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Let f be a function in the Eremenko-Lyubich class B, and let U be an unbounded, 
forward invariant Fatou component of f . We relate the number of singularities of 
an inner function associated to f |U with the number of tracts of f . In particular, 
we show that if f lies in either of two large classes of functions in B, and also has 
finitely many tracts, then the number of singularities of an associated inner function 
is at most equal to the number of tracts of f . Our results imply that for hyperbolic 
functions of finite order there is an upper bound – related to the order – on the 
number of singularities of an associated inner function.

Crown Copyright © 2019 Published by Elsevier Inc. All rights reserved.

1. Introduction

Let f be a transcendental entire function. We denote by fn the nth iterate of f . The set of points for 
which the iterates {fn}n∈N form a normal family in some neighbourhood is called the Fatou set F (f). Its 
complement in the complex plane is the Julia set J(f). The Fatou set is open and consists of connected 
components which are called Fatou components. For an introduction to these sets and their properties see 
[10].

Let U ⊂ C be an unbounded forward invariant Fatou component; in other words, f(U) ⊂ U . Note that 
it follows from [1, Theorem 3.1] that U is simply connected. Let also φ : D → U be a Riemann map. Then 
the function h : D → D defined by h := φ−1 ◦ f ◦ φ is an inner function associated to f |U . Note that h is 
unique up to a conformal conjugacy.

A point ζ ∈ ∂D is a singularity of h if h cannot be extended holomorphically to any neighbourhood of ζ
in C. This definition is independent of the choice of φ, up to a Möbius map (see Section 2.1). In this paper 
we are interested in the number of singularities of an associated inner function h. In particular, we give two 

* Corresponding author.
E-mail addresses: vasiliki.evdoridou@open.ac.uk (V. Evdoridou), nfagella@ub.edu (N. Fagella), xavier.jarque@ub.edu

(X. Jarque), djs@liverpool.ac.uk (D.J. Sixsmith).

https://doi.org/10.1016/j.jmaa.2019.04.045
0022-247X/Crown Copyright © 2019 Published by Elsevier Inc. All rights reserved.

https://doi.org/10.1016/j.jmaa.2019.04.045
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:vasiliki.evdoridou@open.ac.uk
mailto:nfagella@ub.edu
mailto:xavier.jarque@ub.edu
mailto:djs@liverpool.ac.uk
https://doi.org/10.1016/j.jmaa.2019.04.045
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2019.04.045&domain=pdf

