NON-UNIFORM CONTINUITY OF THE FLOW MAP FOR AN
EVOLUTION EQUATION MODELING SHALLOW WATER WAVES OF
MODERATE AMPLITUDE
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ABSTRACT. We prove that the flow map associated to a model equation for surface waves
of moderate amplitude in shallow water is not uniformly continuous in the Sobolev space
H?® with s > 3/2. The main idea is to consider two suitable sequences of smooth initial
data whose difference converges to zero in H®, but such that neither of them is convergent.
Our main theorem shows that the exact solutions corresponding to these sequences of data
are uniformly bounded in H® on a uniform existence interval, but the difference of the two
solution sequences is bounded away from zero in H® at any positive time in this interval.
The result is obtained by approximating the solutions corresponding to these initial data
by explicit formulae and by estimating the approximation error in suitable Sobolev norms.

1. INTRODUCTION AND THE MAIN RESULT

We consider a model equation for surface waves of moderate amplitude in shallow water
U + Uy + 6uny — 6ulug + 120Uy + Uppe — Uget + 14Ulppe + 28Ugtizy = 0, (1)

which arises as an approximation of the Euler equations in the context of homogenous,
inviscid gravity water waves. In recent years, several nonlinear models have been proposed
in order to understand some important aspects of water waves, like wave breaking or solitary
waves. One of the most prominent examples is the Camassa-Holm (CH) equation [3|, which
is an integrable, infinite-dimensional Hamiltonian system |1, 4, 7]. The relevance of the CH
equation as a model for the propagation of shallow water waves was discussed by Johnson
[19], where it is shown that it describes the horizontal component of the velocity field at
a certain depth within the fluid; see also [5]. Building upon the ideas presented in [19],
Constantin and Lannes [8] have recently derived the evolution equation (1) as a model
for the motion of the free surface of the wave, and they evince that (1) approximates the
governing equations to the same order as the CH equation. Besides deriving (1), the authors
of [8] also establish the local well-posedness results for the Cauchy problem associated to
(1). Relying on a semigroup approach due to Kato [21], Duruk [10] has shown that this
feature holds for a larger class of initial data, as well as for solutions which are spatially
periodic [11]. The well-posedness in the context of Besov spaces together with the regularity
and the persistance properties of strong solutions are studied in [26].

Similarly to the CH equation, cf. [6, 25|, the model equation (1) can also capture the
phenomenon of wave breaking: for certain initial data the solution remains bounded, but
its slope becomes unbounded in finite time cf. [8, 11]. Unlike for the CH equation, which is
known to posses global solutions, cf. |2, 6], it is not apparent how to control the solutions
of (1) globally, due to the fact that this equation involves higher order nonlinearities in u
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and its derivatives than the CH equation. On the other hand, if one passes to a moving
frame, it can be shown that there exist solitary travelling wave solutions decaying at infinity
[14]. Their orbital stability has been recently studied in [9] using an approach proposed by
Grillakis, Shatah and Strauss [15], which takes advantage of the Hamiltonian structure of
(1).

In the present paper, we consider the Cauchy problem associated to (1) in the setting of
periodic functions. From the local well-posedness results [11, 10], we know that its solutions
depend continuously on their corresponding initial data in Sobolev spaces H*® with s > 3/2.
Our main result states that this dependence is not uniformly continuous. This property
was only recently shown to hold true for the CH equation [16, 17|, and was subsequently
confirmed also for the Euler equations [18] and for several related hyperbolic problems such
as the u— b equation [23], the hyperelastic rod equation [20], for a modified CH system [24],
and for the modified CH equation [13]. The main difficulty we encounter compared to all
these references is that, as mentioned before, our equation has a higher degree of nonlinearity.
Nevertheless, we were able two find two sequences of smooth initial data whose difference
converges to zero in H®, but such that none of them is convergent, with the corresponding
solutions of (1) being uniformly bounded on a common (nonempty) interval of existence.
Approximating these solutions by explicit formulae, we then successively estimate the error
in suitable Sobolev norms and use well-known interpolation properties of the Sobolev spaces
and commutator estimates to show that at any time of the common existence interval the
difference of the two sequences of exact solutions is bounded from below in the H*-norm
by a positive constant. More precisely, denoting by w(-;ug), the unique solution of (1)
corresponding to the initial data ug € H*(S) with s > 3/2, cf. Theorem 2.1, our main result
states:

Theorem 1.1 (Non-uniform continuity of the flow map). For s > 3/2, the flow map
u = u(-3up) : H¥(S) — C([0,T), H(8)) N C([0,T), H*~1(S))

associated to the evolution equation (1) is continuous, but it is not uniformly continuous.
More precisely, there exist two sequences of solutions

(Un)n, (Un)n C C([0,Ty], H*(S)) N Cl([(): 1., HSil(S))v
where Ty, > 0, and a positive constant C > 0 with the following properties:

sup max ||uy || gs + ||Un| s < C,
neN [Usdy

|tn(0) = Un(0)|| s = 0,

lim
n—oo

but
lirginf |t (t) = U (t) || 77 > C 71| sin(t)] fort € (0,T].

The structure of the paper is as follows: In Theorem 2.1 we recall some properties con-
cerning the well-posedness of (1) from [11] and determine a lower bound on the existence
time of the solution in H*® in terms of the initial data. Then, we introduce two sequences
of approximate solutions (u“™),, w € {—1,1}, and compute the approximation error in
Lemma 3.1. The corresponding solutions u,,, of (1) determined by the initial data u“""(0)
are then shown to be uniformly bounded on a common interval of existence, the absolute
error ||[u“"™ —uy, | being computed in different Sobolev norms, cf. Lemmas 4.1-4.3. We end
the paper with the proof of the main result.
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Notation. Throughout this paper, we shall denote by C' positive constants which may
depend only upon s. Furthermore, H" := H"(S), with r € R, is the Lo—based Sobolev
space on the circle S := R/Z. Given 7 € R, we let A" := (1 — 92)"/2? denote the Fourier
multiplier with symbol ((1 + |k|?)"/?)sez. It is well-known that A™ : HY(S) — H?"(S) is
an isometric isomorphism for all ¢, € R. Furthermore, the Banach space W2 := WZ(S),
m € N, consisting of all bounded functions which possess bounded weak derivatives of order
less than or equal to n, is endowed with the usual norm.

Some useful estimates. The following commutator estimates play a crucial role in our
analysis:

I, Algllze < Cr (Ll I glley + A Fllzallgllz.)  forallr>3/2, ()
IA8s, flgllzs < Cllf gl for s> 3/2 and 1+ 0 € [0,s]. (3)

They hold for all functions f,g € C*°(S) and for the commutator [S,T] := ST — TS.
The Calderon-Coifman-Meyer estimate (3) follows from Proposition 4.2 in Taylor [30]. The
estimate (2) is due to Kato and Ponce [22, 29]. Additionally, we shall use the following
multiplier inequality

Ifgllae < Clfllaeliglar fort <ror>1/2 (4)
and f € H'(S), g € H"(S), cf. e.g. [28].

2. THE LOCAL WELL-POSEDNESS RESULT

Using the above notation, we observe that the evolution problem associated to (1) can
be rendered as the following Cauchy problem:

w = uy~+ lduu, + 0,A2R for t > 0, (5)
u(0) = wuo,
where R := R(u) is defined as
R(u) := Tu? — 3u® + 2u® — 10u* — 2u. (6)

Relying upon the local well-posedness results established in [11] for the quasilinear Cauchy
problem (5), we determine in the following theorem a lower bound for the maximal existence
time of the solutions in terms of Sobolev norms of the initial data. Additionally, we obtain
a bound on the H®-norm of the local strong solutions on this particular existence interval.
Theorem 2.1. Let s > 3/2 be given. Then, we have:

(i) The problem (5) possesses for each ug € H*(S) a unique mazimal solution
;uo) € C([0,T), H*(8)) N CH((0,T), H*X(S)),

ug). Moreover, the flow map

u(
whereby T = T'(
uo = u(-ug) : H¥(S) = C([0,T), H*(S)) N CH([0, T), H*~X(S))

18 CONLINUOUS.
(17) Given ug € H*(S), the mazimal existence time of the solution u(-;ug) of (5) satisfies

(7)

ol 3

T>1Ty:=
2C (1 + [Juoll) lluollF;

where C' is a positive constant.
(7i1) We have
[u(®)l[s < 2lluolls  for allt € [0, Tp]. (8)
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Before proceeding with the proof, one can show by using integration by parts shows [8, 11|
that the H!'-norm of the solutions of (1) is preserved in time when s > 2. Based upon this
observation and relying on Theorem 2.1 (i), we then find that

lu(®) || g1 = |lwoll g for all up € H*(S), s > 3/2,and 0 <t < T.

Proof of Theorem 2.1. The assertion (i) follows from the local well-posedness results estab-
lished in [11]. For (i3), we first pick ug € H*(S) with ug # 0 and denote by T' the maximal
existence time of the associated solution u = u(-;ug). In order to determine a lower bound
for T, we first show that ||u|%. satisfies a differential inequality. We proceed as in [27, 29]
and pick a Friedrichs mollifier ' 7. € OPS™°, ¢ € (0,1). Since J- is itself a Fourier multi-
plier, the time evolution of the H*-norm of J.u is given by

1d 1d

5&”%””%&13 :ia”ASJaUH%Q = /SASJauAsJaut de =1 + I,

where
I = /AsjguAsja(uuw) dr,  Iy:= /ASJEUASJs(axA_zR) dz.
S S
The latter equality is based on the observation that
/AsjguAsjgux dx = /Asjauﬁx(Asjeu) dx = 0.
S S
To estimate the first term, we use the following bound which was derived in Taylor [29], by
means of the Kato-Ponce estimate (2):
L] <Clluflwy llullFs-

Employing the Cauchy-Schwartz inequality and the algebra property of H"(S), r > 1/2, the

term I can be estimated as follows:
| Io| < |\ TeA%ul| 2, | TeA* (0 A2 R) || 1, < Cllullas | Rl grs-1 < C(1+ [Jull7s)-

Finally, we combine these estimates and let € tend to 0 to find that
d
ﬁuuu%p <O+ |ullys)  forallt€[0,T). (9)

Recalling that the H!'-norm of u is preserved in time, we get ||ugl|z: < ||u(t)|gs for all
t €[0,7T), and together with (9) we find that

d 1+ [Jugl]®
—||u||%{5 < C%HUH%S for all t € [0, 7). (10)
dt lluoll7
We conclude that
l|uol| s [[uol|3
lu(t)]| s < for all t < max{ , }
I+luoll® 1/3 C(1 4 |lugll® Muoll;s
(1= O ol t (4l ) ol

It follows that the constant T defined by the relation (7) is a lower bound for 7', and that
lu(t)|| s < 2||upl| s for all t < Tp. This proves the claim. O

LChoosing p € C§°(R) with supp p C (—1/2,1/2) and setting p.(z) := ¢ 'p(z/e) for € € (0,1) and = € R,
the mollifier J. is defined by Jou := p. * u for all u € La(S). For every € € (0,1) and s > 0, we have that
Je + La(S) — H¥(S) is continuous, || Jeu — ul|ms —eso 0 for all u € H*(S), and J: : L2(S) — Lo(S) is a
contraction. Being a Fourier multiplier, [J. commutes with d¢, 9., and A®, s > 0, cf. e.g [12].
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3. APPROXIMATE SOLUTIONS FOR THE EVOLUTION EQUATION

In the following we consider approximate solutions of the evolution equation (1) of the

form
wn~! —1 —n~*cos(nx + wt)

u " (t,x) = i , (11)
where w € {—1,1} and n € N\ {0}. When n is very large, the term involving the cosine has

a high spatial frequency whereas the other term is constant. Before we estimate the error
of these approximate solutions, observe that

I sin(nz — a) e = || cos(na — a)l|ze = V(1 +n?)"" (12)

for all «,0 € R and n € N\ {0}. Indeed, the functions ¢, := €™ /v/2m,n € Z, form an
orthonormal basis of Ly(S), and therefore a direct computation (see also [17, Lemma 1])
shows that

2\o 27 2 27 2
| cos(nz — )||%- :(1+2n) (‘ / cos(nx — a)e”™M® d:z:‘ + ‘ / cos(nz — a)e™ dx‘ )
™ 0 0

2\o
_(d+n7)7 —;: ) <|7re_i°‘|2 + ‘ﬂemf) =7(1+n?%°.

We emphasize that in contrast to [17], due to additional terms appearing in (1) the precise
computation of (12) is very important when estimating the norm of «*"™ in H*(S). In view
of (12) and noting that ||1||ze = V27, we obtain the bound

|[u“™ | e < C(1+n7"%) for all 0 > 0, w € {—1,1}, and n € N\ {0}. (13)

w,yn

Substituting the approximate solution u*™ into the equation (1) the following expression

for the error is found:
E = u" —u" — 14u® ™™ — 9, A2 R(u®™) (14)
Lemma 3.1 (Estimating the error of approximate solutions). Given s > 3/2, there is a
positive constant C' such that
(Bllge < C{ nmETIO L f3/2 < s < 2, (15)
- nTSTIe L fs > 2
foralll/2 <o <1, we {-1,1}, and n € N\ {0}.

Proof. Observe that £ = Fy — Ey, where
—2s+1

E, ::uf’” — U — U = 53 sin(2(nz + wt)),

By =N (14u ™ — 12(u™)3u™ + 6(u™)?u™ — 20u” " uy — 2us™).

Recalling (12) and the fact that ||[u“"||z1 < C for alln > 1, w € {—1,1}, cf. (13), we
obtain that

HE1HH" <CTZ728+1+J (16)
1 Eall e <C(l[ug™ugy | o2 + 1w us™ | o2 + [[(w™)u™ || o2
+ lu g | o2 A [[u " go—2)
<C[n=%3| sin(2(nz + wt))|| go--
+ (™ 1+ e ™ G+ 1w g+ 1) 6| o-2]

<C(n725+1+0 4 nfS*].‘i’O')’ (17)
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where we have employed the multiplier inequality (4). Combining (16) and (17) we obtain
the desired conclusion. O

4. ERROR ESTIMATES

For each w € {—1,1} and n € N\ {0}, we consider the solution u,, of equation (1)
whose initial data is given by the approximate solution u*"" evaluated at time zero, i.e. u, p
satisfies the equations

Ol = Uy Ozl n + 14Uy 0ty n + &L«A_QR(uw,n) t >0,
Uun(0) = u™(0).

Note that u,, ,(0) is bounded in H*(S) for any s € R. Indeed, since uy,,(0) = u*"™(0) and

recalling the definition (11) we find that

o 11| £ < |lwn=t|| s +n~%| cos(nz)| g
14 |~ 14

(18)

[t (O) | &1

which yields

ﬂ

4 _ . 27
VT < liminf |[ug 5 (0)|| gs < lmsup ||wwn(0)||gs < ——
28 n—00 n—00 7

for w € {—1,1}. Furthermore, we obtain in view of (12) that

V2T
14
for w € {—1,1}. Therefore, if s > 3/2 we may infer from the Theorem 2.1 that there exists
an integer ng > 1 and positive constants C' and T,, < Tp(uy »(0)), such that
[twn(®)|ms < C (19)

for all ¢ € [0,T,], n > ng and w € {—1,1}. In the following lemma, we find that the exact
solutions u,, , have very nice regularity properties, which allow us to estimate the difference
to the approximate solution u*""™ as follows:

i [t (0)] 1 =

Lemma 4.1 (Estimating the error ||u*"™ — uy | gr). Define k := s+ 2. Then, for each
w e {—1,1} and n > ng we have that

Uy n € C([0, T, HFL(S)) n C([0, T, H¥(S)).
Moreover, there is a constant C(Ty,) > 0 such that

n[lax] [0 (#) — Uy (8) || g < O(T,)m? for allw € {—1,1}, n > ny. (20)
tel0,Ty

Proof. Let w € {—1,1} and let n > ng be arbitrary. For simplicity we set u := u,, ,,. Because
u(0) is smooth, we know in view of Theorem 2.1 that the Cauchy problem (18) has a unique
maximal solution

ue C([0,T), H*L(S)) nCY([0,T), H*(S))

with existence time T := T'(w,n). In order to derive a bound on the absolute error in H*
we have to prove first that this additional regularity holds up to and including the time
T,. That is, we have to show that T > T,, for all w € {—1,1} and n > ng. To this end we
proceed as in the proof of Theorem 2.1 and compute that

d _ .
—lullz < Cllullwy lullzp + lullge A0 R(w)]2,) i [0,7).
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We study the last term more carefully and obtain in view of the commutator estimate (2)
that

|]Ak728$(u926)HL2 SQH[A’“*Q, Ug| Uz || L, + 2||UmAk72UxIHL2
<C(llullwz llull e + [[ullwe [[ull g+,
whereas
HAk728quL2 SC||u”Hk—17
and
IA*720, (uP)|| ., <P\|[Ak72 uP Mg |, +p|!up71Ak72quL2
<C(|lullf ||u||Hs + el lull5rt + Nl el ge—)

for 2 < p < 4. In view of the embedding H*(S) — C1(S) and (19) we find that

d : :
Slullze < Clllullf + lulwz Il gelullge) - in [0, min{T, T,}).

Next we employ the well-known interpolation inequality

r)/(ra—r1) || H('r r1)/(ra—r1) (21)

lull e < IlullS7E Hr2

for r =k —1,71 = s and ry = k and obtain that |[u]|%,_, < |[ul|gs||ulz+ for all u € H*(S).
Recalling that H*=1(S) < C2(S), we arrive at

d . .
Zlullfp < Cllullfe in [0, min{T, T,,})
which we may integrate with respect to time to obtain
lull e < €T [u(@)]| e in [0, min{T, T, }). (22)

This inequality shows that T' > T, for w € {—1,1} and for all n > ng. Indeed, assuming to
the contrary that T' < Ty, then ||u(t)||gx — oo as t approaches the maximal existence time
T of u € H*. This is a contradiction to the fact that u is bounded in H* in view of (22).
Finally, the error estimate (20) is a simple consequence of (22) and of the estimate

[w(O) |z = [ (0) ]| e < O~
for all n > ng, cf. (13). .

It turns out that estimate (20) can be improved when we choose k = 1 and s > 2. The
argument relies on the regularity properties derived in the previous Lemma 4.1.

Lemma 4.2 (Estimating the error ||u“"™ — uy ||yt ). Assume that s > 2. Then, for all
n>ng and w € {—1,1} we have that
max || u“"(t) — Uy n(t)|| g < C(Ty)n™°. (23)
te€[0,T]

Proof. Denoting the difference between the approximate solution and the exact solution by
vi=u" —uy, ,, we see that v is a solution of the initial value problem

{ v = vp — 14ovy + 14u® ", + 1duy v + E + 0, A72(F) for t > 0,

v(0) =0, (24)
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whereby F is the error term defined by (14) and
F:=R(u“") — R(uw,n)
= 14u®™v, — Tv2 — 2v — 20u“"™v 4 100% + 6(u*"™)%v — 6u“"v? + 203
—12(u™)3v + 18(u® ™) %0? — 12u% ™03 + 3,
In view of the regularity property derived for u,, , in Lemma 4.1, we may apply A2 on both
sides of (24) and find that
Aoy = N%v, — 1402 (vvyg) + 1402 (u®™v,) + 14A% (u ™) + AE + 0, F,

and therewith
1d

2 2
——|lv = [ vA“v; dx

:/UA%Z dx — 14/1}/\2(11%) dx + 14/UA2(uw’”Ux) dz
S S S

+ 14/1}A2(u;”"v) dx+/vA2Ed:C+/v8dex
S S S

for all ¢t € [0,T,]. Taking into account that

/UAQ% dr = /vvx 4+ VpUpe dx =0
S S

and noting that

14/1}A2(Uv$)dm: 14/U2U$dx+7/v§dm:7/vgdac
S S S S
we find

d
%Hvﬂzl =— 7/1}2 dzr + 14/UA2(uw’"vm)dx—|— 14/1}A2(u‘;’"v) d:c+/vA2Ed:r
S S S S

- /vx (14ug vy — Tv2 — 20 — 20u“ "0 + 100* + 6(u")?v — 6u”"v?) da
S

— /fuw (20 — 12(u™)30 + 18(u"™)?v? — 12u°™v® + 3u*) da
S

= 14/1}A2(uw’"vm) dx + 14/1}A2(u;”"v) dx + /UAZE dx
S S S

— /Ux (14ug ™ vy — 20u“ ™0 + 6(u™) % — 6uw’”02) dz
S

- /’Ux (—12(uw’")3v + 18(u™)?v* — 12u*"0%) da.
S
This leads us to the following inequality

d w,n
@l <C (s

wallolFn + 1Bl g ol + 0+ a0 ) w2 0] 70

" | oo 1™ oo 10l + [ |z 0] ) -
Observing that the relation (13) implies supyy 7,1 [|u“"(¢)|[z2 < C, we find together with
(19) that

d w,n
el <C (s

lwa vl + 1B ol + lus ™ o lvlizn) -
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Taking now into account the estimates
Jug ™ <Cn'™* and "y, < Cn?

for n > np and w € {—1, 1}, we obtain in view of the error estimate (15) in Lemma 3.1 that

d _
@Ilvll?yl <C (vl +n~llvllm).
The latter estimate leads us to
d _ .
Silolm <C ([l +n7%) i 0,7,
the desired estimate (23) following in view of Gronwall’s inequality and since v(0) = 0. O

Before proving the main result, we show the analog of Lemma 4.2 in the situation when
3/2 < s < 2. The regularity properties derived in Lemma 4.1 are once again essential.

Lemma 4.3 (Estimating the error ||[u*"™ — uy ,||go ). Let 3/2 < s < 2. For all n > ny,
we{-1,1} and 1/2 < 0 < s — 1 we have that

max [ u"(t) — Uy p(t)|| e < C(Ty)n™°. (25)
t€[0,T%]

Proof. In this case, we interpret the function v = u“"™ — u,, as a solution of the initial
value problem

vy =V + T(u" + uppn)v), + E+ 0. A72G for t > 0,
v(0) =0,

with E given by (14) and with G := R(u*") — R(uw). It is useful to bring G in the
following form

G =T + tpn)avz — 30((™)? + (U™ upmn + 1" (o) + (Uon)?)
+20((u™)? + U g+ (Un)?) = 100 (U™ + Uy ) — 2v.

In view of (26), we have

1d
S lolfe = [ AToNvvde = [ AToN"v,de+ [ AN E da
S S S

(26)

+ 7/A”UAU((u“”” + Uy ) V)z dx + /AUUA‘T&CA_QG dz.
S S
The first term in the previous equation vanishes

/A"vA"vz dx =0,
S

while applying the Cauchy-Schwarz inequality for the second and fourth term we obtain the
estimates

IAT6AEllz, < [[v]s | Ell 2o
|A70A DA 2G|z, < [[0]ae |Gl gos.

To derive a bound for the third term, we use the Calderon-Coifman-Meyer type estimate
(3). We first commute the operator A?0, with the function «“*" + w,, and obtain

/AUUAU((U‘“’" + Uy p)V)g d = / A%v(u" 4 Uy 5 ) A Opv d
S S

+ /A"v[A"ﬁx, (U™ 4+ Uy ) v da.
S
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After integrating by parts, we estimate the first integral as follows
R I T R N s P
S

To estimate the second integral, we apply the Cauchy-Schwarz inequality and then use the
estimate (3) to find

) / AZU[AZ Dy, (0™ 4 g )]0 dx) <AV 12 |[[A% By 4™ + w0l 1,
S

<Cllu™ + wonl = 0llFe-

In view of the boundedness of the family {maxy 1, [|[u“" + uwnllms : 7 > np, w = £1} we
may combine the preceding estimates and obtain that

IAZOA? (U™ + i) V)al 2, < CllvlIFo-
The latter argument and the multiplier inequality (4) show that
|Gl o1 < Cllv]| e,

and together with the error bound (15) obtained in Lemma 3.1 we conclude that
d _
vl < Ol +n 2 o] o).
Whence,
d _ .
Zlvlae < C(lolme +n777) in [0, T,

and the conclusion follows, as in Lemma 4.2, by taking into account that —2s+1+0 < —s
for all 0 € (1/2,s — 1]. O

5. PROOF OF THE MAIN RESULT

In the remaining part we prove that the functions w, := w1 ptn, and uy, = U_1 nin,,
n € N, satisfy all the properties required in Theorem 1.1. Recalling the estimate (19),
which ensures that the strong solutions u+1,,, n > ng, are bounded in H?, proves the first
claim

sup max [urn(®) e + [[u0(t)]l s < C,
n>ng t€[0,Tu]

where T, is the constant introduced right before Lemma 4.1. The second assertion follows

by taking into account the definition of the approximate solutions (11), which yields

2n~1
14

To show that the third claim of Theorem 1.1 holds, we have to derive a decay estimate for the
difference between the two unknown exact solutions. The trick is to work with inequalities
involving the estimates for the absolute errors deduced in the preceding lemmas. We assume
first that s > 2, and observe that

i (t) = et (O)llze [l () = ™" (t)| 12+
= [ (t) = wr Ol gs = [l () —uma (Ol (27)

Jt1.0(0) = w1, (0)] 1= = o= [11l] 1z 300 0.
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for all ¢t € [0,7,] and n > ng. Now we find lower bounds for each of these three terms. A
simple calculation yields that

1
b () — w5 () || s :ﬁ||2n_1 —n" % (cos(nx +t) — cos(nz —t)) || gs

n-s . . V2mn !
2—7 |sin(t)| || sin(nz)|| gs — —
: 1
>ﬁ| sin(t)]  v2mn (25)

- 7 7
for all n > ng and t € [0,7y], where we have used (12) in the last inequality. To estimate

the second and third term in (27), we apply the interpolation inequality (21) with r = s,
r1 =1 and r9 = k, and find

2 s=1
4= 0) = w8 e < (@) — s O T 2(0) = w0
<C(T,) nF=1 (29)
for all n > ng, in view of the estimates (23) and (25) obtained in Lemma 4.1 and 4.2,
respectively. Gathering (28) and (29), we obtain that

: ~1
V7l S71n(t)| B 27;71 —C(Tu)nk;fl,

for all t € [0,T,] and n > ng. Finally, we let n — 0o to complete the proof in the case s > 2.
For 3/2 < s < 2 we note that the estimate (28) is still valid, whereas the analog of (29)
holds in view of Lemma 4.3. Indeed, we find that

1, () = w1 ()] s =

2 s—a

) = wra(®) e <" (0) = s O o 07 (0) = wsrn Ol
—20
<C(T,)n¥-,

where o € (1/2,s — 1] is fixed and n > ng. The final argument of the proof is analogous to
the one presented in the case when s > 2. O
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