, x5, y5 and m evaluated at the solution
ya = sin(3w/4), x5 = 0, y5 = p3 and m = 0 becomes 3.9841276914.. # 0.
Therefore the solution is isolated and it cannot be continued to a family of
solutions of system (6) for m > 0 sufficiently small.
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We consider now the central configuration of the S3—symmetric restricted
(4+2)-body problem with (x5,y5) = (p3,0). We also will see that this central
configuration cannot be continued to a family of central configurations of the
Ss—symmetric restricted 6-body problem with p > 0 sufficiently small. Notice
that in this case my and mg collide, so system (6) is not analytic with respect
to all its variables in a neighborhood of y, = sin(37/4), x5 = ps3, y5 = 0 and
m = 0. Proceeding as in the proofs of Theorems 1 and 2, after doing the change
of variables y5 = uYs/2 with = m'/? we obtain a new system of equations

; Es = Eso + O(M2) =0,
, E1 = Enop+O(1?) =0,

Ey = Eoo + O(M3) =
Eg = Ego+O0(p?) =

which is analytic with respect to its variables in a neighborhood of
yo =sin(37/4), x5 =p3, Ys5#0, p=0. (8)

Here E’go, E50, Ego and Eno are functions that does not depend on p. Finally
we consider the system of equations

Ey=FEy=0, Es=FE5=0, Eg=Fs=0, E;=FE;/u=0, (9

which is also analytic with respect to its variables in a neighborhood of (8).
Substituting (8) into system (9) we get that Ey, E5 and Eg are identically
zero, and that equation E1; = 0 is equivalent to equation

/2

Y3

with

(208 +2v2p3—1) (=205 +2V2p3+1) (44 V2)

5/2 5/2
203+ V2 +1)"7 2(B-v2ps+1)"7 82
= 0.5285045250...

The solutions of this equation are Y5 = 0 and Ys = +b = +A~1/3,

Clearly the derivatives of Ey, Es, Eg, and Ej; with respect to u when
u = 0 are zero, so the Jacobian of system (9) with respect to the variables ya,
x5, Y5 and p evaluated at the solution (8) with Y5 = b is zero. In this case the
Inverse Function Theorem is not sufficient to prove that the solution (8) with
Y5 = b cannot be continued analytically to a solution with g > 0 sufficiently
small. We assume that it can be continued; that is, that

y2 = sin(3m/4) + yarp0 + yoop® + yosp® + O(u?),
T5 = p3 + x5+ T5op® + z33p° + O(p?),
Ys = b+ Yaip + Yaou® + Yazp® + O(u*),
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is a solution of (9) and we shall arrive to a contradiction. Indeed, we substitute
this solutions into (9), then expanding in power series of u we get

Ey =Eo1(yo1) 1 + Eoa(yo1, yo2)1® + Eaz(y21, ya2, yo3) 1 + O(u*) = 0,
E5 =Es1(ya1, w51) 0+ Esa(y21, w51, Va1, Y22, x52),u2+
Es3(ya1, 51, Ys1, Y22, T52, Va2, Y23, ¥53) 1 + O(p) =0,
Es ZE81(y21)u + E82(y217 y22)M2 + Ess(y217 Y22, y23)N3 + O(M4) =0,
By =E111(y21, T51, Ys1) 1 + E112(y217 51, Y51, Y22, T52, Y52)/L2+
E113(y21, w51, Yat, Y22, Tsa, Yz, Y23, Ts3, Yaz)u® + O(u') = 0.

(10)

Solving system (10) at first order in p, i.e.

E2(y21) =0, Esi1(y21,@51) =0, Esi(y21) =0, FEr11(y21, w51, Ys1) =0,
we get yo1 = 0, 51 = 0, and Y51 = 0. Solving system (10) at second order in
W, i.e.

E5(0,y22) =0, E55(0,0,0,122, 252) = 0, Eg3(0,y22) = 0,
E112(07 07 07 Y22, T52, }/:52) = 0;
we get Yoo = 0, I52 = $52(p3,b) = 02097484218, and Y52 = Y:r,g(p:;,b) =
0.4509017133... Finally solving equation E5 at third order in u, i.e.
E23 (07 07 y23) = Oa
we get

V2 —2p3 — V2

8
yos = Y33 = —= (1+2V2) | - -
7 ( ) (53— v2ps + 1) (ps (ps +v2) +1

3/2
)

1
-3 (1 n 8\/5) p3> — 13.5243491694...

We can see that Eg3(0,0,y35) = —23.3594334957.. # 0, Therefore the solution
(8) with Y5 = b cannot be continued analytically to a solution of system (6)
with g > 0 sufficiently small.

5.3 Proof of Theorem 3 for ¢ > 4

Proceeding in a similar way than in the proof of Theorem 3 for £ = 4 we get
that when n = 3 the solutions of equation E7 = 0 for the restricted (6 + 2)—
body problem when m = 0 are

ps = 0.8843211381..,  ps = 1.5922353553..

Applying Lemma 2 we see that, up to symmetry, the unique positions for the
infinitesimal mass my that can provide convex central configurations of the S3—
symmetric restricted (6 4+ 2)-body problem are (x7,y7) = (p2,0), (z7,y7) =
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p2(cos(m/3),sin(w/3)), (x7,y7) = (p3,0), (x7,y7) = p3(cos(m/3),sin(w/3)). Us-
ing the Inverse Function Theorem as in the case n = 2 we can prove that the
central configurations of the Ss—symmetric restricted (6 + 2)-body problem
with (z7,y7) = pa2(cos(n/3),sin(7/3)) and (z7,y7) = ps(cos(m/3),sin(w/3))
cannot be continued to convex central configurations of the S3—symmetric 8-
body problem with m > 0 sufficiently small. Moreover doing the change of
variables y; = pY7/2 with g = m'/3 and proceeding as in the case ¢ = 4
we prove also that the central configurations of the S3—symmetric restricted
(6 4+ 2)-body problem with (z7,y7) = (p2,0) and (z7,y7) = (ps3,0) cannot
be continued to convex central configurations of the S3—symmetric 8-body
problem with m > 0 sufficiently small.

When n = 4 the solutions of equation Eg = 0 for the restricted (8+2)-body
problem when m = 0 are

p2 = 0.9401381791.., p3 = 1.574515766..

Applying Lemma 2 we can see that, up to symmetry, the unique positions for
the infinitesimal mass my; that can provide convex central configurations of the
S3—symmetric restricted (8+2)-body problem are (z7,y7) = (p2,0), (z7,y7) =
pa2(cos(m/4),sin(n/4)), and (z7,y7) = pa(cos(n/2),sin(7/2)). Proceeding as
in the previous cases we prove that non of these central configurations can
be continued to convex central configurations of the S3—symmetric 10-body
problem with m > 0 sufficiently small.
We can repeat these arguments for n > 4 arriving to similar results.
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