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Abstract

In the first part of this work we present the parameterization method for invariant
manifolds and we apply it to prove the existence of stable invariant curves of planar
maps associated to a fixed point with an eigenvalue A such that 0 < |A\| < 1. We study
both the case in which the map is analytic and the case in which it is differentiable.
In the second part, we apply the parameterization method to obtain the existence of a
stable analytic curve associated to a nilpotent parabolic fixed point of an analytic map.
The main result of this master thesis is the existence of such a stable curve. Finally,
we perform a numerical simulation in order to estimate the growth of the coefficients
of a parameterization of this curve.
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1 Introduction

In this master thesis we deal with invariant manifolds of discrete dynamical systems. A
dynamical system, (M, T, ®), is defined as the action ® of a group T, which represents the
time, on an abstract space M, of the form

. TxM—M
(t, x) — D(t, x),

such that for all z € M and all ¢, s € T we have
O(0,z) =z and P(t+s, )= d(s, (¢, 2)).

Given a set M and a map f: M — M, a discrete dynamical system, (M, Z, ®), is usually
defined by the action
d(n, x) = f"(x), ne€Z, xeM,

that is, a discrete dynamical system is the action of iterating a map in a certain set, which
we denote as the phase space.

Given a dynamical system induced by a map f : M — M, we define the orbit of a point
r € M as the set of its iterates, namely {f"(z)|n € Z}. A point z € M is called a fired
point if f*(x) = x, for all n € Z, ant thus, if f(z) = .

Let (M, Z,®) be a discrete dynamical system. We say that N C M is an invariant set if
O(n,x)eN, VneZ VzeN.

In the case of a dynamical system induced by a map f defined in a topological space, if such
an invariant set is a manifold, we call it an ‘nvariant manifold. In this work we are interested
in invariant one-dimensional manifolds of two-dimensional maps.

We say that two dynamical systems, (X, Z, ®) and (Y, Z, ¥), defined on differentiable man-
ifolds, are C" — conjugate if there exists a map h: X — Y of class C" such that

h(®(n,z) =V (n, h(z)), VneZ VzelX.

Let us consider a discrete dynamical system given by a map F' : U C R" — R"”, and let
xo9 € U be a fixed point of F. We say that xq is hyperbolic if none of the eigenvalues of
DF(xy) has modulus equal to 1. In the other hand, if all the eigenvalues of DF(xy) have
modulus equal to 1, we say that the fixed point xq is parabolic.

Hartman’s theorem (see [9]) establishes that given a map F : U C R® — R" of class C!
with an hyperbolic fixed point zy € U and such that DF(xg) is invertible, there exists a
neighborhood of zy where the map F' is conjugated to the linear map given by DF(x).
In this master thesis we study the behavior of the dynamics near parabolic fixed points of
planar maps, where Hartman’s theorem does not apply. In particular, we are interested in
the existence of invariant curves associated to this class of fixed points.

In Section 2 we present the parameterization method for invariant manifolds of dynamical
systems, which is a recently appeared tool to study several types of invariant manifolds based



on looking for them as solutions of functional equations. An introductory exposition of this
method can be found in [7].

In Section 3 we apply the parameterization method to planar maps with fixed points. We
consider a map F : U C R? — R? with a fixed point g € U and such that DF(x,) has
an eigenvalue A with 0 < || < 1, and we prove the existence of a stable invariant curve
starting at xy and being tangent to the eigenvector associated to A. We obtain this result
for both the case when F' is analytic and when F' is of class C”. The results of this section
are based on the study of [3], where the authors use the implicit function theorem to prove
them. In Section 3.2 we prove the same result for the case that F' is analytic, but now using
the Banach fixed point theorem.

In Section 4 we apply the parameterization method to study the existence of a stable invariant
curve of an analytic map, F': U C R? — R?, with a parabolic fixed point zq € U such that

DF(zo) = ((1) 1) ’

namely, a nilpotent parabolic fixed point. The existence of such a curve is already proved in
[5], but here it is the first time where it appears as an application of the parameterization
method. In this section we also present a method to compute a polynomial approximation
of this stable curve. The parameterization method is applied in order to show that once one
has computed the approximation of the stable curve up to a high enough order, there exists
indeed an invariant curve which is close to the approximated one.

We have also written a code in C language to compute the coefficients of a polynomial
approximation of this stable curve based on the recurrences established in Section 4.1. From
the results one can observe that the coefficients of the polynomial grow in a factorial way,
suggesting that the formal series is of Gevrey type. We also compute an estimation of the
Gevrey constant of this series.



2 The parameterization method for invariant manifolds

Let FF: U C R" — R™ be a map with F(0) = 0, where U is an open set containing the
origin. We are interested in invariant manifolds of dimension m < n near the origin and in
the dynamics of F' restricted to these manifolds.

A natural way to try to find a manifold invariant under F' modeled on a vector subspace
E C R™ of dimension m is to look for an embedding K : Uy € F — R" and a map
R : Uy — Uy in such a way that

FoK =KoR. (2.1)

This equation ensures that the image of K is invariant under F'. Any point K (z) paramet-
erized by x € U; has image F(K(z)) = K(R(z)) and so it belongs to the image of K, being
the right hand side parameterized by R(z). In other words, K gives a conjugation between
F restricted to the image of K and R, R is a representation of the dynamics of F restricted
to E and K o R is the dynamics of F' restricted to the invariant manifold.

The fact that the manifold K (U;) passes through the origin is ensured by requiring K (0) = 0.
Thus, as F'(0) = 0, we obtain also from (2.1) that R(0) = 0. By differentiating (2.1) at the
origin one obtains

DF(0) DK(0) = DK (0) DR(0). (2.2)

If K is a one-dimensional invariant manifold, equation (2.2) says that K’(0) is an eigenvector
of DF(0) with eigenvalue R'(0).

Conversely, if we want the manifold K to be tangent to E at the origin, that is, if we want
that for all v € E, DK (0)(v) € E, then E will be an eigenspace of DF(0).

In this work we will focus on one-dimensional invariant manifolds of two-dimensional maps.

The fact that R is a representation, in some appropriate coordinates, of the dynamics of the
map F' restricted to the invariant manifold tells us that we need to consider it as a part of
the objects to be determined. Observe, indeed, that in the invariance equation (2.1) one has
to determine n + m functions but only has n equations.

With this setting, one has the option to look for the simpler expression of K or the simpler
expression of R. If we look for the simpler form of K, that will determine the dynamics of R.
Conversely, we can look for the normal form of R, which is the simpler form of its expression,
and obtain the corresponding form of K for the invariant manifold. This is the approach
that we will follow.

An important observation is that if we consider the operator
T(F,K,R):=FoK—KoR,
then equation (2.1) can be written as a functional equation,
T(F,K,R) =0, (2.3)

where given F' we look for some K and R that satisfy (2.3). Hence, a natural way to try to
solve this problem is to study the properties of the operator 7 in suitable Banach spaces, using
techniques such as the Banach fixed point theorem or the implicit function theorem. If F' is
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sufficiently differentiable then 7 will inherit some differential properties that, in combination
with considering K in a suitable space, will lead quickly to some results on existence of the
invariant manifold and differentiability with respect to the parameters.

This is the method that we will follow. In order to prove the existence of invariant curves
associated to some fixed points of planar maps, we will study some equations of the type
of (2.1) with the restrictions given by the hypotheses related to the properties of the fixed
points we are interested in.



3 Invariant manifolds associated to an eigenvalue of
modulus less than 1

In this section we apply the parameterization method to the study of invariant one-dimensional
manifolds associated to a fixed point with an eigenvalue of modulus less than 1 of a planar
map.

Let  C R? be an open set and let F':  — R? be a map of class C*.

We shall consider two cases, the first one when F' is analytic in a neighborhood of the origin,
and the second when F' is of class C" in a neighborhood of the origin. In both cases we will
prove a stable manifold theorem that establishes the existence of an invariant curve near the
origin and its differentiable dependence with respect to the parameters. The results of this
section are based on a study of [3].

Before introducing the results that shall be proved, we find it convenient to recall some basic
theory on differential calculus in Banach spaces that will be used along the section.

Definition 3.1. Let F/, F' be two Banach spaces and let U C E be an open set. An operator
T : U — F is said to be differentiable at a point fy € E if there exists a linear operator
DT(fy) € L(E, F) such that

IT(f) = T(fo) = DT(fo)(f = fo)llr

lim =0
I7~Folls—0 1f = folle ’
where || - ||g and || - || denote the norms in E and F, respectively. In the case that such an

operator exists, it is unique.

It can be proved that if T' is differentiable at a point fy, then DT'(fy) is a bounded operator
(see chapter 2 of [4]).

If T is differentiable in each point of an open set U C E, then the map

DT :U —s L(E,F)
f— DT(f)

is called the derivative of T. Moreover, if DT is a continuous map in U, we say that T is of
class C*.

The implicit function theorem in Banach spaces and the Banach fixed point theorem are the
key results that we will use to apply the parameterization method. The interested reader
can see the proofs of these theorems in [4].

Theorem 3.1 (Implicit function theorem). Let F, G, E be Banach spaces, U C F x G an
open set and T : U — E an operator of class C*. Let (fo, g0) € U such that T(fo, go) = 0 and
such that Dy T( fo, go) is a homeomorphism from G onto E. Then, there exists a neighborhood
Uo of fo in F and a unique map u : Uy — G, u € CY(Uy), such that u(fy) = go and
T(f,u(f)) =0 for all f € Uy. Also, the derivative of u is given by

U (f) = —(D2T(f,u(f))) ™" o (DL T(f,u(f)))-
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Theorem 3.2 (Banach fixed point theorem). Let (X,d) be a complete metric space and let
T : X — X be a contraction mapping, that is, such that for all f,g € X, d(T(f), T(g)) <
d(f, g). Then T has a unique fized point in X .

3.1 Analytic stable curves

The following theorem establishes the existence and the regularity properties of a stable curve
associated to an eigenvalue A with 0 < |A| < 1, under the assumption that the map F is
analytic in a neighborhood of the origin. In this case, one expects to find an analytic stable
curve tangent to the eigenvector of DF'(0) associated to the eigenvalue A, and where the
dynamics on the invariant curve can be represented by the map ¢ — At.

Theorem 3.3. Let F': U C R? — R? be an analytic map in a neighborhood U of the origin
with F(0)=0. Let A\ € R be an eigenvalue of A := DF(0), and let v € R?, v # 0, satisfy
Av = \v. We denote by Spec(A) the set of eigenvalues of A. Assume:

(a) A is invertible,
(b) 0 < |A| <1,
(c) X" & Spec(A) for every integer n > 2.

Then, there exists an analytic map K : I C R — R2, where I is an open neighborhood of 0
in R, satisfying
F(K(t)) = K(\t), tel,

K(0) =0 and K'(0) = v. That is, K is the parameterization of an analytic curve invariant
under F' and tangent to v at the origin and the dynamics on the invariant curve is conjugated
to the linear map t — At in I, and so K(t) is a stable manifold.

In addition, if K is another analytic solution of F'o K = K o X in a neighborhood of the
origin with K(0) = 0 and K'(0) = BK'(0), then K(t) = K(St) for t small enough, that is,
K and K are just two different parameterizations of the same stable curve.

Before start proving the theorem, let us do some remarks on the statement.

Condition (c¢) on the statement of the theorem is called a non-resonance condition. Since by
condition (a) one has 0 ¢ Spec(A), then all the eigenvalues of A are outside a ball of radius p.
By condition (b) there is an integer ng such that |A\|"° < p, and so if n > ng then condition (c)
holds. That is, even if hypothesis (¢) seems to require infinitely many conditions, it requires
only ng of them.

In the case that ||A|| < 1 and A is a simple eigenvalue and it is the closest one to the unit
circle, then under iteration of A, the component along v of an orbit is the one that decays
more slowly, as A is the greatest eigenvalue and all the eigenspaces of A are stable, and hence
it is also the one which controls the asymptotic behavior of the dynamics. The invariant
manifold associated to this eigenvalue has an analogue behavior, and it is usually called a
slow manifold, for clear reasons.

By considering F'~! and A™! in place of F' and ), hypothesis (b) can be changed to [A| > 1.
With this new setting the theorem establishes the existence of an unstable manifold near the
origin under the iteration of F'~!.
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Proof of Theorem 3.3. We shall consider F' as an analytic function in a neighborhood U of
0 in C?. In order to clarify the notation we will denote z as the variable in C and w as the
variable in C?. Therefore, we write F as F(w) = 3,59 F,w". Following the main idea of
the parameterization method, one has to find a function K : U ¢ C — C? such that

F(K(2)) — K(\z) =0 (3.1)

for z € D where U is a neighborhood of 0 in C. We write F(w) = Aw + N(w) and so N is
the nonlinear part of F'. With this notation one has

K(\z) =Y N'K,2"

n>0

with K, € R?, Vn, and

F(K(Z)):A<K12+KQZ2+)+N((K12+KQZ2+)):
= A(Kjz+ K22 + . )+ Fy(Kyz 4+ Kop2? + .0 ) + ..

so, equating powers of K(Az) and F(K(z)) we have

AKl = )\Kla (32)
AKn—I—Rn(Kl,...,Kn_l) :)\nKn, TLZ 2,

where R,, is a polynomial expression obtained form the previous expansion.

Equation (3.2) does not determine K3 completely, but only tells us that K is an eigenvector
of A with eigenvalue \. Hence, for any § > 0, we can fix K; such that |K;| <.

With this setting, a first a approach to prove the theorem may be the following one. Once
K has been chosen, equation (3.3) allows us to determine unequivocally all the other K,’s,

as
Kp=—(A=X")"Ry(Ky,...,Kn1), n>2, (3.4)

since (A — A\")~! exists by the assumption (c). It can be shown, studying the recursion (3.4),
that the power series 0> | K,2" is convergent in some neighborhood of 0. Hence, one obtains
an expression for the invariant curve K around the origin, and that proves the existence of
an analytic invariant curve satisfying (3.1). However, we will follow another route that will
lead us to a complete proof for the theorem, using techniques of functional analysis that can
also be adapted to other settings, and thus, that are efficient to prove a wide range of results.

We shall write K(z) = K z+ K~ (z), where K has been already chosen. Then the left hand
side of equation (3.1) can be written as

AK1 2+ K7 (2)) + N(K1 2+ K7 (2)) — Kjhz — K7 (\2) =
= AK1z4+ AK” (2) + N(Ki1z+ K~ (2)) — K1Az — K~ ()\2)
= AK~(2) + N(K 1z + K~ (2)) — K~ (\z),

and so equation (3.1) reads
AK”(z) + N(K1z+ K~ (2)) — K~ (\z) = 0. (3.5)
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We look for K~ belonging to the following Banach space,

H:={K>:D—C*| K>(z) = ;Kn K| = nz::z K| < oo},

where D denotes the open unit disk in C.

One should note that looking for a solution of equation (3.5) in H does not imply a loss of
generality. In fact, we are looking for analytic invariant curves in a small neighborhood of
the origin. It can be proved that although the space H is smaller that the space of analytic
functions in the unit disk, it is sufficient to consider it for the curves we are looking for. This
will be carefully discussed in Section 3.4. The fact that we can look for invariant curves in
Banach spaces adapted to the context gives us ease to obtain the desired results.

Now we can reformulate equation (3.5) as an operator equation as
T(Ky, K7)=0, (3.6)
where 7T is the nonlinear operator 7 : V x B — H defined by
T(Ky, K7)(2) = AK”(2) — K~ (\2) + N(K 1z + K~ (2)),

where V is a ball centered at 0 € C? of radius § > 0 and B is a ball centered at 0 € H with
a radius sufficiently small in order that Kz + K~ (z) is contained in the domain of N.

We shall define also the linear operator S : H — H as
(SK”)(2) = AK~ (2) — K~ ()\z2).
Thus, one can write the operator T as
T(K1,K7)(2) = (SK”)(2) + N(K12 + K~ (2)).

The fact that S is linear is clear, as A and the evaluation at Az are so.

With this setting, it will be sufficient to study the existence of a function K~ € B that
satisfies equation (3.6).

This functional equation may be studied in several ways. Here we will use the implicit
function theorem in Banach spaces. To study the existence of a solution of (3.6) we shall
check that 7T verifies the hypotheses of the theorem.

First of all, T is of class C'! because it is a composition of several operators of class C*. Also,
it holds that 77(0,0)(z) = S(0)(z) + N(0) = 0, and D5(0,0) = S (see [8]).

We need to prove then that S, which we already know that is linear and bounded, is also
boundedly invertible.

Lemma 3.1. The operator § : H — H defined as

(8/)(2) = Af(2) = f(A2)

is boundedly invertible in H.

12



Proof. Let us see first that S : H — H is invertible. Given n € H with n = >77, n,2" we
look for f € H such that S(f) =7, that is,

S( > fnz”) =A ( > fnz”) = fuX2)" =D "
n=2 n=2 n=2 n=2
Equating coefficients we are lead to
Afn_fn)\n:nna n227

and hence f,, = (A —\")"!n,, so the coefficients f,, can be determined if hypotheses (a) and
(¢) of Theorem 3.3 hold. In this case one has

o0

f)=> (A=) "n, 2" =8"n(z), ze€D. (3.7)

n=2

By hypotheses (a) and (¢) we have that |(A — A")~!| < C, for all n, for some constant C,
and hence - -

SHA=XYT0, 2" <C Y np 2" < oo, z€D,

n=2 n=2
which proves that the series expansion (3.7) of f is convergent. Also, by the same property
one has that

ISTHI = 1 (A=A) " 2" =D [(A=A) " | < C Yl = Cnll,
n=2 n=2 n=2
that is, S~! is bounded. O

The theorem follows then applying the implicit function theorem. Indeed, there exists a
neighborhood V; of 0 in V' and a unique function u : V5 — B, which is of class C!, such
that T ((K1), u(K7)) =0 for all K; € V. That is, there exists a unique solution of equation
(3.6), K~ € B, which provides an analytic invariant curve for F', and also, K~ = u(K}) is
a function of class C!, what means that the dependence of the invariant curve on the vector
K is differentiable.

If K(z) satisfies (3.1) and o € C, then K(z) = K(0z) also satisfies (3.1). In this case,
note that K; = oK;. This explains the lack of uniqueness in the modulus of K; as a
solution of equation (3.2). That is, if we choose K, differing only by a multiple from K7,
by the uniqueness given by the implicit function theorem we are only choosing another
parameterization of the same invariant curve, related to the first one by a linear change of
scale. O]

3.2 A fixed point equation for the analytic stable curve
Our aim now is to give a new proof of Theorem 3.3 using the Banach fixed point theorem

instead of the implicit function theorem. This technique will present us some tools to study
functional equations for invariant manifolds. As the statement of the Banach fixed point
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theorem is less restrictive that the one of the implicit function theorem, it will be less painful
to arrive to some results; for example, we will not need the operator T to be differentiable
at any point. Nevertheless, one will need to use more technical machinery to obtain the
conditions in the hypotheses of the theorem, and so, to obtain the desired results.

Under the hypotheses of Theorem 3.3 we return to equation (3.6), where we had
T(K;,K”) =0,
and we were looking for a function K~ € H satisfying this equation, that is, satisfying

(SK>)(2) + N(K1 2+ K> (2)) =0, ¥z €D. (3.8)

Here we will consider another function space that will be suitable for our purpose. Let us
consider

A={f:D—C*| f € Hol(D), f € C°(D), £(0) = f'(0) = 0}
with the topology of C°(D), that is, || f|ls = sup,5 |f(z)|, which is a Banach space.

It is clear that one can consider the operator S defined as Sf(z) — Af(z) — f(A\z) acting on
A, and it is also clear that S is a linear map from A to A.

In this case, analogously as in the section before, one has the following result.

Lemma 3.2. The operator S : A — A is boundedly invertible in A.

Proof. Let us consider the equation
Sf=n, (3.9)
where 7 is any element of .A. We need to find a solution, f € A, for this equation.

We choose L a positive integer such that [A|XT|A7| < 1.

Then we can write

n(z) = Y mz" +ii(2),

n=2

where D'7j(0) = 0 for i = 0,..., L. We look for a solution of equation (3.9) expressed in a
similar way, that is,

f(z) = Z_:fz + f(2)

with D'f(0) =0 fori=0,..., L.
By the linearity of S, one can study separately the equations

S ( z_: fnz”) = Z(Afnz” — faA"2") = z_: 2" (3.10)
and . 3 .
SF() = Af(z) - F(02) = (2. (3.11)

14



By the non-resonance assumption (¢) of Theorem 3.3, equation (3.10) can be solved equating
powers on both sides and so one has

fn:(A_)\)ilnn, n:2,...,L.

Also, as |[A — A" is bounded for all n, we have

L L L
1> fa2 oo = 12 (A=A 002" oo S CH Y 102" [loo < C (lmpf 4+ 4|zl )-
n=2 n=2

n=2

Then, applying the Cauchy integral formula on every component of 1, with v = 9D one has

n) o i0 o i0
n™(0) ) 1/ ne”) . i 1/ ne’) .
| = —|— dz| = — A 0dh < — . "\ d
7] ! ' ot Jo 21 T | o (ei0)n+T e =91 Jo |(e®)n te
1 27 0
= — ! < =2, ...
| M) < nlloes n=2,....L,
and so one gets
L
1D fa2"lloo < C" 10l (3.12)
n=2
which is a first boundedness condition.
From equation (3.11) one can write recursively
f(2) = AT (FA2) +7i(2)) = A AT (F(N2) +i(A2) +7i(2)) = -+
M—1
=AM FOM) + Y ATT(N2),  YM eN,
§=0
and so we can consider
f(z)= lim [A™M fAM2)+ Y A7 iH(N2)).
M —o00 =0
We claim that this limit exists and that
flz) =3 A hij(Amz) (3.13)
n=0

is the solution to (3.11).
We need to prove that the series (3.13) converges uniformly in D.
For every component of n one has, again by the Cauchy integral formula,

1

i) = 3

DO < nlloo 215

and hence for every element of the series (3.13) one has

fAT (A2 < AT APED L Il = TATH A AT 17,

15



and then, as we assumed that [A|"*!||A7!|| < 1, the series converges uniformly on D by the
Weierstrass M-test. Therefore we have that f € C°(D), and f is analytic in D as it is the
uniform limit of analytic functions on compact sets, and so f € A.

Also, by a similar argument one has

lim A™ f(A\Mz) = (0,0),

M—o0

and so we obtain the claimed solution in (3.13).
On the other hand one has

1o = 132 AT 17 (A"2)lloo < 1llo D2 IATHHAEHATD™ < Cllalloos— (3.14)

so finally, by the estimates (3.12) and (3.14) we get

L L
HS_l(n)Hoo = Hf”oo = || Z fnx" + f ||oo < H Z fnanoo + Hf Hoo < OH”HO@:
n=2 n=2
that is, S~! is bounded. O

As a result of the previous lemma, one has that equation (3.8) is equivalent to the fixed point
equation

K7 (2) = -S7'N(K, z + K~ (2)). (3.15)

We recall that N is the nonlinear part of F', and so N maps a neighborhood of 0 € C? to
some subset of C?. As N is analytic and N(0) = DN(0) = 0, it is clear that N maps any
element f € A to A if we consider it as a composition operator, whenever the range of f is
contained in the domain of N. Thus, we can refer to N as a functional operator and in this
case we will use the notation N to refer to it.

Let us consider the closed ball of radius » < 1 in A, that is,

By ={feA: |flle<r}

which is a complete metric space.

With this setting we define A in the following way,

N:B.cA— A
f(z) = N(Kiz + f(2)).

As we consider A acting on functions defined in the unit disk that represent the nonlinear
part of the potential invariant curves for F', we must also fix to the unit disk the domain of
definition of the linear part of those invariant curves, that is, we ought to consider

No (K, -+K>): D — C?
z — N(Kz+ K~ (2)).

16



Note that the domain of definition of N is in C?, but the variable z is always in C. As we are
studying invariant manifolds of planar maps, the vector K; is in the two dimensional space.
As we did before, we will denote as w the variable on C? in order to clarify the notation.

Let us consider the operator © : B, — A defined as © := S~ 1o .

With this setting equation (3.15) can be written as a fixed point equation as

K> =-0©(K>), K> €B,

To study the existence of a solution K~ (z) for such an equation we shall prove that © is
a contraction mapping in a suitable metric space in order to apply the Banach fixed point
theorem.

To do so, we will consider the change of variables given by T'(z) = § z, for some § > 0.
Observe that the invariance equation

FoK—-KoA=0
is equivalent to
(T'oFoT)o(T'oKoT)—(T"'oKoT)o(T 'oXoT)=0.

Applying such a change of variables it is clear that the operator § is not affected, for what
its norm remains the one found in Lemma 3.2. Also, we have now that

(T'oFoT)=A+(T"'oNoT),

and hence the operator ® = S~'o is affected only on what involves A/. With the presented
scaling of variables, the size of the domain of NV changes and we can deal with the new function
obtained, N = T~'o N o T. Indeed, if we take § sufficiently small and we consider

N(w) = ;N(éw), (3.16)

then, as N is analytic in a neighborhood of the origin, N will be analytic in a larger neigh-
borhood, say B(0,5/2) C C* and so it will also be analytic in B(0,1+r) C C.

Lemma 3.3. Let N : B(0,a) € C* — C? be analytic and such that N(0,0) = (0,0),
DN(0,0) =0 € C*. Then, for all e > 0 there exists a transformation as (3.16) such that

sup ||VN1(w)|| + sup ||VN2(w)||<€,

|w|<14r |w| <147

where Ny and Ny are the two components of N.

Proof. Let us denote by w = (wy, wy) the variable in C2.

We shall take 0 < /[(M; + Ms)(1 + r)] where M;, M, will be determined later, and also

§ < 2 a, that is, sufficiently small in order that N(w) = £ N(6w) is analytic in B(0,5/2) c C?.
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For all w € B(0,1 + r), one has, applying the mean value theorem in several variables,

N ON, ON, ON, ON,
N Y el oM _
195 )l = | Gt o) S ) )| =G e, Gt )
ON, ON,
< - -
— awl (571]1,(5’(1)2) + awz (5w175w2)
. 3N1 8N1 8N1 aNl
= 3w1 (6w1,(5w2) a (0 O)‘ aw2 (51[)1,(5'11}2) aw2 (0 O)’
8]\71 a-]\]1
< |9 G Ol @, swa)[| +[]7 52 @] [|(Go, 5w2)|
ON ON
< 5Hu4\[ up |<71<<ﬁ|+— up \<71< >H] — 5w M.
cI<o(i+r) || Own mi<o(i+r) || Ows

In an analogous way, for all w € B(0,1 + r) one can obtain the bound

8 ON. ON.
nvwxwm36mw[ up \v2xﬂ+ up \vz 4H=6MMM¢
cl<si+r) || Own Inl<6(147) 5W2
It is clear that
ON,
M; = sup sup ‘ ‘ ‘, i=1,2,
I¢I<3(1+r) ‘ 3w1 st || s )

is bounded as N is analytic in a ball of radius a > 6 (5/2) > 6 (1 +r).

Hence, considering the estimations obtained one gets

sup  [VNi(w)l| + sup [[VNi(w)|| <

|w| <147 |w| <147
< sup O |jw| (My+ My) =0 (1+7r)(My+ M) <e
|w|<14r

One should note that we can always consider a proper dilatation N of N for our computations,
as if the study of NV leads us to the existence of some invariant manifolds, they will also exist
and have the same regularity properties for the case of N.

With this considerations we can now give the following result.

Theorem 3.4. The operator © : B, — A is a contraction mapping.
Proof. We need to see that for all fi, fo € B,.,

1©(f1)) =0 (f2) e < QI f1 = folloo:
with @ < 1.
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As 871 is linear and bounded in A with |S™!||z(4,4) = C, one has, applying the mean value
theorem in several variables,

10 (f1) = O (f2) lloo = STV (f1)) = SN (1)) Il
= [|STHN(f1) = N ()] [l
< OIN(f1) = N(f2) lloo
= Csup || N(Ky1z + fi(2)) = N(K1z + fa(2)) ||

<C [Sug IN1(K1z 4 fi(2)) — Ni(K12 + f2(2))]
+ sug |No(K1z + f1(2)) — Na(K1z + fo(2))]]
< C[Sug IVNL(OI [ f1(2) = fa(2)I| + sup IVN2(m)[| N1 f1(2) = f2(2)]],

(3.17)

for some ¢, n € {t (K124 fi(2)) + (1 —t)(K1z+ fo(2)) |t €]0,1] }.

Thus, as N is acting on K12+ f(z) with z € D and || f||cc <7 < 1, we can bound the domain
of N, VNl and VNQ,
| Kz + f(2)| <K |+ [ f(2)[ <1+

as we have previously chosen K sufficiently small.

Hence, returning to (3.17) and using Lemma 3.3 one gets

Clsup [[VNL(OI[1/1(2) = f2()] + sup [[VNo()[[ | £1(2) = f2(2)]]] <

z€D z€D
< Clsup sup [[VNi(Q)I[I/1(2) = f2(z)[| +sup sup [[VN2(n)[|f1(2) = f2(2)]]
zeD [CI<1+r zeD [n<1+r
=Cllfi = follso [ sup [VN1(O)l+ sup [[VN2(n)]]
[CI<1+r In|<1+r
S Ce Hfl - f2”ooa

and therefore, as € is as small as we need, we have

10 (/1) =©(f2)llee < QI f1— f2llso

with Q = C'e < 1, and so © is a contraction. n

Hence, as © : B, — A is a contraction mapping, we have that in particular, for all f € B,,

10 (/) lee 11O (f) = ©(0) oo + 1©(0) [l
< QI f lloo + CIN(0) ]l
= Cellflloo+sup CIN(KL2)].

As we chose ||K;| sufficiently small and we have that N(0,0) = 0, then the quantity
sup,cp C' || N(K12)|| is as small as wished. Also, as ¢ is as small as needed, one has that

10 (Nl <Cell flle +sup ¢ IN(Ky2)|| <,
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that is, © maps any element of B, to B,.

Therefore we are under the assumptions of the Banach fixed point theorem, as taking B, as
our metric space, one has that © : B, — B, is a contraction mapping, and so it has a unique
fixed point in B,. In this way, we get that equation (3.15) has a unique solution K~ (z),
which gives the nonlinear part of an analytic invariant curve for F', and so Theorem 3.3 is
proved.

3.3 (" stable curves

The following result establishes the existence and the regularity properties of a stable curve
associated to an eigenvalue of modulus less than 1 assuming that the map F is of class C" 1.
The path that we will follow to prove it will be similar as the one in Theorem 3.3, but in this
case, we will need some technical results when dealing with equations that are set in spaces
of finitely differentiable functions.

Theorem 3.5. Let F' : U C R? — R? be a C™* map in a neighborhood U of the origin
with F(0) = 0. Let X be an eigenvalue of A := DF(0) and let v € R*\{0} satisfy Av = lv.
Assume:

(a) A is invertible,

(b) 0 < |\ <1,

Denote by L > 1 an integer large enough such that |\ TH|A7Y| < 1,

(c) X" & Spec(A) forn=2,...,L,
(d)L+1<r.

Then there exists a C™ map, K : I C R — R?, where I is a neighborhood of 0, such that
F(K(t)) = K(\t), tel, (3.18)

K(0) =0 and K'(0) = v. That is, K is the parameterization of a C" curve invariant under
F and tangent to v at the origin, and the dynamics restricted to the curve is conjugated to
the linear map t — At in I.

Moreover, if K is another C" solution of (3.18) in a neighborhood of the origin with K(0)=0
and K'(0) = BK'(0) for some 3 € R, then K(t) = K(Bt) fort small enough, that is, K and
K are two parameterizations of the same invariant curve.

Proof. The setting of this theorem is similar to the one of Theorem 3.3. In that case,
the transformations needed to go from (3.1) to (3.6) were purely algebraic manipulations
considering F(z) = Az + N(z) and K (t) = Kyt + K~ (t). Thus, with the same notation, we
can start the current proof from the operator equation

T (K, K7) =0, (3.19)

with
T(Ky, K7)=(SK”)(t) + N(Kit + K~ (t)),
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where

(SE) = Af(t) — f(AL).
Nevertheless, here we shall consider T acting on a different space, since we have F € C™(U)
and we look for invariant curves of class C". Also, note that in this case we do not consider F’
and K as functions of complex variables, as they are no more analytic. We take the Banach
space

F={K>:[-1,1] >R K €C(-1,1]), K~(0) = (K~)'(0) = 0}
endowed with the C" topology, that is,

IK>or = max sup |DE>(0)].
i<r [t|<1

Thus, we consider S : ' = ' and 7 : V x B — I', where V C R? is a ball centered at 0 of
radius § > 0 and B C I' is a ball centered at 0 with radius sufficiently small in order that
Kt + K~ (t) is contained in the domain of N.

As in Theorem 3.3, one has that T is of class C! in a neighborhood V of (0,0). Also,
7(0,0) =0 and Dy 7(0,0) =8, and so S is a bounded linear operator. From this, to apply
the implicit function theorem to equation (3.19), it only remains to establish the invertibility
of §. The following lemma gives the desired result, and the basic tool for proving it is the fact
that we can invert § in spaces of functions that vanish at the origin to high enough order,
and that the lower order terms can be obtained equating powers due to the non-resonance
assumptions, (c).

Lemma 3.4. The operator S : ' — T defined as

(S)(E) = Af(t) — f(AL)

s boundedly invertible in T".

Proof. The proof is similar to the one of Lemma 3.2.

Let us consider the equation

Sf=n (3.20)

where 7 is any element of I'. We need to find a solution, f € I', for this equation. We can
write

n(t) = mat" +7(t),

n=2

where D' (0) =0 for i = 0,..., L, as we took L + 1 < r. We look for a solution of equation
(3.20) expressed in a similar way, that is,

£ = X fut" + (1)

with D*f (0) = 0fori = 0,..., L. By the linearity of S, we can study separately the equations

L L L
S fut") = D (Afut" = fud"t") = 3 put” (3.21)
n=2 n=2

n=2
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and

SF(t) = Af(t) — f(A) = i(t). (3.22)

By the non-resonance assumption (c), equation (3.21) can be solved equating powers on both
sides and so one has
fo=A-XN"1n,, n=2..., L.

Also, as |A — \"| is bounded for all n = 2,... L, we have that

L L L
1> faut®llor = 11 2 (A= A"t lor <C Y [Imat™lor < O Inllor (3.23)
n=2 n=2 n=2

which is a first boundedness condition. The last inequality is clear since, by Taylor’s theorem,

L r I .
ISt ller < SSIDTS tat" e < (0 D) C I Y 1t
n=2 i=0 n=2

n=2

L 1 1
<Y el = ) < ¢ lller < il

n=2

Now we go back to equation (3.22) and we claim that a solution for this equation is given by
) =Y A i), (3.24)
n=0

First, we need to prove that the series (3.24) converges uniformly in [—1, 1].
By Taylor’s theorem one has, for every component of 7(t),

1
OO < ——5lnller 19 = Clinller €,

0] < swp < Tho

<1 (L+1)! i
and hence for every element of the series (3.24) we have

(AT )] < CILATHPHAPEV R nller < O (IMEH AT Inlle-,
and then, as we supposed that |ALT|A7!| < 1, the series (3.24) converges uniformly on

[—1, 1] by the Weierstrass M-test. Therefore we have that f € C°([—1, 1]).

Also, due to the uniform convergence, it can be checked that (3.24) is indeed a solution of
equation (3.22), replacing it into the equation and rearranging the terms, as seen in Lemma
3.2.

Next, we need to see that the series obtained taking derivatives up to order r in (3.24) is also
uniformly convergent in [—1, 1], and so we will obtain that f is of class C" and it is indeed
an element of I'. Also, we will use this fact to show that || f||cr < C|n|cr.

Again by Taylor’s theorem,

[D'i(6)] < Clinller [t =9+, 0<i <,
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where (L + 1 —1); = max(L+ 1 —1,0), as we can have ¢ > L + 1 if L +1 < r. Thus, using
the previous inequality one has

D' AT (A ) loo = AT D AN |
< O A" Imllor A A0

< CINFHATD" Inller, 0<i <

Hence, as [A|"*![|A7!|| < 1, we have that the series of the derivatives converges uniformly by
the Weierstrass M-test. Then one has f € I" and also

1 Fller = sup || 32 DA (Nt < Cllnller Y IAFTHIATD™ < Clnller- (3:25)
1ST n=0 n=0

Finally, by the estimates (3.23) and (3.25) we get

L L
IST ller = 1fller = 13 faz"™ + fller < 1D faz™ller + 1 llor < Clinller,
n=2 n=2
that is, S~! is bounded. O

The theorem follows from the lemma, as we can apply the implicit function theorem to the
operator 7 to show that for a small enough K;, we can find K~ € B in such a way that
(3.19) is satisfied. Hence, once K is fixed, there exists a C" invariant curve K~ for the map
F near the origin, and also K~ = u(K;) is a function of class C', which means that the
dependence of the invariant curve on the vector K is differentiable.

The last statement of the theorem follows analogously as in Theorem 3.3. [

3.4 Adapting Banach spaces

As it has been seen up to now, the parameterization method consists on studying the existence
of the solution of a functional equation that establishes the condition for a manifold to be
invariant under the dynamics of a certain map. Such an equation is set in a certain function
space, and so one looks for the solution in that space.

Along this work we deal with invariant curves for planar discrete dynamical systems. We
are interested in invariant curves in a neighborhood of a fixed point and in their regularity
properties, but a priori this curves are not considered in a fixed function space. That gives
us the freedom of adapting to the context the spaces on which the functional equations are
set.

In Section 3 we have considered an equation which is set in the Banach space

H={K>:D—C*|K>(z) = ;an”, |K> | = éyfm < oo},

We need to see that if the given map F has an analytic invariant curve K = K7 -+ K~ defined
in a small neighborhood of 0, it will be sufficient to consider K~ belonging to H.
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Let us consider the following change of variables. If F': U C R? — R2, take
F: UCR? — R?

r —> ;F(ém)

with U c U.

If such a dilatation is applied to F', the new mapping F = %F (0x) will have now an invariant
curve K = Kyz + K> with K> = }K>(6z), that is,

K> :EZKn(S”x”.
5n:2

Taking the complex extension of F and K, let R be the radius of convergence of K ~. Then
the radius of convergence of K> is
. 1 1 R

R =limsup ———— = limsup ——— = —, (3.26)
n—oo 1 Kn5n| n—oo  § 1y |Kn| 0

that is, the function K> has an augmented radius of convergence with respect to K> in a
factor %. Thus, if we take § > R, the function K>(z) will be holomorphic in a disk that
contains the unit disc. In such a situation we can see that K> is indeed contained in the
space H. In other words, it is sufficient to do a proper dilatation of the map F' to ensure

that we can look for the solution of equation (3.5) in H without loss of generality.

Les us see that if f: Q C C — C is a holomorphic function in D(0,r) with » > 1+ ¢, for
any € > 0, and such that f(0) = f/(0) = 0, then f belongs to H.

If f(2) =30 a, 2" for 2| <1+ ¢, we have to see that > 02, |a,| < oc.

By the Cauchy integral formula, one has

where v = 0D(0,r), and then

17 f(2) 1|2 fre”) . 4 Lop2m| f(re®) - 4
ol =5 d = oo | [T A et an) < - [T I e dg
|an] oi Jy ot c or | Jo (reiyn+t ire S % b |reye ire
1 M

2 . 1
[ 1ren) < - swlf(2)] <
0 T ozey r

2mrn

for some constant M € R. Hence, as r > 1+ ¢,

o (o) 1
Z\an| < MZ—n < 00,
n=2 n:2T

and so f belongs to H.

In the case of analytic invariant curves we have used the particular function space H because
its norm was suitable to prove the invertibility of the linear operator S. Nevertheless, one
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can take any other Banach space whenever it can be justified that, under a suitable change
of variables in F', we can set in that space the functional equation we are interested in and
no generality is lost for the class of invariant manifolds we are looking for.

In the case of C" invariant curves, where the object to study is an equation which is set in
the space

I={K”:[-1,1] =R} K> €C([-1,1]), K(0) = (K~)'(0) = 0}

a dilatation = +— %F (6x) for some ¢ is sufficient to ensure that an invariant manifold of F
belongs to I'.
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4 Invariant manifolds associated to a nilpotent para-
bolic point

This section is devoted to the study of stable one-dimensional invariant manifolds associated
to a class of parabolic fixed points of planar maps.

We recall that if F': Q C R? — R? is a map of class C! and xg is a fixed point of F, then
is said to be parabolic if both the eigenvalues of DF'(z() have modulus equal to 1.

Here we will consider the case when the origin is a nilpotent parabolic fixed point of F'. More
concretely, we will take the origin as a fixed point of I’ with

DF(0) = (; 1) |

The study of invariant curves near such a fixed point has been done in [5] using a normal form
of F'. The aim of this section is to study the same problem but now using the parameterization
method.

Let F': U C R? — R? be a C*™ map in a neighborhood of the origin, and where the origin is
a parabolic nilpotent fixed point. One can write

x + y) n (a20 2?4 a2y + ape y* + O(|| (w, y)Hg))

| (1)
Y bao 22 + b1y 2y + b2 v + O(||(, v)||*)

F(fﬂ,y)z(

We look for a formal invariant curve, K : I C R — R? of the form K(t) = (O(t?), O(t%))
because [5] shows that if one looks for an invariant curve being a graph on the variable z,
one obtains formally that y(z) = cz®? + O(x?), and so if we want K (t) to be expressed as
a power series, we must take t*> = z and then we obtain K(t) = (O(t?),0(t®)). Also, since
there is some freedom we take K”(0) = (2,0).

Then, one can write

4+ K§t + Kjt' + O(t°
K= [ HET RO (4.2)
Kit* + K{t*+ O(t°)
Even if we look for a formal curve K, we can think of its coefficients as Taylor coefficients.
Then, in (4.2), K7 is the i-th Taylor coefficient of the first component of K and K} is the

i-th Taylor coefficient of the second component of K.

Following the main idea of the parameterization method, we should look for a curve K
satisfying
F(K(t)) = K(R(t), tel, (4.3)

where R : I — I is the restriction of F' on I. We look for R(t) being of the form
R(t) =t+ Rot? + Ry t* + O(t*)

as we have R(0) = 0 and R'(0) = 1 as 1 is an eigenvalue of DF(0). We ought to lo look for
some K and R satisfying equation (4.3). As we said previously, the approach that we will
follow is to take the simplest expression of R(t).
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As we supposed F of class C*° and we look for some formal expressions of K and R, we can
expand both terms in equation (4.3) in order to find the coefficients of K and R.

4.1 Approximation of the invariant curve

Our scope now is to expand F o K and K o R as a power series in order to find the first n
Taylor coefficients of the invariant curve, K (t), and the restricted dynamics R(t).

To get started with this process we will write the Taylor expansion of G(¢) up to order 5,
supposing that the coefficient byy of the Taylor expansion of F(x,y) is such that by # 0.
Thus, we have

t2 +t3 (Kér—{—Ké/) +t4 (Kf +Kf+a20) —|—t5 (K§+K§/+2a20K§+a11 Kg)
K3t + 14 (K + byo) +t° (K2 + 2bog K5 + b1y KY)

FUﬁﬂ)Z(

t3KY +t* (3 K4 Ry + KY)
N t5(2Ry + 2RoR3 + 3K2R3 + 3K R3 + 4K{ Ry + K?) N O(t%) (45)
5 (3KY Ry +3KY R} +4K! Ry + KY) o)

t* +t3(2Ry + K3) + t*(R3 + 2R3 + 3K§ Ry + K}
K(R(t»:( +13(2Ry + K§) + 1B + 2Ry + 3K Ry + 4)+)

Now, equating every component of (4.4) to the corresponding one in (4.5) we get the following
equations, called cohomological equations for the map F'.

Equating coefficients of degree 3 we are lead to

KY =2 Ry: (4.6)

equating the coefficients of degree 4 we have

K +ay = R3 +2Rs + 3 K Ry, (4.7)
by = 3 K§ Ry; (4.8)

and for the coefficients of degree 5 we get

KY!+2a90 Ky +an KY =2R;+ 2Ry Rs +3K5 Ry +3K5 RS +4K{ Ry,  (4.9)
2Kiby+by KY =3Rs Ky +3R5K{ +4Ry KJ. (4.10)

From equations (4.6) and (4.8) one obtains

= 4,/%
{R2 6 (4.11)

K§ =+2,/%20.
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Thus, the coefficient byg of F' has to be positive in order to proceed, that is, F' cannot have
an invariant curve with the given conditions if byy < 0.

Note that if we take Ry = —/%2° we are fixing the restricted dynamics as R(t) =t — /%20 t?+
O(t?), and so the iterates of ¢ under R tend to the origin. Thus, R(t) will be the restricted
dynamics of a stable curve, whose parameterization starts with K3 = 2 ’%0. If instead we
fix Ry = —h/l%o, we are imposing the dynamics of an unstable curve.

From equations (4.7) and (4.10) we get

{Kf—3R2K§:R§—aQO+2R3, (1)

This linear system for K7 and K} cannot have a unique solution as the matrix of coefficients
has null determinant,

bao

1 —3 RyK?
| ? 3:2520—12?:0.

ARy KY 2y K3

In order that the system is compatible, the expanded matrix of coefficients and independent
terms must have rank equal to 1, that is, we must have

KY(3Rs+ 3R —byy) = —4 Ry (R5 —ag + 2 Rs),

that from the values obtained in (4.11), leads us to
1 )
Ry = §(2a20 + b1 — 6 b20)7

which is the only value of Rj for which system (4.12) has a solution.

Observe, though, that system (4.12) has a free parameter as the two equations are linearly
dependent, but we cannot be sure that we can give an arbitrary value to K3 at the moment,
because when writing the cohomological equations given by higher order terms, we might
obtain new constraints for the coefficients K¥ and KJ.

From now on, let us denote G = Fo K — K o R.

Observe that equations (4.12) for K¥ and K} come from equating to 0 the coefficient of #*
of the first component of G and the coefficient of ¢° of the second component of G. On what
follows, we will determine an algorithm to compute the coefficients K and K}, of K(t)
supposing that we have obtained previously the coefficients up to a lower order, that is, up
to K, and K!.

Let us write

Gt + ... + Git" + ¢ (G2, + G2 o(t"+?
G(t):( § .+ Gt + T (Gl + Gl + O )), (413

GYE3 4 G 1T 172 (GY o + GY o) + O(17)

where, in the first component, @ﬁ .1 are the coefficients of ¢"*! that only contain known
parameters (that is, that contain coefficients of K (¢) until K* ; and K? and that therefore
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they have been determined previously) and C?ﬁ 41 are the coefficients of t"*! that contain the
parameters K7 and K} ; and similarly for the second component.

We suppose that the coefficients of K and R have been determined in such a way that

Git*+ ...+ Grt" =0,
Gyt> +-- + Gy " =0 (4.14)
3 n+1 .

If now we look for a better approximation of K(z) we have to impose

Got+ ...+ Got" + " (G, + GE) =0,
GEE* 4+ Gl " 2 (G + Gllp) = 0,

and from hypothesis (4.14) we get

th (é£+1 + éi—&-l) =0,

n+2 ([ Ay Y (415)
13 (Gn+2 + Gn+2) = 07

where G}, G, are known.

Proceeding similarly as in (4.4) and (4.5) one obtains

éﬁﬂ =Ky —nRy Ky, (4.16)

G%+2 = 2b20 Ki — (Tl + 1) R2 Kerl’ (417)

n

and so we are led to the following linear system for K* and K,

—nR 1 K? G
e m) =TT (4.18)
20y —(n+1)Re) \Knp, —Ghpo
To discuss the compatibility of such a system we consider the determinant of the matrix of
coeflicients, M,

1
det(M) = (n+1)nR§—2b20:bQO (n(n_”

; —2):0 & n=3.

Therefore, we can obtain recurrently the coefficients K7? and K}, if we have determined
previously the coefficients of K(¢) up to K¥_; and KY, except for the case n = 3, where
the solution of (4.18) is not unique; but that special case is precisely the one we obtained
in (4.15), and so one has that system (4.15) is indeed an undetermined linear system. That
means that for every chosen value of K3 we will obtain a value for KY, and those values will
determine unequivocally the next coefficients of K (t) proceeding with equations (4.18).

Observe also that the coefficients R, n = 4,5,..., of the restricted dynamics R(t) do not
appear on the left side of equations (4.18), that is, they appear only in the independent terms.
As system (4.18) is compatible and determined whatever are the values of G’ﬁ 41 and Gy 1o,
except for n = 3, we can give any value to R,, n > 4. As we are looking for the simplest
expression of R(t) we choose R,, =0, Vn > 4.
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Hence, we can obtain approximated solutions to equation (4.3) with

/b 1 5
R(t):t—Q %t2+§(2a20+b11—6b20>t3

and the corresponding parameterization of K (t), which is a stable curve, or

[b 1 D
R(t):t+2 %t2+?(2a20+b11—6b20)t3

and the corresponding parameterization of K (t), which is an unstable curve.

If we had chosen other values for the coefficients R,,, n > 4, we would have obtained different
values for the coefficients of K (t), but in all cases, the restricted dynamics R(t) and the
corresponding parameterization of K (t) correspond to the same invariant manifold (see [5]).

In order to study the existence of a stable curve asymptotic to a nilpotent parabolic fixed
point, we will consider that the coefficients of K (¢) have been computed up to high enough
order and we will study the existence of the remainder of K (t) using functional analysis
techniques as in Section 3.

Let us denote K () as in (4.2), and

- KB+ 4 K t"
( 3 ) (4.19)

K(t) =
Kg t3 4+ 4 Kg+1 tn+1
where all the coefficients have been determined previously in order that

Gst 4.+ Got" + 4" (Ghyy + Gryy) =0,
GYt? + o GY T 12 (G + Gl ) = 0.

With this setting let us define

E(t) == F(R(t)) — R(R(#)) = (O(th)) | (4.20)

We want to find a curve K (t) = K(t) + A(t) such that
FoK—-—KoR=0 (4.21)

with R(t) =t — szo tg + %(2@20 -+ b11 — gbgg) t3, where
0] thrl
A(t) = (") .
O(thrQ)
Notice that in order to look for the existence of an unstable curve near the fixed point one

should replace Ry = —w/l%o by Ry =4/ b%o to proceed with the study.
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We shall deal with the functional equation
Fo(K+A)—(K+A)oR=0,
where A is the unknown. Observe that the left hand side of this equality can be written as
FoK—KoR=FoK+(DFoK)A+N(K,A)~KoR—AoR

_ a (4.22)
—E+(DFoK)A—AoR+N(K,A),

where N (K, A) denotes the nonlinear terms of F'o (K + A), that is, N(K,A) = 1 (D?Fo
K) (A, A) + O([|A[1%).

4.2 Analytic stable curves

Let F: U C R? — R? be a map of class C* and assume that it is analytic in a neighborhood
of the origin. The aim of this section is to prove the existence and the analyticity of an
invariant stable curve of F' associated to the origin when it is a parabolic nilpotent fixed

point, that is, if £(0) = 0 and
11
DF(0) = .
-5 )

The main result of this section is Theorem 4.2 and the whole section is devoted to introduce
the setting and the preliminary results that we will need.

We will deal with equation (4.22) in the case that F' is analytic in a neighborhood of the
origin. In this case we will look for an invariant stable curve K being also analytic, taking
the restricted dynamics of F' inside the curve as

bao

1 5
R(t) =1t — F t2 + ?<26L20 + b11 — 6()20) tg. (423)

Let 3, p be positive real numbers and let us consider the following domain,

p

§=5(5.p)={z€C||arg(x)| < 5,0 <z <p}.
With this setting we consider the following family of Banach spaces,
i (S 171 = s M)
Xp_{fS_>C|fEHO(8%||f”P_Slelg |Z|p <OO}7 pEN-

Note that X, C &), for all p € N.

We shall define also the spaces &), x &, of vector-valued complex functions, containing
functions whose first component belongs to A, and whose second component belongs to

X

»+1, endowed with the norm

||f||p7p+1 = Hfl”p + Hf2||p+1»
where f; and f5 denote the two components of f, respectively.

Now we state a particular case of Lemma 7.1 of [1] that we will need for our purposes.
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Lemma 4.1. Let R : S(8,p) — C be a map of the form R(z) = z—az*+O(|z]®), with a > 0.
Assume that f < m. Then, for any v € (0, a cos(5/2)), there exists p > 0 small enough such

that
E

| <
1+nv|z|
In addition, R maps S(5, p) into itself.

|R"(2) Vn eN.

We will consider the function R as in (4.23) defined on the set S(f, p), for some fixed values
of # and p for which Lemma 4.1 holds. With the notation of Lemma 4.1 we have a = 4/ %0
and v any fixed value between 0 and a cos(5/2).

We are interested on the existence of a function A defined on S(3, p) for which we have
FoK —KoR =0, in order that then K = K + A is a stable invariant curve associated
to the parabolic fixed point of F' which we are dealing with. This would provide an analytic
stable curve on the interval (0, p). It is known that in general we can not expect to obtain
analyticity at the origin.

We shall consider A set in the space &), x X4, for a certain p that will be determined later.
Observe that as we obtained a recursive algorithm to compute an approximation K of K up
to an arbitrary order, we can consider A in &), x X, for any p.

Given p € N we define the linear operator S as
S: X, — A&,
fr—[—JoR

It ts clear that S indeed maps any element of X, to X, as if f(z) = O(|z[?), then it also
holds that f(R(z)) = O(|z|"), and f(R(z)) is well defined by Lemma 4.1.

One can also consider the operator S acting on vector-valued functions in the following way,

S: Xp X Xp+1 — Xp X Xp+1

(4.24)
(fh f?) '—>(f17f2)_<floR7 f20R>‘
We use the same symbol & hoping that its domain will be clear from the context.
Now observe that from equation (4.22) we can write
FoK—-KoR=FE+(DFoK—-I)A+A—AoR+N(K,A)= (4.25)

—FE+(DFoK —I)A+SA+ N(K, A).

The following lemma establishes the pseudo-invertibility of S, in the sense that it has a right
inverse S7! : X, — X,_; such that SoS™! = [ in &, and gives a bound for the norm of
S

Lemma 4.2. Given p € N, the operator S : X, — X, has a right inverse, S~ : X, —
X,_1, which is a bounded operator, that is, |S™'n|l,—1 < ClInllp, for all m € X,, with

< (ot )
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Proof. Let us consider the equation
Sf=m. (4.26)

where 7 is an element of &},;,. We will look for a solution f € X}, for the equation and then
we will determine the value of q. From equation (4.26), as one has f — f o R = 1, one can
write recursively

f=n+foR=n+n+foR)oR=foRoR+n+noR="--

M-1
:foRM—l—ZnoRj, VM €N,
=0
and so, formally, one can take
M-1
_ % M J
f=lim [foR —l—jz:;)noR ).

We claim that this limit exists and that the solution to equation (4.26) is
f(z) = _n(R(2)). (4.27)
j=0

First, observe that

lim foRM =0,
M—oo
as by Lemma 4.1 one has
1
B T~

and so R tends to 0 as M tends to infinity, and also by the definition of the space X, one
has that f(0) = 0.

Let us see now that the series (4.27) converges uniformly on S(3, p).

n(2)|

As, by definition, one has ||1||,+q = Sup,cg e’ then
z

(R (2))] < Inllpsq [RI ()P, Vg €N,
and so one obtains, again by Lemma 4.1,
' . |Z| p+q 1
(R (2)] < 1nllp+q |R? (2) [P+ < 171 p+q <1+]V|Z| < Cnllp+q Wa

and hence, as p+ ¢ > 1, the series (4.27) converges uniformly by the Weierstrass M-test, and
so it defines a function which is holomorphic in S and which gives a solution to (4.26).

In order to prove that ||S™'(n)|l, < C ||7llp+q, let us start computing [|S™1(n)][,-
We have

18- )l = sup 5N _ ) 15

z€S |Z|p B z€S ’z‘p =0
1 & -
< sup —— RI(z)[Pte
< il s 5 32 (R,

33



where the last inequality follows since one has

> (R (2)] < z D <Y llpsa RGP, Vg eN.
7=0 j=0

7=0
Now, by Lemma 4.1 one has

oo % |2 [Pt

1 ; 1
Il +q sup ER Z [ (@) < [nllp+q sup P 2 > T

L+ jvlz[)re’

and using the integral criterion for series one gets

1 i ‘Z|p+q | |q i 1
T ; = |7 ;
|2[P 7=0 (L4 jv|z])pte j=0 (1+jvlz])pta

0 1
<129 1 / d
< Il ( o Traviap )
o1 |
12 ( 1 / d
12 ( * o (1+y)rte vz y)

S |z|q—1 <p+1>
vip+q—1)

Therefore, we have obtained

154l < e sup 417 (04 Ve Ky 429)

We want to establish the boundedness of S~ between spaces as similar as possible. It is
clear that, from the previous estimates, we cannot have ||S*(n)|, < C|In|l,, as if we take
g = 0 1in (4.28), then the right hand side of the expression is not bounded. The minimum
value we can take for ¢ is ¢ = 1, and hence we get

. 1
IS~ @)lly < lmllp1 (o + Tp)’

which shows that for all n € &}, 11, equation (4.26) has a solution f € &),. In other words, the
operator § : X, — X, has a right inverse, S~! : X, — X,_1, which is bounded, with norm

1
St < —). n
1S ey 2,0 < (0 + = 1))

One can apply Lemma 4.2 to vector valued functions of X}, x X),,;, because S acts component-
wise, as defined in (4.24).

With this result we can return to equation (4.25) and we can rewrite o K — K o R =0 as
a fixed point equation,

A=-S'E+NK,A)+(DFoK —1I)A] (4.29)
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Supposing that we have computed the coefficients of K(z) in (4.18) up to order L and L+ 1,
respectively for every component of K, we can consider A as an element of X7, X Xp.o.

If A€ X1 x Xpio, then it is clear that E' € X7 o X X3, as shown in (4.20), and also one
has that

N(R,A) = 5 (D*F o K)(A, 8) + O(AI) € Xoro X Xorso,
as we have
(D*F o K)(A, A)(2) + O(IA]*)(2) = (O(2"*2), O(|=[***2)),
and )
(DFo K —I)A € Xopyo X Xop o
as we have

(DF o K = I)(2) = (O(]2P**%), O(2*%)).
Now, let us fix » > 0 and let us consider the closed ball

Bl = €Xp X Xppo [ [ flloripee <7},
which is a complete metric space.
Recall that we have &, C X,,_, for all p, and so we can define the operators
T i Boiypes — Xrsa X Xpgs
A — N(K,A),
and

T2t Boiy,p4a — Xpya X Xpqs
A +— (DFoK —1)A.

The value of » must be chosen to be smaller than the radius of analyticity of F', in order that

the operators J; and J> can be defined properly.

In what follows, we shall fix the domain of K to S, which is the same that for A. This is
natural since K and A are two terms of the same function, K, which we assume to be defined
in S.

With this setting we can see that the fixed point equation (4.29) is set in a suitable fashion,
in the following sense. Let us define the operator J as

J(A) = E+ Ji(A) + F(D)

for any A € B}, 1,5, and observe that then J(A) € Xy X Xpy3 and so (S o J)(A) €
X1 X Xpio. Hence, we can define the operator

Q: Brii o — Xy,

as
d:=8"1oJ. (4.30)
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With this definitions, equation (4.29) turns into the fixed point equation

A=-0(A), A€eBl,i1

Our aim is to prove that ® is a contraction mapping, in order to be able to apply the Banach
fixed point theorem and obtain the existence of a solution A for equation (4.29).

Lemma 4.3. Fiz L > 1. The operator J, : B};JFLL+2 — Xpio X Xpi3 satisfies

[T (A1) = T1 (A2)[|pt2, 43 < C|A1 = Aol psr, 2, VA1, Ag € By 1y,

for some constant C that depends neither on L nor on the radius p of S(B, p) for decreasing
values of p.

Proof. Let us denote by (A*, AY) the components of A and by (77, J{) the components of
the image of 7.

We need to see that for all Ay, Ay € B}, ;,, one has

1 (A1) = T (Ag) 42 1 (A1) = J7(B2)llL+s 1~ A%z 1~ A2llz41)-
|77 (A1) = T{ (Do)l i2 + ([T (A1) = TV (A2)|lrs < C([[AT = AL+ + [[AT = Aflz11)

Let us bound J;(A) as the remainder of a Taylor expansion,
N - - 1
|J1(A)|=|Fo(K+A)—DFoK —(DFoK)A| < |§ (D*F og) (A, A),

with g € {(1 —t)K +t(K +A) [ t € [0, 1]}.
From the definition of J; one has
1

5 D*F(g(2))

_ ( +0(12]*)  3an +o<|z|2>>
2

%au +O(|Z|2) CL02+O(|Z|2)

and

1

L prpny(e)) = <b20+0(yz|2> §b11+0(|z|2))7

30+ O0(2)  boz + O(|2)
where F* and FY denote the first and the second component of F.

Since O(|z]?) < M |z|?, for some positive constant M, one obtains

[T (A1) = T (Do) |2 + [TV (A1) — T (A2) |43 <

< sup [(Jazol + M|2*) [(A)*(2) - (A5)(2)]

zeS

+ (Jan| + M2*) |AT(2) A1 (2) = A5 (2)A4(2)] + (laoa] + M[=*) [(AT)*(2) = (A5)*(2)]]
[(baol + MI2*) [(AT)*(2) — (A5)*(2)]

1
2|2

1
+sup ——
28 [

+ (o] + MI2?) [AT(2)A1 () = A5 (2)A5(2)] + (1boal + M=) [(A1)*(2) = (A9)*(2)]]
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< (Jago| + Mp?) Cy |AT — AF |41

+ (Jaua| + Mp?) (Ca | AT = Af|[ 41 + Cs [|AY = AbllLva) + (lace| + Mp?) Cy[|AY = AY|[ L4

+ (Jbao| + Mp?) Cs |AT = AZ |41

+ (|bia| + Mp?) (Co |AT = AZ [l g1 + C7 |AY = AYllra) + (boa| + Mp?) Cs |AY — AY|L1a
= [C1 (Jasol + Mp?) + Cs (Jans| + Mp?) + Cs (|bao| + Mp?)

+ Cs (|bua] + Mp*)] |AT — AZ [l 11

+ (G5 (lan| + Mp®) + Cy (|aga| + Mp®) + Cr (|bra| + Mp?)

+ Cs (|boz| + Mp?)] [|AY = A3l 42

Note that in order that the constants C;, i = 1,...,8 exist, we need to consider L > 1.
Indeed, for the case of C5 one has

Cs = sup o5 [A1(2) + A3(2)l;

ER !2
so one needs A{, A¥ to belong to X1 with L +1 > 2. Also, one has

Cs _SUP E ’2‘AI( z) + A3(2)] <SuP E |2‘AI( )H—sup |2 ‘2’Ax( 2)|

= ||A1||L+1 sup [2*7" + ||A$||L+1 sup [2*7" < 27’pL t<2rp,
z€S z€S

and similarly for the other constants, so all of them are bounded by above independently of
L and they decrease as p decreases.

Now, from the obtained estimates we have

[T (A1) = T (Do) L2 + | T (A1) — T (A2) |43

< [C (lagol + Mp®) + Cs (laxs| + Mp*) + Cy (Ibeo| + Mp*)] |AT — AZ |l 11
+ [Ci (lagz| + Mp?) + Cs ([bas| + Mp?) + Cs (|boz| + Mp?)] |AY — A3[[ 42

<Ci||AT = Afllzs1 + Co A — Adl 42

< C(IAT = A3l 41 + |AT = Ad][142),

as we wanted to see, and from the previous computations it is clear that the constant C does
not depend on L and that it does not increase when p decreases. O]

Lemma 4.4. Fix L > 1. The linear operator Jy : B£+17L+2 — Xpio X X3 satisfies
|2 (A)l|v2, 43 < DI Allzy1, 042, VA E BLy 119,

for some constant D that depends neither on L nor on the radius p of S(f3, p) for decreasing
values of p. That is, Jy is a bounded operator for all L > 1, and the family of operators
named after Jo and indexed by L > 1 is uniformly bounded.

Proof. As in Lemma 4.3, let us denote by (A*, A¥) the components of A and by (75, J5)
the components of the image of Js.
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We need to prove that for all A € X741 142 one has

| T3 (A) |2 + [T (A)|les < D (JA" |1 + [JAY ]| L12)-
From the definition of J5 one has

) = ([2(12022 j 0(12\3)]3N 1+ a121z2 + 0(;;13)] Ay) |
[2b202 + O<|Z’ )] A* + [an + O(|Z’ )] AY

Now, since O(|z]*) < M |z|?, for some positive constant M, we have

| T2 AllLy2, 43 = | T3 (A)|| L2 + (| T3 (A) || 43

< sup iy [(@lanz?| + M) |A%(2)] + (14 |anz?] + M=) |AY() |

ces |z[F T2

1
J AP [(20ba02| + M=) |A"(2)] + ([bn2*| + M|2[*) |AY(2))|

< S“g[@!azoz\ + M|2*) |A"|| g1 + (1 + a1 2®] + M|2%) | AY] 142]
S
+ Sup [(2]b2o] + M|2]) |A" || 141 4 (Jbrrz] + M|2|*) [|AY]| p42)

ze

< (2lagolp + Mp® + 2|bao| + Mp) | A%|| 141

+ (1+ |an|p? + Mp® + |bir|p + Mp?) || AY]| 42
Therefore it is clear that we have
|72 Allps2, 143 < (2lasolp + Mp? + 2|bao| + Mp) [|A”|| 41
+ (14 |awu|p* + Mp® + |bulp + Mp?) [|AY] 12

<Dy ||A||L41 + Do [|AY]| 42
<D ([[A"|l 1 + [[AY]|12),

as we wanted to see. Also, from the previous computations it is clear that the constant D

does not depend on L and that it does not increase when p decreases.

With the previous two lemmas we can show now that ® defines a contraction on B}, 1,

for some range of values of L.

Theorem 4.1. The operator ® : By .y o — X111 X X412 is a contraction mapping provided

that L is sufficiently large and the radius p of S(5, p) is sufficiently small.
Proof. From Lemmas 4.3 and 4.4 one has, for all Ay, Ay € By 4y 19,

| T (A1) = T (Al p12, 143 = | T (A1) — T1(As) + Fo(Ar) — To(A2)|| 142, 143
< T (A1) = Ti(A2) || g2, L43 + [[T2(A1) — To(A2) || 42, 43
<(C+D)||Ar — As|p+2, L+3-
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Now, by Lemma 4.2 one has

[P(A1) = P(A) |41, 42 = ISTHT (A1) = STHT (A2)) |41, L+2
= [S7HT* (A1) = S HT* (D))l 1
+ [|STHTY(AL) = STHTY (D))l 42

1
< (4 o) 19720 = T (Al

1 Y Y
+ <p+ V(L—FQ)) ”j (Al) -J (AZ)HLJrB

1

< (p + V(L‘f‘l)) | T (A1) — T (A2)|lL+2, 43
1

< (P + V(L+1)> (C+D)[|A1 — Agllg1, Lr2

Then, as the constants C and D do not depend on L and do not increase when p decreases,
one can fix the radius p of S(5, p) small enough in order to get p(C + D) < 1/2, and also
(C+D)
v(L+1)

d is a contraction. O

one can take L sufficiently large so that we have < 1/2, and hence, it follows that

Recall that L defines the degree of the polynomial approximation K, and so one has to
compute this approximation to high enough order in order to obtain that ® is a contraction.
Also, it is necessary to fix previously the radius of the domain of definition of the function
spaces X,,. Note that these values of p and L depend only of the coefficients of the map F
and that they can be computed easily.

From Theorem 4.1 we can show that with a proper choice of p and L, in fact ® maps the
ball B} 4 1., into itself, and so ® is an operator from Bj ., ;.5 to B}, ;.o Indeed, if
A € Bj 4 149, then one has, for some () <1,

[P(A) |11, 42 < [[P(A) = R(0)[| L1, 242 + |P(O)]| L1, L42
< QA L1, a2 + [1PO0) |11, 242
= QA4 2 + ISTHE) L4, 142
1
< QAL+, 242+ (P + V(L+1)) 1B L+2, 243,
and the second term is as small as needed by the same argument as in Theorem 4.1, so we
get

1
1P(A) o+t 22 < QA 41, 42 + (,0 + ”

(L+1))||E||L+2,L+3 <,

that is,
D(A) € Bryy 1o

Thus, we can apply the Banach fixed point theorem to ® : By ,; ;.o — B}, 1,5 and so the
existence of a solution to (4.29) is obtained. With this setting we can give now the main
result of this section.
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Theorem 4.2. Let F: U C R? — R? be an analytic map in a neighborhood U of the origin
such that F(0) = 0. Suppose that the Taylor expansion of F around the origin is given by

x+y n ago % + an 2y + ap y* + O(||(z, v)|?)
Yy bao 22 + by xy + boa y® + O(| (=, v)|1?) )

F(%y):(

with bsg > 0, and consider the polynomial

[b 1 5
R(t) =t — % 2+ ?<2a20 + by — 6bgo) £

Suppose that there exists a formal polynomial K(t) = (K*(t), K¥(t)) of degree (M, M + 1),
with K(0) = K’(0) = (0,0) and K"(0) = (2, 0), such that

FUR (D) ~ K (R0) = (gEZM;) .

Then, if M is sufficiently large, there exists a unique analytic map K : I C R — R2, where
I is an interval of the form (0, p) C R, satisfying

such that

Proof. Given F' and R as in the statement, we need to see that there exists a solution
K :ICR —R2 0¢€ I, for the equation

FoK—-—KoR=0.

Supposing that there exists the polynomial K (t) given in the statement, one can write this
equation as

Fo(K+A)—(K+A)oR=

A _ (4.31)
—E+ (DFoK)A—AoR+ N(K, A),

WhereE:Fof(jf(oRand N(K,A)=Fo(K+A)—FoK —(DFoK)A. The unknown
is now A = K — K = (O(t™*), O(tM+?)).

If we consider A as an element of the space B}, ; js,,, then (4.31) can be seen as a functional
equation,

A=S8'[E+N(K,A)+(DFoK)A], A€ B}y v
with S defined in (4.24), or equivalently,

A=-9 (A>7 A€ B;\4+1,M—|—27 (432>
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with ® : By, a9 — Bl aree defined in (4.30).

Theorem 4.1 shows that & is a contraction mapping, and as Bj, 1 p/,o is a complete met-
ric space, the Banach fixed point theorem shows that (4.32) has a unique solution A* in
Blyi1 ai42- Then, the function given by K(t) = K(t) + A*(t) is the one that we are look-
ing for, and defines an analytic invariant curve under F, satisfying K(0) = K’(0) = (0,0),
K"(0) = (2,0), and so K (t) gives a conjugation between F restricted to the image of K and

the map R(t) =1t — I%O 2 4+ %(Zago + by — 2620) 3. O

This result has been presented as an a posteriori theorem, which means that one provides
the existence of a mathematical object that has been previously estimated by some means,
for instance numerically. This class of statements are usually the basis of computer assisted
proofs, which consist on using a computer program to perform lengthy computations, and
providing sufficiently approximated solutions so that one can use the a posteriori result to
obtain the existence of an exact solution.

Hence, Theorem 4.2 ensures that a numerical computation of an invariant manifold using
the algorithm described in Section 4.1 provides indeed a polynomial approximation of an
invariant stable curve under F' associated to the origin, and it also establishes that, once this
approximation is fixed, the correction to obtain a parameterization of the invariant curve is
unique.

It is clear, though, that one can give a result of existence of a stable manifold as a direct
corollary of Theorem 4.2. Such a result is the one that we state now.

Theorem 4.3. Let F': U C R? — R? be an analytic map in a neighborhood U of the origin
such that F(0) = 0. Suppose that the Taylor expansion of F around the origin is given by

Fla,y) = (90 + y) N (a20 2?4+ ay zy + app y® + O(||(z, y)||3)) 7

Y bao 2% + b1y 2y + b2 y* + O(||(z, v)||*)

with byy > 0.

Then, there exists an analytic map K : I C R — R2, where I is an interval of the form
(0, p) C R, satisfying

with
b 1 )
R(t) =1t — % t2 + ?<2a20 + b11 — ébZO) t3,

and K(0) = K'(0) = (0,0), K"(0) = (2,0).
That is, K is the parameterization of an analytic curve invariant under F' and tangent to the

x—axis, and the dynamics on K is conjugate to the map R(t) in I, and so K(t) is a stable
manifold associated to the origin.

We have proved the existence of an invariant stable curve associated to a parabolic nilpotent

point of an analytic map F', being the curve defined on the interval (0, p), where p has been
fixed to be small enough. Nevertheless, such an invariant curve is defined in a bigger domain.
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As F is analytic in a neighbourhood of the fixed point, taking the successive preimages of the
curve defined in (0, p) we obtain a global invariant curve that will be analytic in the whole
domain of analyticity of F.

4.3 Numerical estimates for the analytic stable curve

The aim of this section is to perform a numerical simulation in order to compute an ap-
proximation, K, of a stable curve, K, associated to a nilpotent parabolic fixed point using
the algorithm described in Section 4.1. Our scope is to estimate numerically if the formal
approximation of such a stable curve is a series of Gevrey type.

Definition 4.1. Given v > 0, we say that a formal series of the form > 77 ; a,t" is v — Gevrey
if there exist positive constants C, D such that

la,| < CD"(n!)”, V¥neN.

This class of series was first introduced and studied in [6], and in [1] and [2] the authors
study the Gevrey properties of invariant parabolic curves of analytic maps.

In order to perform the numerical simulation, we have written a code in C language that,
given a polynomial F : R? — R? of the form

+22 4 240 3 (4:33)
y y+y° +O(|[(z, »)II°)

F(w,y)z(

vyt a2+ ay+y?+O(|(x, y>||3>)

computes the coefficients of a polynomial approximation, K, of the stable invariant curve
associated to the origin, which we name K, up to degree 300.

For the simulation we have chosen the following two maps,

Fl(x7y) = (

T +y+ 2t +ay+ P
y+x2+xy+y2 7

and
T + y _|_ Z?L:O x2—nyn + .. + Zizo xS—nyn
y+3x

From Definition 4.1, one has that if a series .77, a,, t" is y—Gevrey, then
log |a,| <logC + n log D + v log(n!),
and so

log |a,| —log C o n log D
log(n!) ~ log(n!)

+7
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which shows that v can be bounded as

log |an|
> 1
7= log(n!)’

log |an|

log(n!)
of the Gevrey constant of the formal series. If v* > 0, then the coefficients {a,}, grow in a

factorial way, and in this case we say that the series is strictly of Gevrey type.

in the case that such a limit exists. Hence, the quantity v* = lim,, is a lower bound

Our program computes the quantities

log | K| log | K|
n= N Pe= =, m <300, 4.34
“ log(n!) P log(n!) n < 300 (4:34)

where {K?*, KV}, are the coefficients of each component of K.

In what follows we present an overview of the C code that we have written.

The program admits as input any function F' of the form (4.33) with rational coefficients up
to degree 10. From the coefficients of F(z,y), it computes the coefficients of R(t), namely

b 1 5
Ry =2 %, R3 = 5(26120 + b1 — 6520)7
and the coefficients K and K., up to n = 3 with the formula given in (4.12). Recall that
the value of K7 is free, so one has to chose it before running the program. We have performed
the simulation with K3 = 0, K§ =1 and K§ = —1 for both F} and F5.

The program computes the next coefficients of K solving the linear system given in (4.18),
and recurrently, it computes K and K7, using the values K7 ;, K7, for i < n. The main

difficulty of the program is to compute the independent terms of such a system, Gﬁ 41 and
CAJZ 49, for every n. In order to compute these quantities, several functions are implemented.

Recall from Section 4.1 that CAT';EL 41 and G‘Z 4o are the coefficients of the series expansion of
F oK — Ko R of degree n + 1 and n + 2, respectively, which only contain coefficients of K
up to K7, and K7.

In order to obtain Gfb 41 and CA?Z 4o the program computes separately an approximation of
F o K and K o R. To obtain the approximation of F' o K, it computes all the powers of the
form (K®(t))™ - (K¥(t))1%~™) for m < 10 and composes them with the expression of F. To
obtain the approximation of K o R, all the powers of R up to order 300 are computed and
composed with the expression of K already known, that is, up to order (n—1, n).

The program obtains the approximation K up to degree 300 for any given value of K3 and
computes the sequence of values {«,}, and {f,}, defined in (4.34). In order to estimate the
Gevrey behavior of the invariant curve K, we are interested in the values of a,, and ,, for n
large.

In Figures 3 and 4 we have represented the values of o, and [3,,, respectively, versus n, being
Fi the input function, and in Figures 3 and 4 we have represented the values of a,, and (3,
respectively, versus n, being F3 the input function.
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From the results plotted in the figures it appears that the values of «,, and (3, may tend
respectively to some constants o and § as n tends to infinity. Hence, we suggest that the
invariant curves associated to the origin for the given maps may be functions of Gevrey type.
For the case of F; we have «, § € (0.4, 0.5) and for the case of F» we have a, 5 € (0.5, 0.6).

Observe that in all cases, the values of o, and f3,, for n big enough, do not seem to depend
on the initial value chosen for K3. That is, different parameterizations of the same stable
curve have the same Gevrey constant.

Also, it holds that for both F and F; the limits of {a,,}, and {5,}, appear to be the same
quantity, that is, the Gevrey constants are the same for both components of K.

The fact that the obtained polynomial approximations for the invariant curves associated to
Fy and F5, give functions of strictly Gevrey type shows that the series associated to these
curves can not converge in any neighborhood of the origin, due to the factorial growth of the
coefficients. This implies that the invariant curve associated to a nilpotent parabolic point
given in Theorem 4.3 can not be a holomorphic function in any neighborhood of the origin, if
considered as a function of a complex variable. This is indeed the reason for which in Section
4.2 one has to consider spaces of functions defined on a sector S(, p). Otherwise, it would
not be possible to obtain an analytic function A satisfying the functional equation established
in (4.29). If such an equation had as solution an holomorphic function in a neighbourhood of
the origin, then the invariant curve K = K 4+ A would not be of Gevrey type, in contradiction
with the numerical results that we have obtained.
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Figure 1: Representation of the constants «, versus n for the map Fj. The three different
plots correspond to the simulation starting with K3 =1, K5 = 0 and K§ = —1.
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Figure 2: Representation of the constants (3, versus n for the map F;. The three different
plots correspond to the simulation starting with K3 =1, K5 = 0 and K§ = —1.
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Figure 3: Representation of the constants «, versus n for the map F5. The three different
plots correspond to the simulation starting with K3 =1, K5 = 0 and K§ = —1.
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Figure 4: Representation of the constants (3, versus n for the map Fy. The three different
plots correspond to the simulation starting with K3 =1, K§ =0 and K§ = —1.
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