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Abstract

We consider a map F' of class C" with a fixed point of parabolic type whose differ-
ential is not diagonalizable and we study the existence and regularity of the invariant
manifolds associated with the fixed point using the parameterization method. Con-
cretely, we show that under suitable conditions on the coefficients of F, there exist
invariant curves of class C" away from the fixed point, and that they are analytic when
F' is analytic. The differentiability result is obtained as an application of the fiber
contraction theorem. We also provide an algorithm to compute an approximation of a
parameterization of the invariant curves and a normal form of the restricted dynamics
of F' on them.
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1 Introduction

Invariant manifolds play a central role in the study of dynamical systems. There is a huge
amount of literature devoted to study them in many different settings. In this paper we deal
with the invariant manifolds of a type of parabolic fixed points in dimension two.

Parabolic points appear generically in two-parameter families of planar maps or in one-
parameter ones in the case of area-preserving maps. In particular they appear when a family
of maps undergoes a Bogdanov-Takens bifurcation [6, 27].



In some problems in Celestial Mechanics it is useful to consider parabolic points or parabolic
orbits at infinity in order to use their invariant manifolds (provided they exist) to study
features of the dynamics in the finite phase space. The local study in a neighborhood of
such points is done by means of a change of variables which sends the infinity to a finite part
of the space [22]. Also, the periodic orbits become fixed points of appropriate (families of)
Poincaré maps. In such cases the fixed points are parabolic for all values of the parameters
of the family and may have invariant manifolds. These manifolds have been used to prove
the existence of oscillatory motions in the Sitnikov problem [25, 23] and the restricted planar
three-body problem [21, 16, 17] using the transversal intersection of invariant manifolds of
parabolic points and symbolic dynamics. Parabolic manifolds also appear in the Manev
problem [11].

Parabolic periodic orbits at infinity have been found in Hamiltonian systems related to the
study of the scattering of He atoms off Cu surfaces with some corrugation [15]. These
manifolds also play a significant role in the study of certain systems [20, 14].

In this paper we consider two-dimensional maps having a parabolic fixed point whose linear-
ization does not diagonalize, concretly we assume it has a double eigenvalue equal to 1. By
simple changes such maps can be brought to the form

F(z,y) = (HCerfl(I’y)), (1.1)

Y+ f2(x7y>

with ¢ > 0, f1(0,0) = f2(0,0) = 0 and D f,(0,0) = Df2(0,0) = 0. The origin has a center
manifold of dimension two, however, inside this manifold there may exist curves that behave
topologically as stable or unstable curves.

This class of maps was considered in [12] and the existence of analytic curves was proved.
Concretely the (local) sets considered there and the ones we deal with are

Wyt =A{(w,y) | F'(2,9) € (0,p) X (=pp), Y1 2 0, lim F"(x,y) = 0}

and
Wt =A{(y) | F"(x,y) € (0,p) x (=p,p), Y0 2 0, lim F~"(x,y) = 0}.

The main result of [12] concerns analytic stable invariant curves in the domain {(x,y) €
R? | x >0, y < 0} under some appropriate conditions on the higher order terms. Then, the
existence of both stable and unstable curves in neighborhoods of the origin are deduced from
the main result by using the symmetries (z,y) — (—z,y), (z,y) — (z,—y) and (z,y) —
(—z, —y) and the inverse map F~!. Moreover, a detailed study of the local dynamics provide
the uniqueness of such curves in the category of C* maps where & is the minimum regularity
for having a Taylor expansion providing the relevant nonlinear terms [12].

In this paper we study the existence and regularity of stable curves in the domain {(x,y) €
R? | z > 0, y < 0} using the parameterization method. In the analytic case we recover the
existence results of [12] but we also provide approximations of the curves up to an arbitrarily
high order. We consider three cases of maps of the form (1.1), already introduced in [12],
which depend in some sense on the dominant part of the nonlinear terms. The study depends
on each case. Moreover, we consider the differentiable case with the same method and we



obtain that the invariant manifolds of F' are of the same regularity as F' provided some
minimum regularity holds. Contrary to other works we do not use the Poincaré normal form
for the map, but a simple and easy-to-compute reduced form.

This class of maps, assuming the fixed point is not isolated, was studied in [10] motivated by
the study of collisions in two-body problems with central force potential satisfying certain
asympotic properties at the origin. A special case of this family not previously covered is
studied in [19]. These papers use an adapted form of the method of McGehee for parabolic
points without nilpotent part [22]. McGehee’s method consists of looking for a sector-like
domain S, with the fixed point in the vertex, such that the points whose positive iterates
remain on S form a graph of some function ¢. To prove analyticity, it considers the com-
plexified map and uses Rouché’s theorem to obtain the uniqueness of ¢(x) in terms of x, for
x in a complex extension S of S, so that then one can apply the implicit function theorem
to obtain the analyticity of ¢(z) for x € S.

Again for maps of the form (1.1), using different tools, some regularity results are obtained
in [29]. In that paper, the authors deal with what we denote by case 1 for C*° maps and
obtain the existence of a stable manifold VV;+ as the graph of some function ¢ by solving
a fixed point equation equivalent to the invariance of the graph of ¢. This equation is
considered for functions ¢ in a suitable subset of the space of functions of class Cl*+1)/2]
where [-] denotes integer part, and it is solved applying the Schauder fixed point theorem.
Hence, they obtain invariant manifolds of class CI(*+1)/2] Instead, in this paper, we use the
parameterization method (see Section 2.2) and we obtain, away from the fixed point, analytic
invariant manifolds for analytic maps and C" invariant manifolds for C" maps, provided r is
larger than some quantity that depends on the nonlinear terms of the map.

One-dimensional manifolds of fixed points with linear part equal to the identity are studied in
[2] using the parameterization method. Higher-dimensional manifolds in the same setting are
considered in [1] using a generalized version of the method of McGehee, and in [4, 5] using the
parameterization method, where applications to Celestial Mechanics are given. The Gevrey
character of one-dimensional manifolds is studied in [3].

The main results of this paper are Theorems 2.1 and 2.3, concerning the existence of analytic
invariant curves of a map F' of the form (1.1), and Theorems 2.7 and 2.10, concerning the
existence of differentiable invariant curves. In Section 2 we present the parameterization
method and the main results of the paper. The results are stated for the stable curves.
In Section 2.4 we show that completely analogous results hold true for the unstable ones.
In Section 3 we provide an algorithm to obtain parameterizations of approximations of the
invariant curves of F, and we provide the existence of such curves in Sections 4, for the
analytic case, and in Section 5, for the differentiable case. The proofs of the technical results
used along the paper are deferred to Section 6. The paper finishes with a conclusions section
where we summarize the results of the paper.



2 Statement of the main results

2.1 Reduction of the maps to a simple form

In this paper we consider C”, r > 3, or analytic maps F : U C R? — R?, where U is a
neighborhood of (0,0), of the form

[z ey + filz,y)
F(:c,y)—( yt ) ) (2.1)

with ¢ > 0 and with fi(x,y), f2(z,y) = O(]|(z,y)||?). Via the C" change of variables given
by & =, § =y+ % fi(z,y), F can be written in the form

[ xtcy
Floy) = (y ; f(x,y)) /

with f(z,y) = O(||(z,y)||*) having the same regularity as F. In the C" case we denote by
P(z,y) the Taylor polynomial of degree r of f(x,y). We write P(x,y) in the form

P(z,y) = p(x) + yq(z) +u(z,y),

where we have collected all the terms independent of y in p(x), the terms that are linear in
y in yq(z) and all remaining terms in u(z,y). Note that all terms in u(x,y) have the factor
y%. More precisely, we write p(z) = 2*(ay, + - -+ + a,2" %) and q(z) = 272 (by + - - + b.a™!),
with 2 < k,l <r. Therefore we have f(z,y) = P(x,y) + g(z,y) with g(z,y) = o(||(z, y)|)"
Also, note that one can always assume that ¢ > 0. If this is not the case, then it can be
attained via the linear transformation given by L(z,y) = (z, —y), taking the conjugate map

F = L 'oFoL. Notice however that L sends the lower semi plane to the upper one. Hence,
any map F' of the form (2.1) can be written in the form

_ Tr+cy
F(z,y) = , .
) (y +p(2) + yq(z) + ulz, y) + g(z, y)) 22

with ¢ > 0. In the analytic case we have the same form with g(x,y) analytic. In general we
will not write the dependence of p, ¢, v and g on r. Throughout the paper we will refer to
(2.2) as the reduced form of F' and we will use the same notation F'.

We will deal with maps of the form (2.2). We remark that in contrast with other references
[12, 29] in which they work with normal forms of F' d la Poincaré, we work with the reduced
form obtained with a simple change of variables. This is an important advantage when one
has to perform effective computations.

Following [12], we shall consider three cases depending on the indices k and I:

e Case 1: k<2l —1and a, # 0,
e Case 2: k=2 —1and a, b # 0,



e Case 3: k> 2l—1and b #0.

In order to deal, whenever possible, with several cases at the same time we associate to F
the integers N and s: N = kin case 1 and N = [ in cases 2 and 3; s = 2r in case 1 and s = r
in cases 2, 3. Notice that the generic case is case 1 with k£ = 2.

Next we make a comment concerning notation. The superindices x and y on the symbol of a
function or an operator that takes values in R? will denote the first and second components of
its image, respectively. In R? and C? we will use the norm given by ||(z,y)| = max {|z], |y|}.
Throughout the paper, M and py will denote positive constants, and they do not take neces-
sarily the same value at different places.

2.2 The parameterization method

To study the stable curves of F' we will use the parameterization method (see [7], [8], [9],
[18]). It consists in looking for the curves as images of parameterizations, K, together with
a representation of the dynamics of the map restricted to them, R, satisfying the invariance
equation,

FoK =KoR. (2.3)

This is a functional equation that has to be adapted to the setting of the problem at hand.
Clearly, we need the range of R to be contained in the domain of K. It follows immediately
from (2.3) that the range of K is invariant. Essentially, K is a (semi)conjugation of the map
restricted to the range of K to R. Equation (2.3) has to be solved in a suitable space of
functions. Usually it is convenient to have good approximations of K and R and look for a
(small) correction of K, in some sense, while maintaining R fixed. Assuming differentiability
and taking derivatives in (2.3) we get DF o K- DK = DK o R - DR which says that the
range of DK has to be invariant by DF.

In our setting we look for K = (K*, KY) : [0,p) — R? such that K(0) = (0,0) and DK(t)
satisfies DKY(t)/DK*(t) — 0 as t — 0. We already know that in the parabolic case, in
general, there is a loss of regularity of the invariant curves at the origin with respect to the
regularity of the map [12], [4], [5]. Then we can not assume a priori a Taylor expansion of
high degree of the curve at t = 0. However, we can obtain formal polynomial approximations,
K, and R, of K and R, satisfying (2.3) up to a certain order that depends on the degree
of differentiability of F'. Our results will then provide that these expressions are indeed
approximations of true invariant curves, whose existence is rigorously established.

On the other hand we can suppose that we have approximations, obtained in some way, that
satisfy some conditions and obtain that there are true invariant curves closeby.

2.3 Main results

First we state the main results concerning the existence of analytic stable invariant manifolds
of analytic maps of the form (2.2). Since an analytic map of the form (2.1) is analytically
conjugated to a map of the form (2.2), the results of the next theorems provide invariant
manifolds for (2.1).



Theorem 2.1. Let F : U C R? — R? be an analytic map in a neighborhood U of (0,0) of
the form (2.2). Assume the following hypotheses according to the different cases:

(case 1) ap >0, (case 2) ap >0, b # 0, (case 8) b < 0.

Then, there exists a C* map K : [0, p) — R?, analytic in (0, p), such that

K(t) = { (2, KLyt + (O(#), O(t*+2))  case 1, 2.0

(t, K/t + (O(t?), O(t"1)) cases 2,3,

2
. y o 2ay y blfy/bl+4cakl y _ Yy
with Kj | = =/ Tt Jor case 1, K = —Y———— for case 2 and K} = % for case 3, and

2cl
a polynomial R of the form R(t) =t + Ryt" + Ron_1t*" ', with Ry, = $K},, for case 1 and
Ry, = cK] for cases 2, 3, such that

F(K({) = K(R(t)),  t€]0,p).

Remark 2.2. This theorem provides a local stable manifold parameterized by K : [0, p) —
R? with p small. The proof does not give an explicit estimate for the value of p. However,
we can extend the domain of K by using the formula

K(t)=F7K(R(t), Jj=>1,

while the iterates of the inverse map F~! exist (note that R is a weak contraction). In
particular, if the map F~! is globally defined, as it happens for example for the Hénon map,
one can extend the domain of K to [0, 00). This observation also applies for the next theorems
2.3, 2.7 and 2.10. In the analytic case the domain of K can be extended to an open domain
of C that contains (0, p).

Next theorem is an a posteriori version of Theorem 2.1 which, given an analytic approxima-
tion, in a certain sense, of the solutions K and R of the conjugation equation Flo K = KoR,
provides exact solutions of the equation, close to the approximations.

Theorem 2.3. Let F : U C R? — R2 be as in Theorem 2.1 and let K : (—p, p) — R? and
R = (—p, p) = R be analytic maps satisfying

() = (2, f(}jﬂtk“) + (O(#3), O(tF+2)) case 1,
(t, K¥t") 4+ (O(t?), O(t*1)) cases 2,3,
and R(t) = t + RytN + O(tN ), Ry < 0, such that
F(K(t)) = K(R(t) = (O@"™N), 0("*N1), (2.5)

for some n > 2 in case 1 orn > 1 in cases 2, 3.

Then, there exists a C' map K : [0,p) — R2?, analytic in (0,p), and an analytic map
R:(—p,p) — R such that

F(K() = K(R(t)),  te0,p)



and
K(t) = K(t) = (O™, 0(t"™)),

0 if n>1—1

R(t)— R(t) = { O(*™) i n<k case 1,
0 if n>k
- - _
R(t) — R(t) = { O™ fnsi-1 cases 2, 3.

Remark 2.4. In case 1, condition (2.5) with n = 2 implies the following relations

Qak A C ~
— Yy
Ry ==K}, ..

KY =4
ol c(k+1) 2

In cases 2 and 3 the condition (2.5) with n = 1 implies

P I ay + blf(ly = l]%lf(ly case 2,
1 =C 5 N
il by =1LR, case 3.

Remark 2.5. Theorem 2.3 provides the existence of a stable manifold assuming it has been
previously approximated but the theorem is independent of the way such an approximation
has been obtained. Propositions 3.1, 3.4 and 3.5 (in Section 3) provide an algorithm to obtain
polynomial maps K,, and R,, that satisfy condition (2.5) of Theorem 2.3 for any n.

Remark 2.6. The form of the map R given in the statement of Theorem 2.1 is the normal
form of the dynamics of a one-dimensional system in a neighborhood of a parabolic point
(see [26, 28]).

The following are the main results concerning the existence and regularity of stable invariant
manifolds of C" maps of the form (2.2). As in the analytic case, the results provide also the
existence of invariant manifolds for maps of the form (2.1).

Theorem 2.7. Let F : U C R? — R? be a C™ map in a neighborhood U of (0,0) of the form
(2.2) with r > 3.

Assume the following hypotheses according to the different cases:

e (case 1) ar >0 andr > 3k,
o (case2) a >0,b#0,r >k and

max{ P
(r—=20+2)(r—101+1)

21 |by|

where = .
/8 \bl—w/b?+4cakl\

I(1-1
o (case3) b <0,7r>20—1 andm<l.

ckay 213 }
(20 -1)+ 7 6)’r—l+1 <1,



Then, there exists a C* map H : [0, p) — R*, H € C"(0,p), of the form (2.4), with H!,, =
_ /c(?ﬁfn for case 1, HY = hoybrtacant for case 2 and Hf = % for case 3, and a polynomial

2cl
R of the form R(t) =t + Ryt" 4+ Ron_1t*N"1, with R, = $H}, for case 1 and R, = cH}
for cases 2, 3, such that

F(H({)) = H(R(t)), t€]0,p)
If the map F is C* then the parameterization H is C* in (0, p).

Remark 2.8. The assumptions a, > 0 and k < r for cases 1 and 2 and b; < 0 and [ < r for
case 3 are necessary conditions for the existence of a formal, locally unique stable invariant
curve of F asymptotic to (0,0). The other hypotheses of the theorem are nondegeneracy
conditions on the reduced form of F', sufficient to ensure the existence of a stable invariant
curve of class C” asymptotic to (0,0). We do not claim that these conditions on r are sharp.

Remark 2.9. For case 2, the condition on the coefficients of F' is always satisfied provided
that r is sufficiently larger than [. Another sufficient condition for it to be satisfied is that g
is small enough. The smallness of the coefficient § is a measure of how fast the dynamics on
the associated invariant manifold is. For case 3, a sufficient nondegeneracy condition for the
stable manifold to exist is given by r > %(2[ —1). Notice that the assumption r > 21 — 1 is
necessary for the constructions we will do.

We also provide an a posteriori version of Theorem 2.7.

TheorerAn 2.10. Let F : U C ]AR2 — R? be a map satisfying the hypotheses of Theorem 2.7
and let K : (—p,p) — R? and R = (—p, p) — R be analytic maps satisfying

f((t) _ (t2> Klg+1tk+1) + (O(tg)a O<tk+2)) case 1,
(t, K{'t) + (O(#*), O(#*1)) cases 2,3,

and R(t) = t + RytN + O(tN ), Ry < 0, such that
F(K(t)) — K(R(t) = (O@™), O(t" 7)),

for some n > 2 in case 1 orn > 1 in cases 2, 3.

Then, there exists a C* map H : [0,p) — R*, H € C"(0,p), and an analytic map R :
(—p, p) = R such that
F(H(t)) = H(R(t)), t€][0,p)

and
H(t) = K(t) = (O(@™), 0™ ),

where m = min{n + 1, 2r — 2k + 2} (case 1) and m = min{n + 1, r — 2l + 2} (cases 2,3),
and
Ot if n<k

R(t)— R(t) = { 0 I case 1,

R(t) — R(t) =

cases 2, 3.

o1 ifn<i-1
0 if n>1—1

8



The structure of the proof is analogous to the one of Theorem 2.3 and uses the constructions
of the approximations in the proofs of Theorems 2.1 and 2.7. It will be omitted.

As mentioned, using the conjugations (z,y) — (+x,+y) and F~! we can obtain the local
phase portraits and the location of the local invariant manifolds of F' depending on the
studied cases (see [12]).

Remark 2.11. The invariant manifolds obtained in Theorems 2.1, 2.3, 2.7 and 2.10 are
unique. For that we refer to Theorem 4.1 of [12], where it is proved that if the map F is C*,
in all the considered cases the local stable set W§+ is a graph and therefore is unique. This
is proved by checking that both the iterates of the points that are above and the ones that
are below the invariant curve cannot converge to the fixed point by a detailed study of the
behaviour of the iterates. However, the parameterizations are not unique because if K and
and R satisfy Fo K = K o R, then for any invertible map £ : [0, p] — R, the maps K = K o3
and R =10 Ro 3 satisfy Fo K = K o R.

2.4 Unstable manifolds

Assuming F' satisfies the hypotheses of Theorem 2.1 if F' is analytic, or the ones of Theorem
2.7 if F'is differentiable, in cases 1 and 2, the results for the unstable manifolds are obtained
from the stated theorems without having to compute the inverse map F~!. Only in case 2
for differentiable maps one has to check a technical condition as explained below. For case
3, if one assumes b; > 0 instead, then an analogous result is obtained for the existence of an
unstable manifold of F'.

Next, we show that the expansions of the parameterizations of the unstable curves obtained
in Section 3 are approximations of true invariant curves, as it happens for the stable ones.

Assume we have a map of the form (2.2). Then, by Propositions 3.1, 3.4 or 3.5 we have
approximations KC,, and R,, such that

Gu(t) = F(Ku(t)) = Ku(Ra(t)) = (O("), O0(t" V7)), (2.6)
with R, (t) = t + RytY + OtV ') and Ry > 0, which means that 0 is a repellor for R,,.

Also, R,, is invertible and we have

RA(t) =t — Ryt + OV,

and
o (z) _ (x — cy + cag(z — cy)* + chy(x — cy) = + O(aF 1) + O(yxl)) |
y y— ar(z —cy)* — by(z —cy)™ ' + O(a"*) + O(ya')
Then, composing by F~! and R, ! in (2.6) we obtain
FH K )) — Ka(R7 (1)) = (O(), 012V,

Moreover, there exists a change of variables of the form C(x,y) = (z,—y) + O(||(z,y)||")
that transforms F~! into its reduced form G := C~' o F~! o C, and then G reads

a AN T+ cy
y y + apr® — bya =t + 0@ + O(yat) )

9



We also have

G(CTH K1) — CTHKL(R, (1)) = (O(™), O™ 7).

n

Thus, if F'is in case 1 with a; > 0 then G is also in case 1 with the same coefficient ay
positive. Also, if F' is in case 2 with a; > 0 and b; # 0 then G is also in case 2 with the
corresponding coefficients a; positive and b; different from 0. If F' is in case 3 with b > 0
then G is also in case 3 and the coefficient of yz!~! is given by —b;. Therefore, by Theorem
2.3 there exist a map K : [0, p) — R?, analytic in (0, p) and an analytic map R : (—p, p) — R
such that Go K = K o R, with

K(t) = CT'K,(t) = (O(t™), 0(t"*)), (2.7)
o* 1) if n<k
R(t) — R t) = ( ) fns case 1,
0 it n>k
o) if n<i—1
R(t) — R (t) = (%) ifns cases 2, 3.
0 ifn>01—-1

Hence, we have 7' o C o K = C o K o R, which means that C' o K is a parameterization of
an unstable manifold of F. Moreover, from (2.7) and the form of C', we have

C(E(t)) = Ku(t) = (O("), 0" ™)),
and therefore IC,, is an approximation of a parameterization of such unstable manifold.

In the C” case one has to apply Theorem 2.10. If F' satisfies the conditions of case 1, G also
does. The same happens for case 3 if we assume b; > 0 instead of b; < 0. If F satisfies the
conditions of case 2, since the coefficient b; of F' becomes —b; for GG, one has to check the

condition involving the maximum taking now [ as 8 = o \jlb‘:L T Then, for cases 1 and
-0 il cay

3 or for case 2 when that condition holds, we conclude as we have explained for the analytic
case.

3 Formal polynomial approximation of the parameter-
izations of the curves

In this section we consider C" maps F’ of the form (2.2) and we provide algorithms, depending
on the case, to obtain two polynomial maps, IC,, and R,,, that are approximations of solutions
K and R of the invariance equation

FoK =KoR. (3.1)

Because of the nature of the problem, the two components of K,, will have a different order
and different degrees. The index n has to be seen as an induction index. Higher values of n
mean better approximation.

The obtained approximations correspond to formal invariant curves. They correspond to
stable curves when the coefficient Ry (case 1) or R; (cases 2, 3) of R, are negative (see
below). When those coefficients are positive they correspond to unstable curves.

10



Proposition 3.1 (Case 1). Let F be a C" map of the form (2.2) with 2 < k < r. Assume
that k < 2l — 1 and a, > 0. Then, for all2 < n < 2(r — k + 1), there exist two pairs of
polynomial maps, K, and R,, of the form

2 .4 Kagn
K, () = + + KK
Klgﬂtkﬂ +oot Kg+k71tn+k—1

and

t+ Ryt if 2<n<k,

Ra(t) = k 2%—1 .

t+Rkt +R2k71t ’Lf TLZ]ﬂ-'-l,

such that
Gn(t) == F(Ku(t)) — Kn(Ru(t)) = (O(t™F), O@™H2+71)). (3.2)

For the first pair we have

2 ay, cag c
Ky == — Rp=— |-t =K}
k1 c(k+1) g 2k +1) 2 U

and for the second one

2ap cay c
Ky = S — R — 7Ky .
ML ek 4 1) B \2(k41) 27+

If F' is C* or analytic, one can compute the polynomial approximation IC,, up to any order.

Remark 3.2. The algorithm described in the proof of this (and the next) propositions can
be implemented in a computer program to calculate R and the expansion of IC,,.

Notation 3.3. Along the proof, given a C" one-variable map f, we will denote [f],, 0 <
n < r, the coefficient of the term of order n of the jet of f at 0.

Proof. We will see that we can determine K, and R, iteratively.

For n = 2, we claim that there exist polynomial maps Ko(t) = (2, K}/, t*™') and Ry(t) =
t + Rtk such that Go(t) = F(Ky(t)) — Ko(Ra(t)) = (O(t*+2), O(t3*+1)).

Indeed, from the expansion of G, we have

t2 + CKiI+1tk+1 _ t2 o 2Rktk+1 4 O(tQk)
Ga(t) =

Kg+1tk+l + athk _ Klg-i—ltk-i_l _ (k, + 1)K£+1Rkt2k 4 O(t2k+l)
so, if the conditions
CKlg—H — 2R, =0, ap — (k’ + 1)K£+1Rk =0,

are satisfied, then we clearly have Gy(t) = (O(t**%), O(t?***1)), and we obtain the values of
K}, and Ry, given in the statement.

11



Now we assume that we have already obtained maps I, and R,,, 2 <n < 2(r — k + 1) such
that (3.2) holds true, and we look for

x n+1
Kn+1t

Y n+k
Kn+k t

Ko (t) = Ku(t) + ( ) , Rt (t) = Ro(t) + Ry "1,

such that G, (t) = (O(t"TFL), O(t"+2k)).
Using Taylor’s theorem, we write
Guin(1) = F(CA(1) + (K1 17, KL t74))
— (KCu(t) + (K " K2 4"F)) 0 (R(t) + Rppga t"HF1)
= Gu(t) + DF(K,(t)) - (KZ " K2, ")
— (K" KL ) 0 (Ra(t) + R ")
+/0 (1 = 8)D*F(K,(t) + s(KE "™ KY ")) ds (K2t KY 7 F)®2
— DK (R (t)) Ry "7
_ /01(1 — ) D KCn(R(t) + 8 Rusiot ") ds (Rygp_y 712,

Performing the computations in the previous expression we have
gn+1(t) = Qn(t)

[c K}y — (n+ 1Ry Ky — 2 Ry ] 1T 4 O (474 (3.3)
[k ax K2y, — (n+ k) R K2y — (k+ 1)KL Rogg i 77251+ O(tm420) |

Since, by the induction hypothesis, G,(t) = (O(t"™*), O(t"*2*=1))  to complete the induction
step we need to make [GF, ]+ and [GY,]n4ok—1 vanish.

From (3.3) we have

[ £+1}n+k = [gﬂn—i-k + CKngk - (TL + 1)Rk Kﬁ+1 -2 Rn+k—17
Grialnvor—1 = [Ghlnrok—1 +kar Koy — (n+ k) Ry Ky — (B + 1)K Rogrr

Thus, the conditions [GF]ntk =[G 1]n+2k—1 = 0 are equivalent to

—(n+1)Ry, C Ko _ —[G3)n+rk + 2 Rogr (3.4)
kae  —t k) B \K%) T \ S 108 + (k1) K2y s
If n # k the matrix in the left hand side of (3.4) is invertible, so we can take R, ;1 = 0 and

then obtain K7, , and K7, in a unique way. When n = k, the determinant of the matrix is
zero. Then, choosing

2k Ry [Gplar + ¢[Ghl3k—2

2(3k + 1) Ry, ’
system (3.4) has solutions. In this case, however, K}, | and K3, are not uniquely determined.
[

Rop—1 =

12



Proposition 3.4 (Case 2). Let F' be a C" map of the form (2.2), with r > k > 2. We
2
assume k =21l — 1, a;, # 0, by # 0 and a; > —%. If ap < 0 we assume also a; #* —% b7

Then, for all1 <n <r —2042=r —k+ 1, there exists two pairs of polynomial functions
K, and R, of the form

Kat) = ( t o KRt ) 35)

Kt 4 K, et

and
t+ Rt fl1<n<li-1
R, ()= Jlen=iml (36)
t+ Ryt + Ry t? ! if n>1,
such that
gn(t) = F(}Cn<t>) - lCn(Rn(t)) = (O(th), O(tn+2l_1>)'
For the first pair we have
by —\/U? +4cayl by —\/b? +4cayl
KV — ! 1 k ’ = ! 1 k = cKY,
2cl 2l
and for the second one
b+ /b7 +4cal b+ /b7 +4cal
Kly _ l l k 7 Rl _ l l k _ CKly
2cl 21
If a, = —% b? and by < 0 we can compute the first pair up to n =1 — 1 and the second

pair for anyn < r —20+2. Ifa = —% b7 and by > 0 we can compute the first pair up to

n <r—2l+2 and the second pair up ton =1—1.

If F is C*° or analytic, one can compute the polynomial approrimations KC,, up to any order,

except when ap = —3+1 b2

Proposition 3.5 (Case 3). Let F' be a C" map of the form (2.2), with r > 1 > 2. Assume
k>20—1,0#0 Then, for all1 < n <r —2l+2, there exist a pair of polynomial functions
K. and R,, of the form (3.5) and (3.6) respectively, such that

Gu(t) = F(Ku(t)) = Kn(Ra(t) = (O(™), O(t"7)).

We have ; 5
= Rl:lchly.

K=
Loel I

If we further assume that k < r and ay # 0, then for 1 <n <r—(k—1)l—2l+1 there exists
another pair IC,, and R, with

IC(t)—( t e+ Ko )
Ky th o e Kt

13



and

t+ Ry t" if 2<n<k-I,
Rn(t) = k—I+1 2(k—1)+1 . _
t+ Ry_iat + Ro(p—py+1t if n>k—1+41,
such that
Gn(t) := F(Kn(t)) — Kn(Rn(t)) = (O™ 1), Ot™)).
We have a
Ki 1= s Ry_141 = cK}_ 4.

If F is C'*° or analytic, one can compute the polynomial approximations IC,, up to any order.

The proofs are analogous to the one of Proposition 3.1.

4 The analytic case

This section is devoted to prove Theorems 2.1 and 2.3. Following the parameterization
method, given a map F of the form (2.2), first we consider polynomial approximations
K,: R — R?and R, : R — R of solutions of equation (3.1) obtained in Section 3 up
to a high enough order, to be determined in the proof. Then, keeping R = R, fixed, we look
for a correction A : [0, p) — R?, for some p > 0, of K,,, analytic on (0, p), such that the pair
K=K, + A, R=TR, satisfies the invariance condition

Fo(K,+A)—(K,+A)oR=0. (4.1)

The proof of Theorem 2.1 is organized as follows. First, taking into account the structure
of F' we rewrite equation (4.1) to separate the dominant linear part with respect to A and
the remaining terms. This motivates the introduction of two families of operators, S, r and
N, r, and the spaces where these operators will act on. We provide the properties of these
operators in Lemmas 4.6 and 4.7.

Finally, we rewrite the equation for A as the fixed point equation

A =T, r(A), where Tor =8, o N r

)

and we apply the Banach fixed point theorem to get the solution. The properties of the
operators 7, r are deduced in Lemma 4.10. At the end of the section we prove Theorem 2.3.

4.1 The functional equation

Let FF: U C R? — R? be an analytic map in a neighborhood U of (0,0), satisfying the
hypotheses of Theorem 2.1,

F(x,y):(x+cy)+( 0 )7
y p(x) +yq(x) +u(z, y) + g(z,y)

14



where ¢ > 0, p, ¢ and u are the polynomials introduced in Section 2.1 and g¢(z,y) is an
analytic function. We take p, ¢ and u of degree at least k in case 1 and degree at least 2/ — 1
in cases 2 and 3. Then we have g(z,y) = O(||(x,y)||**!) for case 1 and g(x,y) = O(||(x,y)||*)
for cases 2 and 3. We denote v(z,y) = u(z,y) + g(z,v).

From Propositions 3.1, 3.4 and 3.5 we take n, with n > k+ 1 in case 1 and n > [ is cases 2
and 3, and we have that there exist polynomials K, and R = R,, such that

Ea(t) = (O(t"), O™ 2M71)), (4.2)
where &£, = F o K, — K, o R. Since we are looking for the stable manifold we will take the
approximations corresponding to R = R,, with the coefficient Ry < 0.

Hence, we look for p > 0 and a map K = KC,, + A : [0, p) — R?, analytic on (0, p) satisfying
(4.1), where I, and R are the mentioned maps that satisfy (4.2). Moreover, we will ask A
to satisfy A = (AT, AY) = (O(t"), O™V =1)).

Using (4.2) we can rewrite (4.1) as
Ao R—A"=cAY+ €&,
Ao R—AY=po (Ki+A%) —po K. + KV -(qo (K +A%) —qoK}) (4.3)
+ AY - qo(Ki+A%)+vo (K, +A)—vok, + &Y.

4.2 Function spaces, the operators S, y and N, y and their prop-
erties

Next we introduce notation, suitable function spaces, and some operators.

Definition 4.1. Given B,p > 0 such that p < 1 and B < 7, let S be the sector

p

S:S(ﬁ,p):{z€C|\arg(z)]<§,0<]z\<p}.

Given a sector S = S(B, p) let X, for n € N, be the Banach space given by

X, ={f:S—C| feHolS), f((0.p)) CR, || fll ::Sgg‘f(Z)‘ < oo},

2"
where Hol(S) denotes the space of holomorphic functions on S.

Note that when n > 1 the functions f in &), can be continuously extended to z = 0 with
f(0) = 0 and, if moreover, n > 2, the derivative of f can be continuously extended to z = 0

with f/(0) = 0.
Note also that &, 1 C A, for all n € N, and that if f € &}, then || f|l, < ||f|lns1. Moreover
if f€ X, g€ X, then fg € Xy and || fgllimsn < ([ fllm 9]ln-

Given n, m € N we denote &, ,, := &, x &, the product spaces, endowed with the product
norm

[f . = max {[[f ], (1]}, f = () € X

15



Given n > 1, N > 2, we define the space
EmN = Xn,n+N—1>

endowed with the product norm. Also, given o > 0, we define the closed ball

Sanv={feXan | [Iflls. v <a}.

For the sake of simplicity, we will omit the parameters p and /3 in the notation of the spaces
Yn, v and the balls X7 .

Now let F' be as in Theorem 2.1, and K,, and R = R,, be the polynomials provided in Section
3 satisfying (4.2) with n > k4 1 in case 1 and n > [ in cases 2, 3.

Since F'is analytic in U, it has a holomorphic extension to some neighborhood W of (0,0) in
C2. Let d > 0 be the radius of a ball in C? contained in the domain where F' is holomorphic.
Also, K, and R are defined on any complex sector S(3, p). Then it is possible to set equation
(4.3) in a space of holomorphic functions defined in a sector S(3, p), and look for A being
an analytic function of a complex variable that takes real values when restricted to the real
line.

To solve equation (4.3), we will consider n big enough and we will look for a solution, A, in
a closed ball of the space ¥, . In order for the compositions in (4.3) to make sense we need
to ensure the range of IC,, + A to be contained in the domain where F' is analytic. We take

—min {1 d
a—mm{Q, 2}.

In this way, since K,(0) = (0,0), taking px € (0, 1) such that sup,cg(s. o) [1n(2)|
< d/2 and p < pg, if A : S(B, p) — C? belongs to the ball of radius o of X, ,,, with
n, m > 0, we have

T n m d
sup [|A(2)]| = sup max{|A%(2)], |AY(2)|} < max{§p", §p"} < 3
z€S(B, p) 2€S(B, p)

Therefore, under the previous conditions, if p < px and A € 3  then [[K,(2) + A(2)]| < d
and the composition F o (IC,, + A) is well defined.

Next we introduce two families of operators that will be used to deal with (4.3). The definition
of such operators is motivated by the equation itself.

First, we state the following auxiliary result (see [3]),

Lemma 4.2. Let R : S(8,p) — C be a holomorphic function of the form R(z) = z +
RyzN + O(|2)N*h), with Ry < 0. Assume that 0 < 3 < "~. Then, for any v € (0, (N —
1)|Ry|cos\), with A = B2, there exists p > 0 small enough such that

2]

where R refers to the j-th iterate of the map R. In addition, R maps S(B3, p) into itself.
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Then, if f is defined in S(B, p), with suitable values of the parameters 3, p, and R satisfies
the conditions of the lemma, the composition f o R is well defined.

Definition 4.3. Given n > 1, N > 2 and a polynomial R(z) = z + Ryz" + O(|z|]N*1)
satisfying the hypotheses of Lemma 4.2, let S, r @ X v — Xn,n be the linear operator

defined component-wise as S, r = (S g, Sy ), with

Srf,Rf:Sg,Rf:foR_f-

Remark 4.4. Notice that although both components of S, g are formally identical they act
on spaces of holomorphic functions of different orders.

Definition 4.5. Let F' be the holomorphic extension of an analytic map of the form (2.2)
satisfying the hypotheses of Theorem 2.1. For n € N, we introduce Ny p = (N7 o, N} 1)
Dy N 7 Xy N-1,n+2n-2, bY

Ny plf)=cf?+ &),
N p(f)=po (K + f*) —po k) + K8 - (qo (Ky + f7) —qo K})
+ fVqo (K4 f*) +vo(Ky+ f) —vo K, + &L

By the properties of R and the choice of «, the operators S, g and N, r are well defined and
Sy, g is linear and bounded.

Using these operators, equations (4.3) can be written as

Sn,RA :NTL,F(A)

The following lemma states that the operators S, r have a bounded right inverse and provide
a bound for the norm [|S; |-

Lemma 4.6. Given N > 2 and n > 1, the operator S, r : XN — X, N, has a bounded
right inverse

-1 . —
Sn,R . Xn+N—1,n+2N—2 — 2n,N — Xn,n—l—N—lu

given by
UES Z no R, N € XniN-1,nt2N-2- (4.4)

Moreover, for any fized v € (0, (N — 1)|Ry|), there exists p > 0 such that, taking S(53, p)

T ntN—1,n+2N—2, we have the operator norm
bounds
I(Si ) I <P P+ L 2 ShR) <oV L A

The operators N, r are Lipschitz and we provide bounds for their Lipschitz constants.

Lemma 4.7. For each n > 3, there exists a constant, M,, > 0, for which the operator N, r
satisfies

Llp N’r:f,F =G
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and

Lip N} < klag| + Myp, (case 1),
Lip NV} p < max{((l — 1) | K} by| + k|ax|) + Myp, [bi| + Myp}, (case 2),
Lip V) p < max{(l — 1) | K/ b)| + Myp, |bi| + My,p}, (case 3),

where p is the radius of the sector S(B, p) where the functions of 5, y are defined.

Now, we define the third family of operators, 7, .

Definition 4.8. Let F' be the holomorphic extension of an analytic map of the form (2.2)
satisfying the hypotheses of Theorem 2.1. Given n > 3 we define Ty p: X5 v — g N by

-1
7:L,F = SmR OJNn, F-

Remark 4.9. Note that given a map F, to define the previous operators we always take
together the associated triple (F, IC,,, R) satisfying F'o/C,, —K,0oR = &,. Then, the operators
Sn. ry No r and T, p are associated not only with the map F itself but to the approximation
of a particular invariant manifold of F'.

Lemma 4.10. Given an analytic map F' satisfying the hypotheses of Theorem 2.1, there exist
ng > 0 and py > 0 such that if p < po, then, for every n > ng, we have Tp r(X5 n) € X5 N
and Tp, p 1s a contraction operator in that ball.

The proofs of the previous three lemmas are deferred to Section 6.

4.3 Proofs of Theorems 2.1 and 2.3
Now we are ready to give the proofs of Theorems 2.1 and 2.3.

Proof of Theorem 2.1. First we consider the holomorphic extension of F' to a neighborhood
of the origin which contains a ball of radius d > 0 in C? and let @ = min {1/2,d/2}. Let K,
and R(t) = R,(t) =t + Ryt + Ron_1t*¥~! be the polynomials given by Propositions 3.1,
3.4 or 3.5, withn > k+ 1 or n > [ respectively, satisfying

En(t) = FoIC,(t) — K, 0o Ry(t) = (O(t™™), O™ V1)),
We also assume that n > ng, where ng is the integer provided by Lemma 4.10. We rewrite
Fo(Ky+A)—(K,+A)oR=0
in the form (4.3), or using the previously defined operators,
SurA =N, p(A).
By Lemma 4.6, if p is small, S,, g has a right inverse and we can rewrite the equation as

A =T r(A).

18



By Lemma 4.10 we have that 7, p maps % y into itself and is a contraction. Then it has a
unique fixed point, A* € X7 . Note that this solution is unique once IC,, is fixed. Finally
K = K,, + A satisfies the conditions in the statement.

The C! character of K at the origin follows from the order condition of K at 0. O

Proof of Theorem 2.3. We write the proof for case 1, the other cases being almost identical
except for some adjustments in the indices of the coefficients of R,. Let ng be the integer
provided by Lemma 4.10. If the value of n given in the statement is such that n < ny,
first we look for a better approximation K, of the form K, (t) = K(t) + >3, K (t) with

Ki(t) = (Ko, KY,,_,t/**"1) and

R (1) = R(t) if n>k+1,
"o B }?(t) + }?Qk_thkil if n<k.

The coefficients K 7 f(ﬁrk_l and Roj,_; are obtained imposing the condition

F 0 Koy(t) = Kng 0 Ry (t) = (O(£7015), 070 1)).

Proceedmg as in Proposition 3.1, we obtain K7 1terat1vely We denote IC;(t) = K (t) +
S it K™(t) and R,(t) = R(t) + R; (1), where R;(t) = ]k+1R2k 1t%=1 In the iterative
step we have

FoK;(t) = KjoR;(t) = (O(*), O 1)),

Then,

1

+ | (1= s)D*F(K;(t) + sKIH (1)) (K7 ()% ds

The condition

Foki(t) = Kjia o Ry (t) = (O 1), 0 *))

leads to the same equation (3.4) as in Proposition 3.1 which we solve in the same way. From
this point we can proceed as in the proof of Theorem 2.1 and look for A € X, ,+x—1 such
that the pair K = K,,, + A, R =R, satisfies ['o K = K o R. We have that

K(t) — K(t) = Ko (t) — K(t) + A(t) = (O(t"), O(t"%)) + (O(t™), Ot +h=1y),

with n < ng.

If n > ng we look for K*(t) = K (t) + K™ (t) with

R0 = (Rt Ky
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and

RE(1) = R(t) if n>k+1,
" | R(t) + Rop_qyt2 ! if n<k.

We determine K?, |, K., so that F o K*(t) — K* o R*(t) = (O(t"+*+1), O(t"+?¥)) as in the
previous case and we look for A € X}, 4+ such that the pair K = K*+ A, R = R* satisfies
FoK = KoR. As before we obtain K(t) — K(t) = (O(t"™),0(t"*%)). Again, the C"
character of K at 0 follows form the order condition of K. O

5 The differentiable case

This section is devoted to prove Theorem 2.7 for

F(az,y):($+cy)+( 0 )
y p(x) +yq(x) +u(r,y) + g(x,y)

As in Section 4 we use the parameterization method. To get the initial approximation we
first consider the Taylor polynomial of F' or degree r which we denote by F'< and reads

< T +cy 0
F=(z,y) = .
(+9) ( Y ) i (p(x) +yq(z) +U(x,y)>

Since F'S is analytic, Theorem 2.1 provides a C* map K : [0, p) — R, analytic on (0, p) and
a polynomial, R, such that

FSoK—-KoR=0 on [0,p). (5.1)
Then, we look for p > 0 and a C" function, H = K + A : (0, p) — R?, such that
Fo(K+A)—(K+A)oR=0, (5.2)

In Section 5.1, we establish a functional equation for A obtained from (5.2) which will be the
object of our study. In Section 5.2 we describe the function spaces where we will set such an
equation and the operators Sy g and N together with their properties (Lemmas 5.6 and
5.7). Notice that although the notation of the operators is similar to the one of the operators
in Section 4, both pair of families of operators are different.

In Section 5.3 we recall the fiber contraction theorem and we also introduce the family of
operators 7y, r given by Ty, p = SL_leO./\/' 1, r and we describe its properties in Lemmas 5.9 and
5.10. Finally, in Section 5.4 we prove the existence of a solution of the functional equation
and we conclude the proof of Theorem 2.7.
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5.1 The functional equation

Let F': U C R? —» R? be a C" map of the form (2.2) satisfying the hypotheses of Theorem
2.7. Along the section, once having taken a C" map F' of the form (2.2), the maps K and
R will always refer to the analytic solutions of F=o K — K o R = 0, on some interval [0, p)
given by Theorem 2.1.

Using (5.1) and the previous notation, condition (5.2) can be rewritten as
Ao R— A" =cAY,
AVoR—AY=po(K*"+A")—po K"+ KY - (qo (K" + A") —qo K") (5.3)
+ AV qo (K" 4+ A")+uo(K+A)—uoK+go(K+A).
Clearly, a continuous function A satisfies (5.2) if and only if it satisfies (5.3). Since we want
to prove differentiablity of A, next we derive r equations for the derivatives of A by formally

differentiating equation (5.3). In our approach we will look for continuous solutions of these
equations.

After having differentiated (5.3) L times, 1 < L < r, we obtain
D"A* o R(DR)" — D*A* = ¢ D"AY + Jf y(A, ..., DF'A),
DYAYo R(DR)" — DY AV
=p o (K" + A*) D*A* + (KY + AY) ¢ o (K" + A") D A" (5.4)
+qo (K" 4+ A") D*AY + (Du+ Dg) o (K + A) - D*A
+ T N(A, ., DFTIA),

where J}  and J/  are given by

Ii r(fo, - fr-1) = AL g(f5, - fi-1),

(5.5)
JE p(for - Joo1) = AL (S5, - f1210) + Qo p(fo, -+, f1),
and AZ,':’R, i=ux,y, by
All,R(fé) = 07
Ay g(fo, fi) = —fio RD’R, (56)
AZL,R(f(Z)a R f/é—l) = D[AZ—I,R(fS’ R f]é—Q)]
—(L—=1)fi ,oR(DR)*?D?R, Le{3, ....r}
where in the expansion of the derivative D[A] | p(f¢, ..., fi_,)] we substitute Df; by fii1.
Note that AiL’ r does not depend on fy. Moreover, (1, r is given by
M, p(fo) = DE* (p' o (K* + f§) = p' o K*) + DKY - (g o (K* + f) — g o K¥)
+Ky'DKI(q,O<KI+f6E)—q/OKI>+féJ‘Dqu/O(KI+f6E)
+ (Duo (K + fy) — Duo KYDK + Dgo (K + f3) DK, 57)

Qr,r(fo, -5 foo1) = DQr1,p(fo, .-, fr-2)] + D[p" o (K* + f)l i1
+ DI(KY + f3)q o (K" + fo)Iff + Dlgo (K* + f)lfl-
+ D[(Du+ Dg) o (K + fo)] - fr-1, Le{2, ..., r}
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Note that Az r(fo, ..., fo—1) comes from the differentiation on the left hand side of (5.3)
and Qr p(fo, ..., fo—1) comes from the differentiation on the right hand side of the second
equation of (5.3). Expanding the derivatives in (5.6) and (5.7) and changing Df; by fii1
we obtain expressions that have to be understood as operators acting on (fo, ..., fr_1),
considering the f;’s as independent variables.

It is important to note that Ai’R and QiL’F, i = z,y, depend in a polynomial way on f; for
j > 1, but not on fj.

5.2 Function spaces, the operators S p and N p and their prop-
erties

We introduce next the notation and the function spaces that we will use to study the func-
tional equations (5.3) and (5.4).

Definition 5.1. Given 0 < p < 1, let V,,, for n € Z, be the Banach space given by

Vo= {70, 0) S RIS € CO0 ). ], = s '{ff” < oo},

where C°(0, p) denotes the space of continuous functions on (0, p).

Note that when n > 1 the functions f in ), can be continuously extended to ¢t = 0 with
f(0) = 0 and, if moreover, n > 2, the derivative of f can be continuously extended to t = 0
with f’(0) = 0. For n < 0 the functions contained in },, may be unbounded in a neighborhood
of 0.

Note also that V,.1 C V,, foralln € Z. If f € YV, g € V,, then fg € V., and
1£9llmin < Nfllml1glln- I f € Yoy, then || flln < [[fllnta-

Given n, m € Z we denote YV, ,, := Vn X Yy the product space, endowed with the product
norm

[ llm,n = max {|[f*llm, 1/Nn}, f=("F") € Y X Va.

Given s, r, N positive integer numbers and L € {0, ..., 7}, we define the spaces
L
YN = H (Vs—oNt2—j, s—N+1-5); 0<L<r
§=0
and
DY 1, n = Vs—on+to-L,s—N+1-L, 1<L<r

both endowed with the product norm. Clearly, we have ¥, y = Y11 ny X DX1_1 n, and
EL,N - ZO,N X HiLzl DEifl,Na for 1 < L <r.

For notational convenience we also write DY _; xy = Yo n.

Also, let a; > 0, 1 <14 <r. Given L we write o = (o, ..., ar). We define the closed balls

Yoy ={f €Zo,n | [[flls,x < a0},
DY y={f €D n | |fllps_i v < i}, ie{l,...,r}

22



and the products of balls

L
Y= x [[ DS n, Led{l....r},

i=1
For notational convenience we will write 3§ = X¢%-.

An element of ¥y n will be denoted by (fy, ..., fr), with fo = (f§, i) € 2o n, and f; =
(fF, f) e DYy N, fori=1,..., L.

For the sake of simplicity we do not write the dependence with respect to r, s and p in the
notation of the previous objects.

To solve the functional equation (5.2), we look for a solution, fy, of (5.3) contained in a
closed ball X3, and for a solution, (fi, ..., fr), of (5.4) in a product X¢ v, for each L €
{1, ..., r}. In order for the compositions in (5.4) to be meaningful we have to deal with f, in
a ball of sufficiently small radius. Arguing as in the analytic case we take cy = min {%, g ,
where d is the radius of a ball contained in the domain where F' is C". The values of the

radii o, 1 <14 <r, will be determined later (see proof of Lemma 5.10).

In the differentiable case we consider analogous operators as in the analytical case but now
we need a family of them, depending on L, to deal with the equations (5.4) for the derivatives
of A. Their definitions are determined by the structure of such equations.

First, we state two auxiliary results about the iterates of R and their derivatives.

Lemma 5.2. Let R : [0, p) — R be a differentiable map of the form R(t) = t + Ryt +
O(|t|N*1Y), with Ry < 0. Then, for any v, i such that 0 < v < (N — 1)|Ry| < p, there exists
p > 0 such that
t t
(1+ j ptN-1)I/N-1 (14 jutN-1)I/N-1"

As a consequence, R maps (0, p) into itself.

< R(t) <

Vi>1, Vte(0,p). (5.8)

If R were a polynomial the upper bound in Lemma 5.2 would be an immediate corollary of
Lemma 4.2.

Proof. Let A > 0 and ¢y (t) = W
W > 0 and hence ¢, is increasing. We prove (5.8) by induction. When j = 1, it
is easy to see that there exists p > 0 such that

t t
1+ ptN-1)/N=1 < R(1) < (1+ v tN-1)L/N-1 = @u(t),

Assuming (5.8) for j > 1,

R0 = RIF(O) < 000 < 0 (e )
t

(14 () ptN)YN-L
in the same interval (0, p). The lower bound is obtained in a completely analogous way using
Pu- O

for t > 0. A computation shows that £, (t) =

pu(t) = ( Vit e (0, p).
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Lemma 5.3. Let R : [0, p) — R be a differentiable map of the form R(t) = t + Ryt +
O([t|¥ 1), with Ry < 0, such that DR(t) = 1+ NRyt" =1+ O(|t|"). For any v, such that
0<v<(N—=1)|Rn| <, let k=v/n. Then, there exists p > 0 such that

< 1
DR (t) <
R ( ) - (1 +thN—1)HN/N—17

VieN, Vte(0,p). (5.9)

Proof. Since N|Ry| > v<~=, by the form of the derivative DR, there exists p > 0 such that

N
0<DR(t)<1- ﬁtN*I, Vt e (0,p).

Using the chain rule DRI (t) = I/, 1) DR(R™(t)) and the lower bound in (5.8) we can write

' j—1 j—1 N
DRi(t) = exp 3" log DR(R™(t)) < exp 3 log (1 - 1(Rm(t))N‘1>
m=0 m=0 -
—yN =t —yN =t tN-1
< exp (N—lmzzo(R (1)) ) < exp (N_lm:0(1+thN—1 )

—rkN

N -1

j
—vN i -1 —vN gt

< f— —_— S

= o <N_1 o (1 spt" ) ds) o (u(N—l)/o 1+5df>

1
- oN—1 _
log(l + gt )) - (1 +j,Uth_1>HN/N_1.

From now on we assume R is as in the previous lemmas and p satisfies the conclusions of
them, in particular, R(0, p) C (0, p).

Definition 5.4. Given L € {0, ..., r}, let S r: DXy v — DXy n be the linear operator
defined component-wise as Sp,.r = (Sf g, Si ), with

Sf,Rf:S%,Rf:fOR(DR)L_f-

Notice that although both components are formally identical, they act on different domains.
Definition 5.5. Given a map F of class C" satisfying the hypotheses of Theorem 2.7, let
No.r: Y0 N = Vsont1,s be the operator given by
N&F(fo) =cfd,
Nop(fo) =po (K" + f5) =po K"+ K" - [go (K" + fg) — ¢ o K"]
+ 1o -qo (K" + f§) +uo (K + fo) —uo K +go (K + fo),
and let N , p : E‘g’N — Vs-Nt+1-1,s—1, L € {1, ..., r}, be the operator given by
Le(fo, oo fo)=cfl+ Tpn(fo, s fr),
NLp(for oo fr) =P o (K" + f5) - fL + (KY + f5) - ¢ o (K" + f5) f1
+qo (K" +f7) - fi + (Du+ Dg) o (K + fo) - fr
+JE n(fo, -y fro1),
where Jp n are already introduced in (5.5), (5.6) and (5.7).

24



From the definition of the operators Sy, g and N g, the recursive expressions of Ay r and
Q1 F obtained in (5.6) and (5.7) and the choice of ay it is clear that the operators Sy p and
N r are well defined and that Sy, g is linear and bounded.

Note that with the operators introduced above, equations (5.3) and (5.4) can be written now
as

S, r DA =Ny r(A, ..., D"A), (A, ..., D"A) e 57,
for each L € {0, ..., r} and «q as fixed previously and some «o; >0, 1 <i < L.

In the following lemmas we prove that each of the operators Sy, r has a bounded right inverse
and we provide a bound for the norm [|S; ;|| We also show that each of the operators N, p
is Lipschitz with respect to the last variable and we provide a uniform bound for the Lipschitz
constant for the family N, p, L € {0, ..., r}. For the proofs of Lemmas 5.6 and 5.7, see
Section 6.

Lemma 5.6. Let 0 < L <r. Assumer >k in case 1 and r > 2l —1 in cases 2 and 3. Then,
given 0 < v < (N —1)|Rn| < p such that k = v/ satisfies k > 1/N, there exists p > 0 small
enough such that, taking (0, p) as the domain of the functions of Ys_ni+1-1, s—1, the operator
St.r: DY 1, v = DYr_1 N has a bounded right inverse,

1. _
St riVsNyi-Ls1 = DY 1 N =Vs oanto-L,s-Nt1-L;

given by
Stpn=—Y_no R (DR)",  n€Viny v (5.10)

J=0

and we have the operator norm bound

-1 N-1 , 1 N-1
||<Sf,R) | <p +5 s—2N+2+L(kN—1)’

N-1

I(SE 7)< "+ vt o=y

Lemma 5.7. Let 0 < L < r. Assumer > k in case 1 and r > 2l — 1 in cases 2 and 3.

There exists a constant, M > 0, for which the family of operators N r satisfy, for each
LeA{o,...,r},
Llp NLz,F (f(]? R fola ) =G

and

Lip NY g (fo, -+ fro1, -
Lip Ng,F(fm vy Sy

< max{((l —1
Lip Ng,p(fm R A

< klag|+ Mp, (casel),

| K il + K lar|) + Mp, [bi] + Mp},  (case 2),
<max{(l —1)|K/b|+ Mp, |b)| + Mp}, (case3),

~— — ~— ~~—

where (0, p) is the domain of the functions of ¥.¢ y.

Note that the bound we have found for Lip Nz #(fo, ..., fr—1, -) does not depend on L, and
the obtained bounds for (S z)~'|| and [|(S§ z)~'|| do not depend on .
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5.3 Main lemmas and the fiber contraction theorem

From S; g and Ny r introduced in Section 5.2, we can define the operators 77, p and 'TLX o

Definition 5.8. Given a map F' of class C" satisfying the hypotheses of Theorem 2.7, let
N XN — DY N be the operator given by

7—L,F:SL_71RONL,F7 LE{O,...,T},
and let T;'p : X¢ y — X, n be the operator given by

7ﬂL>7<F:(76,Fa"'77dL,F)7 LE{L,T‘}

In the following results we show that, under appropriate conditions, the operators 7, p have
some properties strongly related to the hypotheses of the fiber contraction theorem.

Lemma 5.9. Let F' be a C" map satisfying the hypotheses of Theorem 2.7, a; > 0,1 <1 < r,
and o = (ag,...,ar), 0 < L < r. Then, for every L € {0, ..., r — 1}, the operator
Trr: X7 v — DYp oy N is Lipschilz on XF y with respect to (fo, -+ fro—1), with Lipschitz
constant independent of fr.

Moreover, the operator T, r : ZS,N — DYy n can be decomposed as 7;(11;)1 + 7;(3;, where 7;(1}
is Lipschitz on X\ with respect to (fo, ..., fr—1), with Lipschitz constant independent of f,
and

7% = (0, (820 o (D'g o (K + fo)(DE + 1)),

which is continuous with respect to (fo, f1)-

Next we introduce a convenient rescaling. Given v > 0, let

T\(z,y) = (z,7y). (5.11)

We define [ = T o FoT,. If K and R are analytic maps associated to F, then the
corresponding analytic maps associated to F will be given by K = T 1o K and R = R.
Concretely, the parameterizations of ' and K with respect to the coefficients of F' and K

will be given by
. T+ ey 0
F(r,y) = 1 . :
Y Y ragxt+ byt 4

- 24 ...
K(t) = ( * ) : for case 1,

! Kily 4

and

- e
K(t) = M : for cases 2 and 3.
f}/_l Kl:l/tl+...
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Lemma 5.10. Given a C" map F satisfying the hypotheses of Theorem 2.7, there exist
po > 0 and a linear transformation T, as in (5.11) such that if p < po, then the operator
Ti. 7 B¢y — DYy N associated to F = T 'oFoT,, for L € {0, ..., r}, is contractive with
respect to the variable fi, € DX§ 4 . Moreover, for a proper choice of a = (g, ..., ap),
T.. r maps X¢ y into DX3", , for each L € {0, ... r}.

For the proofs of Lemmas 5.9 and 5.10, see Section 6.

Remark 5.11. The value ag denoting the radius of the ball 37%;, obtained previously, is
forced by the definition of N r (and thus, of Ty, n). Indeed, since we will look for the invariant
curves of I as parameterizations of ¥°y, their image must be contained in the domain where
Fis C'". This is not the case for the derivatives of the invariant curves, for which we do not
need to put a bound on them to have the operators well defined. Also, the definition of 77, p,
for L € {1, ..., r} does not force any restriction to the size of the arguments fi, ..., fr
since the dependence with respect to these variables is polynomial. The values oy, ..., a,
obtained in Lemma 5.10 provide then upper bounds for the norms of the derivatives of the
invariant curves of F.

Finally, for the convenience of the reader, we recall the fiber contraction theorem [24] which
will be used in the proof of Theorem 2.7. We use a version of it stated in [13].

Theorem 5.12 (Fiber contraction theorem). Let ¥ and DY be metric spaces, DY complete,
and I' : ¥ x DY — ¥ x DY a map of the form U(vy, @) = (G(v), H(v,¢)). Assume that

(a) G has an attracting fized point, v € X,

(b) H is contractive with respect to the second variable, ie, for all v € 3, Lip H(v,-)
< 1.

Let poo € DX be the fized point of H(Yoo,)-
(¢c) H is continuous with respect to vy at (Yoo, Poo)-

Then, (Yoo, Poo) 18 an attracting fized point of T.

5.4 Proof of Theorem 2.7.

We give next the proof of Theorem 2.7, where we use the setting and the results obtained
along the previous sections.

Proof of Theorem 2.7. Let F be as in the statement and T,, v > 0, be defined by (5.11). It
is clear that given maps H and R, the triple (F, H, R) satlsﬁes FoH= H o R if and only

1f(FHR)satlsﬁesFoH H o R, where ' = T7'oFoTl, H = ! oH and R = R.
Clearly F and F belong to the same case 1, 2 or 3 of the reduced form (2.2).
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To prove the theorem, we shall look for p > 0 and a function H : (0, p) — R?, with H(0) =0
and H € C7(0, p), and a map of the form R(t) = t + Ryt" + Ryy_1t*¥ 71 with Ry < 0, such
that

FoH=HoR, (5.12)

with N =k for case 1 of (2.2) and N = for cases 2 and 3.

We take the value v > 0 associated with /' provided in Lemma 5.10, and we set F =
17 Yo FoT,. Let F= be the Taylor polynomial of F' of degree r at the origin. Then it is a
polynomial of the form

< [Tty 0
F (:E,y)- + -1 k b -1 h ’
Y Y ragxt +byxT + h.o.t.

Since we assumed a; > 0 for cases 1 and 2 and b < 0 for case 3, then by Theorem 2.1,
there exists, for each case, an analytic map K and a polynomial R of the form R(t) =
t+ Ry tY + Ron_q N1, with Ry < 0, satisfying F<o K — K o R = 0.

Given such maps K and R, we look for p > 0 and a function A : 0, p) = R%, A e C(0, p),
such that . . 5
Fo(K+A)—(K+A)oR=0. (5.13)

To do so, we consider the set of r equations described in (5.3) and (5.4). We take a =
(o, ..., @) with oy = min {2, 2} where d is the radius of a centered ball in R? contained

in the domain where F is of class C", and ay, ..., a; given in Lemma 5.10. We also take the
value p > 0 associated to F' provided in Lemma 5.10.

Given such values of p and «, we take the function spaces ¥¢ y, for L € {0, ..., r}, with
domain (0, p) C R.

With the operators introduced in Definition 5.8, equation (5.3) can be written as

fO:%,F(fO)’ Jo GEO N> (514)

and each of the equations (5.4) can be written as

fL:n,F(f07---afL)’ (f07--'afL)€E%,N7

for L € {1, ..., L}, or equivalently, all of them together as a unique equation,
(fo, ce fr) :7:}' (f()7 RN fr), (fo, RN fr) € E%N' (515)

By Lemma 5.10 and the Banach fixed point theorem, 7 z has an unique attracting fixed
point, f§¢ € X§ y, which is a solution of equation (5.14) and which ensures that there exists
a continuous solution, A*, of (5.13). We will see next that in fact the solution f§° of (5.14)
is a function of class C".

We will proceed by induction. First we prove that f5° is C.
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Let us pick a C' function f§ € X7 such that f) := Df§ belongs to DXG'y. For simplicity
we take f§ = 0. Then we take the sequence (ff, f{) = (7,°:)7(f3, f7). From the definition
of the operator 7, 5, we have 7

D(Ty, 7(f0)) = Ty, p(f0, 17). (5.16)

Applying (5.16) inductively we have that ff =D fg , for all j. Also, since f is C' and
f0 = DfY, all the iterates fi = (Ty 5)'(f9) are C', and as we have said the sequence
converges in %3% to f5°.

Again, by Lemma 5.10, the operator T,  : 3§y X DXgly — DGy is contractive with
respect to the variable f; € DX§ y. Thus, 7, 5(f5°, ) has a unique attracting fixed point,
fr° € DX -

Moreover, by Lemma 5.9, 7; j is continuous with respect to fo at any point (fo, f1) € X .

Hence, by the fiber contraction theorem, (f5°, fi°) € Xf y is an attracting fixed point of

1,XF’ which means that the sequence fi = D f converges in DY y. That is, fi converges

uniformly in C°(0, p) and therefore we have f{° = Df$° and thus, f5° € C1(0, p).

Now, for every L € {2, ..., r}, we assume that there exists a unique attracting fixed point
of 7?_17#, given by (f5°, ..., fi21) € £¢_1 n, such that f5° € CE=10, p) and

f=Df5 ., f12 =DM

We will see next that in fact f§° is of class CT.

Let us pick again the function fJ =0 € C*(0, p), and let us take also f):= DfY, ..., f2:=
D" fg. Then we have (f¢, ... f}_,) € X¢_, y and f} € DX", y.

From the definition of the operator T, £, we have
D(Tyoy (fo, -5 fia)) = To p(fos - fL)- (5.17)

Then let (f, ..., fl) = (Efﬁ)j(fg, . f). Applying (5.17) inductively we have f] =

Dfi, ..., fi = D' f{, forall j, and then the iterates (f3, ..., fi_1) = (T2 1 n) (f5, .-\ F2_1)
are such that fi e =™ form € {0, ..., L—1}. By the induction hypothesis, the sequence
(f3, ..., fi_y) converges in ¥ y to the solution (f5°, ..., fi,) and

f=Df5 ., f12 =DM

Also, applying Lemmas 5.9 and 5.10 and the fiber contraction theorem, the sequence fi =
DL f3 converges in DXy y. That is, fi converges uniformly in C°(0, p) and therefore we
have ff° = DL fe° and thus, f§° € C(0, p). In conclusion f§° € C(0, p).

Finally, the C” map H = K + A with A = 15° parameterizes the stable manifold of F and
therefore it is C”.

When F'is C°, to see that the stable manifold is C* we take r; satisfying the hypotheses
of the theorem and 79 > 1. The previous proof provides H; = K,, + A; and Hy = K,, + A,
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defined in (0, p;) and (0, p2) and of class C™ and C" respectively that parameterize stable
manifolds W} and W;. Theorem 4.1 of [12], which is proved by geometric methods, provides
the uniqueness of the stable manifold in this setting. If p, < p;, since we deal with stable
manifolds we can extend W, iterating by F~! to recover W;. Then W, is C™ for all ry >
. O

6 Proofs of the technical results

We will give detailed proofs for Lemmas 5.6, 5.7, 5.9 and 5.10, which correspond to the
differentiable case. Lemmas 4.6, 4.7 and 4.10 are simplified complex versions of Lemmas 5.6,
5.7 and 5.10 respectively.

6.1 Properties of the operators S; z and Ny

Proof of Lemma 5.6. A simple computation shows that the expression (5.10) of Sy, g formally
satisfies Sy po (Sp.r)'n=mn, for n € Vs_Ni1-L 5L

We give the details of the proof for the second component SZ r i VseN+1-L — Vs—nN+1-1 Of
the operator Sy, g, the details for SﬁR : Vs_ont2-1 — Ys_onio-_1 being completely analog-
ous. The results for Sy g follow immediately because the components of the operator are
uncoupled.

We take £ > 1/N and p,v such that 0 < v < (N — 1)|Ry| < p and v/p = k. By Lemmas
5.2 and 5.3 there exists p > 0 such that R maps the interval (0, p) into itself and the bounds
(5.8) and (5.9) hold. Then, given n € YV,_ 1,

((no RI(DR)*)(0)] < |Inlls—2 |RZ(0)]"~" [ DR (t)|*

ot 1
< ||77||5—L s—L ®NL
(L4 vtV N=1 (1 + jputh-1)N-1
1
< Mnlls—z ST LGN=T) ’ vt e (0, p),
j N-1

hence, since s > r > N > N — 1, (5.10) converges uniformly on (0, p) by the Weierstrass
M-test. Thus, (S} z)™'n=—>2n0o R/(DR’)" is continuous on (0, p).
(81

Now, we prove that )_ is a bounded operator from Y p to Vs_ni1-1 and we obtain
a bound for its norm. Agam having chosen k = v/u, from Lemmas 5.2 and 5.3 one has,

ISE )™ nlloonis < sUp g Zm (B (E)DR )

1 ot 1
< ||/)7||S L Sup ts N+1 L Z s—1L M’
e I=0 (L4 jrtN T N=L (1 jputN 1) N1
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and, bounding the sum by an appropriate integral, we obtain the bound

1 00 tS_L 1
ts—N+1-L Z s—L KkNL
J=0 (1 + jutN=1)N-1 (1 + jutN-1)N-1

00 1
< N1 1+/ — dx
g ( 0 (1+thN—1>S ?thlNL

v 1 N-1
N1 =
vs—N+1+L(kN —1)

Therefore, we get
(ST, R nllsoNt-z

1 N -1
<|nlls—r sup ("' + = ’ € At
< [nll Lte(o§)< VS_N+1+L(/<¢N—1)> ! ’

which shows that (S7 )™ : Ys—r = YVs—n41-1 is bounded and

1 N -1
Sy —1 < N—-1 _ .
1(SLr) "I <p +ys—N+1+L(/€N_1)

In the same way, (SER)_1 Vs Ni1-1 — Vs_ani2_1 is bounded and

1 N -1
Sz -1 < N—-1 - .
O e iy varg sy y o vy

]

Proof of Lemma 4.6. The operators S, p do not contain the term (DR)! so that the proof
is similar to the one of Lemma 5.6 with L = 0. However, the domain of the functions in the
spaces &, is the complex sector S(/3, p), and therefore in this case we have to apply Lemma
4.2. Notice that in this case we do not need lower bounds for R7(z). O

Proof of Lemma 5.7. To distinguish the roles of the variables (fo, ..., fo—1) and f; we will
denote the latter by hz. The statement concerning the component NF . is clear by the
definition of Ny .

For N7  we first deal with the case L = 0.
Since g(z,y) = of[[(z,)]I") and g € O we have Dyg(z,y) = of [z 9)[2), i = 1,2.
For every hg, hg € % n» from the definition of the operator Ny p, one can write
NG #(ho) = NG p(ho)
1 ~ N
_ (/O Vo (K® + hE + s(ht — %)) ds
1 B _
+(KY+ hg)/o g o (K* + hg + s(hi — ht)) ds
1 . s N
+ [(Dyu+ Dig) o (K + o + s(ho — o) ds) (he — T&)

+ (q o (K" + hg) + /01(D2U + Dag) o (K + ho + s(ho — ho)) dS) (h§ — h{).
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Let us denote, for s € [0, 1]
& = &(ho, ho) = K + ho + s(ho — hy),
v = plho, ho) = /Olp’ 0 &5 ds + (KY + hy) /01 Q’O§§ds+/01(D1U+D19) o & ds,
0= (o, ho) = g0 (K +7) + [ (Dyu+ Dag) o s

so that we have

ING 5 (ho) = NG (ho)lls < Il (ho, ho) (g — )l + N[t (ho, ho) (R — hE)lls. (6.1)

For case 1 we have K € ), 41 and, since s = 2r and r > k, then for every hy, Bo € Z&k we
have (hy, ﬁo) € Y4 k+2. Thus we can bound the norm

1 ~ -
1€5112 = JSP |K®(t) + hi(t) + s(hi(t) — hE(t))| < 1+ Mp,
€ P

for all s € [0,1].

Moreover, checking the orders of ¢ and v, taking into account the properties of p, ¢, u and
g, we have i
© € Vop—2, Y € Vi C V-1, V ho, ho € 3¢ .-

More precisely, we can bound

[pll2r—2 < Sl[lp] (1P 0 & Nlan—2 + (Y 4+ h§) ¢' 0 & + D1g 0 & + Diu o &||p—2)
s€|0,1

< sup sup i (klan[EE(O] ! + M) (62
s€[0,1] te(0,p) T
< klag| + Mp,
[9][k-1 < Mp, (6.3)

for all ho, ko € 5.
Then, from (6.1) we have
NG (ho) = N (ho)ls <llla—z 18§ — g lls—znsz + 1911 18 — AElls—rss
<(klax| + Mp)||hg — hglls—2k+2 + p M ||hg = holls—k+1,

which proves that Lip Nz < k|ax| + Mp, for case 1.

For cases 2 and 3 the bounds for Lip ./\féf  are obtained in an analogous way. In these cases
we have K € Yy ; and we obtain & € Vs 141. Take hg, ho € ;. Since r > 2] — 1,

© € Vo2, Y€ Y1,

with the following bounds for their norms,
lplloi—2 < Klar] + (I = DK b + Mp,  [[¢lie < [bi] + Mp, (6.4)
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in case 2 and
[pllai—2 < (I = DK} b + Mp, []li—1 < [be| + Mp, (6.5)

in case 3.

The proof for L > 1 is similar. Given fo, ..., fi_1 and hy, hy € DY} y, from the definition
of N7 , we have

NL # (for s fr-1, ho) = NE g (fo, -, fr-1, hr)
= (P o (K" + f3) + (K" + f§) ¢ o (K" + f7)
+ (Duu+ Dig) o (K + fo))(hf — )
+ (g0 (K™ + f3) + (Dyu+ Dag) o (K + fo)) (bl — k).

Given fy € 2§y, we denote

b= @fo) =¥ o (K" + f§) + (K¥ + f§) o (K" + f§) + (Dyu+ Dag) o (K + fo)

Y =19(fo) = qo (K" + f5) + (Dau + Dag) o (K + fo),

so that we can write

INE o (for - s fr1, hr) = N g (fo, - fr1, Bo)lls
< |[|@(fo) (T, — hD)lls + 1 (fo) (AT — hE)|s-

The orders of ¢ and ¢ are the same as the ones of the corresponding @ and ¥ when L = 0,
respectively, for each of the cases 1, 2 and 3. That is,

© € Vop—2, Y€ Ve C Vi,

for case 1 and )
P € Vo, Y e Y,
for cases 2 and 3. As in the case L = 0, for each fy € X5y, the order of K + f, is the same

as the one of K. Therefore we get the same bounds for the norms of % and ¢, namely those
obtained in (6.2) - (6.5), and finally the bounds in the statement. O

Proof of Lemma 4.7. The proof is completely analogous to the proof of Lemma 5.7 in the
case L = 0, the only difference being that here the functions in the spaces X,, are defined in
sectors S(f, p) instead of the interval (0, p). O

6.2 Proofs of Lemmas 5.9 and 5.10

Proof of Lemma 5.9. As before, to distinguish the roles of the variables f, and (fo, ..., fr_1)
we will denote the former by hy. Since 7p p = SZ,IR o Ny r and ng% is linear and bounded,
along the proof we will deal only with Ny p.

Given a function hy, € DX7*,  we decompose

Nir(fo, -5 fro1,he) = A, (fo) + Top(fo, -, fr-1),
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where Ay, = (A}, g A}, p) 1 5 n — Yeont1-1,s—1 18 the auxiliary operator

he r(fo) =chi,
heor(fo) =p o (K" 4+ f5) - h + (KY + f§) - ¢' o (K" + f5) hi
+qo (K*+ f5)-hi + (Du+ Dg) o (K + fo) - hz,

and we will work on A;, » and Jp, r separately.

Clearly A} 1 is uniformly Lipschitz on ¥§ y. To deal with A} p, let fo, fo€ 36 v+ Then

A?ZLL,F(fO) - A%L,F(fo) = SOhL(f(h fO)(f(zj - fg:) +77Z)hL(f07 fo)(fg - fg)
+0(fo, fo)(fo— fo) - hu,

with
o, = o, oo o) = W5 [ /o (K 4 g+ 5(f5 — Ji) ds
wny [ o (K74 fi 4 (i — ) ds
FE T R [ o (K g (5 — ) ds
Ui, = U (o Jo) = W' o (K + ),
0=0(fo. Jo) = [ (D*u+ D)o (K + o +s(fo — o) ds

First we deal with case 1. By similar arguments as in Lemma 5.7 we have ¢, ( fo, fo) )
€ Vor—o-1 € Vor—2-1, Yn, (fo, fo) € Vro1-r € V1. All the entries of the matrix 0(fo, fo)
belong to V. Also, it is clear that the quantities ||¢n, (fo, fo)ll2k—2—-1, [|¥ (fo, fo)llk—1-1 and
the || - ||;,-norm of the entries of 6 (fy, fo) are uniformly bounded for fy, fo € Y5 » the norm
depending on «q in the form p™aq for some m > 0 and depending linearly on ay,.

Then, since hy, is fixed, we get

1AL, (fo) = AL, e (Jo)ll2e—z < llny, (for fo)llan—a—r 1§ = Fi llor—2x+2
+ l[en, (for follle—r—r 18 = F l2r—rsn
+ M||hg b,y 1fo = foll s
< Moagl| fo— fo”zo,k-

Similarly we also obtain ||A} (fo) — AL p(fo)ll2r—r < M az||fo — folls,, for cases 2 and
3, where in these cases we have ¢, € V,_r_1, ¥, € V,—i—1 and the entries of 6 belong to
Yo. This proves that Ay, p is uniformly Lipschitz on 3§ y.

Next we deal with J;, p. Recall that we have, for every L € {1, ...,r},

jg,F(fO? ) fL—l) = Af,R(fécv ) fz—l)v
j[%,F(f()? SRR fL—1> = A%,R(f(%lv R fgfl) +QL,F(f07 s fL—1)7
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where Af ; and Aj p are given recursively in (5.6) and €, r is given recursively in (5.7).

From (5.6), A} = 0 and, for L > 2, one can check by induction that

L—1
AZL,R(f{a "'7f},—1>:z PL,jf;oRa Z.:I7 Y, (66>
j=1

where each function Py, ; is a polynomial on the variable ¢.

Indeed, Py 1(t) = —D?*R(t) € Vy_o. Assuming (6.6) and applying the recurrence (5.6) we
have

L-1 L-1
Nior=2 PijfjoR+} PujfjyoRDR—LfjoR(DR)" DR
Jj=1 j=1

L—1
=P fioR+Y. (P, ;+P.;j1DR)fioR
=2
+ (Pr,.1DR— L(DR)*"'D*R) f; o R.
We also have the recurrences

PLH,I@) = P£,1(t)7
Pri1,4(t) =P, ;+ Ppj1DR, 2<i<L—1,
Prip(t) = P,p 1DR — L(DR)* ' DR,

and then we also deduce by induction that P, ; = Vnyj—1-1.

From this, it is clear that Apr = (Af z, A7 r) @ X¢ 1y — Vs-nt1-Ls—r is linear and
bounded, so it is uniformly Lipschitz in 3¢ _; y.

Also, from (5.7), one can see that €7 r is a polynomial operator on the variables fi, ..., fo_1
having coefficients depending on f.

When L =1,

Q. e(fo) — Q0w (fo)
=DK" [0 (K™ + fi +s(f§ — ) ds (5 ~ )
F DY [ o (K Ji + (8 = ) ds (55— J¢)
FOO DI [ o (4 J 4 (5 T ds (s — )
(Y~ ) DK™ o (K" + f)
+ DK* /01(D2u + D?g) o (K + fo+ s(fo— fo)) ds (fo = fo)
and hence there exists M > 0 depending on F' and «q such that

1920, (fo) = Qu, #(fo)lls—1 < M| fo = follson-
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For L > 1, we decompose ), p = Q(LI)F + Q(LQ’)F, where
O = Q5 (fo, i) = D*g o (K + o) (DK + fi)"

and Q(Ll’)F = QL p— Q(LQ’)F. The difference Q(Ll’)F(fo, oo fro1) — QS)F(fO, ..., fi_1) is a sum

of terms of the form ¢z (fy, fo)II, where II is a product of factors among 7Y 7Y and

Y — f7Y and such that cp(fo, fo)lI € Y,_r. From (5.7) we estimate Q(Ll,)p(fo, oo fro) —

J J
Q(Ll)F( fo, -, fr—1) iteratively, where a part of it comes from

D[QSEI,F(]CO? R 7fL—2) - Q(LllLF(f(), cey fL—Q)]-

When one differenciates formally the terms cr_1(fo)Il, the new terms cp_1(fo, fo)'II and
cr-1(fo, fo)lI” appear.

'l:he factors of each function'cL(fQ, fo) are derivatives of K, 4 ?, JH QUK + fi+ s(fi —
) ds (f§ — f§) and (Q2(K* + f{), where @1, Q2 are polynomials (derivatives of p, g or u),

and the derivative of
1 . . _
/0 Do (K + fo+ s(fo— o)) ds (fo— fo),  m<L—1. (6.7)

When taking a derivative, each term generates several terms, each one having bigger order,
the same order or the same order minus one unit. The term Q(L%)F is Lipschitz when L < r.

When L = r, it is continuous (in the given topology) since D"g isuniformly continuous in
closed balls.

On the other hand, when taking a derivative to II we obtain terms which have the same

factors except one which is transformed to its derivative, that is, f;* is transformed to fi
or fi*¥ — f"¥ is transformed to fi}) — ;. In any case the order decreases by one unit so

we have that their || -[|;—z-norm is bounded by M| (fo, ..., fr—1) — (fo, .. fr—1)|ls, v, Where
the constant M}, depends on ay, ..., ar and F' but not on the (f;f)’s. ]

Proof of Lemma 5.10. By its definition, the operator 7y  satisfies

Llp %,F(fo» sy fl—l) ) S max{‘|($z,R)_1H Llp Ng,F(an ey fL—la ')7
IS R) I Lip MY p(fo, -, fr—1,)}-
From the estimates obtained in Lemmas 5.6 and 5.7 we have that the bounds of Lip N g

(fo, --+, fr—1,+) do not depend on L, and taking x < 1 close to 1 the obtained bounds for
IS 2|l decrease as L increases, so that it holds

(6.8)

Lip T r(fo, - fr—1,-) < Lip Tor(fo, -, fr-1,), VLe{o,...,r}

Actually, this inequality is for the obtained bounds for the Lipschitz constants of the family
{TL.r}r. Note also that Lip To r(fo, ..., fr—1,) does not depend on .

To prove the first part of the lemma we will find an appropriate map 7', given in (5.11) (that
is, an appropriate value for =) such that if the coefficients of F' satisfy the hypotheses of
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Theorem 2.7, then the corresponding operator 7}, z associated to F = T, Lo F o T, satisfies
Llp 72,F(f07 T fola ) <L

We start by considering case 1. From (6.8) and the estimates obtained in Lemmas 5.6 and
5.7, given v € (0, (k — 1)|Rg|) there is py such that for p < py we have the bound

. _ 1 k-1
Lip ’TL,F(an Sy fL—h') < max {(pk L+ ;m)'ﬂda
1 k-1
k-1 -1
e ESEEr p— Mp)¢.
(v +u27~—k+1)(7 kay+Mp)}
Clearly, the condition
|| 1 4 kay 1

b <1, (6.9)

max {y Ril 2r —2k+2° | Ry 2r —k+1

is sufficient to ensure that there exists 0 < py < po such that Lip 7} #(fo, .-, fi-1,)
< 1 for p < po, since keeping r fixed one can choose a value for v close enough to (k—1)|Ry|.

Then, taking v = \/%ZQTT__Zkkjf, condition (6.9) is given by

2k(k+1)
(2r —2k+2)(2r—k+1)

<1,

which holds for any £ > 2 and r > %/{: Hence, if r > %/’{:7 the operator 77: 7 associated to
F= T;l o F'o T, for the chosen value of v satisfies Lip TL,F(fm ooy fro1,0) < 1, for every
L €40, ..., r}, provided that p < po.

For cases 2 and 3 of the reduced form of F' the result follows in a similar way choosing an
appropriate value for the parameter ~.

For case 2 we have, from (6.8) and the estimates obtained in Lemmas 5.6 and 5.7, that the
condition

¢] 1 G (=D[E b+ ka1 b 1

<1 6.10
maX{7|Rl|r—2l+2’7 IR r—l—|—1’|Rl|r—l+1} - (610)
is sufficient to ensure that there exists py > 0 such that Lip T r(fo, ..., fi-1,-) < 1 for
P < Po-

Then, taking v = \/(ll) |K’ib"+k L Tr’jff, condition (6.10) is given by
B

15} ckay
(r—2l+2)(7’—l+1)((l_1)+ b2 8); r—l+1}<1’

max {

21 |by|

TSyt which is the condition for F' assumed for case 2.
1= 1 cag

where [ =

For case 3 we have, again from (6.8) and the estimates obtained in Lemmas 5.6 and 5.7, that
the condition
el 1 A U=DIKb 1 o] 1

o - <1 6.11
maX{V\Rl\r—mH” IR r—z+1’\Rl\r—z+1} ’ (6.11)
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is sufficient to ensure that there exists py > 0 such that Lip T #(fo, ..., fi-1,-) < 1 for
P < Po-

Taking v = % %, condition (6.11) is given by
I(1—1) l
<1
maX{(r—2l+2)(r—l+1)’ r—l—i—l} ’

that is,
I(i-1)

(r=204+2)(r—101+4+1)
which is the condition for F assumed for case 3.

<1,

Finally we prove that given a map F satisfying the hypotheses of Theorem 2.7 such that the
associated operators Tr, g satisfy Lip Tz r(fo, ..., fr-1,) < 1 for p < po, one can find a new
po, maybe smaller than the previous one, and a choice for the values ay, ..., «a, such that, if
p < po, then Tr p maps X¢ y into DX7", y, for every L € {0, ..., r}.

For later use, we estimate |7z, #(0, ..., 0)||pg,_, y- From Definition 5.5 of Ni r and the
definition of J;, p in (5.5) we have
N r(0, ..., 0) =T #(0,...,0) = (0, DX(g0 K)).

Moreover D (g o K)(t) = o(|t|*"*). Therefore, for every € > 0, there is py > 0 such that if
p < po, then

12, (0, ., Ollp, s < I(SE R)HHING 20, -y O)llsons1-r,5-1

|DE(g 0 K)(1)]
ts—L

(6.12)

< (82" sup

< ISt r) e
t€(0, p)

Next we proceed by induction. For L = 0, we have, for all f; € X%,

170, 7 (fo)llzo, v < 70, 7(fo) = To,r(0)|lzo, v + |70, ()[4, »
< ag Lip To,r + |70, 7(0)| 5. -

We need to see then that there exists py > 0 such that ||7o #(fo)|ls, v < ao provided that
p < po. Clearly this holds from the estimate obtained in (6.12) since we have Lip Ty r < 1,
and then one can take py such that ag Lip 7o, r + || 70,7(0)[|s, v < o for p < po. Hence we
have 76,1:(28"0]\,) C ES‘PN.

Now, we take p; < pp and we denote by ¢ the quantity
er = [T, 70, ..., 0)|lp=s ;s ws Le{l,....r},
taking as the domain of the functions of 3¢ y the interval (0, p1).
Continuing with the induction procedure, for each L € {1, ..., r}, we decompose
| Te,r(for - f)llps, o S W Ter(fos oo s f) = Tor(fo, oo fr-1,0)|[ps, o 0

+ ||72,F(f0a cee 7fL—1> 0) - 717F<Oa S 70)||DZL—1,N (613)
+ ||71L,F{07 s 70>||D2L71,N'
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Also, from the definitions of Ty, p and Ny ¢ we have
72,F(f0a s 7fL—1>0) = S[_,}% ONL,F(va s 7fL—17 0) = S[_,j{ o jL,F(va s 7fL—1)-

Now we have to consider separately the cases L < r and L = r. For L < r we have, from
Lemma 5.9, that T, #(fo, ..., fr) is uniformly Lipschitz with respect to (fo, ..., fr—1) in
%7 n» and in particular,

Llp 71,F('7 0) = Llp (SI_,j% e} jL,F>~
Therefore, from (6.13) we have

H,TL,F(foa SRI fL)HDEL—l,N < Lip ’TL,F(va ceey fob ) HfLHDEL—l,N
+Lip (g o T p) 1(fos - Fo-i)llwps v + T2 20, ., 0)Ipx,_, x (6.14)
S Qaj, Llp 7Z,F<f07 cey fol, ) + max {Oéo, cey OéLfl} Llp (S]j’lR o jL,F) + €L

Then we can choose a value for the radius ay of DX7", y to ensure that Ty, r maps % y
into DX7", . Since we have Lip Tr r(fo, - .., fr—1, -) <1, then taking

er + Lip (SL_}R oJrr) max{ag, ..., ap_1}
1_L1p7—L,F(f07 "')fL—la’) ’

oy =

we have, applying (6.14),

||77L,F(f0a ceey fL)HDELfl,N < ar,
for each (fo, ..., fr) € X¢ y, as we wanted to see.
For L = r we proceed in an analogous way, except for the fact that we use the decompos-
ition 7;(113 + 7;2]; given in Lemma 5.9. Since 7;(113 is Lipschitz with respect to (fo, .. fT)
its contribution is as in the cases L < r. As we also have T, ¢(fo, ..., fo-1,0) = ST RO

#(fo, .-, fro1) and S, f is linear, we can denoteT w(fo, ooy fro1,0) = S;}zoxﬁg(fo, ey fro1),s
for ©=1,2, with J F(fo, coey fro1) =(0,D"go (K + fo)(DK + f1)").

We proceed as in (6.13), but now for the second term of the sum we have, applying Lemma
5.9,

17, 7 (for s fre1s 0)=To p(0, ..., 0)llpx, -, &
< Lip (S0 Do s ool
+ (S R)TND g o (K + fo) (DK + f1)"[ls—r-
To bound thg, quantity [|[D"g o (K + fo)(DK + f1)"[|s—r, note that we have D"g(z, y)
= o([l(z, »)I1°)-

For case 1 of the reduced form of F' we have (DK + f;)" € ), and thus, for every € > 0 there
is po such that if p < pg, then

[1D"g o (K + fo)(DK + f1)"[l» = sup *|DT90 (K + fo) )(DK + f1)" ()] <e.

t€(0,0) ¥
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Similarly, for cases 2 and 3 we have (DK + f1)" € ), and

|ID"go (K + fo)(DK + f1)"|jo = sup |D"go (K + fo)(t) (DK + f1)"(t)] < e.

te(0,p)

Then, for the chosen radius p; we denote é = ||D"g o (K + f3)(DK + f1)"||s—, and similarly
as in (6.14) we have

||7;,F(f07 CIRE fT)HDZr—l,N
< o Lip T p(fo, - fr1se) +max {ag, ..., vy} Lip (Srp 0 Jip) + 6, + &,

and therefore the statement of the lemma follows choosing

_Eé+e +Lip (S ko T(})) max{ag, ..., @1}
B 1_L1p 77“7F(f0a BRI f?"—la') .

a?”
[l

Proof of Lemma 4.10. The proof is a simplified version of the one of Lemma 5.10, here the
functions in the spaces X,, being defined in sectors S(f3, p) instead of the interval (0, p). To
prove that 7, n is contractive for n > ny we proceed as in Lemma 5.10 for L = 0, but here
the index n appears in the denominator of the bound obtained for Lip 7, n, proving that the
operator is contractive for n large enough. The second part of the lemma if proved also as in
Lemma 5.10 for L = 0. In this case we have T, n(0) = S,y &, and thus || T, x(0)|s, , <é
for p sufficiently small. O

7 Conclusions

In this paper, we have considered two-dimensional maps with a parabolic fixed point with non-
diagonalizable linear part in both the analytic and differentiable cases. We have considered
three different cases depending on the nonlinear terms (the generic maps are contained in
case 1).

In the analytic case, we have proved the existence of an analytic one-dimensional invariant
manifold (away from the fixed point) under suitable conditions on some of the coefficients
of the nonlinear terms of the map. The existence of an analytic manifold in such case was
already proved in [12] using a variation of McGehee’s method. However, here we have used
the parameterization method, which provides approximations of the manifolds up to any
order, and we have also presented an a posteriori result.

In the C" case, first we have used our results for analytic maps applied to the Taylor poly-
nomial of degree r of the map. In this way we have obtained an analytic invariant manifold
which is used as an approximation to apply the parameterization method to the original
map. Moreover, we have applied the fiber contraction theorem to obtain the differentiability
result. Concretely, we have proved that if the regularity of the map is bigger than some
(easily computable) value, then there exists an invariant manifold of the same regularity,
away from the fixed point.
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This is in contrast with the results in [29], where in our case 1, it is proved that the manifolds
are of class Cl+D/2l where k is as in Section 2.1, even if they use the Poincaré normal form
instead of our reduced form. In that case, the obtained regularity also holds at the fixed
point.

Throughout the paper, the results are stated for stable curves. However, we showed that the
same results hold true for unstable curves and that they can be obtained directly from the
stated results, without having to invert explicitly the given map.

As in the analytic case, for the C" case we provided approximations of the invariant manifolds
up to an order that depends on the regularity of the map.

We remark that, from the computational point of view, since the dynamics on the invariant
manifold close to the fixed point is extremely slow, it is important to have good approxim-
ations of the manifold in a not so small neighborhood of the fixed point in order to be able
to globalize the local manifold with a reasonably small number of iterations.
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