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ON THE POLYNOMIAL SOLUTIONS OF THE POLYNOMIAL
DIFFERENTIAL EQUATIONS yy' = ag(z) + ai(x)y + ag(2) v + ... + an(z)y"

ANTONI FERRAGUT! AND JAUME LLIBRE?

ABSTRACT. In this paper we deal with differential equations of the form yy’ = P(z,y)
where y' = dy/dr and P(z,y) is a polynomial in the variables x and y of degree n
in the variable y. We provide the maximum number of polynomial solutions of this
class of differential equations, and for some particular classes we study properties of their
polynomial solutions.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The study of given solutions (as polynomial or rational solutions) of differential equations
is of main interest for understanding the set of solutions of a differential equation. Rainville
[14] in 1936 characterized all the Riccati differential equations of the form vy = ag(z) +
a1(z)y + y?, where ag and a; are polynomials in x, having polynomial solutions. He also
gave an algebraic method for studying these polynomial solutions.

In 1954 Campbell and Golomb [6] gave an algorithm for computing all the polynomial
solutions of the differential equation a(x)y’ = ag(x) + a1(x)y + az(x)y?, where a, ag, a1, az
are polynomials in z. In 2006 Behloul and Cheng [2] provided another algorithm for finding
all the rational solutions of the equation a(z)y’ = > I, ai(x)y’, where a, a; are polynomials
in z.

The differential equations ¥’ = ag(x)+a1(z)y+az(z)y? +as(x)y? are the Abel differential
equations, which have been studied widely, either computing their periodic orbits (see for
instance [8, 11]), or studying their centers (see [3, 4, 5]). More recently in [9] the authors

studied the polynomial solutions of the differential equation y' = >"7" ; a;(z)y".

Also polynomial solutions of non-autonomous differential equations, or polynomial solu-
tions of matrix differential equations have been studied, see for instance the articles [15] or
[1] respectively, and the references quoted therein.

The Riccati-Abel equation (a(z) + y(z))y'(x) = ao(z) + a1(x)y + az(z)y? is studied in
[16]. Moreover, in [10] (p. 28) the differential equation (a(z) + b(x)y(z))y'(z) = ao(x) +
a1(x)y + az(z)y* + as(z)y® is considered. We deal in this paper with the generalization
to degree n of these two equations with the restrictions a(x) = 0 and b(x) = 1. Indeed, we
consider ordinary differential equations of the form

d
y% = ap(z) + ay(x)y + az(x)y® + ... + an(z)y", (1)
where = and y are complex variables, a;(z) are polynomials in C[x] for i = 0,1,2,...,n and

an(z) # 0, with n a nonnegative integer. We denote the derivative of y with respect to = by
dy/dzx or y'. We assume that ag # 0, otherwise this differential equation becomes the one
studied in [9]. We note that while the solutions of linear differential equations with constant
coefficients admit relatively easily methods for solving them see for instance [12, 13|, the
solutions of nonlinear equations as equations (1) require special investigations.
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2 A. FERRAGUT AND J. LLIBRE

Differential equation (1) can be also written as the planar polynomial differential system
=y, y=oao(z) + a(@)y + ax(2)y’ + ... + an(2)y", (2)
where the dot denotes derivative with respect to an independent variable .

We are interested in the polynomial solutions y = p(x) of the differential equation (1),
i.e. the solutions y = p(x) of (1) where p(x) € C[x]. Notice that we can also consider the
algebraic curves p(x) — y = 0 as invariant solutions of system (2).

Let N = max{2,n}. Our four main results are the following.

Theorem 1. The differential equation (1) has at most N298% polynomials solutions, and
this bound is sharp.

The next two results concern special families of differential equations (1).

Theorem 2. If the differential equation (1), withn > 2 and a;(x) =0 foralli=1,...,n—
1, has more than one polynomial solution, then either it has exactly n solutions, all constant,
or it has exactly two polynomial solutions y = +p(x), for some polynomial p(x) € C[x].

Theorem 3. If the differential equation (1), with n even and ag;i—1(x) = 0 for i =
1,...,n/2, with ay;(x) Z 0 for some i, has more than one polynomial solution, then it
has exactly two polynomial solutions y = +p(x), for some polynomial p(x) € Clx].

The next theorem deals with the differential equation (1) for several small values of n.

Theorem 4. Consider the differential equation (1). Then the following statements hold.

(a) If n = 0, then either equation (1) has no polynomial solutions, or it has two non-
constant polynomial solutions of the form y = +p(z), p(x) € Clx].

(b) If n = 1, then two polynomial solutions y = p;(x), i = 0,1, of (1) always have a
non-constant common factor. Moreover every factor of po(x) — p1(z) divides both
po(x) and p(z).

(¢c) If n = 2 and there exist three polynomial solutions y = p;(z), i = 0,1,2, then
pi(x)/pj(x) is not a constant function, for i # j.

(d) If n = 3 and there exist four polynomial solutions y = p;(z), i = 0,1,2,3, then
pi(x)/pj(x) is not a constant function, for i # j. Moreover, if y = p(z) is a
polynomial solution of (1), then ag(z)/p(x) is a polynomial solution of the Abel
differential equation apy’ = —a3as + (af — apaz)y — a1y* — y°.

The paper is organized as follows. In section 2 we prove Theorem 1. Theorem 2 is proved
in section 3. Section 4 is devoted to the proof of Theorem 3. Finally in section 5 we prove
Theorem 4.

We must mention that all the algebraic computations that appear in this paper have
been done with the help of the algebraic manipulator Mathematica.

2. AN UPPER BOUND FOR THE NUMBER OF POLYNOMIAL SOLUTIONS OF (1)

The following lemma, despite that it has a trivial proof, provides important information
on the polynomial solutions of the differential equation (1).

Lemma 5. If y = p(z) is a polynomial solution of the differential equation (1), then
p(z)|ao(x).
The next lemma is a key-point in the proof of Theorem 1.

Lemma 6. If y = p(x) is a polynomial solution of (1), then there exist at most N complex
solutions of (1) of the form y = kp(x), with k € C.
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Proof. Let y = p(xz) be a polynomial solution of (1). Suppose that y = kp(z), with
k € C\ {0, 1}, is another polynomial solution of (1). Then

K> ZO a;(z)p(z)" = k*p(a)p/(z) = ZO K'ai(z)p(x)".

Here the first equality holds because y = p(x) is a solution of (1) and the second one
because y = kp(z) also is a solution. Hence we get
n
> (5" = w)ai(x)p(z) = 0. (3)
i=0
This is a polynomial equation of degree exactly IV in the variable x for all z fixed, except
perhaps for a finite number of values. Therefore this equation, for almost all fixed x, has
exactly N complex solutions for x, and of course this set of solutions includes k = 1. O

Next we provide some definitions concerning integrability. They will be used later no.
If # = P(x,y),y = Q(x,y) is a differential system, a non-constant C!-function H(z,y) is a
first integral of this system if it is constant on the solutions of the system; i.e., if it satisfies
the equation

OH 0OH
P o — =0. 4
An algebraic curve f = 0 is invariant under the flow of the differential system & =

P(z,y),y = Q(z,y) if there exists a polynomial k£ € Clz,y], called the cofactor, such

that
of of _

P(LU, y)i + Q(w,y) 3y

o kf.

The Darboux Theory of Integrability relates the number of invariant algebraic curves
of a differential system with the existence of a (Darboux) first integral, see [7]. The key
point in the existence of such a Darboux first integral is whether a linear combination of
the cofactors of such curves is identically zero.

Example 1. Consider the following differential equation (1) with n = 1:
yy' = —2x(22% — 1) + 6xy. (5)

This equation has four polynomial solutions given by po(x) = 22 — 1/2, p1(z) = 222 — 1
and y(z) = V2z(v/2z £ 1). Notice that all of them divide ap and have common factors.
Moreover, we have p;(z) = 2po(x), hence equation (3) in this case and for p(z) = po(x) has
the maximum number of solutions , which is N = max{1,2} = 2.

Finally we note that the differential system associated to the differential equation (5)
has the rational first integral

(v — 2po(2))?
y — po(x)
as is easy to check using (4). O

H(‘Tay) =

)

Proof of Theorem 1. We recall from Lemma 5 that a polynomial solution y = p(x) must
divide agp(z). This means that, up to a multiplicative constant, we can obtain at most
2degao different polynomial solutions of (1). Now from Lemma 6 the first part of the
theorem follows.

The differential equation yy' = [[i",(y — ¢), with n > 2 and ¢; # 0 for all ¢, has n
polynomial solutions given by y = p;(z) = ¢;, @ = 1,...,n. This is an example where the
upper bound given by Theorem 1 is sharp, since it is N2498% = .20 = 5. This completes
the proof of the theorem. O
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3. PROOF OF THEOREM 2

We consider in this section the subfamily of (1) given by the differential equation
dy

v = aole) + anla)y" (6)

The case n = 1 will be studied in section 5. We assume here that n > 2.
Proof of Theorem 2. Suppose that the differential equation (6) has two polynomial solu-

tions y = p(z) and y = ¢(x) such that p(x)" # ¢(x)". Substituting p(x) and ¢(x) into (6)
we obtain two linear equations with unknowns ag(z), a,(x), from which

ao(x) = p(@)"q(x)q (z) — g(2)"p(2)p'(x) (2) = p(@)p (z) — q(2)d (x)
p(x)" —q(z)" o p(x)m —g(z)n

Note that, since n > 2, a,(x) is not a polynomial, which is a contradiction. Hence this
situation cannot happen. Therefore we must have p(x)™ = ¢(x)™. Then
/ /
bp —ag qq — ag
Qn Qn,
Hence pp’ = qq’. We distinguish two cases. If p’ = ¢’ = 0 then p and ¢ are constant, and

therefore
pPr=gt=-2
an

is a constant, meaning that we have n constant solutions given by

ao
y=i/——.
an
If p/, ¢ # 0 then integrating pp’ = q¢’ we have p? = ¢? and hence p = +q. O

Example 2. The differential equation
yy' = 2(l—z)(3z —4) + 3z — 1)y
has the polynomial solutions y = +(z — 1). O

Example 3. The differential equation 33’ = 1 — y* has four constant solutions: the fourth
roots of unity. O

4. PROOF OF THEOREM 3

We consider in this section the subfamily of (1) given by the differential equation
I P (7)
dz —

with m = n/2 € N, with ag, az;, asm # 0, for some 0 < j < m.

Set z = y?/2. Then 2’ = yy/, and hence the differential equation (7) can be written, in
terms of z, as

oY b ®)
— = i(2)z
dx : 21 )
1=0
where by; = 2'ag;. The following result appears in [9].

Theorem 7. The differential equation (8) has at most m polynomial solutions. The dif-
ference between two such polynomial solutions is a constant.
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Proof of Theorem 3. Let z = r(x)/2 be a solution of (8). Then y = +/r(x) are two
solutions of (7). They are polynomial if and only if r(x) is a perfect square; that is, if there
exists p(z) € C[z] such that r(z) = p(x)%. In such a case, y = +p(x) are two polynomial
solutions of (7). From Theorem 7, this implies that we have at most n = 2m polynomial
solutions for (7).

Now suppose that indeed r(x) = p(z)? is a perfect square. Suppose also that z = s(z)/2
is another polynomial solution of (8). Again from Theorem 7, we know that there exists a
non-zero constant C such that s(z) = p(x)? + C, for all x. Hence y = +/p(x)2 + C are
two solutions of (7). If s(z) is a perfect square, that is s(z) = ¢(z)?, then from the proof
of Proposition 8 and from ¢(z)? — p(z)? = C we get that C = 0, and therefore r(x) = s(x).
Thus only two polynomial solutions can exist for the differential equation (7), which are
y = +p(z), and the theorem follows. O

5. PROOF OF THEOREM 4

5.1. The differential equation (1) with n = 0. The following proposition proves state-
ment (a) of Theorem 4.

Proposition 8. The differential equation (1) with n =0,

dy
= 9
yda: a0($)7 ( )
has either zero or two distinct polynomial solutions. They have the form y = +p(x),

p(z) € Clz].

Proof. Equation (9) can be directly solved, providing the solutions

y(z) = :i:\/K+ 2/&0(1‘) dzx,

where K is an arbitrary constant. Now we must prove that, if there exists K € C such
that y = p(z) is a polynomial solution, then this K is unique and y = —p(x) is another
polynomial solution. Indeed, if y = g(x) is a solution of (9) different from y = p(x), then
p? — ¢? is a constant. We need to prove that this constant is zero, and hence ¢(z) = —p(x).

Let p(z) = Y. piz® and q(z) = 3. ¢;2®. It is clear that degp = degq. Let m € N be this
degree. Thus

P’ — ¢ = (i, — q)z™"
+ 2(PmPm—1 = Gmm—1)8"" " 4 (Dr1 — Gt + 2(PmPm—2 — Gmm—2))T?" 4

Since p? —¢? is a constant, all the monomials of the previous polynomial except the constant
one must be zero. In particular, p?, = ¢2,. If p,, = ¢m # 0, then from the monomial of
2™~ we have pp—1 = ¢m—1. Otherwise p,, = —gmm # 0 and then p,,—1 = —¢m—1. From
the next monomial, 22™~2, we get either p,,_2 = gm_2 (in case py, = gm), OF Pm—2 = —Gm_2
(in case py = —qm)-

We can continue this argument by using the induction principle to have either p;, = ¢;
or p; = —¢;, for all i = m,...,0 from the monomials from 2>™ to z™: the coefficient of
the monomial 2™%* is the sum of non-zero multiples of the expressions pmp; — ¢mg; and
PiPk — Qjqk, With j +k =m + 1,7 < j,k < m. Since p;pr = qjqx, we have p,,p; = qngq;. So
again if p,, = gn # 0, then p; = ¢;, and if p,,, = —¢p, # 0 then p; = —g¢;.

Hence we obtain either p(x) = g(x) or p(z) = —¢(x), and the proposition follows. O

Example 4. The only polynomial solutions y = p(x) of the differential equation (9) with
ap(z) =2(z — 1)(z + 1)(z — 3) are y(x) = =(x — 3)(x + 1). O
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5.2. The differential equation (1) with n = 1. We recall that a polynomial is square-free
if it has no multiple factors in this factorization.

Proposition 9. Consider the differential equation (1) with n = 1:
dy
= = ) 10
y = aola) +ar(@)y (10)
Then two polynomial solutions of (10) have a square-free common factor.

Proof. Let y = p(z) a polynomial solution of (10). Then, by Lemma 5, p(z)|ao(x), that is
aop(z) = p(z)ao(x), for some ag(x) € Clz]. Hence p(x) satisfies

P'(x) = ao(z) + a1(z).

Then a1(x) = p'(x) — aog(x). Substituting the expressions of ag(x) and a;(x) into (10), we
have

y
)

e
Yz
Let y = q(z) be another solution of

q(z)q'(x) =

= p(@)ao(x) + (p'(x) — Go(2))y.
(10). Then
p(x)ao(z) + (¢ (x) — ao())q(x),

and consequently

gy, A
( ) —a(
This must be a non-zero polynomial. Since deg(p — q) > deg(p’ — ¢’), the polynomials g
and p — g have a square-free common factor dividing also p. Therefore the proposition
follows. 0

We prove that the existence of n + 1 solutions determines completely the differential
equation (1). We shall use this result later on.

Proposition 10. Let y = p;(x), for i = 0,...,n, be n + 1 distinct C*-solutions of the
differential equation (1). Then, for alli € {0,...,n}, a;(z) can be written as a function of
po(x),...,pn(x) and their first derivatives.

Proof. For j =0,...,n, since y = p;(z) is a solution of (1), we have
n
= ai(x)p;(x)’
i=0

These n + 1 equations can be written altogether as a linear system of equations with
unknowns the a;:

1 po p§ oy ag Popy

L pr pi - pf a1 PP

S . . = ; . (11)

1 pn pp - Dh an Puph,
The square matrix has non-zero determinant, since it is a Vandermonde matrix. Then there
exist unique ay, . . ., a, that satisfy this linear system. In particular, the solutions a; depend
on the p;’s and their first derivatives. O

Remark 1. When the p;’s are polynomials, the linear system (11) provides rational solu-
tions ag, . .., a, with denominator [[o<; ;<,(pi — pj). Since a;(x) is assumed to be poly-
nomial for all i, some relations among the p; may appear. See Proposition 9 for the case
n=1.

Remark 2. If equation (10) has two solutions y = p(x) and y = q(x), then by Proposition

10
p(@)q(z) (' q(z))

) — p(x)p'(z) — q(x)d (x)
p(z) —q(x) ’ '

p(z) — q(z)

ao(z) = — ar(x) = (12)
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We recall that if y = p(z) is a polynomial solution of (1), then p(z)—y = 0 is a polynomial
solution of system (2). In such a case, there exists a polynomial k(z,y), called the cofactor,
such that

P@)y = ai(@)y’ = k(z,y)(p(x) —y). (13)
=0

This cofactor has degree at most n—1 in y. We note that equation (1) follows from equation
(13) with y = p(x).

Proposition 11. The following statements hold for the differential equation (10).

(a) If (C 4+ 1)ag(z) + Cp(x)ar(z) = 0 for some polynomial p(x) and some constant
C € C\{-1,0,1}, then the differential equation has y = p(x) and y = Cp(z) as
polynomial solutions.

(b) If the differential equation has two polynomial solutions given by y = p(x) and y =
Cp(z), with C € C\{-1,0,1}, then ag(x) = —Cp(x)p'(z) and a1(z) = (C+1)p'(x).
Moreover the associated differential system (2) has the first integral

_ y—p)
) = 4 =Gy

Proof. The proof about the polynomial solutions and their relation with the differential
equation follows directly after substituting g(x) by Cp(x) in the expressions of ag and ay
provided in (12).

Concerning the first integral, we just need to note that the cofactor of the invariant
algebraic curve f1(z,y) = p(z)—y = 0 for the associated system (2) is k; (z,y) = Cp'(z) and
the cofactor of fa(x,y) = Cp(x) —y = 0is ka(z,y) = p/(x). Hence ki(z,y) — Cka(z,y) =
0. Applying the Darboux Theory of Integrability the (Darboux) first integral fi/f$ is
obtained, for more details see Theorem 8.7 of [7]. O

Proposition 12. If y = p;(x), i = 0,1, are polynomial solutions of (1) with n = 1, then
the factors of po(x) — p1(x) divide to po(x) and pi(x).

Proof. We have
popo = ao + a1po, p1py = ap + a1pi.
The difference of these equations is

pop/o - plpll = al(Po - pl)'

Let w be a factor of pg — p1. Then py — p1 = w7, for some k € N and some polynomial
v such that w { v. Thus pj — pj = kw* lw'y + wkv'. Substituting py and pf, from these
equalities in the previous equation we obtain

(1 + W) (P) + kw W'y + wFy) = pip) = arwky.

After some simplifications we have
kpw'y + w(p1y + piy — a1y) = 0.

Hence w|p;. From py — p1 = w®y we also have that w|po. O

Note that Propositions 9, 11 and 12 prove statement (b) of Theorem 4. We needed to
omit the case C' = —1 in Proposition 11 because in that case we have a; = 0, which is not
possible because we are working with n = 1.

Remark 3. Statement (b) of Proposition 11 shows that, given a polynomial p(x) and a
constant C', we can construct a differential equation (10) having the polynomial solutions

y=p(z) and y = Cp(x).
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Remark 4. Regarding equation (3) for n = 1, we note that it has degree 2 in k. So if
(C +1)ag(x) + Cay(x)p(x) = 0, then it writes always as k% — (C + 1)k +C = 0 and has the
solutions k = 1,C.

The next lemma provides some information about the degrees of ag and a; when the
differential equation (10) has a polynomial solution. Its proof is trivial and we omit it.

Lemma 13. Consider the differential equation (10) having a polynomial solution y = p(x).
Then

(a) If degp < (degag + 1)/2, then dega; = degay — degp.
(b) If degp = (degap + 1)/2, then degay < degag — degp.
(c) If degp > (degag + 1)/2, then degay = degp — 1.

5.3. The differential equation (1) with n = 2. When n = 2, the proof of Proposition

10 gives

 pop1pz2 [P(p1 — p2) + P (P2 — po) + Ph(po — p1)]

B Hi<j (pi - pj)

_ popo(P3 — p) + p1pi (9§ — P3) + P2ph(PT — P})

a [Lic;(pi — pj)

as(z) _ popy(p1 — p2) + p1p) (P2 — po) + papy(po — p1)7
[Li<;(pi — py)

if y = p;(x), for i = 0,1, 2, are solutions of the differential equation (1) with n = 2.

ap(x)

)

ai(x)

I

Next we provide an example of the differential equation (1) with n = 2 having three
polynomial solutions.

Example 5. The differential equation yy’ = 2?(2? — 1) — (222 — 22 — 1)y + 3 has three
polynomial solutions po(z) = x2; p1(z) = 22 — 1; and pa(x) = x(x + 1). O
Proposition 14. Suppose that the differential equation (1) with n = 2 has three distinct
solutions y = pi(x), i = 0,1,2. Then there does not exist C; € C\ {0,1} such that
p1(z) = Cipo(z).

Proof. Suppose that we can write p1(x) = Cipo(z), for some C; € C\ {0, 1}. The associated
differential system (2) has a first integral given by

(y — po(2))(Crpo(x) — pa(x))"
(y = Cipo(2)) < (po(x) — pa(x))
Since the curves p;(x) — p2(x) = 0, ¢ = 0,1, are not invariant by the system because

they do not divide & = vy, the quotient (Cipy — p2)©'/(po — p2) must be a constant, say
1/(C(1 —CY)). If we let g(z) = Cipo(x) — p2(z), then

H(.%’,y) =

Cr_ po(x) q()
" (x) (x)
B o 4@ _ o 4@
Substituting po(x) and pa(z) into the expression of as we get ag = 0, which contradicts the
initial hypotheses on (1). Hence no such C'; may exist. O

Remark 5. If, besides p1(x) = kpo(x), we have pa(z) = Capo(x), then direct computations
show that ag(x) = 0.

Proposition 14 proves statement (c) of Theorem 4.
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5.4. The differential equation (1) with n = 3. If y = p;(x), for i = 0,1,2,3, are
solutions of the differential equation (1), then from Proposition 10 with n = 3 we can write
a; as functions of these p;. We do not write the expression of the a; because they are too
long.

Statement (d) of Theorem 4 follows from the next two propositions.

Proposition 15. Suppose that the differential equation (1) with n = 3 has four distinct
solutions y = pi(x), i = 0,1,2,3. Then there do not exist C1,Cy € C\ {0,1} such that

pi(x) = Cipo(z), i = 1,2.

Proof. Suppose that we can write p;(x) = Cipo(x), i = 1,2, for some C; € C\ {0,1},
Cy # Cy. From Proposition 10 we can compute a;(x) in terms of p;(x). We note that it is
not possible to have, in addition, ps(xz) = Cspg(z), otherwise ag = 0. From the expression
of ag and a1 we have the relation

(Cl +Cy + Cng)ao(a:) + Cngpo(a;)al(a;) = 0.
Moreover it is easy to check that the associated system (2) has a first integral given by

(y — po())* =2 (y — Cipo()) (@2~ V (Copo(z) — p3(x)) 2 —Y
(y — Capo(a)) 2 =1(Cipo(x) — ps(x)) (2= (po(a) — ps(x)) 1 =2

H(xay) =

Since the curves p;(z) — ps(x) = 0, i = 0,1,2, are not invariant by the system because
they do not divide & = y, it must happen that

(Copo(x) — p3(z))c2(€1—1)
(Cpo(z) — p3(x))1 (=1 (po (@) — p3()) 1=

is a constant. Let ¢(x) = Copo(z) — ps(x). Thus

g(x)* Y
((C1 = Co)po(x) + q(x)) (=1 ((1 = Co)po(x) + q(x))r—C2

We claim that ¢(z)/po(z) = Cy is a constant. Assuming the claim, we obtain p3(z) =
(Ca — Cy)po(x), and thus as before ag = 0. Hence no such C1, Cs exist and the proposition
will follow once the claim is proved.

=CeC (14)

So it remains to prove the claim. From (14) we have

Q($)02(C1—1) = C((C1 — Cy)po(x) + q(x))C&(Cz—l) ((1 — Oy)pola) + q(x))Cl—Cg'

Or, equivalently,

_ po@) |\ (@) |\
1_c<(01—02) e +1> <(1—02) @ +1> .

Thus

C1(C2—1)

<(1 R 02)]9;((;)) i 1> =C <<01 - 02>pq°(%> - 1) e

where C is another constant. From this last equality we get that either py/q is a constant,
or C1(Cy —1) = Cy — 4. In the second case we get C1 = 1, which is a contradiction.
Therefore the claim is proved. U

Proposition 16. We have that y = p(z) is a polynomial solution of the differential system
(1) with n = 3 if and only if y = q(x) = ap(x)/p(x) is a polynomial solution of the Abel
differential equation

apy = —a%ag + (af — apaz)y — ary® — >, (15)
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Proof. 1t is clear from Lemma 5 that if y = p(x) is a polynomial solution of (1) then g(z)
is a polynomial. If y = ¢(z) is a polynomial solution of (15), then we have

/ / 2 3
aogp —app 9 / ag ay  ay
G;Oig = —Goag + (CLO — aoag)f — a1—2 R

p p p p

This is equivalent to have

2 3

/2 / 2 3 / 2
apagp” — appp = —apasp” + ao(ao - aoaz)P — Gpaip — qg,

which is equivalent to

pp’ = asp® + aap? + a1p + ap.

And this last equation means that the polynomial y = p(z) is a solution of (1). O

Example 6. The differential equation
yy' =5z — 2)(x — 3)(322 — 9z + 5) — (172> — 972% + 168z — 80)y + 22y% + (x — 1)y

has the polynomial solutions y = z — 2 and y = —5(x — 2). Direct computations show that
it has no more polynomial solutions. O
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