
3n

3n
n n r 2n

2n ar

3n
O(2)

3n
2n n n

n 2n
3n

2n
2n n β

n a

2n (a, β) 2n
n ≥ 2

a (a, β)

a (a, β) n = 2, 3, 4, 5
n > 5 n = 5

N

mk q̈k = −
N
∑

j=1, j 6=k

Gmk mj
qk − qj

|qk − qj |3
, k = 1, . . . , N,

qk ∈ R
2 mk G

N

m1, . . . ,mN (q1, . . . ,qN ) qi 6= qj

i 6= j λ

N
∑

j=1, j 6=k

mj
qk − qj

|qk − qj |3
= λ (qk − c), k = 1, . . . , N,

c =
∑N

k=1mk qk/
∑N

k=1mk

n n n
n

n π/n
N N

N
n

n n n

n n



n

n
n n

n n = 2, 3, 4
n

n n

kn k
n n

n k n
(k, n)

n
n = 2, 3 2

p n p > 2 n > 2
(pn + gn) pn

p n gn g
n kn

k n
n n > 1

n n = 3, 4
n n

n π/n
n

2n n
n n

θ ∈ [0, π/n] n
n n n
θ θ 0 π/n

O(2)
n

n n

n 2n

n n ℓ
ℓ n = ℓ

n n 2n
2n

n
n = 2

4
4

π/4 8

O(2)
n



n 2n
2n

3n 2n
2n 2n

3n
a2 → a3 3n n

m1 n a1 n m2

n a2 n
m3 m2 6= m3 n a3

π/n 2n
2n m2 m3

3n (3, n)

3n
kO kO = 0 kO = 1 n · kN

kN n n · kT kT n
π/n 2n · kS kS 2n

2n 2n
n

3n
kO = 0 3n kN+kT+2 kS = 3

kN = 1 kT = 2 kS = 0 kN = 2 kT = 1
kS = 0 kN = 1 kT = 0 kS = 1

kN = 2 kT = 1 kS = 0 kN = 1 kT = 2 kS = 0

3n kN = 1 kT = 2 kS = 0
3n

kN = 1 kT = 0 kS = 1
3n

3n n
m1 n a1 = r

2n m2 m3 m2 6= m3

2n a2 = ar n
n

3n n m1

n a1 = r 2n m2

2n a2 = ar
n β

n
m1 = 1 r = 1

3n

3n n ≥ 3

a n = 2
a

a 3n



n = 2, 3, 4, 5

3n n = 6, ..., 500 n = 2

3n β
β ∈ (π/2n, π/n)

3n β
π/2n π/n n ≥ 2

3n n = 2, . . . , 100

3n
3n

n > 2 D m2 = m2(a) m3 = m3(a)
3n a ∈ D

n = 2 a ∈ (a∗,∞)
a∗ ∈ (1,∞) m3 m3 → 0 m2 → m2(a

∗)
a → a∗+ m2,m3 → ∞ a → ∞

n > 3 a ∈
(0, a∗1) ∪ (a∗2,∞) a∗1 m2

a∗2 m3 m2,m3 → 0 a → 0+ m3 → 0
m2 → m2(a

∗
2) a → a∗2

+ m2,m3 → ∞ a → ∞

3n n = 2, 3, 4, 5

n = 2 m2 = m2(a) m3 = m3(a)
6 a ∈ D = (a1, a2) ∪ (a∗,∞) a1

m2 a2 m2 a∗ m3

a1 a2 a∗ m2 m3

m2,m3 → ∞ m2/m3 → 1− a → a+1
(a1, a2) m2 m3

a = a0 = 0.5670013389.. m3(a0) = 4.7014182338..
m2 < m3



n
D (a1, a2) ∪ (a∗,∞) (0, a∗1) ∪ (a1, a2) ∪ (a∗2,∞) (0, a∗1) ∪ (a1, a2) ∪ (a∗2,∞) (0, a∗1) ∪ (a∗2,∞)

a∗1 = 0.13753297.. a∗1 = 0.35631015.. a∗1 = 0.63131956..
a1 = 0.53178607.. a1 = 0.58231561.. a1 = 0.61035220..
a2 = 0.61614478.. a2 = 0.63460382.. a2 = 0.61188342...
a∗ = 3.52823222.. a∗2 = 2.63616425.. a∗2 = 2.26854434.. a∗2 = 2.06282906..

D 3n
a

m2

m2

m3

m2 → 0 m3 → 5.950134407.. a → a−2
m2 → 1.6921282709.. m3 → 0 a → a∗+

(a∗,∞) m2 m3 m2 > m3

m2,m3 → ∞ m2/m3 → 1+ a → ∞

n = 3 m2 = m2(a) m3 = m3(a)
9 a ∈ D = (0, a∗1) ∪ (a1, a2) ∪ (a∗2,∞)

a∗1 m2 a1 m2 a2 m2(a) a∗2
m3 a∗1 a1 a2 a∗2

m2 m3

m2,m3 → 0 m2/m3 → 1− a → 0+

(0, a∗1) m2 a = a0 = 0.1030896914..
m2(a0) = 0.0003095830.. m3 m2 < m3

m2 → 0 m3 → 0.0060680996.. a → a∗1
−

m2,m3 → ∞ a → a+1 lima→a+
1

m2/m3 = 1−

(a1, a2) m2 m3

a = a3 = a3 = 0.6096781095.. m3(a3) = 4.7014182338..
m2 < m3

m2 → 0 m3 → 4.4805332525.. a → a−2
m2 → 1.3553872894.. m3 → 0 a → a∗2

(a∗2,∞) m2 m3 m2 > m3

m2,m3 → ∞ m2/m3 → 1+ a → ∞

n = 4 m2 = m2(a) m3 = m3(a)
12 a ∈ D = (0, a∗1) ∪ (a1, a2) ∪ (a∗2,∞)

a∗1 m2 a1 m2 a2 m2 a∗2
m3 a∗1 a1 a2 a∗2

m2 m3

m2,m3 → 0 m2/m3 → 1− a → 0+

(0, a∗1) m2 a = a0 = 0.2746698699..
m2(a0) = 0.0085881109.. m3

m2 < m3

m2 → 0 m3 → 0.1238514421.. a → a∗1
−

m2 → 0 m3 → 2.3831374646.. a → a+1
(a1, a2) m2 m3 m2 < m3

m2,m3 → ∞ m2/m3 → 1− a → a−2
m2 → 1.0670996767.. m3 → 0 a → a∗2

+

(a∗2,∞) m2 m3 m2 > m3

m2,m3 → ∞ m2/m3 → 1+ a → ∞



n = 5 m2 = m2(a) m3 = m3(a)
15 a ∈ D = (0, a∗1) ∪ (a∗2,∞) a∗1

m2 a∗2 m3 a∗1 a2 a∗2
m2 m3

m2,m3 → 0 m2/m3 → 1− a → 0+

(0, a∗1) m2 m3 m2 < m3

m2,m3 → ∞ m2/m3 → 1− a → a∗1
−

m2 → 0.8426164718.. m3 → 0 a → a∗2
+

(a∗2,∞) m2 m3 m2 > m3

m2,m3 → ∞ m2/m3 → 1+ a → ∞

m2 = m2(a) m3 = m3(a)

n = 6, . . . , 500
n = 6, ..., 500 n = 5

n ≥ 5 m2 = m2(a) m3 = m3(a)
3n a D ⊂ (0, a∗1) ∪ (a∗2,∞)

a∗1 m2 a∗2 m3 m2 m3

D m2 < m3 a ⊂ (0, a∗1) m2 > m3 a ⊂ (a∗2,∞)
m2,m3 → 0 m2/m3 → 1 a → 0+ m2,m3 → ∞ m2/m3 → 1 a → a∗1

− m3 → 0
a → a∗2

+ m2,m3 → ∞ m2/m3 → 1 a → ∞
n = 2

a (a∗,∞) a∗ > 1 m3

(a1, a2)
a1 < 1 m2 a2 < 1 m2

n ≥ 3
a ∈ (0, a∗1) ∪ (a∗2,∞) 0 < a∗1 < 1

m2 a∗2 > 1 m3 n = 3, 4
(a1, a2) a1, a2 < 1

n = 3 a∗1 m2 a1 m2

a2 m2 n = 4 a∗1
m2 a1 m2 a2 m2 n = 5

a
(0, a∗1) ∪ (a∗2,∞)

n = 6, . . . , 500 n = 6, . . . , 500
a

n
3n a → 1 n a∗1

a∗2 a∗1 → 1− a∗2 → 1+ n → ∞

n m2 m3

m2 6= m3 n
n → ∞ m2 → m3

3n
3n

m = m(a, β)
3n a > 0 β ∈ (π/2n, π/n)

n ≥ 3 β π/n
0 < a < 1 a > 1 n = 2

β π/n
a > 1 m m → 0 β → π/n



n ≥ 3 β β = π/2n
a 0 < a < 1

a a > 1
n = 2 β β = π/2n

a a > 1
0 < a < 1 m

0 < a < 1 a > 1 m → ∞
β → π/2n

m(a, β)

3n n = 2, 3, 4

n = 2 α1(β) β ∈ (π/4, π/2)
α2(β) α3(β) β ∈ (π/4, b∗] b∗ = 0.9195936184.. m = m(a, β)

6

β ∈ (π/4, b∗) m = m(β, a)
a = α1(β) a = α2(β) a = α3(β)

β = b∗ m = m(β, a) a = α1(b
∗)

a = α2(b
∗) = α3(b

∗) a = α2(β) a = α3(β)
β ∈ (b∗, π/2) m = m(β, a)

a = α1(β)

m(α1(β), β) → 0 β → π/2− m(α1(β), β),m(α2(β), β),m(α3(β), β) → ∞
β → π/4+

n = 3 α1(β) α2(β) β ∈ (π/6, b∗]
α1(β) α2(β) β ∈ (π/6, π/3) b∗ = 0.7119233940.. m =

m(a, β)
9

β ∈ (π/6, b∗) m = m(β, a)
a = α1(β) a = α2(β) a = α3(β) a = α4(β)
β = b∗ m = m(β, a) a = α1(b

∗) = α2(b
∗)

a = α1(β) a = α2(β) α3(b
∗)

a = α4(b
∗)

β ∈ (b∗, π/3) m = m(β, a)
a = α3(β) a = α4(β)

m(α3(β), β),m(α4(β), β) → 0 β → π/3− m(α1(β), β),m(α2(β), β),m(α3(β), β) →
∞ m(α4(β), β) → 0 β → π/6+

n = 4 α1(β) α4(β) β ∈ (π/8, b∗]
α2(β) α3(β) β ∈ (π/8, π/4) b∗ = 0.4665964724.. m =

m(a, β)
12

β ∈ (π/8, b∗) m = m(β, a)
a = α1(β) a = α2(β) a = α3(β) a = α4(β)
β = b∗ m = m(β, a) a = α1(b

∗) = α4(b
∗)

a = α1(β) a = α4(β) α2(b
∗)

a = α3(b
∗)

β ∈ (b∗, π/4) m = m(β, a)
a = α2(β) a = α3(β)

m(α3(β), β),m(α2(β), β) → 0 β → π/4− m(α1(β), β),m(α2(β), β),m(α3(β), β)
→ ∞ m(α4(β), β) → 0 β → π/8+



3n n = 5, . . . , 100
n = 4

n ≥ 4 β = b∗ αi(β) i = 1, 2, 3, 4

β ∈ (π/2n, b∗)
(a1, π/2n) 0 < a1 < 1

a = α1(β) (a2, π/2n) a2 > 1 a = α1(β)
(∞, 0) a = α3(β)

(0, π/2n) α4(β)
β = b∗ a = a1(b

∗) =
a4(b

∗) a = a2(b
∗) a = a3(b

∗)
β ∈ (b∗, π/n)

(a∗1, π/n) 0 < a∗1 < 1 β → π/n− a = a2(β)
(a∗2, π/n) a∗2 > 1 β → π/n− a = a3(β)

m = m(a, β)
m(α3(β), β),m(α2(β), β) → 0 β → π/2n− m(α1(β), β),m(α2(β), β),m(α3(β), β) → ∞

m(α3(β), β) → 0 β → π/n+

β
n

(π/2n, π/n)

3n

3n (3, n)
n

(3, n) n
m1 = 1 n a1 = 1

̟1 = 0 n m2 n
a2 ̟2 = 0 n m3 n

a3 ̟3 = π/n

C21 − Sn a2 +

(

Sn

a22
− a2C12

)

m2 +
(

C23 − a2C13

)

m3 = 0,

C31 − Sn a3 +
(

C32 − a3C12

)

m2 +

(

Sn

a23
− a3C13

)

m3 = 0,

Sn =
n−1
∑

j=1

1

4 sin
(πj

n

) =
n−1
∑

j=1

1− cos
(2πj

n

)

(

2− 2 cos
(2πj

n

)

)3/2
=

n−1
∑

j=1

1

2
(

2− 2 cos
(2πj

n

)

)1/2
,

Ckℓ = Ckℓ(ak, aℓ) =
n

∑

j=1

ak − aℓ cos
(

̟k −̟ℓ +
2πj
n

)

(

a2k + a2ℓ − 2akaℓ cos
(

̟k −̟ℓ +
2πj
n

)

)3/2
,

k 6= ℓ
3n

a2 = a3 = a m2 m3

(

a11 a12
a21 a22

)(

m2

m3

)

=

(

b1
b2

)

,



a11 =
K1

a3
−K2, a12 =

K5

a3
−K3, b1 = K1 −K4,

a21 =
K5

a3
−K2, a22 =

K1

a3
−K3, b2 = K1 −K6,

K1 = Sn,

K2 = K2(a) = C12(1, a) =
n

∑

j=1

1− a cos
(2π j

n

)

(

1 + a2 − 2a cos
(2π j

n

)

)3/2
,

K3 = K3(a) = C13(1, a) =
n

∑

j=1

1− a cos
(2π j

n + π
n

)

(

1 + a2 − 2a cos
(2π j

n + π
n

)

)3/2
,

K4 = K4(a) =
C21(a, 1)

a
=

n
∑

j=1

1− 1/a cos
(2π j

n

)

(

1 + a2 − 2a cos
(2π j

n

)

)3/2
,

K5 = a2C23(a, a) = a2C32(a, a)

=
n

∑

j=1

1− cos
(2π j

n + π
n

)

(

2− 2 cos
(2π j

n + π
n

)

)3/2
=

n
∑

j=1

1

2
(

2− 2 cos
(2π j

n + π
n

)

)1/2
,

K6 = K6(a) =
C31(a, 1)

a
=

n
∑

j=1

1− 1/a cos
(2π j

n + π
n

)

(

1 + a2 − 2a cos
(2π j

n + π
n

)

)3/2
.

m2 = m2(a) =
a22b1 − a12b2
a11a22 − a12a21

=
a3mN,2

mD
,

m3 = m3(a) =
a11b2 − a21b1
a11a22 − a12a21

=
a3mN,3

mD

mN,2 = K2
1 −K1K4(a)−K1K5 +K5K6(a)− a3K3(a)(K6(a)−K4(a)),

mN,3 = K2
1 −K1K5 +K4(a)K5 −K1K6(a) + a3K2(a)(K6(a)−K4(a)),

mD = (K5 −K1)∆(a),

∆(a) = −K1 −K5 + a3(K2(a) +K3(a)).

mD

K5 −K1 6= 0 ∆(a)
(0, 1) mD

mD 6= 0
mD = 0 mD

mN,2 mN,3

m3 = m2 +
a3(K6(a)−K4(a))

K5 −K1
.

3n m2 m3

a m2,m3 > 0



3n
m2,m3 > 0 m2 = m2(a) m3 = m3(a)

m2 m3

m2 = m2(a) m3 = m3(a)
n ≥ 2

m2 → 0+ a → 0+ n ≥ 3 m2 → 0− a → 0+ n = 2
m3 → 0+ a → 0+

m3 → −∞ a → 1+

m2 → ∞ m3 → ∞ a → ∞
m2 > m3 a > 1 m2 < m3 a ∈ (0, 1)

n ≥ 3 I1 = (0, a∗1)
m2,m3 > 0 m2 < m3 0 < a < 1 a∗1

m2 mD

a∗1 m2 n = 3, 4
mD n = 5 a∗1 mD

n > 5
n ≥ 2

a∗2 > 1 m2,m3 > 0 a ∈ I2 = (a∗2,∞)
m3 a > 1

mD a > 1 m2 > m3 a > 1
a∗2 m3

n = 2, 3, 4, 5 m3

a∗2 a > 1 n > 5

3n

n = 2 Ki i = 1, . . . , 6 n = 2

K1 =
1

4
, K3(a) = K6(a) =

2

h22
, K5 =

1√
2
,

K2(a) =
1− a

h12
+

1

(a+ 1)2
, K4(a) = −1− a

a h12
+

1

a(a+ 1)2
,

h12 = ((1 − a)2)3/2 h22 = (1 + a2)3/2 n = 2 m2 = m2(a)
m3 = m3(a) mD 6= 0 Ki

m2 m3

a
a > 0 m2 m3 mN,2 mD

mN,3 mD mD

mD = 0
mD = 0

g = (a+ 1)2
(

4a3((a− 1)h22 − 2h12) +
(

1 + 2
√
2
)

h12h22

)

− 4a3h12h22 = 0.

g = 0
a h12 h22 mD g = 0
e1 = 0 e2 = 0

e1 = h212 − ((1− a)2)3, e2 = h222 − (1 + a2)3.

h12 R1 = [g, e1, h12] h22
R2 = [R1, e2, h22]

a
√
2 mD



h32 =
√
2

e3 = h232− 2 h32 R3 = [R2, e3, h32]
mD

(a− 1)8P60(a) P60(a)

(45041a28 + 471582a26 + 1263627a24 + 900044a22 + 1046137a20 + 172866a18 + 233227a16

+47784a14 + 27723a12 − 18750a10 + 6329a8 − 564a6 − 693a4 − 98a2 + 49)(4096a32

−2048a31 + 32128a30 − 12064a29 + 176561a28 − 42784a27 + 495902a26 − 50496a25

+1006987a24 + 27328a23 + 759372a22 + 93472a21 + 1118393a20 + 64800a19 + 259394a18

+11904a17 + 310283a16 − 31104a15 + 38184a14 − 41696a13 + 1675a12 − 15072a11

−10814a10 − 1344a9 + 3641a8 − 1344a7 − 1204a6 + 224a5 − 245a4 + 224a3 − 98a2 + 49)

Pn(a) n a
P60(a) = 0 a > 0

P60(a) = 0 a = a1 = 0.4656636054..
a = a2 = d2 = 0.5317860740.. a = a3 = 0.5390030006.. a = a4 = 0.5824356327..

mD = 0 a = d2

mD

mD = 0 a1 ∈ a1 = [4656636054/1010, 4656636055/1010]

a1 < 1 ((1 − a1)
2)3/2 = (1 − a1)

3

1 + a21 ∈ [h21, h22] = [30421064834853172729
25·1018

, 4867370373949038521
4·1018

],

(1− a1)
3 ∈ h1 = [1220490080420246024105505069

8·1027
, 19070157517273170971924514317

125·1027
].

h
3/2
21 ∈ [13423062258

1010
, 13423062259

1010
], h

3/2
22 ∈ [13423062259

1010
, 13423062260

1010
],

(1+a21)
3/2 ∈ h2 = [13423062258/1010, 13423062260/1010]

√
2 ∈ h3 = [14142135623/1010,

14142135624/1010] mD a ((1−a)2)3/2 (1+a2)3/2√
2 a1 h1 h2 h3

mD ∈ [−0.1855803641,−0.1855803639] a1 mD = 0
mD ∈ [−0.0000000001, 0.0000000004] a2 ∈

[5317860740/1010, 5317860741/1010] mD ∈ [0.0271889606, 0.0271889613] a3 ∈ [5390030006/1010,
5390030007/1010] mD ∈ [0.2330977572, 0.2330977582] a4 ∈ [5824356327/1010, 5824356328/1010]

P60(a) = 0
a = d2

mN,2 = 0
(a − 1)8a4 P84(a) = 0 P84(a) a > 0

a = a12 = 0.6161447847.. a = a22 = 2.8235222602..
mN,2 = 0 mN,3 = 0

(a−1)16a4 P92(a) = 0 P92(a)
a > 0 a = b12 = 0.5161941182.. a = b22 = 3.5282322274..

mN,3 = 0
mN,2 mN,3 mD n = 2

mD = 0

m2 m3 a = 4/10 (1 − (6/10)2)3/2 ∈
[12493582352/1010, 12493582353/1010]

√
2 ∈ [14142135623/1010, 14142135624/1010] m2

m3 m2 ∈ [−0.3673154049,−0.3673154050]
m3 ∈ [0.6505307765, 0.6505307766] m2 m3 (0, b12)

a = 6/10 a = 2 a = 3 a = 4 m2 > 0 a ∈ (d2, a12) ∪ (a22,∞)
m3 > 0 a ∈ (0, b12) ∪ (d2, 1) ∪ (b22,∞) m2 m3

a ∈ (d2, a12) ∪ (b22,∞) m2 m3



m2

m3

0.2 0.4 0.6 0.8 1
a

-10

-5

5

10

15

0 < a < 1

m2

m3

2 3 4 5 6 7
a

-10

-5

5

10

15

a > 1

m2 m3 n = 2

m2 m3 (d2, a12)
m2,m3 → ∞ a → d+2 m2 m3 (K6(a)−K4(a))/(K5−

K1) a 6= 1 lima→d+
2

m2/m3 = 1

m2 m3 m2

m3 m2 a ∈ (0, d2) ∪ (d2, 1) ∪ (1, 1.5015204804..)
a ∈ (1.5015204804..,∞) m3 a ∈ (0, 0.4812067311..)∪

(ac2, 1) ∪ (1,+∞) ac2 = 0.5670013389.. a ∈ (0.4812067311.., d2) ∪ (d2, ac2)
m2 → 0 a → a−12 m3(ac2) = 4.7014182338.. m3 → 5.950134407..

a → a−12 m2 → 1.6921282709.. m3 → 0 a → b+22 m2,m3 → ∞
a → ∞ lima→∞m2/m3 = 1

n = 3 n = 3 Ki i = 1, . . . 6

K1 =
1√
3
, K5 =

5

4
,

K2(a) =
1− a

h13
+

2 + a

h33
, K3(a) =

1

(1 + a)2
+

2− a

h23
,

K4(a) = −1− a

a h13
+

1 + 2a

a h33
, K6(a) =

1

a (1 + a)2
− 1− 2a

a h23
,

h13 = ((1 − a)2)3/2 h23 = (1 − a + a2)3/2 h33 = (1 + a + a2)3/2 n = 3
m2 = m2(a) m3 = m3(a) mD 6= 0 Ki

a m2 = m2(a) > 0 m3 = m3(a) > 0
mD = 0 mN,2 = 0 mN,3 = 0 a > 0

h43 =
√
3 mD = 0 mN,2 = 0 mN,3 = 0

a > 0
mN,2 mN,3 mD

n = 3 mD = 0
m2 m3 m2 > 0

a ∈ (0, a13)∪ (d3, a23)∪ (a33,∞) m3 > 0 a ∈ (0, b13)∪ (d3, 1)∪ (b23,∞)
m2 m3 a ∈ (0, a13) ∪ (d3, a23) ∪ (b23,∞)

m2 m3

m2 m3 (0, a13)
m2,m3 → 0 a → 0+ lima→0+ m2/m3 = 1 m2

a ∈ (0, ac13) a ∈ (ac13, a13) a = ac13 = 0.1030896914..

m2(ac13) = 0.0003095830.. m2 → 0 a → a−13 m3

a ∈ (0, a13) m3 → 0.0060680996.. a → a−13 (d3, a23)
m2,m3 → ∞ a → d+3 lima→d+

3

m2/m3 = 1 m2

m2 → 0 a → a−23 m3 a ∈ (d3, ac23)



♯

mD = 0 6561(−1 + a)16P170(a) = 0 a = d3 = 0.5823156170..

mN,2 = 0 (−1 + a)16a4P252(a) = 0
a = a13 = 0.1375329706..
a = a23 = 0.6346038252..
a = a33 = 1.9309056653..

mN,3 = 0 (−1 + a)32a4P252(a) = 0
a = b13 = 0.5726308779..
a = b23 = 2.6361642533..

mD = 0 mN,2 = 0 mN,3 = 0 n = 3
♯ Pn(a) = 0

a > 0

m2

m3

0.1 0.2
a

0.005

0.01

0 < a < 0.2

m2

m3

0.4 0.8
a

-10

-5

5
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15

0.2 < a < 1

m2

m3

2 3 4 5 6
a

-10

-5

5

10

15

a > 1

m2 m3 n = 3

a ∈ (ac23, a23) a = ac23 = 0.6096781095.. m3(ac23) = 4.7014182338..

m3 → 4.4805332525.. a → a−23 (b23,∞) m2

m3 m2 → 1.3553872894.. m3 → 0 a → b+23 m2,m3 → ∞ a → ∞
lima→∞m2/m3 = 1

n = 4 n = 4 Ki i = 1, . . . 6

K1 =
1

4
+

1√
2
, K5 =

√

2 +
√
2,

K2(a) =
1− a

h14
+

1

(1 + a)2
+

2

h24
, K3(a) =

2−
√
2a

h34
+

2 +
√
2a

h44
,

K4(a) = −1− a

a h14
+

1

a(1 + a)2
+

2

h24
, K6(a) =

−
√
2 + 2a

ah34
+

√
2 + 2a

ah44
,

h14 = ((1− a)2)3/2 h24 =
(

a2 + 1
)3/2

h34 =
(

a2 −
√
2a+ 1

)3/2
h44 =

(

a2 +
√
2a+ 1

)3/2

n = 4 m2 = m2(a) m3 = m3(a) mD 6= 0
Ki a m2 = m2(a) > 0

m3 = m3(a) > 0
h54 =

√
2

h64 =
√

2 +
√
2 mD = 0 mN,2 = 0 mN,3 = 0

a > 0
mN,2 mN,3 mD

n = 4
mD = 0



♯

mD = 0 (−1 + a)64P880(a) a = d4 = 0.6118834277..

mN,2 = 0 (−1 + a)64a16P1264(a)
a = a14 = 0.3563101506..
a = a24 = 0.6103522047..
a = a34 = 1.4630863479..

mN,3 = 0 (−1 + a)128a16P1328(a)
a = b14 = 0.6121322975..
a = b24 = 2.2685443458..

mD = 0 mN,2 = 0 mN,3 = 0 n = 4
♯ Pn(a) = 0

a > 0

m2

m3

0.3 0.6
a

-0.2

0.2

0.4

0 < a < 0.6

m2

m3

0.62 0.63
a

-10

-5

5

10

15

0.6 <
a < 0.63

m2

m3

0.7 0.9
a

-10

-5

5
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15

0.63 < a < 1

m2

m3

2 3 4 5
a

-10

-5

5

10

15

a > 1

m2 m3 n = 4

m2 m3 m2 m3

a ∈ (0, a14) ∪ (a24, d4) ∪ (b24,∞)
m2 m3

m2 m3 (0, a14)
m2,m3 → 0 a → 0+ lima→0+ m2/m3 = 1 m2

a ∈ (0, ac4) a ∈ (ac4, a14) a = ac4 = 0.2746698699..
m2(ac4) = 0.0085881109.. m2 → 0 a → a−14 m3

a ∈ (0, a14) m3 → 0.1238514421.. a → a−14 (a24, d4)
m2 m3 m2,m3 → ∞ a → d−4 lima→d−

4

m2/m3 = 1

m2 → 0 m3 → 2.3831374646.. a → a+24 (b24,∞)
m2 m3 m2 → 1.0670996767.. m3 → 0 a → b+24
m2,m3 → ∞ a → ∞ lima→∞m2/m3 = 1



0 < a < 1

♯1

mD = 0 κ (−1 + a)64 P1084(a) a = d5 = 0.6313195684..

mN,2 = 0 κ (−1 + a)64 a4 P1596(a)

mN,3 = 0 κ (−1 + a)128 a4 P1596(a) a = b15 = 0.6425878402..

a > 1

♯2

mD = 0 κ (−1 + a)64 P1072(a)

mN,2 = 0 κ (−1 + a)64 a4 P1596(a) a = a15 = 1.2290630401..

mN,3 = 0 κ (−1 + a)128 a4 P1596(a) a = b25 = 2.0628290636..

mD = 0 mN,2 = 0 mN,3 = 0 n = 5
♯1 ♯2

Pn(a) = 0 0 < a < 1 a > 1 κ

n = 5 n = 5 Ki i = 1, . . . 6

K1 =

√

1 +
2√
5
, K5 =

1

4
+

√
5,

K2(a) =
1− a

h15
+

√
2(4 + ηa)

h45
+

√
2(4 + ξa)

h55
,

K3(a) =
1

(1 + a)2
+

√
2(4− ξa)

h25
+

√
2(4− ηa)

h35
,

K4(a) = −1− a

ah15
+

√
2(η + 4a)

ah45
+

√
2(ξ + 4a)

ah55
,

K6(a) =
1

a(1 + a)2
+

√
2(4a− ξ)

ah25
+

√
2(4a− η)

ah35
,

h15 = ((1−a)2)3/2 h25 =
(

2a2 − aξ + 2
)3/2

h35 =
(

2a2 − aη + 2
)3/2

h45 =
(

2a2 + aη + 2
)3/2

h55 =
(

2a2 + aξ + 2
)3/2

ξ = 1 +
√
5 η = 1 −

√
5 n = 5 m2 = m2(a)

m3 = m3(a) mD 6= 0 Ki i = 1, . . . , 6
n = 2, 3, 4

mD = 0 mN,2 = 0 mN,3 = 0 a > 0
a > 1 0 < a < 1

h15 h15
mD = 0 mN,2 = 0 mN,3 = 0

h65 =
√
2 h75 =

√
5 h85 =

√

1 + 2/h75
mN,2 mN,3 mD

n = 5
mD = 0

m2 m3 m2 m3

a ∈ (0, d5)∪ (b25,∞) m2 m3

m2 m3 (0, d5) m2 m3

m2,m3 → 0 a → 0+ lima→0+ m2/m3 = 1 m2,m3 → ∞
a → d−5 lima→d−

5

m2/m3 = 1 (b25,∞) m2 m3

m2 → 0.8426164718.. m3 → 0 a → b+25 m2,m3 → ∞ a → ∞
lima→∞m2/m3 = 1



m2

m3
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a > 1

m2 m3 n = 5

m2

m3

0.5 1.5 2 2.5 3
a

-4

-2

2

4

n = 6

m2

m3

0.5 1.5 2 2.5 3
a

-4

-2

2

4

n = 10

m2

m3

0.5 1.5 2 2.5 3
a

-6

-4

-2

2

4

n = 20

m2 m3 n = 6
n = 10 n = 20

100 200 300 400 500
n

0.72

0.74

0.76

0.78

100 200 300 400 500
n

1.30

1.35

1.40

1.45

dn mD bn mN,3

a > 1

n > 5 m2 m3

a n = 6, 7, . . . , 500 n = 5
n = 6, 10, 20 n = 5, . . . , 500 mD

dn < 1
dn n = 6, . . . , 500

dn < dn+1 < 1 n = 6, . . . , 499 n = 6, . . . , 500
m2 m3 (0, dn) m2 < m3

m2,m3 → 0+ a → 0+

m2,m3 → ∞ a → d−n
0 < m2 < m3 a ∈ (0, dn) (0, dn)

n = 6, . . . , 500 m2 (dn, 1)
n = 6, . . . , 500

m3 → −∞ a → 1+ m3 → ∞ a → ∞
m3 (1,∞)

n = 6, . . . , 500 m3 bn a > 1



0 100 200 300 400 500
n

0.2

0.4

0.6

0.8

m2(bn)

m3 a > 1
bn n = 6, . . . , 500

bn > bn+1 > 1 n = 6, . . . , 499 m2 > m3

a > 1 (bn,∞)

a m2 m3 a ∈
(0, dn) ∪ (bn,∞) dn mD bn mN,3 a > 1

(0, dn) a a dn
(bn,∞) m3 a = bn a → ∞

m2 m2(bn) a → ∞
m2(bn)

m2(bn) n n = 5 m2(bn) = 0.8426164718..
n = 20 m2(bn) = 0.0236101462.. n = 40 m2(bn) = 0.0000894392.. n = 100

m2(bn) = 1.1846352161..× 10−11

n m2 m3

n m2 m3

3n

3n

3n
n m1 = · · · = mn = 1

n 1 2n mn+1 = · · · = m3n = m
2n a

n qj = eiβj βj = 2πj/n
j = 1, . . . , n 2n a

qj+n = aei(βj−β) qj+2n = aei(βj+β) β ∈ (0, π/n) j = 1, . . . , n

n

n
∑

j=1,j 6=k

qk − qj

|qk − qj |3
+m

n
∑

j=1

qk − qj+n

|qk − qj+n|3
+m

n
∑

j=1

qk − qj+2n

|qk − qj+2n|3
= λqk,

k = 1, . . . , n n

n
∑

j=1

qk+n − qj

|qk+n − qj |3
+m

n
∑

j=1,j 6=k

qk+n − qj+n

|qk+n − qj+n|3

+m
n

∑

j=1

qk+n − qj+2n

|qk+n − qj+2n|3
= λqk+n,



k = 1, . . . , n n
n

∑

j=1

qk+2n − qj

|qk+2n − qj |3
+m

n
∑

j=1

qk+2n − qj+n

|qk+2n − qj+n|3

+m
n

∑

j=1,j 6=k

qk+2n − qj+2n

|qk+2n − qj+2n|3
= λqk+2n,

k = 1, . . . , n
k qk k

qk+n k qk+2n

n
∑

j=1,j 6=k

1− ei(βj−βk)

|eiβk − eiβj |3 +m

n
∑

j=1

1− a ei(βj−βk−β)

|eiβk − a ei(βj−β)|3

+m
n

∑

j=1

1− a ei(βj−βk+β)

|eiβk − a ei(βj+β)|3
= λ,

n
∑

j=1

1− 1/a ei(βj−βk+β)

|a ei(βk−β) − eiβj |3 +
m

a3

n
∑

j=1,j 6=k

1− ei(βj−βk)

|ei(βk−β) − ei(βj−β)|3

+
m

a3

n
∑

j=1

1− ei(βj−βk+2β)

|ei(βk−β) − ei(βj+β)|3
= λ,

n
∑

j=1

1− 1/a ei(βj−βk−β)

|a ei(βk+β) − eiβj |3 +
m

a3

n
∑

j=1

1− ei(βj−βk−2β)

|ei(βk+β) − ei(βj−β)|3

+
m

a3

n
∑

j=1,j 6=k

1− ei(βj−βk)

|ei(βk+β) − ei(βj+β)|3
= λ,

k = 1, . . . , n
∣

∣

∣eiβk − eiβj

∣

∣

∣ =
∣

∣

∣ei(βk±β) − ei(βj±β)
∣

∣

∣ = (2− 2 cos(βj − βk))
1/2 ,

∣

∣

∣
eiβk − a ei(βj±β)

∣

∣

∣
=

(

1 + a2 − 2a cos(βj − βk ± β)
)1/2

,
∣

∣

∣
a ei(βk±β) − eiβj

∣

∣

∣
=

(

1 + a2 − 2a cos(βj − βk ∓ β)
)1/2

,
∣

∣

∣ei(βk∓β) − ei(βj±β)
∣

∣

∣ = (2− 2 cos(βj − βk ± 2β))1/2 .

k = 1, . . . , n {βj − βk + ϕ}j=1,...,n 2π {2πj/n +
ϕ}j=1,...,n ϕ ∈ R k

k = n

K1 +m
(

L2 +N2i
)

+m
(

L3 +N3i) = λ,

L4 +N4i+
m

a3
K1 +

m

a3
(

L5 +N5i
)

= λ,

L6 +N6i+
m

a3
(

L7 +N7i
)

+
m

a3
K1 = λ,

K1

L2 = L2(a, β) =
n

∑

j=1

1− a cos
(2π j

n − β
)

(

1 + a2 − 2a cos
(2π j

n − β
)

)3/2
,

N2 = N2(a, β) =

n
∑

j=1

−a sin
(2π j

n − β
)

(

1 + a2 − 2a cos
(2π j

n − β
)

)3/2
,



L4 = L4(a, β) =
n

∑

j=1

1− 1/a cos
(2π j

n + β
)

(

1 + a2 − 2a cos
(2π j

n + β
)

)3/2
,

N4 = N4(a, β) =

n
∑

j=1

−1/a sin
(2π j

n + β
)

(

1 + a2 − 2a cos
(2π j

n + β
)

)3/2
,

L5 = L5(β) =

n
∑

j=1

1− cos
(2π j

n + 2β
)

(

2− 2 cos
(2π j

n + 2β
)

)3/2
,

N5 = N5(β) =
n

∑

j=1

− sin
(2π j

n + 2β
)

(

2− 2 cos
(2π j

n + 2β
)

)3/2
,

L3 = L3(a, β) = L2(a,−β), N3 = N3(a, β) = N2(a,−β),

L6 = L6(a, β) = L4(a,−β), N6 = N6(a, β) = N4(a,−β),

L7 = L7(β) = L5(−β), N7 = N7(β) = N5(−β).

n−1
∑

j=1

− sin
(2π j

n

)

(

2− 2 cos
(2π j

n

)

)3/2
= 0.

ϕ ∈ R

cos
(2π j

n − ϕ
)

= cos
(2π (n−j)

n + ϕ
)

, sin
(2π j

n − ϕ
)

= − sin
(2π (n−j)

n + ϕ
)

,

L2(a, β) = L3(a, β), N2(a, β) = −N3(a, β), L4(a, β) = L6,

N4(a, β) = −N6(a, β), L5(β) = L7(β), N5(β) = −N7(β).

K1 + 2mL2(a, β) = λ, L4(a, β) +
m

a3
(K1 + L5(β)) = λ, N4(a, β) +

m

a3
N5(β) = 0.

m = −a3
N4(a, β)

N5(β)

m = a3
(K1 − L4(a, β))

K1 − 2a3L2(a, β) + L5(β)
.

F (a, β) := N5(β)(K1 − L4(a, β)) +N4(a, β)(K1 − 2a3L2(a, β) + L5(β)) = 0.

3n m = m(a, β)
a, β F (a, β) = 0 m(a, β) > 0

β β
3n

3n β ∈ (π/2n, π/n)

m = −a3N4(a, β)/N5(β) > 0 β ∈ (π/2n, π/n)

N4(a, β) =
1

a2
d

dβ

n
∑

j=1

1
(

1 + a2 − 2a cos
(2π j

n + β
)

)1/2



N5(β) =
1

2
lim
a→1

d

dβ

n
∑

j=1

1
(

1 + a2 − 2a cos
(2π j

n + 2β
)

)1/2
.

a ∈ [0, 1)
α = 1/2 u = β β

N4(a, β) =
n

a2π

∫ 1

0

d

dβ

(

t−1/2

(1− t)1/2
1

(1− a2t)1/2
1− (at)2n

B1

)

dt

=
n sin(nβ)

a2π

∫ 1

0

−2n(at)n(1− (at)2n)

t1/2(1− t)1/2(1− a2t)1/2B2
1

dt,

B1 = 1 + (at)2n − 2(at)n cos(nβ) β ∈ (0, π/n)
α = 1/2 u = 2β

β

N5(β) =
1

2
lim

a→1−

n

π

∫ 1

0

d

dβ

(

t−1/2

(1− t)1/2
1

(1− a2t)1/2
1− (at)2n

B2

)

dt

=
n sin(2nβ)

π
lim

a→1−

∫ 1

0

−2n(at)n(1− (at)2n)

t1/2(1− t)1/2(1− a2t)1/2B2
2

dt,

B2 = 1 + (at)2n − 2(at)n cos(2nβ) β ∈ (0, π/2n) β ∈
(π/2n, π/n)

a > 1 α = 1/2
u = β β

N4(a, β) =
n

a2π

∫ 1

0

d

dβ

(

a2n − t2n

t1/2(1− t)1/2(a2 − t)1/2B3

)

dt

=
n sin(nβ)

a2π

∫ 1

0

−2n(at)n(a2n − t2n)

t1/2(1− t)1/2(a2 − t)1/2B2
3

dt,

B3 = a2n+ t2n−2antn cos(nβ) β ∈ (0, π/n)
α = 1/2 u = 2β β

N5(β) =
1

2
lim

a→1+

n

π

∫ 1

0

d

dβ

(

a2n − t2n

t1/2(1− t)1/2(a2 − t)1/2B4

)

dt

=
n sin(2nβ)

π
lim

a→1+

∫ 1

0

−2n(at)n(a2n − t2n)

t1/2(1− t)1/2(1− a2t)1/2B2
4

dt,

B4 = a2n + t2n − 2antn cos(2nβ) β ∈ (0, π/2n)
β ∈ (π/2n, π/n) N4(a, β)

β ∈ (0, π/n) N5(β) β ∈ (0, π/2n) β ∈ (π/2n, π/n)
m = −a3N4(a, β)/N5(β) β ∈ (π/2n, π/n)

�

3n β = π/n
F (a, β) β → π/n

F̄ (a) = limβ→π/n F (a, β)

F̄ (a) > 0 a → ∞
F̄ (a) < 0 a → 1
F̄ (a) > 0 a → 0 n ≥ 3 F̄ (a) < 0 a → 0 n = 2

F̄ (a) ±∞



F (a, β) = 0 β ∈
(π/2n, π/n) m > 0 F (a, β) = 0

3n F a ∈ (0,∞)
β ∈ (π/2n, π/n) F

F (a, β) = 0
n ≥ 3 β

π/n F a > 1
0 < a < 1 β π/n
a F (a, β) = 0 a > 1 0 < a < 1 n = 2

F a > 1 β
π/n a a > 1 F (a, β) = 0

limβ→π/nN4(a, β) = 0 limβ→π/nN5(β) = ∞ m → 0
β → π/n

�

3n β = π/2n
F (a, β)

F̄ (a) = limβ→π/2n F (a, β)

F̄ (a) < 0 a → 0
F̄ (a) < 0 a → ∞
F̄ (a) > 0 a → 1

F̄ (β) = lima→0 F (a, β) F̃ (β) = lima→∞ F (a, β)

β ∈ (π/2n, π/n) F̄ (β) > 0 n ≥ 3 F̄ (β) < 0 n = 2

β ∈ (π/2n, π/n) n ≥ 2 F̃ (β) > 0

F̄ (β) F̃ (β) ±∞

F (a, β) = 0 β ∈
(π/2n, π/n) m > 0

3n F
F (a, β) = 0

β = π/2n
F a > 1 0 < a < 1

β β = π/2n
F a < 1 0 < a < 1

n ≥ 3

lim
a→0

lim
β→π/2n

F (a, β) < 0, lim
β→π/2n

lim
a→0

F (a, β) > 0.

β π/2n
F a

n ≥ 2

lim
a→∞

lim
β→π/2n

F (a, β) < 0, lim
β→π/2n

lim
a→∞

F (a, β) > 0

β π/2n
F a

β π/2n
F n ≥ 3 a = 0 0 < a < 1 a

a > 1
n = 2 F a a > 1

0 < a < 1
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p

6

a1

a2

2
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4

a
1

*1

a
2

*

2

3

4

b

a

n = 6

F (a, β) = 0

limβ→π/2nN5(β) =
0 a 6∈ {0;∞} limβ→π/2nN4(a, β) 6= 0

m → ∞ F 0 < a < 1
a > 1

�

3n

n = 2 β
β = π/4 (a1, π/4)

(a2, π/4) a2 > 1 (∞, π/4)
β = π/2

(a∗2, π/2) a∗2 > 1 F n = 2

(a1, π/4) = (0.6240605991.., π/4)
(a∗2, π/2) = (

√
3, π/2) (a2, π/4) =

(1.4339374069.., π/4) (∞, π/4)
β ∈ (π/4, b∗) b∗ = 0.9195936184..

6 b = b∗

β > b∗

n ≥ 3
3n β = π/2n

(0, 2π/n) (a1, π/2n) a1 ∈ (0, 1)



(a2, π/2n) a2 > 1 (∞, π/2n)
β = π/n

(a∗1, π/n) a∗1 ∈ (0, 1) (a∗2, π/n) a∗2 > 1
F

n = 3, 4, 5, 6

n = 3 (0, π/6)
(a∗1, π/3) = (0.4138879324.., π/3) (a1, π/6) =

(0.6280478552.., π/6) (a2, π/6) = (1.1308109202.., π/6)
(∞, π/6) (a∗2, π/3) = (1.6197896088.., π/3)

n = 3 β ∈
(π/6, b∗) b∗ = 0.7119233840.. 9

b = b∗ β > b∗

n = 4 (0, π/8)
(a1, π/8) = (0.6351161391.., π/8) (a2, π/8) = (1.0636734282..,

π/8) (a∗1, π/4) = (0.697380509.., π/4)
(∞, π/8) (a∗2, π/4) = (1.6024084862.., π/4)

n = 4 β ∈ (π/2n, b∗)
b∗ = 0.4665964724.. 12

b = b∗ β > b∗

n = 5, . . . , 100 n = 5, 6
n > 6 n = 5 a1 = 0.6434495204..

a2 = 1.0379259369.. a∗1 = 0.822828699.. a∗2 = 1.5979217289.. b∗ = 0.3406546931..
n = 6 a1 = 0.6515248377.. a2 = 1.0252694202.. a∗1 = 0.8843211381.. a∗2 = 1.5922353553..
b∗ = 0.2733239284..

n = 2, 3, 4

0 6 a < 1 α ∈ (0, 1) u ∈ [0, 2π)
n

∑

j=1

1
(

1 + a2 − 2a cos
(2π j

n + u
))α

=
n sin(πα)

π

∫ 1

0

tα−1

(1− t)α
1

(1− a2t)α
1− (at)2n

1 + (at)2n − 2(at)n cos(nu)
dt.

a > 1 α ∈ (0, 1) u ∈ [0, 2π)
n

∑

j=1

1
(

1 + a2 − 2a cos
(2π j

n + u
))α

=
n sin(πα)

π

∫ 1

0

tα−1

(1− t)α
1

(a2 − t)α
a2n − t2n

a2n + t2n − 2(at)n cos(nu)
dt.

u ∈ R γ = 2π j/n+ u

ℓ ∈ N

n
∑

j=1

cos
(2ℓπ j

n
+ u

)

= 0,
n

∑

j=1

sin
(2ℓπ j

n
+ u

)

= 0,
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b
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4
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8

m

m(a3(β), β)

!!

m(a4(β), β)

!
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!!

m(a1(β), β)

m(a2(β), β)

n = 4

m
3n

n ≥ 2 n 6= ℓ
n ≥ 3

n
∑

j=1

cos2 γ =
n

2
,

n = 2

2
∑

j=1

cos2
(

π j + u
)

= 2 cos2 u.

n ≥ 1

n
∑

j=1

a− cos γ
(

1 + a2 − 2a cos γ
)3/2

= − d

da

n
∑

j=1

1
(

1 + a2 − 2a cos γ
)1/2

.

L(a, u) =

n
∑

j=1

1− 1/a cos γ
(

1 + a2 − 2a cos γ
)3/2

.

L(a, u) = −n/2 +O(a) n ≥ 3 L(a, u) = 2− 6 cos2 u+O(a) n = 2



n
n

∑

j=1

ei(2ℓπj/n+u) = 0,

ℓ ∈ Z ℓ 6= n i =
√
−1

ℓ = 2 2u u
n

∑

j=1

cos2
(

2π j

n
+ u

)

=
1

2

n
∑

j=1

(

cos

(

2
(2π j

n
+ u

)

)

+ 1

)

=
n

2
.

n > 2 n = 2

L a = 0

L(a, u) = −1

a

n
∑

j=1

cos
(2π j

n
+ u

)

+
n

∑

j=1

1− 3
n

∑

j=1

cos2
(2π j

n
+ u

)

+O(a).

n ≥ 3 ℓ = 1

L(a, u) = n− 3n

2
+O(a) = −n

2
+O(a)

n = 2 ℓ = 1

L(a, u) = 2− 6 cos2 u+O(a).

�

f(v) = (1 + v)(1− v2n)− 4nvn(1− v) > 0 n ≥ 2 v ∈ (0, 1)

f(v) =(1 + v)(1− vn)(1 + vn)− 4nvn(1− v)

=(1− v)
(

(1 + v)(1 + v + v2 + . . .+ vn−1)(1 + vn)− 4nvn
)

:=(1− v)g(v)

g(v) = (1 + v)(1 + v + v2 + . . .+ vn−1)(1 + vn)− 4nvn

= 1 + 2v + 2v2 + 2v3 + . . .+ 2vn−1 + 2vn + 2vn + 2vn+1 + . . .

+ 2v2n−1 + v2n − 4nvn

= 1 + 2v + . . .+ 2vn−1 + (2− 4n)vn + 2vn+1 + . . .+ 2v2n−1 + v2n.

g(1) = 0 g′(1) = 0.

g(1) = 1 + 2(n− 1) + 2− 4n+ 2(n− 1) + 1 = 0,

g′(v) = 2 + 4v + 6v2 + . . .+ 2(n− 1)vn−2 + (2− 4n)nvn−1

+ 2(n+ 1)vn + . . .+ 2(2n− 1)v2n−2 + 2nv2n−1,

g′(1) = 2(1 + 2 + 3 + . . .+ (n− 1)) + n(2− 4n)

+ 2(n+ 1 + n+ 2 + . . .+ 2n− 1) + 2n

= 2
(

2n−1
∑

j=1

j − n+ (1− 2n)n+ n
)

= 2
(

2n−1
∑

j=1

j + n(1− 2n)
)

= 0.



g(v) = (1− v)2h(v), h(v) =

2n−2
∑

j=0

cjv
j

cj

cj =

{

(j + 1)2 j = 0, . . . , n− 1,

(2n− j − 1)2 j = n, . . . , 2n− 2.

cj c0 = 1 c1 = 2 + 2c0 = 4

ck + ck−2 − 2ck−1 = 2 k = 2, . . . , n− 1, n+ 1, . . . , 2n− 2 ,

cn + cn−2 − 2cn−1 = 2− 4n,

c2n−3 − 2c2n−2 = 2 c2n−2 = 1 c2n−3 = 4
j = 0, . . . , n − 1 j = 0, 1

2 ≤ j < n− 1

cj+1 = −cj−1 + 2cj + 2 = −j2 + 2j2 + 4j + 2 + 2 = j2 + 4j + 4 = (j + 2)2

j = 0, . . . , n− 1 j = n

cn = 2− 4n− (n− 1)2 + 2n2 = 2− 4n− n2 + 2n− 1 + 2n2 = n2 − 2n+ 1 = (n− 1)2,

j = n+ 1

cn+1 = −cn−1 + 2cn + 2 = −(n− 1 + 1)2 + 2(n− 1)2 + 2 = (2n− (n+ 1)− 1)2.

j = n, . . . , 2n − 2 cj = (2n − j − 1)2

j = n j = n+ 1 n+ 1 < j ≤ 2n− 2 j = 2n− 3
j = 2n − 2 n + 1 < j < 2n − 3

n+ 1 < j < 2n− 3

cj = 2− cj−2 + 2cj−1 = 2− (2n− (j − 2)− 1)2 + 2(2n− (j − 1)− 1)2

= 2− (2n− j + 1)2 + 2(2n− j)2 = (2n− j − 1)2

�

Ki(a)

n ≥ 2

K6(a) > K4(a) a ∈ (0, 1)
K6(a) < K4(a) a > 1
K5 > K1 > 0
a3K4(a) = K2(1/a) a3K6(a) = K3(1/a)

aK6(a) =
n

∑

j=1

a− cos
(2πj

n + π
n

)

(

1 + a2 − 2a cos
(2πj

n + π
n

))3/2
,

aK4(a) =
n

∑

j=1

a− cos
(2πj

n

)

(

1 + a2 − 2a cos
(2πj

n

))3/2
.

a ∈ (0, 1) α = 1/2 u = 0

aK4(a) = −n

π

∫ 1

0

d

da

(

t−1/2

(1− t)1/2
1

(1− a2t)1/2
1− (at)2n

1 + (at)2n − 2(at)n

)

dt.

α = 1/2 u = π/n

aK6(a) = −n

π

∫ 1

0

d

da

(

t−1/2

(1− t)1/2
1

(1− a2t)1/2
1− (at)2n

1 + (at)2n + 2(at)n

)

dt.



a ∈ (0, 1)

K6(a)−K4(a) = − n

πa

∫ 1

0

d

da

(

t−1/2

(1− t)1/2
1

(1− a2t)1/2
4(at)n

((at)2n − 1)

)

dt

= − n

πa

∫ 1

0

4(ta)n(ta2(−1 + (ta)2n) + n(ta2 − 1)(1 + (ta)2n))

a(1− t)1/2t1/2(1− a2t)3/2((ta)2n − 1)2
dt > 0,

a ∈ (0, 1) K6(a) > K4(a) 0 < a < 1

a > 1 α = 1/2 u = 0

aK4(a) = −n

π

∫ 1

0

d

da

(

t−1/2

(1− t)1/2
1

(a2 − t)1/2
a2n − t2n

a2n + t2n − 2antn

)

dt.

α = 1/2 u = π/n
a

aK6(a) = −n

π

∫ 1

0

d

da

(

t−1/2

(1− t)1/2
1

(a2 − t)1/2
a2n − t2n

a2n + t2n + 2antn

)

dt.

a > 1

K6(a)−K4(a) = − n

πa

∫ 1

0

d

da

(

t−1/2

(1− t)1/2
1

(a2 − t)1/2
4(at)n

t2n − a2n

)

dt

= − n

πa

∫ 1

0

4(ta)n(a2(a2n − t2n) + n(a2 − t)(a2n + t2n))

a(1− t)1/2t1/2(a2 − t)3/2(t2n − a2n)2
dt < 0,

a > 1 K6(a) < K4(a) a > 1

K5 = lim
a→1

1

2

n
∑

j=1

1
(

1 + a2 − 2a cos
(2πj

n + π
n

))1/2
:= lim

a→1

1

2
A0,

K1 = lim
a→1

1

2

n−1
∑

j=1

1
(

1 + a2 − 2a cos
(2πj

n

))1/2

= lim
a→1

1

2





n
∑

j=1

1
(

1 + a2 − 2a cos
(2πj

n

))1/2
−

1
∑

j=1

1

(1 + a2 − 2a cos(2πj))1/2





:= lim
a→1

1

2
(A1 −A2),

K5 −K1 = lim
a→1

1

2
(A0 −A1 +A2)

A0 A1 A2 A0 −
A1 +A2 a ∈ (0, 1)

A =
n

π

∫ 1

0

1− (ta)n

(1− t)1/2t1/2(1− a2t)1/2(1 + (ta)n)
dt

− n

π

∫ 1

0

1 + (ta)n

(1− t)1/2t1/2(1− a2t)1/2(1− (ta)n)
dt

+
1

π

∫ 1

0

1 + ta

(1− t)1/2t1/2(1− a2t)1/2(1− ta)
dt

=
n

π

∫ 1

0

(

4(ta)n

−1 + (ta)2n
+

1 + ta

n(1− ta)

)

1

(1− t)1/2t1/2(1− a2t)1/2
dt.



A0 −A1 +A2 a > 1

A =
n

π

∫ 1

0

(

− 4(ta)n

a2n − t2n
+

a+ t

n(a− t)

)

1

(1− t)1/2t1/2(a2 − t)1/2
dt.

a → 1/a A aA

lim
a→1−

A = lim
a→1+

A = lim
a→1

A0 −A1 +A2.

A > 0 v = ta

4(ta)n

−1 + (ta)2n
+

1 + ta

n(1− ta)
=

4vn

−1 + v2n
+

1

n

1 + v

1− v
.

4vn

−1 + v2n
+

1

n

1 + v

1− v
=

(1 + v)(1− v2n)− 4nvn(1− v)

n(1− v)(1− v2n)
> 0,

v < 1 A > 0 a → 1−

lima→1− A = lima→1+ A = 2(K5 −K1) > 0 n ≥ 2 K1

�

∆(a) = −K1−K5+a3(K2(a)+K3(a))
mD

n ≥ 2

∆(a) a ∈ (0, 1)
∆(0) < 0 ∆(a) → ∞ a → 1− ∆(a) → −∞ a → 1+

∆(a) < 0 a > 1
∆(a) (0, 1)

b = 1/a

a3K2(a) =
1

b

n
∑

j=1

b− cos
(2πj

n

)

(

1 + b2 − 2b cos
(2πj

n

))3/2
:=

1

b
K̄2(b),

a3K3(a) =
1

b

n
∑

j=1

b− cos
(2πj

n + π
n

)

(

1 + b2 − 2b cos
(2πj

n + π
n

))3/2
:=

1

b
K̄3(b).

∆(b) = (1/bK̄2(b) + 1/bK̄3(b)) a ∈ (0, 1)

∆′(a) =
d∆(b)

db

∣

∣

∣

∣

b=1/a

· db
da

= (∆(b))′
∣

∣

b=1/a
·
(

− 1

a2

)

> 0.

∆(b)′ < 0 b > 1

T =

n
∑

j=1

1
(

1 + b2 − 2b cos
(2πj

n

))1/2
+

n
∑

j=1

1
(

1 + b2 − 2b cos
(2πj

n + π
n

))1/2
.

K̄2(b) + K̄3(b) = −dT/db

(∆̄(b))′ = 1
b2
T1 − 1

bT2

T1 =
dT

db
, T2 =

d2T

db2
.



T1 = −2n

π

∫ 1

0

d

db

(

1

t1/2(1− t)1/2(b2 − t)1/2
t2n + b2n

t2n − b2n

)

dt

=
n

π

∫ 1

0

1

t1/2(1− t)1/2

(

2b(t2n + b2n)

(b2 − t)3/2(t2n − b2n)
− 8nt2nb2n−1

(b2 − t)1/2(t2n − b2n)2

)

dt,

b

T2 =
n

π

∫ 1

0

1

t1/2(1− t)1/2

(−8nt2nb2n−2((2n− 1)t2n + (2n+ 1)b2n)

(b2 − t)1/2(t2n − b2n)3

+
2
(

8nb2n
(

b2 − t
)

t2n +
(

2b2 + t
) (

b4n − t4n
))

(b2 − t)5/2 (t2n − b2n)2

)

dt.

T1 < 0 T2 > 0
(∆̄(b))′ < 0 ∆′(a) > 0 a ∈ (0, 1)

∆(0) = −K1 −K5 < 0

lim
a→1

K2(a) =

n−1
∑

j=1

1− cos
(2πj

n

)

(

2− 2 cos
(2πj

n

))3/2
+ lim

a→1

1− a
(

1 + a2 − 2a
)3/2

,

lim
a→1−

K2(a) = ∞ lim
a→1+

K2(a) = −∞.

lima→1K3(a) = K5

lim
a→1−

∆(a) = ∞ lim
a→1+

∆(a) = −∞.

∆(a) < 0 a > 1 a3K2(a) + a3K3(a) < 0
−K1 − K5 < 0

a3K2(a) + a3K3(a) =
1
b (K̄2(b) + K̄3(b)) = −1

b
dT
db b < 1

−1

b

dT

db
= −2n

πb

∫ 1

0

d

db

(

1

t1/2(1− t)1/2(1− b2t)1/2
1 + (bt)2n

1− (bt)2n

)

dt

= −2n

πb

∫ 1

0

(

4n(tb)2n

b t1/2(1− t)1/2(1− b2t)1/2(1− (bt)2n)2

+
bt(1 + (bt)2n)

t1/2(1− t)1/2(1− b2t)3/2(1− (bt)2n)

)

dt

a3K2(a) + a3K3(a) < 0 a > 1
∆(a) < 0 a > 1

�

m2 = a3mN,2/mD a = 0
mD a = 0

mD = (K5 −K1)(−K1 −K5 +O(a3)).

u = 0 u = π/n K4 K6

a = 0

K4(a) = −n

2
+O(a) K6(a) = −n

2
+O(a)

n ≥ 3

K4(a) = −4 +O(a) K6(a) = 2 +O(a)



n = 2 n ≥ 3

m2 = a3
K2

1 + n
2K1 −K1K5 − n

2K5

(K5 −K1)(−K1 −K5)
+O(a4) = a3

K1 +
n
2

K5 +K1
+O(a4)

K1,K5 > 0 lima→0+ m2 = 0+

n = 2 K1 K5 K1 = 1/4 K5 = 1/
√
2

m3 a = 0

m2 = −a3
(17

7
+ 2

√
2
)

+O(a4).

lima→0+ m2 = 0−

m3 = m2 +
a3(K6(a)−K4(a))

K5 −K1
.

K4 K6 a = 0

a3(K6 −K4(a))

K5 −K1
= O(a4)

n ≥ 3

m3 = a3
K1 +

n
2

K5 +K1
+O(a4),

lima→0+ m3 = 0+ n ≥ 3
n = 2 K4 K6 a = 0

K1 K5 n = 2

a3(K6 −K4(a))

K5 −K1
=

a3

K5 −K1
(6 +O(a))

m3 =
a3

7
(7 + 34

√
2) +O(a4),

lima→0+ m3 = 0+.
m3 = a3mN,3/mD a = 1 a > 1

K2(a) = K1 −
1

(a− 1)2
+O(a− 1), K3(a) = K5 +O(a− 1),

K4(a) = K1 +
1

(a− 1)2
− 1

a− 1
+ 1 +O(a− 1), K6 = K5 +O(a− 1),

a3 = 1 +O(a− 1)

mN,3 =
1

(a− 1)4
+O((a− 1)−3) mD = −(K5 −K1)

(a− 1)2
+O((a− 1)−1).

m3 = − 1

(a− 1)2(K5 −K1)
+O((a− 1)−1).

K5 > K1 > 0 lima→1+ m3 = −∞

b = 1/a K2(a) = K2(1/b) =
b3K4(b) K3(a) = K3(1/b) = b3K6(b) K4(a) = K2(1/a)/a

3 = b3K2(b) K6(a) = K3(1/a)/a
3 =

b3K3(b) n ≥ 3

K4(b) = −n

2
+O(b), K6(b) = −n

2
+O(b).

b = 0

K2(b) = n+O(b), K3(b) = n+O(b).



n ≥ 3

K2(b) = −n

2
b3 +O(b4), K3(b) = −n

2
b3 +O(b4),

K4(b) = nb3 +O(b4), K6(b) = nb3 +O(b4),

n = 2

K2(b) = −4b3 +O(b4), K3(b) = 2b3 +O(b4),

K4(b) = 2b3 +O(b4), K6(b) = 2b3 +O(b4).

m2 m3

1

b3
(K2

1 −K1K5) +O(1),

m2 m3

(K5 −K1)(−K1 −K5 − n) +O(b)

n ≥ 2 m2 m3 b = 0
K5 −K1

1

b3
K1

K1 +K5 + n
+O(b−2).

K5 > K1 > 0

lim
a→∞

m2 = lim
b→0+

m2 = ∞, lim
a→∞

m3 = lim
b→0+

m3 = ∞.

K6−K4(a) > 0 a ∈ (0, 1) K6−K4(a) < 0
a > 1 K5−K1 > 0 m2 < m3 a ∈ (0, 1)
m2 > m3 a > 1 �

E(a) :=

[n/2]−1
∑

j=0

−2(1 + a2) cos
(2π j

n + π
n

)

+ 5a− a cos
(4π j

n + 2π
n

)

a
(

1 + a2 − 2a cos
(2π j

n + π
n

)

)5/2
.

lim
β→π/n

N4(a, β)(K1 − 2a3L2(a, β) + L5(β)) =
1

4
E(a)

n

lim
β→π/n

N4(a, β)(K1 − 2a3L2(a, β) + L5(β)) =
1

4

(

E(a) +
1

a(1 + a)3

)

n

lim
β→π/n

N4(a, β)(K1 − 2a3L2(a, β)) = 0

lim
β→π/n

N4(a, β) =
n

∑

j=1

−1/a sin
(2π j

n + π
n

)

(

1 + a2 − 2a cos
(2π j

n + π
n

)

)3/2
= 0

lim
β→π/n

L2(a, β) =

n
∑

j=1

1− a cos
(2π j

n − π
n

)

(

1 + a2 − 2a cos
(2π j

n − π
n

)

)3/2



a > 0

L5(β) =







n−2
∑

j=0

1− cos
(2π j

n + 2β
)

(

2− 2 cos
(2π j

n + 2β
)

)3/2






+

1− cos
(2π (n−1)

n + 2β
)

(

2− 2 cos
(2π (n−1)

n + 2β
)

)3/2

:= L5,1(β) + L5,2(β).

limβ→π/nN4(a, β)L5,1(β) = 0 limβ→π/nN4(a, β)L5,2(β)
L5,2 β = π/n

L5,2(β) =
1− cos

(2π(n−1)
n + 2β

)

(

2− 2 cos
(2π(n−1)

n + 2β
)

)3/2
=

1

4
(

β − π
n

) +
1

24

(

β − π

n

)

+O
(

(

β − π

n

)2
)

.

N4(a, β)

N̄4(a, β) =

[n/2]−1
∑

j=0







−1/a sin
(2π j

n + β
)

(

1 + a2 − 2a cos
(2π j

n + β
)

)3/2
− 1/a sin

(2π (−j−1)
n + β

)

(

1 + a2 − 2a cos
(2π (−j−1)

n + β
)

)3/2







n N̄4(a, β) + N̄∗
4 (a, β)

N̄∗
4 (a, β) =

−1/a sin
(2π [n/2]

n + β
)

(

1 + a2 − 2a cos
(2π [n/2]

n + β
)

)3/2

n N̄4 β = π/n

N̄4(a, β) = E(a)(β − π/n) +O((β − π/n)2),

N̄∗
4 β = π/n

N̄∗
4 (a, β) =

1

a(1 + a)3
(β − π/n) +O((β − π/n)3).

N4(a, β)L5,2(β) β = π/n

N4(a, β)L5,2(β) =
1

4
E(a) +O((β − π/n))

n

N4(a, β)L5,2(β) =
1

4

(

E(a) +
1

a(1 + a)3

)

+O((β − π/n))

n β → π/n �

lim
β→π/n

N5(β) =
n

∑

j=1,j 6=n−1

− sin
(2π (j+1)

n

)

(

2− 2 cos
(2π (j+1)

n

)

)3/2

+ lim
β→π/n

− sin
(2π (n−1)

n + 2β
)

(

2− 2 cos
(2π (n−1)

n + 2β
)

)3/2
= ∞.

F (a, β) β → π/n
G

G = lim
β→π/n

(K1 − L4(a, β)) = K1 − L̄4(a),

L̄4(a) = lim
β→π/n

L4(a, β) =

n
∑

j=1

1− 1/a cos
(2π j

n + π
n

)

(

1 + a2 − 2a cos
(2π j

n + π
n

)

)3/2
.



a → ∞
lim
a→∞

G = K1 − lim
a→∞

L̄4(a) = K1 > 0.

a → 1

lim
a→1

G = K1 −
n

∑

j=1

1− cos
(2π j

n + π
n

)

(

2− 2 cos
(2π j

n + π
n

)

)3/2
= K1 −K5 < 0.

u = π/n L̄4 a = 0 L̄4(a) = −n/2 +
O(a), n ≥ 3 L̄4(a) = 2 + O(a), n = 2 n ≥ 3 G

a = 0 G = K1 + n/2 +O(a) lima→0G > 0. n = 2 K1

G a = 0 G = 1/4 − 2 + O(a) lima→0G = −7/4 < 0.
�

lim
β→π/2n

N5(β)(K1 − L4(a, β)) = 0.

lim
β→π/2n

L4(a, β) =

n
∑

j=1

1− 1/a cos
(2π j

n + π
2n

)

(

1 + a2 − 2a cos
(2π j

n + π
2n

)

)3/2
,

a > 0

lim
β→π/2n

N5(β) =
n

∑

j=1

− sin
(2π j

n + π
n

)

(

2− 2 cos
(2π j

n + π
n

)

)3/2
= 0

limβ→π/2nN5(β)(K1 − L4(a, β)) = 0, �

F (a, β) β = π/2n
N4(a, β)(K1−2a3L2(a, β)+L5(β)) limβ→π/2nN4(a, β)(K1−2a3L2(a, β)+L5(β)) =

0 N4(a, β)(K1 − 2a3L2(a, β) +L5(β)) β → π/2n
limβ→π/2nN4(a, β)(K1 − 2a3L2(a, β) + L5(β)) 6= 0

N4(a, β) < 0 α ∈ (0, π/n) N4(a, β) < 0
K1 − 2a3L2(a, β) + L5(β) β → π/2n

lim
β→π/2n

K1 − 2a3L2(a, β) + L5(β) = K1 − 2a3L̄2(a) +K5 := H,

L̄2(a) = lim
β→π/2n

L2(a, β) =
n

∑

j=1

1− a cos
(2π j

n − π
2n

)

(

1 + a2 − 2a cos
(2π j

n − π
2n

)

)3/2
.

a → 0 L̄2(a) → n lima→0H = K1 +K5 > 0

a → ∞ b = 1/a
a3L̄2(a) = L(b, π/2n) L

u = π/2n

lim
a→∞

H = K1 + n+K5 > 0,

n ≥ 3

lim
a→∞

H = K1 − 2
(

2− 6 cos2
(

π
4

))

+K5 = K1 + 2 +K5 > 0,



n = 2
H a → 1

lim
a→1

H =
1

2

n−1
∑

j=1

1
(

2− 2 cos
(2π j

n

)

)1/2
−

n
∑

j=1

1
(

2− 2 cos
(2π j

n − π
2n

)

)1/2

+
1

2

n
∑

j=1

1
(

2− 2 cos
(2π j

n + π
n

)

)1/2
.

lima→1H lima→1H lima→1H1

H1 =
1

2

n
∑

j=1

1
(

1 + a2 − 2a cos
(2π j

n

)

)1/2
− 1

2

1
∑

j=1

1

(1 + a2 − 2a cos(2πj))1/2

−
n

∑

j=1

1
(

1 + a2 − 2a cos
(2π j

n − π
2n

)

)1/2
+

1

2

n
∑

j=1

1
(

1 + a2 − 2a cos
(2π j

n + π
n

)

)1/2
.

α = 1/2 u = 0 n = 1 α = 1/2 u = 0 α = 1/2
u = −π/2n α = 1/2 u = π/n

H1 =
1

π

∫ 1

0

1

t1/2(1− t)1/2(1− a2t)1/2

(

4(at)2nn

1− (at)4n
− 1 + at

2(1− at)

)

dt

v = at N = 2n

4(at)2nn

1− (at)4n
− 1 + at

2(1− at)
=

4vN N
2

1− v2N
− 1 + v

2(1− v)

=
4vNN(1− v)− (1 + v)(1− v2N )

(1− v2N )2(1− v)
< 0.

lima→1− H1 < 0
H1 α = 1/2 u = 0 n = 1 α = 1/2 u = 0 α = 1/2

u = −π/2n α = 1/2 u = π/n

H̄1 =
1

π

∫ 1

0

1

t1/2(1− t)1/2(a2 − t)1/2

(

4(at)2nn

a4n − t4n
− a+ t

2(a− t)

)

dt.

a → 1/a H̄1 aH1 lima→1+ H1 < 0
H < 0 a → 1 �

n = 2
K1 L2(a, β) L4(a, β) N4(a, β) L5(β) N5(β) β F a = 0

F (a, β) = − 1

16
tanβ secβ

(

18 cosβ + 6 cos(3β) + 17 cot3 β + 7
)

+O(a2).

F̄ (β) < 0 β ∈ (π/2n, π/n) n = 2
β ∈ (π/2n, π/n) n ≥ 3 F̄ (β) > 0 β

F a = 0 N4 a = 0

N4(a, β) = −1

a

n
∑

j=1

sin
(2π j

n
+ β

)

− 3

2

n
∑

j=1

sin
(4π j

n
+ 2β

)

+O(a)

N4(a, β) = O(a) N4(a, β)(K1 − 2a3L2(a, β) + L5(β))
a = 0

N4(a, β)(K1 − 2a3L2(a, β) + L5(β)) = O(a).



u = β n ≥ 3 L4 a = 0
L4(a, β) = −n/2 +O(a) a = 0

F (a, β) = (K1 +
n

2
)N5(β) +O(a).

N5(β) β ∈ (0, π/n) N5(β)
β ∈ (0, π/2n) β ∈ (π/2n, π/n)

β ∈ (π/2n, π/n) n ≥ 3 F̄ (β) > 0
a → ∞ β ∈ (π/2n, π/n) N5(β)

lim
a→∞

L4(a, β) = lim
a→∞

N4(a, β) = 0.

b = 1/a a3L2(a, β) = L(b, β) L
u = β lima→∞ a3L2(a, β) = limb→0−n/2+

O(b) n ≥ 3 lima→∞ a3L2(a, β) = limb→0 2− 6 cos2(β) +O(b) n = 2

lim
a→∞

(K1 − 2a3L2(a, β) + L5(β))N4(a, β) = 0,

lim
a→∞

N5(β)(K1 − L4(a, β)) = N5(β)K1 > 0,

n ≥ 2 β ∈ (π/2n, π) n ≥ 2 F̃ (β) > 0
�

n

κn

n

N



(pN + gN)


